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Abstract

Research on model/procedure selection has focused on selecting a single model globally. In many
applications, especially for high-dimensional or complex data, however, the relative performance of
the candidate procedures typically depends on the location, and the globally best procedure can
often be improved when selection of a model is allowed to depend on location. We consider localized
model selection and derive their theoretical properties.

1 Introduction

In statistical modeling, usually a number of candidate models are considered. Traditional model selection
theory and practice focus on the search of a single candidate that is treated as the true or best model.
There are good reasons for this: 1) comparing the candidates in terms of global performance is a good
starting point; 2) in simple situations, the relative performance (in ranking) of the candidate models
may not depend on z (the vector of predictors); 3) if one of the candidate models is believed to describe
the data very well, one does want to find it for optimal prediction and interpretation. However, for high
dimensional or complex data, global selection may be sub-optimal.

Consider two example situations.

1. For univariate regression, if the mean function is infinite dimensional (with respect to the candidate
models), there does not seem to be a strong reason to believe that one model works better than
the others at all z values. Thus a global ranking and selection may not be the best thing to do.

This will be demonstrated later.

2. In many current statistical applications, the number of predictors is very large, or even much larger
than the number of observations. In such cases, there can be substantial uncertainty in modeling.
For instance, when selecting important genes for explaining a response variable out of 5000 genes

based on 100 observations, any variable selection method is exploratory in nature and it seems



clear that one cannot expect the selected model to have really captured the relationship between
the response and the predictors. When one considers different types of models, they often perform

the best in different regions.

The above situations motivate the consideration of localized model selection. With the ever increasing
computing power, selecting procedures locally becomes feasible in implementation.

Given the direction of localized model selection, one may wonder if it is better to take a local
estimation approach in the first place and put the effort on building a single good estimator. In our
opinion, this does not work in general. First, global considerations are important for avoiding overfit,
and for high dimensional situations, local estimation without global constraints is often not possible.
Second, one has many different ways to do local estimation and then one is back to the problem of
procedure selection.

Now let us set up the problem mathematically. Let (X;,Y;), ¢ = 1,...,n be iid observations with
X; taking values in X, a measurable set in R? for some d > 1. Let Y; = f(X;) + &;, where f is the
regression function to be estimated under squared error loss and the error €; has mean zero and variance
o2. Unless stated otherwise, ¢; is assumed to be independent of X;. Suppose d;,j € J are a finite
collection of statistical procedures for estimating the regression function, each producing an estimator
of f based on a given sample. We will focus on the case with two procedures, although similar results
hold more generally.

The rest of the paper is organized as follows. In Section 2, we give an illustration to motivate localized
model selection. In Section 3, we mention three approaches to localized model selection. In Section 4,
we provide a result that characterizes performance of a localized cross validation method. In Section 5,
we study preference-region-based localized model selection. Concluding remarks are given in Section 6.

Proofs of the theorems are put in an appendix.

2 A motivating illustration

Consider estimating a regression function on [—1,1] based on 100 observations. The z values are uni-

formly spaced. The true regression function is

0.8
V2T

and the error is from N(0,0.32).

V2r

f(z) =052+ exp (—200(z + 0.25)%) — exp (—200(z — 0.25)?)

A typical realization of the data is given in Figure 1. The linear trend is obvious, but one also sees

possible nonlinearities. Naturally, one may consider a simple linear model thinking that the somewhat



unusual pattern in the middle might be caused by a few outliers or the deviation from linearity may
not be serious enough to pursue. Alternatively one may consider a nonparametric method. We choose

a smoothing spline method that is provided in R (with the default choices of the control parameters).

A Typical Realization of 100 Observations from the Non—-linear Model

Figure 1: Scatter Plot of a Typical Realization of 100 Observations

2.1 Advantage of localized selection with a certain form of preference region

We compare a cross validation (CV) method for global selection between the linear regression and
the smoothing spline procedures with a selection method that recognizes that the two estimators may
perform well in different regions. For the CV method, we randomly split the data into two equally
sized parts, find the linear and the smoothing spline (SS) estimates using the first part and compute the
prediction squared error on the second part. We repeat this 50 times and choose the one with smaller
median prediction error over the random splittings. Let fC (x) be the resulting estimator.

From the scatter plot, one may suspect that the linear estimate may perform poorly around 0, while
the nonparametric estimate may be undersmooth when z is away from 0. Thus, for the competing

non-global selection method, we consider estimators of the form

~

F(x6) = fr(@) eisey + Fss(@) {jaj<es

where fL is the estimator of f based on the linear model, and fgs is the SS estimator. We use CV
similarly as before to choose ¢ in the range of [0,1] at a grid of width 0.01. Let fNG(ac) be the resulting

estimator. Note that when ¢ = 0, the linear estimator is selected for all x, and when ¢ = 1, the



nonparametric estimator is selected for all x, but for ¢ between, we use SS only when |z| is no bigger
than c.

At a given xg, compute the squared error losses of fG(IO) and fN G(IQ) respectively. Generate 200
independent data sets from the true model to simulate the risks of fG(IO) and fN & (z0). The results are

presented in Figure 2 at a number of x¢ values in the range of (—1,1).

Comparing Risks: Global Selection vs Local Selection

Risk Ratio
0

Figure 2: Risk Ratio of a Global C'V vs a Non-Global Selection Method

The figure clearly shows that the non-global selection performs much better than the global selection
except in a very small neighborhood around zero, demonstrating the potentially great advantage of
considering non-global selection among candidate procedures.

It is probably fair to say that one may not necessarily choose the form of f(x;¢) from inspecting the

scatter plot. In the next subsection, we use logistic regression to find the preference region automatically.
2.2 Classification for estimating the preference region

We continue with the earlier setting except that the sample size is now 200 (so that the contrast is more
clearly seen in the next figure). We focus on one typical realization of the data. A scatter plot of the data
with the linear and the smoothing spline fits is given in the upper-left panel of Figure 3. We use logistic
regression as the classification method to find the region where the linear estimator performs better than
the smoothing spline estimator. With a random splitting of the data into two parts of equal size, we fit
a straight-line model and the smoothing spline using the first 100 observations, and obtain the binary

variable that indicates which method has a smaller prediction error on the second 100 observations. A



typical outcome is in the upper-right panel of Figure 3. One may get the impression that SS tends to
do better in the middle and less well at the ends. We fit a logistic regression model with three terms:

1, x and z2. The estimated probability that the linear model performs better at x is

1

PE) =17 exp (0.379 — 0.025x — 1.49722)

Note that p(z) > 0.5 corresponds to z < (—0.51) or > 0.49, which is very sensible judging from our
knowledge of the true mean function (despite that the upper-right panel of the figure does not seem to
be very visually informative for relating the relative performance of the two estimators and x). This

yields the following combined estimate of the regression function

~ o ful@) ifz<(—051)o0rz>049
/@) { fss(x) otherwise,

where f (z) and fss(ac) are the linear and smoothing spline estimates of f based on the full data. This
estimate is compared with the true function in the lower-right panel of Figure 3.

From the lower-left panel of Figure 3, we see that the linear estimate is very poor around -0.25 and
0.25 (not surprisingly); in contrast, the SS estimate is quite good there, but it pays a price for being
flexible in terms of accuracy at other locations. Globally, the SS is much better than the linear estimate.
Indeed, the ratio of their integrated squared errors is over 6.23. Thus from the global perspective, the
SS estimate is the clear winner. However, with the use of logistic regression, we properly figured out
that when z is far away from zero by a certain degree, the linear estimate is better. Although the linear
estimate is slightly biased even in the linear parts, its use in the final combined estimate is very helpful
as seen in the figure. Numerically, the integrated squared error of the combined estimate is only 35%
of that of the SS estimate. Therefore a globally poor method can still make a good contribution if it is

properly combined with a globally much better estimator.

3 Three approaches to non-global model selection

Consider two procedures ¢; and d; with risks R(d1;x;n) and R(d2;x;n) at a given x value based on a
sample of size n. Let A* = {a : R(d1;2;n) < R(d2;2;n)} be the set of x at which the first procedure
performs no worse than the second one. It is the preference region of d; (relative to d2). Ideally, for
selection, one would use 6; on A* and J2 on (A*)°. In reality, one may have little prior knowledge on
the form of A* and to deal with the issue, one may consider graphical inspections when x is of a low
dimension or consider A from a class of sets with a proper complexity in hope that one member is close

to A*. One can consider various sets of A of different degrees of locality. We consider three approaches



Scatter Plot with Fitted Values Abs. Pred. Err. on Test Data
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Figure 3: An Example of Using Logistic Regression for Non-Global Selection
below.

3.1 Neighborhood based selection

Instead of directly estimating A*, at each given z¢, one considers a local neighborhood around zy and
tries to find the candidate that performs better in the local area. This approach can be very helpful

when A* cannot be described well by simple sets. It will be studied in detail in the next section.



3.2 Empirical risk minimization

One considers a collection of sets of a certain mathematical form and tries to identify the one with best
performance. Here the collection may depend on the sample size. The size of the collection can be

pre-determined or adaptively chosen. This approach will be briefly explored in Section 5.
3.3 Classification based selection

Sometimes, one is less confident to go with any specific collection of sets as the preference region. This
is especially true when the input dimension is high, where neighborhood based selection may perform
poorly due to the curse of dimensionality. In such a case, one can take advantage of classification methods
to conduct localized selection as in Section 2.2. In general, one splits the data into two parts. The first
part is used to obtain the estimates from the candidate procedures, and then make predictions for the
second part. Based on the relative predictive performance in each case, we create a new variable that
simply indicates which estimate is the better one. Then we can apply a sensible classification method
to relate the performance indication variable to the covariates. If a classifier performs well, it indicates
that the candidate procedures’ relative performance depends on the covariates, and we can do better

than globally selecting one of the procedures.

4 Localized cross validation selection

Cross validation (see, e.g., Allen, 1974; Stone, 1974; Geisser, 1975) has been widely used for model
selection. In this section, we consider a localized cross validation method for selecting a candidate
procedure locally. For a given xg, consider the ball centered at xy with radius r,, for some r,, > 0 under
the Euclidean distance. We randomly split the data into a training set of size n; and a test set of size
ng, and then use the training set to do estimation by each regression procedure. For evaluation, consider
only the data points in the test set that are in the given neighborhood of xg. Let j(x¢) = jn(zo) be the
procedure that has the smaller average squared prediction error. This process is repeated with a number
of random splittings of the observations to avoid the splitting bias. The procedure that wins more
frequently over the permutations is the final winner. We call this a localized cross validation (L-CV) at
xg of r,-neighborhood.

For the local selection problem, we are interested in the question that under what conditions, the
locally better estimator will be selected with high probability. More precisely, assuming that when n

is large enough, one procedure has risk at xo smaller than that of the other one, we want to select the



better one with probability approaching 1. If a selection method has this property, we say it is locally
consistent in selection at xq. For related results on global CV, see, e.g., Li (1987), Burman (1989), Zhang
(1993), Shao (1997), Wegkamp (2003), and Yang (2007).

Given xo and > 0, let L(f;zo;n) = fxeB(xo;n) (f(ac) - f(x))QP)}(dx) be a local loss of an esti-
mate f around o, where Pg denotes the distribution of X conditional on that X takes value in the
neighborhood B(zo;n). Let || - ||s,z0;y denote the Ly norm around zo with radius 7, i.e., || ¢ ||s,z0;n=
(e o 5

Definition 1. Procedure 6; (or fln) is asymptotically better than do (or ngn) under the squared
loss at n,-neighborhood of g, denoted §; <1 d2 at (zo;ny), if for each non-increasing sequence 7,, with

0 < n, <mp and every 0 < € < 1, there exists a constant ¢. > 0 such that when n is large enough,
P (L(fQ,me?ﬁn) > (1+ Ce)L(fl,mwOQﬁn)) >1—e (1)

When one of the procedures is asymptotically better than the other at a neighborhood of z(, we
say 01 and 62 are ordered at zp. One may wonder if it is better to require the condition in (1) for 7,
only. The answer is no because it is possible that L(fgm; Zo; My ) is smaller than L(fl,n; Zo; Nn) with high
probability for one sequence of 7,, yet the opposite holds for a smaller sequence 0 < 7/, < 1,,. This can
happen, for example, when 07 is asymptotically better than Jo globally (i.e., with no restriction on 7,)
but worse locally. In general, the space X can be decomposed into three regions: those xy at which d;
is asymptotically better than d5, those at which d5 is asymptotically better than 1, and the rest of x(
at which é; and J2 cannot be compared according to Definition 1. Local selection can be hoped to be
successful only for the first two regions.

Definition 2. A procedure § (or {ﬁl};’f:l) is said to converge exactly at rate {a,,} in probability at 7,,-
neighborhood of z if for each non-increasing sequence 7,, with 0 < 7, < 7y, L(f, 20;Mn) = Op(an), and
for every 0 < € < 1, there exists ¢, > 0 such that when n is large enough, P (L(f, 205 M) > cean) >1—e.

Definition 3. A selection method is said to be locally consistent in selection at xg if §; and §, are
ordered at xg and the asymptotically better procedure at xg is selected with probability going to 1. If
the selection method is locally consistent at every xy at which the procedures are ordered, it is said to
be locally consistent.

In Definition 2, the second condition simply says that the loss does not converge faster than a,, in
an appropriate sense. For the following result, we assume that fln and fgn converge exactly at rate
{pn} and {¢,} in probability at n,-neighborhood of z( respectively, where p,, and ¢, are two sequences

of non-increasing positive numbers.



Some technical conditions are needed.

Condition 1. There exists a sequence of positive numbers A,, such that for j = 1,2,

= 0p(4n).

oo

i

Condition 2. There exists 7, > 0 such that d; < d2 at (xo;7,) or d2 < 01 at (xo;n,). Let j*(zo)
denote the better procedure.

Condition 3. There exists a sequence of positive numbers {M,,} such that for ;7 = 1,2, for each
non-increasing sequence 0 < 7,, < 7,,, we have

| f = fin 4205,

I

= 0p(M,).

2,037

Theorem 1: Under Conditions 1-3, as long as ny, ns, and r,, are chosen to satisfy 1): ngrfan_l‘1 — 00;
2) v/nard max(pn,, qn, )/ (1 + Ap,) — 00 ; 3) r < 1, we have that with probability going to 1, the
better procedure ]”;*(%)m will be selected.

From the result, several factors affect the ability of the L-CV to identify the best estimator at a
given zgy. The larger 7, the larger window for choosing the neighbor size r, for L-CV. Intuitively, if 7,
is very close to zero, which occurs when the two procedures constantly switch position in terms of local
performance, it may not be feasible to identify the locally better one at all. The constants M,, and A,
come into the picture more for a technical reason. For simplicity, for the following discussion, we assume
that M,, and A,, are both of order 1. Then the requirements on the choice of data splitting ratio and the
neighbor size become +/nard max(py, , gn, ) — oo and r,, < 7,. Consider, for example, n, = (log n)f1 .
When at least one of the procedures is nonparametric with max(py, ¢, ) converging more slowly than the
parametric rate n~ /2, Yang (2007) showed that for selecting the globally better procedure, it suffices
to take ny at least of the same order as ny (which is not enough for comparing parametric models as
shown in Shao (1993)). With local selection, however, we need to be more careful so as to satisfy
na max(P%la%Qzl) < rfL = (lognl)_d.
If max(py, ¢n) is of order n~1/3, then with n; = ns, the condition is simply n~/3% <« r, < (log nl)_1 .

When the number of observations is moderately large, one can use a data dependent approach to
choose r,. For example, taking r, to be the same for all x, one may consider another level of data
splitting for empirically evaluating the performance of each choice of r,,. Theoretical results are possible,

but we will not pursue them in this work.



5 Preference region selection

Let fi(z) = ]?1,,“ (z) and fo(z) = fgm(ac) be the estimates by the two regression procedures based on

the first part of the data of size ni. For a measurable set A, define

FlasA) = fi(@)peay + fo(@){ogay-

Since

() - f@)" = B((A@ - @) Lueay + (B - £@) Lugn )
= B (@ @) Tueay + B (Rla) — 1) Tiaga),

it follows that the preference region A*

(z:E (fAl(z) ff(x))Q < E(f;(z) —f(z))Q} is the best

choice of A. Obviously, we have

B fGA7) — fIP<min (B || fi— £ 120 2= 1 12).

o~

i.e., if it is possible to identify A*, the estimator f(z; A*) is better (or at least no worse) than the global
winner between the two candidate procedures. The ideal local selection can be arbitrarily better than
the global selection in terms of their risk ratio.

We consider a collection of sets of manageable complexity and try to find the best set A within the

class. Let A, be a class of sets and let A be the set that minimizes E || FGA) = f |12 over A,. Then
EJGA) = fIP=EfGA) - fI?

is the approximation error due to the use of a set in A,,, which may not contain A*. Of course, A7, is
also unknown, and needs to be estimated.

Let (B A A) denote the probability (under the distribution of X;) of the symmetric difference of
A and B. Assume that A, has metric entropy bounded above by H,, (¢) under the distance d(A, B) =
(B A A) (for concept and related results involving metric entropy, see, e.g., Kolmogorov and Tihomirov,
1959; Yatracos, 1985; Birgé, 1986; van de Geer, 1993; Yang and Barron, 1999). Let A, o be a discretized
collection of sets that serves as an ¢,-net for A,, under d. Let A\n be the minimizer of the empirical

prediction error over A, o, i.e.,

—~ 1 <& N 2
arg Agl}\?,o no i:;Jrl f(IL' )

Theorem 2: Assume that the errors are normally distributed with mean zero and variance o2 > 0,

and || fjn — f |lo< C as. for some constant C' < oo for both procedures. Then the final estimator

10



f(; A,) satisfies

BIFCA) -1 1P < (BN T~ f 1P e+ 220

IN

e (E | FGAT) = FI2+E | FGAL) = FGA) | +en + Lﬁf")) ,

2

where the constants C; and Cs depend only on C and o2.

To optimize the risk bound above, with A,, given, we need to balance H”T'l(;”) and €,. The issue
becomes more complicated when one needs to choose A,. Clearly, a large choice of A, reduces the
potential approximation error but at the same time increases the estimation error due to searching over
a larger class of sets A. One approach to handling the approximation error is to assume that A* is in
a given collection of sets B, and then characterize the uniform approximation error of sets in B by sets
in A,,. Defined v, = supgeginfaca, 1 (B A A). Under proper assumptions on B and A,,, the rate of
convergence of 7, can be derived and then used for obtaining the convergence rate of the final estimator
from the localized selection.
An example

Let Aj consist of all possible unions of at most k cubes in X = [0,1]%. Let B be the collection of
all the sets that each can be well approximated by a set in Ay in the sense that for each B € B, there
exists a set A in Ay such that u (B A A) < ck™7 for some constants ¢, 7 > 0. For simplicity, we assume
that X; has a uniform distribution on [0, 1]¢, although a similar result holds if X; has a uniformly upper
bounded Lebesgue density.

To obtain an e-net in Ay for B, we first choose k = k. such that ck™" < ¢/2 (k. is then of order
e~1/7). Then for any B € B, there exists a set A in Ay, such that u (B A A) < /2. Consequently, an
g/2-net in A will be an e-net for B. Now if we have a grid on [0, 1]% of width ¢/ (2k) for each coordinate,

then the collection of all cubes with vertices on the grid form an e/ (2k)-net for Aj_ and thus also an

e-net for B. The number of possible unions of k such cubes is of order

ked
(E) — ¢~ (41/m)e"ma,
€

It follows that the metric entropy of B is of order O (677 log(e™1)) .
If we select A over the e-net in Ay by cross validation with a proper discretization, by Theorem 2,

with a choice of ny and ny both of order n, the combined estimator satisfies

FGA loge,?
BIFGA) -1 1P = O(BIf6A) =11 e+ 552 ).

1/7
En/

11
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Balancing the last two terms in the above expression, the optimal choice of €, is (logn/n)=1 , and

consequently the risk bound becomes

~

E | fGAn) = £ IP= 0 (E | fGA") = > + (logn/n) 7

).

Thus, when 7 is large, the additional term (logn/n)71 is close to logn/n, which is typically negligible

for nonparametric regression. Then we achieve the performance of the ideal localized selection up to a

relatively small discrepancy term.

6 Concluding remarks

Overall performance of a candidate model (procedure) has been the dominating measure used for model
selection. If one candidate model is thought to be “true” or “optimal”, it is then rational to try
to identify it. However, in many applications, this practice is sub-optimal because the globally best
candidate procedure, even if it is much better than others, may still have unsatisfactory local behaviors
in certain regions, which can be well remedied with helps from other candidates that are globally inferior.

We took two directions in localized model selection: a localized cross validation that selects a
model/procedure at each x value based on performance assessment in a neighborhood of z, and a
preference region selection from a collection of sets, which tries to estimate the regions where each can-
didate performs better. For the localized cross validation, as long as the neighborhood size and the data
splitting ratio are chosen properly, the locally better estimator will be selected with high probability. For
preference region selection, when the complexity of the collection of the candidate sets of the preference
region is properly controlled, the final procedure based on the empirically selected preference region
behaves well in risk.

Besides global selection and localized selection of a model, sometimes it is advantageous to consider
global combination of the candidates with weights globally determined, or localized combination where
weights depend on the x value (see, e.g., Pan, Xiao and Huang, 2006). For high-dimensional or complex
data, these alternatives can provide flexibility needed to further improve performance of the candidate

procedures.

7 Appendix

Proof of Theorem 1. Much of the proof follows from Yang (2007), except that localized selection is
considered in this work. We first focus on the analysis without multiple data splittings. Without loss of

generality, assume that d, is asymptotically better than do at zo. Let I = I, ,, = {i:m+1<i<n

12



and X; € B(zo;ry,)} denote the observations in the evaluation set with X; close to zg, and let m2 be the

size of I. Because

LCV (fim) = Z (Yi — fim (Xi))2

icl

= Y () - Fm(x) +5)

icl
S 3 (5060) ~ Fina(60) 23 e (FOX) — Fom, (X))
el el i€l

LC’V(]?L,“) < LCV(fgml) is equivalent to

23" e (P (%)~ o (50) < 32 (450~ o (%) = 30 (#(50) ~ Frn(x0)

il iel iel
N 2
Conditional on Z' = (X;,Y;);2, and X? = (Xp,41,..., Xy,), assuming >, ; (f(Xi) - fgynl(Xi)) is

larger than ), ; ( (X;) — fl,m (Xi))2 , by Chebyshev’s inequality, we have
P (LCV(fin) > LOV (fo,) | 2", X?)
- N 2
402 Zie[ (f2,n1 (Xi) — J1m (Xz))
~ 2 R 2\ 2
(Sier (700 = o (060 = Sy (£ = ()

Let @,, denote the ratio in the upper bound in the above inequality and let .S,, be the event of

> (£060) — Fon (%) > 3 (F0X) = Fim, (%))

el i€l

< min | 1,

Then because

P(LCV@}M)>IIWWﬁmJ>
= P({LCV(Fin) > LCV(an) } 18.) + P ({CV(Fin)) > OV (Fam) } 11 55)
< B (P(CV(fin) > CV(fom,) |21, X2) Is, ) + P(55)
< Emin(1,Q,) + P(S¢),

for consistency, it suffices to show P(S5) — 0 and @,, — 0 in probability. Suppose we can show that for

each € > 0, there exists a. > 0 such that when n is large enough,
~ 2
Dier (f(Xi) - f2,n1(Xi))
- 2
Dier (f(Xi) - fl,nl(Xi))
Then P(S,) > 1 — € and thus P(S5) — 0 as n — co. Since

Z(me( ) flm ) <22( flm ) +22<f ﬁ,nl(Xi))27

i€l el el

>lta|>1-e (2)

13



with probability no less than 1 — ¢, we have
—~ 2 ~ 2
807 (Ser (1) = P (30) 4 Sy (7060 = o (x))
(1 ) e (150~ B0
802 (14 1)
< 2 ~ 2
(1 - ﬁ) Zie[ (f(Xz) - f2,n1(Xi))

From (2) and (3), to show P(S5) — 0 and @, — 0 in probability, it suffices to show (2) and

Qn <

Z (f(Xi) — j/”\g,nl (XZ-))2 — 00 in probability. (4)
iel

Suppose a slight relaxation of Condition 1 holds: for every € > 0, there exists A,, . such that for

7 = 1,2, when n; is large enough,

P (Hf - J/C;,nl > Anl,e) <e
o0
Let H,, denote the event {max (Hf — j/”\l,nl , Hf — ]”\2,”1 ) <A e } . Then on H,,, we have W; =
N 9 N 9 (%) %)
(f(Xi) - ijnl(Xi)) - Hf — fim|| with X; € B(xo;ry,) is bounded between — (Am,é)2 and (Anl,é)Q.
2

~ 4 4
Conditional on Z' and H,,, Vary (Wp,41) < Eg ( F(Xos1) = Frm (X, +1)) -

‘f - ]:;',nl

where the subscript Z! in Vary: and E:1 is used to denote the conditional expectation given Z'. Thus

)
4,030

conditional on Z', on H,,, by Bernstein’s inequality (see, e.g., Pollard (1984), page 193), for each z > 0,

bor (2 (60500 o =)
il L0iTn

1 x2
eXp | =5 2

2 -~ ¢ 2(Ang e
7l2Hf*f1,n1 M

4,20;7n

2
Taking x = B,7o Hf = fim

, the above inequality becomes

sZ03Tn

Py (2 (7060 = Fim 060) " 2 (4 807 |17 = Foa )
il woirn

4
' Btz |f = Frng
exp | —= 2,205Tn
- 2 = |t 2(Any. )8 =2
Hfffl,nl 4 + ( n13) - fffl,nl 5
sZ03Tn »Z03Tn

Under Condition 2, for every ¢ > 0, there exists 0/6 > 0 such that when n is large enough,

—~ 2
Hf - f2,n1 5 ) ,
P 2,&20,7’.” § 1+a6 S €
|7 = Fim
2,20;Tn
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Take 3, such that
2

|f = P

2,20;Tn

1+ﬁn: D)

(1+au/2) £ = Fim

2,z0;mn

a:/2
1+al/2"

Then with probability at least 1 — €, 3, > Let D,, denote this event. Then on D,,, we have

~ 2
|f = o
ﬁn — 2,T0;Tn

(140l f = Fum

2,x0;Tn

~(1+a2) |1 -

2,20;Tn

2
2,20;Tn

: (tral/2) | Fom
2,20;Tn 14a;

, —~ 2
(1+O‘e/2)Hf7f1,n1

2

|f = o

Y

2,20;Tn

, ~
ae f - fQ,nl
2,205Tn

2(1+a) (1+0,/2) || f = Fim,

2 ?

»Z03Tn

and

FX5) = P (X)) = Ut B2 ||f — P,
el 2,057

2
2,x0;Tn

f - f/‘\Q,nl

, 2
- 2 Qe 9 2o -~
(f(Xi) - fl,m(Xz')) > [ 1+ o na Hf = i
et 2(1+al) (1+ay/2) || f = Fromy

2

IN
S

2,x0;mn

.@1< (£0) = B (0) > 1525 | = For

2,20;Tn
4

2,T0;Tn

IN

/ 2 ~ -
(046> na Hf - f2,n1
exp - / ’ ’ ’
8(1+al)*(1+a./2)° Hf o 4 ol (Any.c) 2

4,205mn 3(1+a2)(1+a2/2)

= Fom

2,20;Tn

If we have 4

N Hf — fo,m,

»Z03Tn

1 — oo in probability, (5)

£ = Fim

4,20;7n
_ —~ 2
n2 Hf - f2,n1

2
(Anhﬁ)

then the upper bound in the last inequality above converges to zero in probability. From these pieces,

2,20;Tn

— 00 in probability, (6)

we can conclude that

2

2,205Tn

P <Z (f(XZ-) _ f]m(Xz-))2 > %02(/2 Hf ~ fom

icl

) < 3e+ A(e, n), (7)
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for some A(e,n) — 0 as n — oo. Indeed, for every given € > 0, when n is large enough,

P (%2 ZEZI (f(Xz) - J?Lm(Xi))2 = %0/6/2 Hf B J/C\Q’m zm;;m)

P(HE )+ P(DE)+ P Hy, N D ! ST (F(X0) = Frm (X .1 o |
< ot ¢ ng VD, N < — i) = Jin i > 7 H — J2,n
= ( n1)+ ( n)+ 1 o pri (f( ) A, 1( )) 1—1—046/2 U ERY 2,205Tn
< 3¢+EP(H, AD N2 (f(X) h (X))2>71 Hf o] |zt
€ n = 1) T n 7 ftl ’ - n
>~ 1 - 1,n1 1+045/2 2,m1 220
N 2
(045> 77J2Hf f2n1 5
< 3e+ Eexp _8(1 ,)2(1 /2 G 203
+ o +al —a‘ n1e
Hf fl e 4,207 (1+0‘ o /2 Hf f2n1 2,207

1>

3e+ A(e,n),

where the expectation in the upper bound of the last inequality above (i.e., A(e,n)) converges to zero
due to the convergence in probability to zero of the random variables of the exponential expression and
their uniform integrability (since they are bounded above by 1), provided that (5) and (6) hold. The
assertion of (7) then follows.

For the other estimator, similarly, for 0 < Bn < 1, we have

Py (Z(f(xo—fz,m(&)) (-5 me o, 2>
el -

32
n
- 7} Qﬁ 2,20;Tn
< 2(Anq,e) Bn
Hf fg - + @ f f2 ni
- 2,205
If we have
T2 32
2207, o6 in probability, )
=
4,20;Tn
ﬁQﬂn fﬁ f2,n1 To:T
—2 — 00 in probability, ©)
(An, )’

then following a similar argument used for J?1,n1, we have

P (Z (f(Xi) — fom, (Xi)) (1 — Bn)7i Hf Fons

icl

) — 0. (10)
2,20;Tn

N 2 ~
From this, if nq H f— fom — 00 in probability and (§, is bounded away from 1, then (4) holds.

2,x0;mn

If in addition, we can choose Bn — 0, then for each given €, we have (1 — Bn

1+a5 Hf f2 ni

1+a /2

>

»Z03Tn

5= o]

for some small a > 0 when n; is large enough. Now for every € > 0, we can
2,20;Tn
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find € > 0 such that 3¢ < €/3 and there exists an integer ng such that when n > ng the probability in

(10) is upper bounded by €/3 and A(e,n) < €/3. Consequently when n > ng,

2

Zie[ (f(Xz) - ﬁ,m (Xz))
Sier (FOX0) = Fin (X))

Recall that we needed the conditions (5), (6), (8), and (9) for (2) to hold. Under Condition 3,

iz | o [ fial| £~ Foumy |
"0 g Jower bounded in order in probability by — M 2e0itn From all above, since
||f*f1,n1 4,505 My, Hffflv"l 2,20;mn

fin, and fo,, converge exactly at rates p, and g, respectively under the Ly loss, we know that for the

conclusion of Theorem 1 to hold, it suffices to have the requirements: for every € > 0, for some Bn — 0,
nefBi M, * — oo,
~ 4 —4
n2 (qnl/pnl) Mn1 — 00,
~ 7 -2
n26nq311 (Anl,e) — 00,
~ -2
7712(13“ (Anl,e) — 00,
~ 9
naq,, — 00.
Note that ns is a random variable that has a binomial distribution with no trials and success prob-
ability P (X; € B(xo;7y)). Under the assumption that the density of X is bounded away from zero in
a neighborhood of xg, P (X; € B(zo;7,)) is of order r¢. We need to lower bound 73 in probability. For

1 < j < ng, let D; be independent Bernoulli random variables with success probability 5. Then applying

the Bernstein’s inequality (see, e.g., Pollard (1984, p. 193)), we have

P ingngﬂ/Q §exp< (11)

j=1

3ng B
28 > '

For our setting, 3 is of order 7¢. Thus 713 is at least of order nord in probability if nord — oo. Conse-

quently, the earlier requirements on the splitting ratio become that for every e > 0, for some Bn — 0,

d 32 r—4
ngrnﬂan — 00,

4 —
nQT’Z (qnl/pnl) Mn14 — 0,
7127"2571%211 (An1,6)72 — 00,

ngriqil (An1,6)72 — 00,

d 2
nary,qy, — 0O.
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Under Condition 1, for every € > 0, there exists a constant B, > 0 such that P (Hf — J?j,m

> BAy,) <
o0
€ when n, is large enough. That is, for a given € > 0, we can take A,, = O(4,,). Therefore if we have
nard M * — oo and norlq? /(14 Ay,) — oo, then we can find B, — 0 such that the above 5 displayed
requirements are all satisfied.

Let m denote a permutation of the observations, and let II denote a set of such permutations. Let
LCV, (fjm) be the L-CV criterion value under the permutation 7. If LC'V, (flnl) < LC’VW(f\Qm), then
let 7 = 1 and otherwise let 7, = 0. Let W denote the values of (X1,Y1),...,(Xn,Ys) (ignoring the
orders). Under the i.i.d assumption on the observations, obviously, conditional on W, every ordering of

these values has exactly the same probability and thus

P(LCV(fin) < LOV(fam)) = EP(LCV(fin,) < LOV(faun,)|W)

From the earlier analysis, we know that P(LC’V(f\Lm) < LCV(]/”\QM)) — 1. Thus E (e 7=//|) — 1.

Since ) cpy 7« /| is between 0 and 1, for its expectation to converge to 1, we must have ) 7 /|II] —

mell
1 in probability. This completes the proof of Theorem 1.
Proof of Theorem 2: Let A% be the minimizer of E || f(; A) — f |2 over A € A, . By the results

of Wegkamp (2003, Section 2), in particular, Theorem 2.1, we have
PN S 1
BIFGA)-fIP < 2(BIFGA) -1 1P +on) +

6C" log (4|An,o|e—1/<652>> + 1602 (2 +1log (|An,0|e—1/<1602>>)

n
P B BoHy(en
< 2B | F A - P 4B 4 Befnlen)
no no

where By and By are constants that depend only on C and o2.

Note that

[ (Fas )= Flas )"

< 2 [((A@) - 5@) Uy ~ Tuem) du+2 [ (7o) = £@) Uiven, = Taen))) dn
=2 (@ t@) et [ (B - @) du

-2 <(ﬁ<x> — 1@) dut (Fata) - f(w))Q) au

< 4C°u(B A A).

Together with that A, ¢ is an €,-net under d, we have E || FCAD) = fI2<2E || FGAL) = f|I? +8C €.

The conclusions then follow. This completes the proof of Theorem 2.
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