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SUMMARY

We introduce a constrained empirical loss minimization framework for estimating high-
dimensional sparse precision matrices and propose a new loss function, called the D-trace loss,
for that purpose. A novel sparse precision matrix estimator is defined as the minimizer of the lasso
penalized D-trace loss under a positive-definiteness constraint. Under a new irrepresentability
condition, the lasso penalized D-trace estimator is shown to have the sparse recovery property.
Examples demonstrate that the new condition can hold in situations where the irrepresentability
condition for the lasso penalized Gaussian likelihood estimator fails. We establish rates of con-
vergence for the new estimator in the elementwise maximum, Frobenius and operator norms. We
develop a very efficient algorithm based on alternating direction methods for computing the pro-
posed estimator. Simulated and real data are used to demonstrate the computational efficiency
of our algorithm and the finite-sample performance of the new estimator. The lasso penalized
D-trace estimator is found to compare favourably with the lasso penalized Gaussian likelihood
estimator.

Some key words: Constrained minimization; D-trace loss; Graphical lasso; Graphical model selection; Precision
matrix; Rate of convergence.

1. INTRODUCTION

Assume that we have n independent and identically distributed p-dimensional random vari-
ables. Let �∗ be the population covariance matrix and let �∗ = (�∗)−1 denote the correspond-
ing precision matrix. Massive high-dimensional data frequently arise in computational biology,
medical imaging, genomics, climate studies, finance and other fields, and it is of both theo-
retical and practical importance to estimate high-dimensional covariance or precision matri-
ces. In this paper we focus on estimating a sparse precision matrix �∗ when the dimension
is large. Sparsity in �∗ is interesting because each nonzero entry of �∗ corresponds to an
edge in a Gaussian graphical model for describing the conditional dependence structure of the
observed variables (Whittaker, 1990). Specifically, if x ∼ Np(μ, �∗), then �∗

i j = 0 if and only
if xi ⊥⊥ x j | {xk : k |= i, j}. The construction of Gaussian graphical models has applications in a
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104 T. ZHANG AND H. ZOU

wide range of fields, including genomics, image analysis and macroeconomics (Li & Gui, 2006;
Wille & Bühlmann, 2006; Dobra et al., 2009; Li, 2009). Meinshausen & Bühlmann (2006) pro-
posed a neighbourhood selection scheme in which one can sequentially estimate the support of
each row of �∗ by fitting an �1 or lasso penalized least squares regression model (Tibshirani,
1996). Yuan (2010) used the Dantzig selector (Candès & Tao, 2007) to replace the lasso penal-
ized least squares in the neighbourhood selection scheme. Peng et al. (2009) proposed a joint
neighbourhood estimator using the lasso penalization. Cai et al. (2011) proposed a constrained �1
minimization estimator for estimating sparse precision matrices and established its convergence
rates under the elementwise �∞ norm and Frobenius norm. A common drawback of the methods
mentioned above is that they do not always guarantee that the final estimator is positive definite.
One can also use Cholesky decomposition to estimate the precision or covariance matrix, as in
Huang et al. (2006). With this approach, a sparse regularized estimator of the Cholesky factor
is first derived and then the estimated Cholesky factor is used to construct the final estimator
of �∗. The regularized Cholesky decomposition approach always gives a positive-semidefinite
matrix but does not necessarily produce a sparse estimator of �∗.

To the best of our knowledge, the only existing method for deriving a positive-definite sparse
precision matrix is via the lasso or �1 penalized Gaussian likelihood estimator or its variants.
Yuan & Lin (2007) proposed the lasso penalized likelihood criterion and suggested using the
maxdet algorithm to compute the estimator. Motivated by Banerjee et al. (2008), Friedman et al.
(2008) developed a blockwise coordinate descent algorithm, called the graphical lasso, for
solving the lasso penalized Gaussian likelihood estimator. Witten et al. (2011) presented some
computational tricks to further boost the efficiency of the graphical lasso. In the literature, the
graphical lasso is often used as an alternative name for the lasso penalized Gaussian likelihood
estimator. Convergence rates for the graphical lasso have been established by Rothman et al.
(2008) and Ravikumar et al. (2011).

The graphical lasso estimator is outside the penalized maximum likelihood estimation
paradigm, as it works for non-Gaussian data (Ravikumar et al., 2011). To gain a better under-
standing, we propose a constrained convex optimization framework for estimating large precision
matrices, within which the graphical lasso can be viewed as a special case. We further introduce
a new loss function, the D-trace loss, which is convex and minimized at �−1. We define a novel
estimator as the minimizer of the lasso penalized D-trace loss under the constraint that the solu-
tion be positive definite. The D-trace loss is much simpler than the graphical lasso loss, thus
permitting a more direct theoretical analysis and offering significant computational advantages.
Under a new irrepresentability condition, we prove the sparse recovery property of the new esti-
mator and show through examples that our irrepresentability condition is satisfied while that for
the graphical lasso fails. Asymptotically, the new estimator and the graphical lasso have compara-
ble rates of convergence in the elementwise maximum, Frobenius and operator norms. Through
simulation, we show that in finite samples the new estimator outperforms the graphical lasso,
even when the data are generated from Gaussian distributions.

2. METHODOLOGY

2·1. An empirical loss minimization framework

We begin with some notation and definitions. For a p × p matrix X = (Xi, j ) ∈ R
p×p, its

Frobenius norm is ‖X‖F = (
∑

i, j X2
i, j )

1/2. We also use ‖X‖1,off to denote the off-diagonal �1

norm: ‖X‖1,off = ∑
i |= j |Xi, j |. Let S(p) denote the space of all p × p positive-definite matri-

ces. For any two symmetric matrices X, Y ∈ R
p×p, we write X � Y when X − Y is positive
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Sparse precision matrix estimation 105

semidefinite. We use vec(X) to denote the p2-vector formed by stacking the columns of X , and
〈X, Y 〉 means tr(XY T) throughout the paper.

Suppose that we want to use a � from S(p) to estimate (�0)
−1. We use a loss function

L(�, �0) for this estimation problem, and we require it to satisfy the following two conditions.

Condition 1. The loss function L(�, �0) is a smooth convex function of �.

Condition 2. The unique minimizer of L(�, �0) occurs at (�0)
−1.

Condition 1 is required for computational reasons, and Condition 2 is needed so that we get
the desired precision matrix when the loss function L(�, �0) is minimized. It is also important
that L(�, �0) be constructed directly through �0, not (�0)

−1, because in practice we need to
use its empirical version L(�, �̂0), where �̂0 is an estimate of �0, to compute the estimator of
(�0)

−1. With such a loss function in hand, we can construct a sparse estimator of (�0)
−1 via the

convex program

arg min
�∈S(p)

L(�, �̂) + λn‖�‖1,off, (1)

where �̂ denotes the sample covariance matrix and λn > 0 is the �1 penalization parameter.
The graphical lasso can be seen as an application of the empirical loss minimization frame-

work, defined as

arg min
�∈S(p)

〈�, �̂〉 − log det(�) + λn‖�‖1,off. (2)

Yuan & Lin (2007) proposed this estimator by following the penalized maximum likelihood esti-
mation paradigm: 〈�, �̂〉 − log det(�) corresponds to the negative loglikelihood function of the
multivariate Gaussian model. Comparing (2) to (1), we see that the graphical lasso is an empiri-
cal loss minimizer where the loss function is LG(�, �0) = 〈�, �0〉 − log det(�). One can verify
that LG(�, �0) satisfies Conditions 1 and 2. Although LG(�, �0) has dual interpretations, it
has been shown that the graphical lasso provides a consistent estimator even when the data do
not follow a multivariate Gaussian distribution (Ravikumar et al., 2011). Thus, the empirical loss
minimization view of the graphical lasso is more fundamental and can better explain its broader
successes with non-Gaussian data.

2·2. A new estimator

From the empirical loss minimization viewpoint, LG is not the most natural and convenient
loss function for precision matrix estimation because of the log-determinant term. We show in
this paper that there is a much simpler loss function than LG for estimating sparse precision
matrices. The new loss function is

LD(�, �0) = 1

2
〈�2, �0〉 − tr(�). (3)

As LD is expressed as the difference of two trace operators, we call it the D-trace loss. We first
verify that LD satisfies the two conditions above. To check Condition 1, observe that

LD(�1, �0) + LD(�2, �0) − 2LD

{
1

2
(�1 + �2), �0

}
= 2

〈(
�1 − �2

2

)2

, �0

〉
� 0.
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106 T. ZHANG AND H. ZOU

To check Condition 2, we show that the derivative of (3) is (��0 + �0�)/2 − I and that the
Hessian of LD can be expressed as (�0 ⊗ I + I ⊗ �0)/2, where ⊗ denotes the Kronecker prod-
uct. Since �0 is positive definite, the Hessian has only positive eigenvalues (see, e.g., Pease, 1965,
§ XIV.7) and so is positive definite. It is then easy to see that � = �−1

0 is the unique minimizer
of LD(�1, �0) as a function of �.

We have verified that the D-trace loss is a valid loss function to be used in the empirical loss
minimization framework. The corresponding estimator is then defined according to (1):

�̂ = arg min
�∈S(p)

1

2

〈
�2, �̂

〉 − tr(�) + λn‖�‖1,off, (4)

where λn is a nonnegative penalization parameter. One can also use the �1 norm, ‖�‖1 =∑
i |= j |�i, j |, in (4). In many applications we know a priori that the smallest eigenvalue of the

true precision matrix is at least ε, where ε is a certain threshold. We can easily incorporate this
into the estimator by considering

�̂ = arg min
��ε I

1

2

〈
�2, �̂

〉 − tr(�) + λn‖�‖1,off. (5)

In § 3 we derive an efficient algorithm for solving (5), setting ε = 10−8 as the default.
From a computational point of view, LD is more convenient than LG. We can view the D-trace

loss as an analogue of the least squares loss, used in regression, for precision matrix estima-
tion. It is difficult to come up with a simpler loss function than LD that satisfies Conditions 1
and 2. One might argue that LG should be the optimal loss function at least for estimating �∗
for Gaussian distributions, owing to its likelihood interpretation. However, the conventional wis-
dom does not necessarily hold true in the empirical loss minimization framework for precision
matrix estimation. For simplicity, let λn = 0 and compare the minimizer of the empirical loss
with the maximum likelihood estimator when �−1 exists. Then we see that if the loss function
satisfies Conditions 1 and 2, the solution in (1) is always �−1, regardless of the actual form of the
loss function. This is different from what happens in conventional regression problems, where
unpenalized loss functions produce different estimates, such as in the case of Huber’s regression
versus least squares. In the rest of the paper we study the theoretical and numerical properties
of the lasso penalized D-trace loss estimator for estimating sparse precision matrices. We have
found that the new estimator enjoys theoretical and empirical advantages over the lasso penalized
Gaussian likelihood estimator.

Our estimator has an interesting connection to the constrained �1 minimization estimator
(Cai et al., 2011) defined through

minimize
p∑

i, j

|�i j | subject to max
i, j

|�̂� − I | � λn. (6)

Cai et al. (2011) regularized the diagonal elements of �. To simplify the discussion, we can do
the same for our estimator by using ‖�‖1 in (4); then the penalized LD estimator is

arg min
�∈S(p)

1

2

〈
�2, �̂

〉 − tr(�) + λn‖�‖1. (7)
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Sparse precision matrix estimation 107

The solution of (7) satisfies
1

2
(��̂ + �̂�) − I = λn Ẑ , (8)

where Ẑ represents the subgradient, taking values in [−1, 1]. Therefore, following the derivation
of the Dantzig selector (Candès & Tao, 2007), we can relax (8) and drop the positive-definiteness
constraint to define a constrained minimization estimator through

minimize
p∑

i, j

|�i j | subject to max
i, j

∣∣∣∣1

2
(��̂ + �̂�) − I

∣∣∣∣ � λn. (9)

Comparing (9) and (6), we see that the Dantzig version of the penalized LD estimator is very
similar to the estimator of Cai et al. (2011). An important difference between (9) and (6) is that
the solution of (9) is guaranteed to be symmetric, which is not the case for (6).

A referee called our attention to an unpublished manuscript by Liu and Luo, available at
http://arxiv.org/abs/1203.3896. Let θk be the kth column vector of �, and let ek denote a
p-dimensional vector with 1 in the kth coordinate and 0 in all other coordinates. Liu and Luo’s
estimator is motivated by the fact that the constrained �1 minimization estimator in (6) has the
following equivalent formulation:

minimize |θk |1 subject to |�̂θk − ek |∞ � λn (k = 1, . . . , p). (10)

See Lemma 1 of Cai et al. (2011). Liu and Luo’s estimator of θk is defined by

arg min
θk

1

2
θT

k �̂θk − eT
kθk + λn|θk |1. (11)

Liu and Luo used a reverse Dantzig selector step to get (11) from (10). A major advantage of
doing so is that solving (11) can be computationally more efficient than solving (10). On the
other hand, the penalized LD estimator in (7) can be rewritten as

arg min
�=[θ1,...,θp]∈S(p)

p∑
k=1

(
1

2
θT

k �̂θk − eT
kθk + λn|θk |1

)
. (12)

Therefore, if we drop the positive-definiteness constraint, (12) reduces to solving (11) for
k = 1, . . . , p. The fundamental difference between our estimator and Liu and Luo’s estimator
is that our method respects the positive-definite nature of a precision matrix, while Liu and Luo’s
method treats a precision matrix estimation problem as p separate vector estimation problems;
their estimator is not even guaranteed to be symmetric.

3. ALGORITHM

3·1. Architecture of the algorithm based on the alternating direction method

In this section we develop an efficient algorithm for solving the constrained optimization
problem in (5), based on the alternating direction method. Before delving into the technical
details, it is interesting to first review the efforts that have been devoted to solving the lasso
penalized Gaussian likelihood estimator. Yuan & Lin (2007) used the maxdet algorithm to com-
pute the lasso penalized Gaussian likelihood estimator, but that algorithm is very slow for
high-dimensional data. Banerjee et al. (2008) and Friedman et al. (2008) developed blockwise
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108 T. ZHANG AND H. ZOU

descent algorithms. Duchi et al. (2008) proposed a projected gradient method, and Lu (2009)
proposed a method that involves applying Nesterov’s smooth optimization technique; in both
these papers the authors showed that their algorithms perform faster than blockwise descent
algorithms. More recently, Scheinberg et al. (2010) developed an alternating direction method
for solving the lasso penalized Gaussian likelihood estimator and showed that their method is
faster than the projected gradient method (Duchi et al., 2008) as well as Nesterov’s smooth opti-
mization method (Lu, 2009). Based on previous work, the alternating direction method is the
state-of-the-art algorithm for solving the lasso penalized Gaussian likelihood estimator. In order
to compare the D-trace loss and Gaussian likelihood function in computational terms, we derive
an alternating direction method for solving the lasso penalized D-trace estimator and compare the
computational efficiency of the lasso penalized D-trace loss with that of the Gaussian likelihood
estimators, showing that the new estimator is faster.

We introduce two new matrices, �0 and �1, and rewrite (4) as

arg min
�1�ε I

1

2
〈�2, �̂〉 − tr(�) + λn‖�0‖1,off subject to [�, �] = [�0, �1]. (13)

From (13), we consider the augmented Lagrangian

L(�, �0, �1, �0, �1) = 1

2

〈
�2, �̂

〉 − tr(�) + λn‖�0‖1,off + h(�1 � ε I )

+ 〈�0, � − �0〉 + 〈�1, � − �1〉
+ (ρ/2)‖� − �0‖2

F + (ρ/2)‖� − �1‖2
F,

where h(�1 � ε I ) is an indicator function defined by

h(�1 � ε I ) =
{

0, �1 � ε I ;
∞, otherwise.

Let (�k, �k
0, �

k
1, �

k
0, �

k
1) be the solution at step k, for k = 0, 1, 2, . . . . We update (�, �0, �)

according to

�k+1 = arg min
�=�T

L(�, �k
0, �

k
1, �

k
0, �

k
1), (14)

[�k+1
0 , �k+1

1 ] = arg min
�0=�T

0 ,�1�ε I

L(�k+1, �0, �1, �
k
0, �

k
1), (15)

[�k+1
0 , �k+1

1 ] = [�k
0, �

k
1] + ρ[�k+1 − �k+1

0 , �k+1 − �k+1
1 ]. (16)

Step (16) is trivial. For (14), we can write

�k+1 = arg min
�=�T

1

2
〈�2, �̂ + 2ρ I 〉 − 〈�, I + ρ�k

0 + ρ�k
1 − �k

0 − �k
1〉.

Let G(A, B) denote the solution to the optimization problem

arg min
�=�T

ρ

2
〈�2, A〉 − 〈�, B〉, A > 0. (17)
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Sparse precision matrix estimation 109

Then we can write

�k+1 = G(�̂ + 2ρ I, I + ρ�k
0 + ρ�k

1 − �k
0 − �k

1). (18)

The explicit solution to (17) is given in the following theorem.

THEOREM 1. Given any p-dimensional symmetric positive-definite matrix A and any
p-dimensional matrix B, let A = UA�AU T

A be the eigenvalue decomposition of A, with ordered
eigenvalues σ1 � · · · � σp. Define

G(A, B) = arg min
�=�T

1

2
〈�2, A〉 − 〈B, �〉.

Then

G(A, B) = UA
{(

U T
A BUA

) ◦ C
}

U T
A, (19)

where ◦ denotes the Hadamard product of matrices and Ci, j = 2/(σi + σ j ).

To update �k+1
0 , from (15) we write

�k+1
0 = arg min

�0=�T
0

ρ

2
〈�2

0, I 〉 − 〈�0, ρ�k+1 + �k
0〉 + λn‖�0‖1,off.

Let S(A, λ) denote the solution to the optimization problem

arg min
�0=�T

0

1

2
〈�2

0, I 〉 − 〈�0, A〉 + �0‖�0‖1,off.

Then we can write

�k+1
0 = S

(
�k+1 + 1

ρ
�k

0,
λn

ρ

)
, (20)

where the operator S is defined by

S(A, λ)i, j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ai, j , i = j,

Ai, j − λ, i |= j, Ai, j > λ,

Ai, j + λ, i |= j, Ai, j < −λ,

0, i |= j, −λ � Ai, j � λ.

To update �k+1
1 , we write

�k+1
1 = arg min

�1�ε I

ρ

2
〈�2

1, I 〉 − 〈�1, ρ�k+1 + �k
1〉. (21)

For a symmetric matrix X we define the matrix operator [X ]+ as follows: let the eigenvalue
decomposition of X be UX diag(λ1, . . . , λp)U T

X ; then

[X ]+ = UX diag
{

max(λ1, ε), . . . , max(λp, ε)
}

U T
X .
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110 T. ZHANG AND H. ZOU

The solution to (21) is then

�k+1
1 =

[
�k+1 + �k

1

ρ

]
+

.

We now have all the pieces needed to carry out the alternating direction method for solving
(5). Algorithm 1 summarizes the details.

Algorithm 1. Alternating direction method for solving (5).

Step 1. Initialization: k = 0, �0, �0
0 = �0

1.

Step 2. Repeat (a)–(d) until convergence:

(a) k = k + 1;
(b) use Theorem 1 to compute G(�̂ + 2ρ I, I + ρ�k

0 + ρ�k
1 − �k

0 − �k
1), and set

�k+1 = G(�̂ + 2ρ I, I + ρ�k
0 + ρ�k

1 − �k
0 − �k

1);

(c) let �k+1
0 = S(�k+1 + �k

0/ρ, λn/ρ) and �k+1
1 = [�k+1 + �k

1/ρ]+;
(d) let �k+1

0 = �k
0 + ρ(�k+1 − �k+1

0 ) and �k+1
1 = �k

1 + ρ(�k+1 − �k+1
1 ).

3·2. Implementation

Here we discuss the implementation details for Algorithm 1. The most computationally expen-
sive part is the update of �k+1

1 , owing to the eigenvalue constraint. If we drop that constraint and
consider

�̆ = arg min
�∈Rp×p,�=�T

1

2

〈
�2, �̂

〉 − tr(�) + λn‖�‖1,off, (22)

then we can derive a much simpler alternating direction method for computing �̆. If �̆ � ε I ,
we must have �̂ = �̆. If we find that �̆ has an eigenvalue less than ε, then we can always use
Algorithm 1 to find �̂ = �̆, in which �̆ can be taken as the initial value of �0. This implemen-
tation strategy could save a lot of computational time.

We now work out the simplified alternating direction method for computing �̆. Following the
same steps as in § 3·1, we consider the augmented Lagrangian

L(�, �0, �) = 1

2

〈
�2, �̂

〉 − tr(�) + λn‖�0‖1 + 〈�, � − �0〉 + (ρ/2)‖� − �0‖2
F.

We update (�, �0, �) according to the following three steps:

�k+1 = arg min
�=�T

L(�, �k
0, �

k), (23)

�k+1
0 = arg min

�0

L(�k+1, �0, �
k), (24)

�k+1 = �k + ρ(�k+1 − �k+1
0 ).

The solutions to (23) and (24) are given in (18) and (20), respectively. Algorithm 2 summarizes
the details for computing �̆ and the final estimator �̂.
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Sparse precision matrix estimation 111

Algorithm 2. Alternating direction method implementation for our estimator.

Step 1. Initialization: k = 0, �0, �0
0 = {diag(�̂)}−1 where diag(�̂) is a diagonal matrix

which keeps the diagonal elements of �̂.

Step 2. Repeat (a)–(d) until convergence:

(a) k = k + 1;
(b) �k+1 = G(�̂ + ρ I, I + ρ�k

0 − �k);
(c) �k+1

0 = S(�k+1 + ρ−1�k, ρ−1λn);
(d) �k+1 = �k + ρ(�k+1 − �k+1

0 ).

Step 3. Report the converged �k as the solution to �̆ defined in (22).

Step 4. If λmin(�̆) > ε, report �̆ as �̂.

Step 5. Otherwise, use Algorithm 1 to calculate �̂, and in its Step 1 use �̆ as the initial
value for �0

0 and �0
1.

We have implemented Algorithm 2 in Matlab. In our implementation, we take ρ = 1 and stop
the algorithm when both of the following criteria are satisfied:

‖�k+1 − �k‖F

max(1, ‖�k‖F, ‖�k+1‖F)
< 10−7,

‖�k+1
0 − �k

0‖F

max(1, ‖�k
0‖F, ‖�k+1

0 ‖F)
< 10−7.

4. NUMERICAL RESULTS

Among existing methods, the lasso penalized Gaussian likelihood estimator is the only pop-
ular precision matrix estimator that can simultaneously retain sparsity and positive definiteness.
To show the virtue of the D-trace loss, we use simulations to compare the performance of our
estimator with that of the lasso penalized Gaussian likelihood estimator.

In the simulation study, data were generated from N (0, �∗). The following three forms of �∗
were considered.

Model 1: �∗
i,i = 1, �∗

i, j = 0·2 for 1 � |i − j | � 2 and �∗
i, j = 0 otherwise.

Model 2: �∗
i,i = 1, �∗

i, j = 0·2 for 1 � |i − j | � 4 and �∗
i, j = 0 otherwise.

Model 3: �∗
i,i = 1, �∗

i,i+1 = 0·2 for mod(i, p1/2) |= 0, �∗
i,i+p1/2 = 0·2 and �∗

i, j = 0 otherwise;

this is the grid model in Ravikumar et al. (2011) and requires p1/2 to be an integer.

The sample size was taken to be n = 400 in all three models. We let p = 500 in Models 1
and 2, and p = 484 in Model 3. Each estimator was tuned by five-fold crossvalidation. Simu-
lation results based on 100 independent replications are reported in Table 1, where we compare
the two estimators in terms of five quantities: the Frobenius risk E(‖�̂ − �∗‖F), the operator
risk E(‖�̂ − �∗‖2), the matrix �1,∞ risk E(‖�̂ − �∗‖1,∞), and the percentages of correctly
estimated nonzeros and zeros. Table 1 shows that our estimator performs better than the lasso
penalized Gaussian likelihood estimator, even though the data are Gaussian. We also recorded the
running time of each estimator by fixing the parameter λn at the value chosen by crossvalidation.
We computed the lasso penalized Gaussian likelihood estimator by using the alternating direction
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112 T. ZHANG AND H. ZOU

Table 1. Results of simulation study: comparison of our estimator with the lasso penalized Gaus-
sian likelihood estimator, i.e., graphical lasso, in terms of three different matrix norms and the
percentages of correctly estimated nonzeros and zeros. Reported numbers are averages over 100
independent runs, with standard errors given in parentheses. In the first three columns smaller

numbers are better; in the last two columns larger numbers are better

Frobenius Operator �1,∞ TP TN

Model 1
Our estimator 7·19 (0·06) 0·77 (0·02) 1·06 (0·04) 88·80 (0·86) 98·77 (0·03)
Graphical lasso 7·49 (0·19) 0·78 (0·02) 1·26 (0·09) 88·12 (2·82) 97·65 (0·71)

Model 2
Our estimator 11·70 (0·09) 1·59 (0·01) 1·92 (0·03) 63·47 (1·57) 98·66 (0·20)
Graphical lasso 11·88 (0·03) 1·61 (0·01) 2·11 (0·05) 64·88 (0·69) 97·40 (0·06)

Model 3
Our estimator 5·07 (0·06) 0·56 (0·02) 0·91 (0·04) 99·41 (0·22) 98·57 (0·04)
Graphical lasso 5·26 (0·06) 0·58 (0·02) 1·06 (0·06) 99·76 (0·13) 97·48 (0·07)

TP, percentage of correctly estimated nonzeros; TN, percentage of correctly estimated zeros.

method as implemented by Scheinberg et al. (2010). The average running time for our estima-
tor was 1·2 seconds, whereas that for the lasso penalized Gaussian likelihood estimator was 2
seconds.

5. THEORETICAL RESULTS

5·1. Notation

In this section we study the theoretical properties of the proposed estimator in the ultrahigh-
dimensional setting. Under suitable regularity conditions, the proposed estimator is consistent
under various matrix norms and has a sparse recovery property with high probability. In partic-
ular, when the xi are sampled from a sub-Gaussian distribution, consistency holds if log(p) is
small compared to n.

We assume that the true precision matrix �∗ is sparse. Let S = {(i, j) : �∗
i, j |= 0} denote the

support of �∗ and Sc the complement of S. Let d be the maximum node degree in �∗, and
denote by s the number of edges in the graph corresponding to �∗. We introduce some additional
notation to facilitate the presentation. For a vector x = (x1, . . . , xn) ∈ R

n , the �1 norm
∑ |xi | is

written as |x |1, and the �2 norm (
∑p

i=1 x2
i )1/2 is written as ‖x‖. For a matrix X , the elementwise

matrix norm maxi, j |Xi, j | is written as ‖X‖∞, the �1 norm
∑

i, j |Xi, j | is written as ‖X‖1, the
�1,∞ norm maxi (

∑
j |Xi, j |) is written as ‖X‖1,∞, and the operator norm max‖x‖=1 ‖X x‖ is

written as ‖X‖. For any subset T of {1, . . . , p} × {1, . . . , p}, we denote by vec(X)T the subvector
of vec(X) indexed by T . For any two subsets T1 and T2 of {1, . . . , p} × {1, . . . , p}, we denote
by XT1T2 the submatrix of X with rows and columns indexed by T1 and T2, respectively. We use
λmax(X) and λmin(X) to denote the largest and smallest eigenvalues of a symmetric matrix X .
We write θmin = mini, j∈S |�∗

i, j |, α = 1 − maxe∈Sc ‖�∗
e,S(�

∗
S,S)

−1‖1, � = �̂S,S − �∗
S,S , � =

�̂ − �∗, ε = ‖�‖∞, κ� = ‖�∗−1
S,S ‖1,∞ and κ� = ‖�∗‖1,∞.

5·2. The irrepresentability condition

We first present the irrepresentability condition for establishing the model selection consis-
tency of our estimator. An irrepresentability condition is also required for the lasso penalized
Gaussian likelihood estimator for estimating sparse precision matrices (Ravikumar et al., 2011).
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Sparse precision matrix estimation 113

Denoting the Kronecker matrix sum by ⊕ and the Kronecker matrix product by ⊗, our irrep-
resentability condition involves the function

�(�) = 1

2
(� ⊕ �) = 1

2
(� ⊗ I + I ⊗ �).

Upon using the definition of the Kronecker matrix sum, we see that �(�) is a p2 × p2 matrix
indexed by vertex pairs and that

�(�)( j,k),(l,m) = �k,mδ( j, l) + � j,lδ(k, m), (25)

where δ( j, l) = 1 if j = l and δ( j, l) = 0 if j |= l. For simplicity, we write �∗ = �(�∗) and
�̂ = �(�̂). In our theoretical analysis, the following irrepresentability condition is assumed:

max
e∈Sc

‖�∗
e,S(�

∗
S,S)

−1‖1 < 1. (26)

It is interesting to compare (26) with the irrepresentability condition for the lasso penalized
Gaussian likelihood estimator (Ravikumar et al., 2011, Assumption 1), which is

max
e∈Sc

‖(�∗ ⊗ �∗)e,S{(�∗ ⊗ �∗)S,S}−1‖1 < 1. (27)

Notice that (26) involves the Kronecker sum �∗ ⊕ �∗ while (27) uses the Kronecker product
�∗ ⊗ �∗.

It is difficult to compare (26) and (27) in general. Here we compare them on a specific example
used by Meinshausen (2008) and Ravikumar et al. (2011), with �∗ ∈ R

4×4, �∗
i,i = 1, �∗

2,3 =
�∗

3,2 = 0, �∗
1,4 = �∗

4,1 = 2c2 and �∗
i, j = c otherwise, where we assume c ∈ [−2−1/2, 2−1/2] so

that �∗ is positive definite. For this example, we can verify numerically that (26) holds for |c| �
0·31 while (27) requires that |c| < 0·2017 (Ravikumar et al., 2011, § 3.1.1). Thus, when |c| ∈
[0·2017, 0·31], (26) holds while (27) fails.

We also compared (26) and (27) on two autoregressive models of orders 1 and 3. In the first,
we let �∗ ∈ R

p×p, �∗
i,i = 1, �∗

i, j = c for |i − j | = 1 and �∗
i, j = 0 otherwise. In the second, we

let �∗ ∈ R
p×p, �∗

i,i = 1, �∗
i, j = c for 1 � |i − j | � 3 and �∗

i, j = 0 otherwise. The condition (26)
was less restrictive than (27) for all values of p that we tested. For example, consider p = 30. For
the autoregressive model of order 1, (26) holds for |c| < 0·41 and (27) holds only for |c| < 0·35;
for the autoregressive model of order 3, (26) holds for |c| < 0·22 while (27) holds only for |c| <
0·14.

5·3. Rates of convergence

We establish rates of convergence and the model selection consistency of the penalized D-trace
estimator under the assumption that x1, . . . , xn are independent and identically sampled from a
sub-Gaussian distribution with covariance �∗ such that all the Xi/�

∗
i,i

1/2 are sub-Gaussian with
parameter σ . Here Xi is the i th coordinate of the random vector X , so we assume that

E[exp{t Xi (�
∗
i,i )

−1/2}] � exp(σ 2t2/2) (t ∈ R). (28)

THEOREM 2. Under (28) and the irrepresentability condition (26), choose

λn = 12α−1(κ�κ2
� + κ�)

{
128(1 + 4σ 2)2 max

i
(�∗

i,i )
2(η log p + log 4)/n

}1/2
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for some η > 2 and

n > C1 max
[
λmin(�

∗)−1 min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)},
12dκ�, 12α−1(κ�κ2

� + κ�), {max
i

�∗
i,i 8(1 + 4σ 2)}−1]2

(η log p + log 4),

where C1 = 128(1 + 4σ 2)2 maxi (�
∗
i,i )

2. Then, with probability greater than 1 − pη−2, we have

‖�̂ − �∗‖∞ � {5dκ2
� + 12α−1(κ�κ2

� + κ�)} {C1(η log p + log 4)/n}1/2 ,

‖�̂ − �∗‖F � (s + p)1/2{5dκ2
� + 12α−1(κ�κ2

� + κ�)} {C1(η log p + log 4)/n}1/2 ,

‖�̂ − �∗‖2 � min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)} {C1(η log p + log 4)/n}1/2 .

In addition, �̂ recovers all zeros in �∗. Moreover, if

n > C1{5dκ2
� + 12α−1(κ�κ2

� + κ�)}2(η log p + log 4)/θ2
min,

then �̂ recovers all zeros and nonzeros in �∗.

Next, we establish rates of convergence and model selection consistency of the penalized
D-trace estimator under a weaker polynomial tail assumption. Assume that x1, . . . , xn are inde-
pendent and identically sampled from a distribution with polynomial tails having covariance �∗
such that (�∗

i,i )
−1/2 Xi has finite 4mth moments, i.e., there exist m and Km ∈ R such that

E{(�∗
i,i )

−1/2 Xi }4m � Km (i = 1, . . . , p). (29)

THEOREM 3. Under (29) and the irrepresentability condition (26), choose

λn = 24n−1/2α−1(κ�κ2
� + κ�)(max

i
�∗

i,i )(Km + 1)1/(2m) pη/(2m)

for some η > 2 and

n > C2 pη/m max
[
λmin(�

∗)−1 min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)},
12dκ�, 12α−1(κ�κ2

� + κ�)
]2

where C2 = {22m(maxi �∗
i,i )

2m(Km + 1)}1/m. Then, with probability 1 − pη−2, we have

‖�̂ − �∗‖∞ � {5dκ2
� + 12α−1(κ�κ2

� + κ�)}C1/2
2 pη/(2m)n−1/2,

‖�̂ − �∗‖F � (s + p)1/2{5dκ2
� + 12α−1(κ�κ2

� + κ�)}C1/2
2 pη/(2m)n−1/2,

‖�̂ − �∗‖2 � min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)}C1/2
2 pη/(2m)n−1/2.

In addition, �̂ recovers all zeros in �∗. Moreover, if

n > C2 pη/m{5dκ2
� + 12α−1(κ�κ2

� + κ�)}2/θ2
min,

then �̂ recovers all zeros and nonzeros in �∗.

These rate-of-convergence results look similar to those of Ravikumar et al. (2011). However,
our technical analysis is different from theirs. The key component in their analysis is Brouwer’s
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Sparse precision matrix estimation 115

fixed-point theorem, but we can use a more direct approach to analyse the penalized D-trace
estimator, thanks to its simple expression.

6. DISCUSSION

In the empirical loss minimization framework, the D-trace loss is much simpler than the Gaus-
sian likelihood loss, which is basically a quadratic function of the precision matrix. Its simplicity
leads to theoretical and computational advantages. We have provided theoretical and empirical
evidence to support the D-trace loss and the lasso penalized D-trace estimator. On the other hand,
our results do not imply that the D-trace loss estimator is superior to the graphical lasso. Con-
ceptually, the D-trace loss is to the Gaussian likelihood as the hinge loss underlying the support
vector machine is to the binomial likelihood for logistic regression. Each has its own merits, and
neither dominates the other. An open question remains concerning the irrepresentability con-
dition: we can neither prove nor disprove that (26) is always weaker than (27). This technical
problem will be studied in another paper.
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APPENDIX: TECHNICAL PROOFS

Proof of Theorem 1

With a positive definite A, 〈A,�2〉/2 − 〈B,�〉 is a strictly convex function over �. Therefore, we only
need to check that its derivative is zero at G(A, B), i.e., 2−1{AG(A, B) + G(A, B)A} − B = 0. Equiva-
lently, we need to check that

diag(σ1, . . . , σp){U T
AG(A, B)UA} + {U T

AG(A, B)UA} diag(σ1, . . . , σp) = U T
A BUA.

The above equation can be verified by calculation for G(A, B) defined in (19), and so Theorem 1 is proved.

Proofs of Theorems 2 and 3

We prove these two theorems simultaneously. For clarity of presentation, we first sketch the proof and
then fill in the details of the technical lemmas and their proofs.

Following Definition 1 in Ravikumar et al. (2011), we assume that there exists a constant v∗ > 0 and a
function f such that

pr(|�̂i, j − �∗
i, j | � δ) � 1/ f (n, δ) (1 � i, j � p; 0 < δ < 1/v∗). (A1)

We also define

n f (δ, r) = arg max{n : f (n, δ) � r}, δ f (n, r) = arg max{δ : f (n, δ) � r}.
The tail assumption (A1) holds for a large class of random vectors. Two special cases, sub-Gaussian

tails and polynomial tails, are defined in (28) and (29). When (28) holds, we have v∗ = {maxi �∗
i,i 8(1 +

4σ 2)}−1 and f (n, δ) = exp(c∗nδ2)/4, where c∗ = {128(1 + 4σ 2)2 maxi (�
∗
i,i )

2}−1 (Ravikumar et al., 2011,
§ 2.3.1). Straightforward calculation gives δ f (n, pη) = {128(1 + 4σ 2)2 maxi (�

∗
i,i )

2(η log p + log 4)/n}1/2
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and n f (δ, pη) = 128(1 + 4σ 2)2 maxi (�
∗
i,i )

2(η log p + log 4)/δ2. When (29) holds, we have v∗ = 0 and
f (n, δ) = c∗nmδ2m, where c∗ = 2−2m(maxi �∗

i,i )
−2m(Km + 1)−1 (Ravikumar et al., 2011, § 2.3.2). Thus

δ f (n, pη) = pη/(2m)c−1/(2m)
∗ n−1/2 and n f (δ, pη) = pη/mc−1/m

∗ δ−2. With these preparations in place, The-
orems 2 and 3 can be proved using the following technical lemma.

LEMMA A1. Define �̆ by

�̆ = arg min
�∈Rp×p,�=�T

1

2

〈
�2, �̂

〉 − tr(�) + λn‖�‖1,off . (A2)

Then the following hold:

(a) vec(�̆)S = 0 if

max
e∈Sc

∣∣∣�̂e,S�̂
−1
S,S vec(I )S

∣∣∣ < αλn/2, max
e∈Sc

∥∥∥�̂e,S(�̂S,S)
−1

∥∥∥
1
� 1 − α/2; (A3)

(b) vec(�̆)S = 0 if

ε <
1

12dκ�

, (A4)

6ε(κ�κ2
� + κ�) � 0·5 α min(λn, 1); (A5)

(c) assuming the conditions in part (b), we also have

‖�̆ − �∗‖∞ < λnκ� + 5

2
d(1 + λn)εκ

2
�. (A6)

The proof of Lemma A1 is based on the following auxiliary lemma, which is used to control ‖�̂−1
S,S −

�∗
S,S

−1‖∞ and ‖�̂−1
S,S − �∗

S,S
−1‖1,∞ by ε = ‖�‖∞. For convenience we present it here.

LEMMA A2. Assuming (A4), we have

‖R(�)‖1,∞ � 6d2ε2κ3
�, ‖R(�)‖∞ � 12dε2κ3

�, (A7)

where R(�) = {�∗
S,S + (�)S,S}−1 − �∗−1

S,S + �∗−1
S,S (�)S,S�

∗−1
S,S . Moreover, we have

‖�̂−1
S,S − �∗−1

S,S ‖1,∞ � 6d2ε2κ3
� + 2dεκ2

�, (A8)

‖�̂−1
S,S − �∗−1

S,S ‖∞ � 12dε2κ3
� + 2εκ2

�. (A9)

In this proof we assume the general choices of n and λn:

n > n f

{
1/ max

(
σ−1

min

[
min{(s + p)1/2, d}{5dκ2

� + 12α−1(κ�κ2
� + κ�)}], (A10)

θ−1
min{5dκ2

� + 12α−1(κ�κ2
� + κ�)}, 12dκ�, 12α−1(κ�κ2

� + κ�), v∗
)
, pη

}

and λn = 12α−1(κ�κ2
� + κ�)δ f (n, pη) for some η > 2.

(a) By the definition of n f , with probability at least 1 − 1/pη−2 we have

ε = ‖�̂ − �∗‖∞ � δ f (n, pη) < 1/ max
{

12dκ�, 12α−1(κ�κ2
� + κ�), v∗

}
. (A11)

Now we verify the two assumptions in Lemma A1(b). Assumption (A4) is easy to verify using (A11).
From (A11) and the definition of λn we also have λn � 1, and (A5) follows from the definition of λn and
the fact that λn � 1.
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The convergence rate of ‖�̆ − �∗‖∞ then follows from (A6), (A4), the control of ε by δ f (n, pη)

in (A11), the definition of λn , and the fact that λn � 1:

‖�̆ − �∗‖∞ < λnκ� + 5

2
d(1 + λn)εκ

2
� � λnκ� + 5dεκ2

�

� {5dκ2
� + 12α−1(κ�κ2

� + κ�)}δ f (n, pη). (A12)

The estimation of ‖�̂ − �∗‖ follows from (A12), the fact that �̂ = �̆, which will be shown at the end
of the proof of Lemma A1, and the estimation of v∗, f (n, pη) and δ f (n, pη).

(b) Combining the bound on ‖�̆ − �∗‖∞ with the fact that there are at most s + p nonzero elements
in �̆ and that the nonzeros of �̆ form a subset of �∗, we obtain

‖�̆ − �∗‖F � (s + p)1/2‖�̆ − �∗‖∞ � (s + p)1/2{5dκ2
� + 12α−1(κ�κ2

� + κ�)}δ f (n, pη) (A13)

and

‖�̆ − �∗‖2 � min{(s + p)1/2, d}‖�̆ − �∗‖∞

� min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)}δ f (n, pη). (A14)

The estimation of ‖�̂ − �∗‖2 and ‖�̂ − �∗‖F follows from (A13), (A14), the equality �̂ = �̆, and the
estimation of v∗, f (n, pη) and δ f (n, pη).

(c) By part (b) of Lemma A1, �̆ specifies all zeros in �∗. When (A10) holds, with probability at least
1 − 1/pη−2 we have that δ f (n, pη) � {5dκ2

� + 12α−1(κ�κ2
� + κ�)}/θmin. By combining this with (A12),

�̆ recovers all zeros and nonzeros in �∗. Finally, we show that �̂ = �̆. Using the fact that with probability
at least 1 − 1/pη−2, δ f (n, pη) � λmin(�

∗)/[min{(s + p)1/2, d}{5dκ2
� + 12α−1(κ�κ2

� + κ�)}], together
with (A14), we deduce that λmin(�̆) > 0 and therefore �̂ = �̆. This completes the proof of Theorems 2
and 3.

Proof of Lemma A1

(a) First, we define �̃ as the solution to the hypothetical problem

�̃ = arg min
�=�T,�Sc =0

1

2
〈�2, �̂〉 − tr(�) + λn‖�‖1,off. (A15)

From its directional derivative, we obtain the equality

{(�̃�̂ + �̂�̃)/2 − I + Z}S = 0

where

Zi, j

⎧⎪⎨
⎪⎩

= 0, (i, j) ∈ Sc or i = j,

= sign(�̃i, j ), (i, j) ∈ S, i |= j, �̃i, j |= 0,

∈ [−1, 1], (i, j) ∈ S, i |= j, �̃i, j = 0.

Applying the definition of �̂ = �(�̂) in (25), this can be rewritten as

{�̂vec(�̃) − vec(I ) + λnvec(Z)}S = 0. (A16)

Recall that �̃Sc = 0, (A16) is equivalent to �̂S,Svec(�̃)S − vec(I )S + λnvec(Z)S = 0, and the explicit solu-
tion to (A15) is

vec(�̃)S = �̂−1
S,S{vec(I )S − λnvec(Z)S}. (A17)
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Now we verify that �̃ is also the solution to (A2). Since the objective function in (A2) is convex, we
only need to verify that its derivative at � = �̃ is zero; that is,

∣∣∣∣1

2
(�̂�̃ + �̃�̂) − I

∣∣∣∣
i, j

� λn (1 � i |= j � p),

∣∣∣∣1

2
(�̂�̃ + �̃�̂) − I

∣∣∣∣
i,i

= 0 (i = 1, . . . , p). (A18)

Applying (A16), we have that (A18) holds when (i, j) ∈ S. Therefore we need only verify (A18) for (i, j) ∈
Sc. As vec(I )Sc = 0, to prove (A18) it is sufficient to prove that for e ∈ Sc,

|�̂e,Svec(�̃)S| � λn. (A19)

Upon combining (A17) with (A19), it suffices to prove that for e ∈ Sc,

|�̂e,S�̂
−1
S,Svec(I )S − λn�̂e,S�̂

−1
S,Svec(Z)S| � λn. (A20)

Since ‖vec(Z)S‖∞ � 1, we have |�̂e,S�̂
−1
S,Svec(Z)S| � ‖�̂e,S�̂

−1
S,S‖1, Combining this upper bound of

|�̂e,S�̂
−1
S,Svec(Z)S| with the assumptions in (A3), we prove (A20) as follows:

|�̂e,S�̂
−1
S,Svec(I )S − λn�̂e,S�̂

−1
S,Svec(Z)S| � |�̂e,S�̂

−1
S,Svec(I )S| + λn|�̂e,S�̂

−1
S,Svec(Z)S|

� |�̂e,S�̂
−1
S,Svec(I )S| + λn‖�̂e,S�̂

−1
S,S‖1

� αλn/2 + λn(1 − α/2) = λn.

Since (A20) implies (A18), we have shown that �̃ is also the solution �̆ in (A2). By the definition of
�̃, we obtain vec(�̆)S = 0.

(b) We prove this part in two steps. First, we show that (A21) implies the two conditions in (A3):

max
e∈Sc

‖�̂e,S(�̂S,S)
−1 − �∗

e,S(�
∗
S,S)

−1‖1 � 0·5 α min(λn, 1). (A21)

Then we prove (A21). Therefore we get vec(�̆)S = 0 upon applying the result of part (a).
Combining α = 1 − maxe∈Sc ‖�∗

e,S(�
∗
S,S)

−1‖1 with the triangle inequality, we obtain the second assump-
tion in (A3) from (A21). Using the fact that

�∗ −1
S,S vec(I )S = vec(�∗)S, (A22)

we have �∗
Sc,S{�∗−1

S,S vec(I )S} = �∗
Sc,S{vec(�∗)S} = vec{(�∗�∗ + �∗�∗)/2}Sc = 0, and the first condition

in (A3) can be verified as follows:

|�̂e,S�̂
−1
S,S vec(I )S| = |(�̂e,S�̂

−1
S,S − �∗

e,S�
∗−1
S,S ) vec(I )S| + |�∗

e,S�
∗ −1
S,S vec(I )S|

� ‖�̂e,S�̂
−1
S,S − �∗

e,S�
∗ −1
S,S ‖1 + 0

� αλn/2.

We now prove (A21). Since the right-hand side of (A21) is equivalent to the right-hand side of (A5),
we need only prove that the left-hand side of (A21) is smaller than the left-hand side of (A5). Note that
‖�∗‖∞ � 2‖�∗‖∞, ‖�∗‖1,∞ � 2‖�∗‖1,∞, and the left-hand side of (A21) can be controlled as follows,
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by applying (A9), (A26) and (A27): for any e ∈ Sc,

‖�̂e,S(�̂S,S)
−1 − �∗

e,S(�
∗
S,S)

−1‖1

= ‖(�̂e,S − �∗
e,S)(�

∗
S,S)

−1 + �∗
e,S(�̂

−1
S,S − �∗−1

S,S ) + (�̂e,S − �∗
e,S)(�̂

−1
S,S − �∗−1

S,S )‖1

� ‖(�̂e,S − �∗
e,S)�

∗−1
S,S ‖1 + ‖�∗

e,S(�̂
−1
S,S − �∗−1

S,S )‖1 + ‖(�̂e,S − �∗
e,S)(�̂

−1
S,S − �∗−1

S,S )‖1

� ‖�̂e,S − �∗
e,S‖∞‖�∗−1

S,S ‖1,∞ + 2‖�∗‖1,∞‖�̂−1
S,S − �∗−1

S,S ‖∞ + 2dε‖�̂−1
S,S − �∗−1

S,S ‖∞

� 2εκ� + (2κ� + 2dε)(12dε2κ3
� + 2εκ2

�). (A23)

Inserting (A4) into the right-hand side of (A23) yields the simplification

2εκ� + (2κ� + 2dε)(12dε2κ3
� + 2εκ2

�) � 2εκ� +
(

2κ� + 1

6κ�

)
(εκ2

� + 2εκ2
�)

= ε

(
2κ� + 6κ�κ2

� + 1

2
κ�

)

< 6ε(κ�κ2
� + κ�). (A24)

Upon combining (A5), (A23) and (A24), we obtain (A21).
(c) By using the fact that �̆ = �̃, along with (A17) and (A22), we obtain

‖�̆ − �∗‖∞ = ‖vec(�̃)S − vec(�∗)S‖∞

= ‖(�̂−1
S,S − �∗ −1

S,S )vec(I )S − λn�̂
−1
S,Svec(Z)S‖∞

� ‖�̂−1
S,S − �∗ −1

S,S ‖1,∞ + λn‖�̂−1
S,S‖1,∞

� (1 + λn)‖�̂−1
S,S − �∗ −1

S,S ‖1,∞ + λn‖�∗ −1
S,S ‖1,∞. (A25)

Then we prove (A6) by applying (A4) and (A8) to the right-hand side of (A25):

‖�̆ − �∗‖∞ � λnκ� + (1 + λn)(6d2ε2κ3
� + 2dεκ2

�) < λnκ� + 5

2
(1 + λn)dεκ2

�.

This completes the proof of Lemma A1.

Proof of Lemma A2

Using the definition of �∗ and �̂, we have

‖(�)S,S‖1,∞ � 2dε, (A26)

and then (A4) implies that ‖�∗−1
S,S ‖1,∞‖(�)S,S‖1,∞ < 1/3. Following the proof of Ravikumar et al.

(2011, Appendix B), we obtain that ‖R(�)‖∞ � 3‖(�)S,S‖∞‖(�)S,S‖1,∞κ3
�/2 and ‖R(�)‖1,∞ �

3‖(�)S,S‖2
1,∞κ3

�/2. Then we prove (A7) by combining (A26) with the fact that

‖(�)S,S‖∞ � ‖�̂ − �∗‖∞ � 2‖�̂ − �∗‖∞ = 2ε. (A27)

Moreover,

‖�∗−1
S,S (�)S,S�

∗−1
S,S ‖1,∞ � ‖(�)S,S‖1,∞‖�∗−1

S,S ‖2
1,∞ � 2dεκ2

�, (A28)

‖�∗−1
S,S (�)S,S�

∗−1
S,S ‖∞ � ‖(�)S,S‖∞‖�∗−1

S,S ‖2
1,∞ = ‖(�)S,S‖∞κ2

� � 2εκ2
�. (A29)

Then (A8) and (A9) are obtained by combining (A7), (A28), (A29) and the definition of R(�). This
completes the proof of Lemma A2.
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