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Abstract

Numerous forecast combination schemes with distinct properties have been proposed. However, to our knowledge,

little has been discussed in the literature on combining forecasts with minimizing the occurrence of forecast outliers in

mind. An unnoticed phenomenon is that robust combining, which often improves predictive accuracy (under square or

absolute error loss) when innovation errors have a tail heavier than a normal distribution, may have a higher frequency

of prediction outliers. Given the importance of reducing outlier forecasts, it is desirable to seek new loss functions

to achieve both the usual accuracy and outlier-protection simultaneously. In this paper, we propose a synthetic loss

function and apply it on a general adaptive combination scheme for outlier-protective combination of forecasts. Both

theoretical and numeric results support the advantages of the new method in terms of providing combined forecasts

with relatively fewer large forecast errors and comparable overall performances.
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1. Introduction

Forecasting is widely and regularly used to help

with decision making in many areas of our modern

life. Because of the availability of different sources

of information, different methods and distinct back-

grounds/preferences of the forecasters, multiple fore-

casts are available for the target variable of interest in

many applications. In order to get most accurate fore-

casts by taking advantage of the candidate forecasts, the

strategy of forecast combination is often applied.

Since the seminal work of forecast combination by

Bates & Granger (1969), thousands of research papers
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have been published on this topic with various combin-

ing schemes. For example, combining via simple av-

eraging (e.g., Stock & Watson, 1999), combining via

variance-covariance estimation of the candidate fore-

casts (e.g., Bates & Granger, 1969), combining via

Bayesian model averaging (e.g., Min & Zellner, 1993),

combining via regression on candidate forecasts (e.g.,

Granger & Ramanathan, 1984) and combining via expo-

nential re-weighting (e.g., Yang, 2004) have been stud-

ied. Reviews and discussions of the research results are

available in Clemen (1989), Newbold & Harvey (2002),

Timmermann (2006) and Lahiri et. al (2013).

Loss functions play important roles in forecast com-

bination in two intertwining directions: they may serve

as a key ingredient in combination formulas and they

are used to define performance evaluation criteria. Take
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forecast combination via ordinary least squares regres-

sion for example, the combining weights of the fore-

casts are trained by minimizing the sum of the squared

errors (the L2-loss), while the performance of the com-

bined forecasts can also be evaluated under the same

loss function or a different one such as the L1-loss.

Indeed, the use of a loss function in the first direc-

tion is found in many popular combination schemes,

such as the regression based combination (e.g., Bates

& Granger, 1969; Granger & Ramanathan, 1984) and

many adaptive/recursive forecast combination schemes

(e.g., Yang, 2000, 2004; Zou & Yang, 2004; Wei &

Yang, 2012). Take the L1-loss in the L1-AFTER of

Wei & Yang (2012) for example, it uses the cumulative

L1-loss to summarize the historical performance of the

candidate forecasts to decide the combining weights for

predicting the next observation.

The need to use loss functions in the second direc-

tion is obvious. The objective of any combination strat-

egy is to provide forecasts to better serve some prede-

fined/predetermined goals, which are often character-

ized in terms of loss or utility functions. While the sym-

metric quadratic loss is most often used in both the the-

oretical and empirical research works, other loss func-

tions have been explored for forecast combination (see

e.g., Zeng & Swanson, 1998; Elliott & Timmermann,

2004; Pai & Lin, 2005; Chen & Yang, 2007; Wei &

Yang, 2012). In particular, in fields such as economics

and finance, asymmetric evaluation criteria are impor-

tant to study (see e.g., Zellner, 1986; Granger & New-

bold, 1986; West et. al, 1997; Christoffersen & Diebold,

1997; Granger & Pesaran, 2000; Diebold, 2001). In

our context, for example, the linex loss, lin-lin loss and

asymmetric squared loss functions are discussed in de-

tail as forecast performance evaluation criteria in Elliott

& Timmermann (2004).

Besides the loss functions mentioned above, the fre-

quency of large forecast errors (larger than some thresh-

olds in the positive or negative directions) is also impor-

tant since decisions made for the future based on sub-

stantially over or under forecasting may cause severe

undesirable consequences. For instance, a severe fore-

cast error on demand may lead to a company’s drastic

over or under production, negatively affecting its profit.

In spite of the obvious importance of having minimal

frequency of large forecast errors, to our knowledge,

little has been discussed in the literature on combining

strategies with a control on the occurrence of large fore-

cast errors directly. It is clear that optimization under

the L2-, L1-loss or other performance measures can have

some effect on the control of the frequency of large fore-

cast errors, but the control is not explicit. It is thus of

interest to understand how the different loss functions

perform in forecast combination with respect to the oc-

currence of large forecast errors. A seemingly unno-

ticed phenomenon is that although the use of the L1-

loss in forecast combination often improves over the L2-

loss in obtaining more accurate forecast combinations,

it may have a higher tendency to have large forecast er-

rors. Therefore, unfortunately, as will be seen, a robust

combining method may actually work against the goal

of having fewer outliers in the context of forecast com-

bination.

In this paper, we propose a synthetic loss function

(denoted by the L210-loss) which is a linear combina-

tion of the L2-loss, the L1-loss and a smoothed L0-loss

that naturally and smoothly penalizes the occurrence of

large forecast errors more directly. It is used to pro-

pose a new combination algorithm based on the general

AFTER scheme from Yang (2004). We establish oracle
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inequalities in terms of the L210-loss that show optimal

converging properties of the new AFTER method. Nu-

meric results also support the advantages of our outlier-

protective approach in terms of reducing the frequency

of large forecast errors in the combined forecasts while

maintaining comparable accuracy under both the L2-

and L1-losses.

It should be pointed out that outlier forecasts can be

defined in different ways, e.g., in relation to other can-

didate forecasts or to the observed value. In this work,

an outlier forecast refers to a forecast that is far away

from the realized value (i.e., the forecast error is large

in absolute values). Forecasts that are drastically differ-

ent from the majority in a panel of forecasts may also

be defined as outliers. Such outliers may or may not be

a concern in terms of forecast accuracy.

The plan of this paper is as follows: section 2 dis-

cusses the motivation and the design of the loss function

L210 with numeric examples demonstrating its efficiency

in terms of outlier protection. In section 3, the L210-loss

based AFTER methods are proposed and theoretically

examined. Simulation results are presented to evaluate

the performance of our new combination approach in

section 4. Real data from the M3-Competition (see e.g.,

Makridakis & Hibon, 2000) are used in section 5 and the

results also confirm advantages of our methods. Section

6 concludes the paper. The proofs of the theoretical re-

sults are presented in the appendix.

2. Outlier Protective Loss Functions

2.1. A Deficiency of the Robust L1-loss

The L1-loss is relatively more resistant to occasional

outliers. This well-known nice feature is exploited in

e.g., Wei & Yang (2012) for robust forecast combina-

tion, which results in more accurate forecasts. How-

ever, the robustness comes with a price: the L1-loss is

often less outlier protective in the sense that when used

to compare different forecasts, it may not dislike enough

forecasters that have higher frequency of outliers but

with comparable (or slightly better) cumulative L1-loss

because it puts relatively less penalty (compared to e.g.,

the L2-loss) to large forecast errors (outliers). For an

understanding of this matter, examples will be provided

after reviewing a framework to compare loss functions.

2.1.1. Objective Comparison of Loss Functions

The comparison of loss functions is usually entan-

gled with the evaluation criteria used to define better

forecasters, which typically involves loss functions. To

avoid the difficulty due to the circular reference, Chen

& Yang (2004) proposed a methodology to compare loss

functions objectively.

In a time series setting, suppose we have a variable

Y with two competing forecasters 1 and 2. Specifically,

Ŷ1,i and Ŷ2,i are the forecasts for Yi made respectively by

forecasters 1 and 2 at time i − 1 . Let e1,i = Yi − Ŷ1,i and

e2,i = Yi−Ŷ2,i be the forecast errors. Suppose e1,i and e2,i

are iid from certain distributions respectively, and let F1

and F2 be the cumulative distribution functions of |e1,i|

and |e2,i| respectively.

If F1(x) ≥ F2(x) for all x ≥ 0 (i.e., forecaster 2 first-

order stochastically dominates Forecaster 1), then, the-

oretically, E[L(|e1,i|)] ≤ E[L(|e2,i|)] holds for any non-

decreasing loss function L with L(0) = 0.

Therefore, theoretically, Ŷ1 is a better forecaster than

Ŷ2 regardless of the loss functions used for performance

evaluation. However, different loss functions have dif-

ferent capabilities to pick out the better one. For ex-

ample, if e1,i and e2,i are from N(0, 1) and N(0, 1.12)
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respectively, we generate samples {e1,i}
n
i=1 and {e2,i}

n
i=1

with size n = 100 independently for 108 times, then

the cumulative L2-loss has 83.4% chance to pick out Ŷ1

(i.e.,
∑n

i=1 e2
1,i <

∑n
i=1 e2

2,i) in contrast to 81.3% for the

L1-loss (i.e.,
∑n

i=1 |e1,i| <
∑n

i=1 |e2,i|). So, following this

idea, by supplying two sequences of stochastically or-

dered errors (in absolute values), the one that is more

likely to pick out the better forecaster should be consid-

ered the better loss function in a pair of competing loss

functions. Thus, we can compare different loss func-

tions objectively in a sensible aspect.

2.1.2. Example 1

In this example, in the same context of section

2.1.1, consider e1,i having 95% chance to follow N(0, 1)

and 5% chance to follow a t3-distribution (denoted by

95%N(0, 1) ⊕ 5%t3), e2,i follows the distribution of

1.05e1,i and the sample size n is taken to be 30, 60, 100

and 200. A forecast error is considered to be large if its

absolute value is larger than 2 in this example.

In this simulation, in Table 1, we present the probabil-

ities that the L2-loss (column 6) and the L1-loss (column

7) (the L210-loss will be defined later) pick out Ŷ1 (the

theoretically better one). Each entry in column 2 is the

(simulated) probability that the forecaster with smaller

L2-loss also has fewer large forecast errors. The same

probabilities for the L1-loss are in column 3.

From the comparison of columns 2 and 3, we see that

the L2-loss is more capable of picking out the forecaster

with fewer outliers, while from columns 6 and 7, the

L1-loss is relatively more capable of identifying the bet-

ter forecaster. The example reveals that the advantage

of the L1-loss in resisting the influence of outliers goes

hand-in-hand with its disadvantage of being more likely

to prefer the ones with more outliers.

The average differences of the above probabilities be-

tween the L2-loss and the L1-loss are between 1-5%

(with standard errors smaller than 10−4), which is not

necessarily practically insignificant. Note that differ-

ences between competing forecasting methods are often

around 1-2% under various evaluation criteria (see e.g.,

Makridakis & Hibon, 2000).

2.2. L210-loss

Since the L1-loss takes care of the robustness effi-

ciently and the L2-loss is relatively more sensitive to

(occasional) large forecast errors, a nature candidate to

have a simultaneous control of both the robustness and

outlier-protection tendency is a linear combination of

the L2- and L1-losses as follows:

L21(x|α) = |x| + α
x2

m
, (1)

where m is the median (or at that scale) of the absolute

forecast errors, and α is a positive constant.

However, both the L2- and L1-losses (thus the L21-

loss) put indirect attentions to the occurrence of large

forecast errors. To deal with the concern of large fore-

cast errors upfront, for 0 < γ1 ≤ +∞ and −∞ ≤ γ2 < 0,

we define the L0-loss as:

L0(e|γ1, γ2) = I(e ≥ γ1 or e ≤ γ2). (2)

It can be added to the L21-loss in expression (1) to put

more direct and significant penalty to the occurrence of

large errors. The new synthetic loss function is denoted

as L210.

Obviously, the L210-loss is not continuous (since the

L0-loss is generally not continuous). But continu-

ity/smoothness is important for efficient computation

when the loss is used to fit a model by empirical risk

minimization (see, e.g., Liu & Wu, 2007), and it is also
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Table 1: Performance evaluation criteria comparison (Example 1/Scenario 1)

Outlier-protection Choosing Ŷ1

95% N(0,1) ⊕ 5% t3

n L2 L1 L(1)
210 L(2)

210 L2 L1 L(1)
210 L(2)

210

30 0.759 0.711 0.756 0.799 0.678 0.680 0.678 0.675

60 0.778 0.740 0.779 0.830 0.736 0.739 0.744 0.750

100 0.794 0.769 0.808 0.846 0.779 0.798 0.800 0.796

200 0.836 0.832 0.857 0.879 0.848 0.880 0.884 0.878

useful to the development of our theoretical results (as

seen in the proofs of the theorems in this paper). So,

a continuous surrogate of the L0-loss in expression (2)

can be a better alternative. In order to narrow down the

choices, two constraints are considered:

1. The continuous surrogate should be close to the

original L0-loss;

2. The concavity from the surrogate L0-loss function

is not too large since the overall convexity of the

corresponding L210-loss function is very useful for

numeric optimization and our theoretic develop-

ment.

We choose a surrogate function in the form of

the Minimax Concavity Penalty (MCP) from Zhang

(2010). Specifically, for the L0-loss in (2), the MCP

surrogate L̃0-loss is:

L̃0(e|γ1, γ2) =



1, if e ≥ γ1 or e ≤ γ2

1 − 1
γ2

1(1−r1)2 (e − γ1)2, if r1γ1 ≤ e ≤ γ1

1 − 1
γ2

2(1−r2)2 (e − γ2)2, if γ2 ≤ e ≤ r2γ2

0, if γ2r2 ≤ e ≤ γ1r1,

(3)

where 0 < r1, r2 < 1, and they control how sharp the

jumps from 0 to 1 are (the larger the sharper). This func-

tion has second derivative everywhere except at e = γ1r1

and e = γ2r2.

Fig 1 is an example of L̃0(e|γ1 = 2, γ2 = −2, r1 =

r2 = 0.75).

0
.0

0
.4

0
.8

1
.2

x

y

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5

Fig. 1: MCP surrogate of the L0-loss

Therefore, the continuous L210-loss function we pro-

posed is:

L210(e) := |e| + α1
e2

m
+ α2mL̃0(e|γ1m, γ2m, r1, r2), (4)

where α1 > 0 and α2 ≥ 0 are two constants. The

choice of m is discussed in the first remark below.

Also, an example of the specification of m in real

data applications is given in section 5. Note also that

asymmetric quadratic and absolute functions can be

used instead of e2 and |e|, respectively.

5



Remarks:

1. The use of m in the L210-loss makes its three com-

ponents at the same scale. One can choose m based

on previous experience or the data at hand only. Of

course, when one has strong evidence that the data

generating process has changed, updating m based

on the new information is necessary. Our numeri-

cal experience seems to suggest that in real appli-

cation, choosing an m that is of the same scale of

and not too far way from the median of the abso-

lute forecast errors works well as seen in Scenarios

1 and 2 in the next subsection.

2. For α1, it determines the degree of concern about

the forecast errors under the L2-loss. We need to

point out that if the frequency of the large forecast

errors is high rather than occasional, then the L2-

loss may become less sensitive to large forecast er-

rors since the earlier large ones may dominate the

whole cumulative loss quickly. A relatively small

α1, such as 0.5 or 0.1, is recommended if one does

not have specific preferences.

3. The coefficient α2 controls how much penalty the

user wants to put on the occurrence of large errors.

When the outlier-protection is of great importance,

a larger α2 may be explored.

4. The best choice of γ1, γ2, r1 and r2 may be case

dependent. If there is no specific consideration for

the parameters, γ1 = −γ2 = 2 and 0.5 ≤ r1 =

r2 ≤ 0.9 is a good starting point suggested by our

numeric work.

2.3. L210-loss as a Performance Evaluation Criterion

In this subsection, we show that using the L210-loss

leads to a more protective choice of a forecaster in terms

of the frequency of outliers than that of the L2- and L1-

losses. That is, given a pair of competing forecasters for

{Yi}
n
i=1, the L210-loss is more likely to prefer the fore-

caster with fewer large forecast errors than the L2- and

L1-losses.

Also, we show that the capability of the L210-loss to

identify the (theoretical) better forecaster is comparable

to the better one of the L2- and L1-losses.

2.3.1. Scenario 1

Using the scenario in section 2.1.2, the L(1)
210-loss and

the L(2)
210-loss are defined with common parameters (in

expression (4)): m = 1, α1 = 1, α2 = 3, γ1 = 2, γ2 = −2.

But the L(1)
210-loss takes r1 = r2 = 0.75, and the L(2)

210-loss

takes r1 = r2 = 0.9. The results are in Table 1.

For the L210-loss, from the comparison between

columns 4 and 5, we see that its ability to pick out the

forecaster with fewer large forecast errors gets better

when the jump from 0 to 1 in the L̃0-loss gets sharper.

From columns 8 and 9, its capability to identify the bet-

ter forecaster is slightly limited by the sharpness of the

jump. Note that both the m in the two L210’s are 1, which

is not exactly equal but close to the theoretical medians

of the absolute errors, and it works well (in other sce-

narios we tried as well). Also, other choices for the pa-

rameters in the L210-loss are tried and similar stories are

found.

2.3.2. Scenario 2

It is possible that the concern about the forecast out-

liers is not symmetric in the positive and negative direc-

tions. For this situation, an asymmetric L210-loss can be

defined with an asymmetric continuous surrogate of the

L0-loss. Below is an example for the efficiency of the

asymmetric L210-loss.
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Using the notation from example 1 (section 2.1.2),

let e1,i ∼ 80%N(0, 1) ⊕ 20%(2 − Γ(2, 1)) and e2,i ∼

80%N(0, 1)⊕20%(Γ(2, 1)−2), where Γ(2, 1) denotes the

Gamma-distribution with shape parameter 2 and scale

parameter 1. So, E(e1,i) = E(e2,i) = 0 and e1,i and e2,i

are not symmetric about 0. If our concern is the fre-

quency of the errors larger than 2 (L0(x) := I(x > 2)),

then, theoretically, forecaster Ŷ1 is better than Ŷ2. In this

simulation, everything else remains the same as that in

section 2.1.2.

The results at various sample sizes are summarized in

Table 2. In Table 2, the L(1)
210, L(2)

210 and L(3)
210 are defined

with m = 1, α1 = 1,α2 = 3, γ2 = −∞, r1 = r2 = 0.8.

For γ1, it equals 2, 2.5 and 3 in the L(1)
210-, L(2)

210- and L(3)
210-

losses respectively. From Table 2, we can see that:

1. The capacities of the L2- and L1-losses to pick out

Ŷ1 are omitted since they simply cannot tell the dif-

ference between e1,i and e2,i.

2. By the help of the asymmetric L̃0-loss, the L210-

loss is capable of capturing the asymmetric out-

liers. Further, from the results (some are not pre-

sented), the performance of the L210-loss is not too

sensitive to the choice of the parameters in the L̃0-

loss.

3. As the sample size increases, the advantages of the

L210-loss get more significant in terms of the capa-

bilities to pick out the better forecasters and also

the forecasters with fewer large errors (larger than

2).

3. Forecast Combination with Outlier Protective

Loss Function

3.1. L210-AFTER

Suppose we have N candidate forecasters, and com-

bination starts at time n0 (the first n0 − 1 observations

are used as training data). Let ŷ j,i be the forecast of yi

from candidate forecaster j. Accordingly, let W j,i be

the combination weight of candidate j for yi that satis-

fies
∑N

j=1 W j,i = 1, and we start with W j,n0 = 1/N. Let

µi be the conditional mean of yi given zi−1 (zi−1 repre-

sents the information available before observing yi) and

ei := yi − µi.

Then, for t ≥ n0 + 1, the L210-loss based AFTER

weighting is:

W j,t =

∏t−1
k=n0

exp
(
−λL210(yk − ŷ j,k)

)
N∑

j′=1

t−1∏
k=n0

exp
(
−λL210(yk − ŷ j′,k)

) , (5)

where λ is a positive constant that will be discussed later

in this section. The combined forecast for yt is defined

as:

ŷ∗t =

N∑
j=1

W j,tŷ j,t. (6)

In order to achieve a theoretical risk bound for this

L210-AFTER method, two conditions are needed.

Condition 1: There exists a constant τ > 0 such that

P(sup
i, j
|ŷ j,i − µi| < τ) = 1.

Condition 2: There exists a constant s0 > 0 and two

continuous functions 0 < H1(s),H2(s) < ∞ on (−s0, s0),

such that Ei exp(s|ei|) ≤ H1(s) and Eie2
i exp(s|ei|) ≤

H2(s) for all s ∈ (−s0, s0) and all i ≥ n0 with proba-

bility 1, where Ei is the expectation conditional on zi−1.

Theorem 1. Under Conditions 1 and 2, with a small

enough positive constant λ, if the parameters of the
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Table 2: Performance evaluation criteria comparison (Scenario 2)

Outlier-protection Capability to pick Ŷ1

n L2 L1 L(1)
210 L(2)

210 L(3)
210 L(1)

210 L(2)
210 L(3)

210

30 0.674 0.643 0.760 0.774 0.704 0.576 0.580 0.559

60 0.663 0.636 0.768 0.792 0.714 0.596 0.619 0.601

100 0.638 0.620 0.767 0.793 0.721 0.630 0.664 0.628

200 0.601 0.589 0.777 0.813 0.744 0.685 0.721 0.685

L210-loss function satisfy
α2

α1
< min{γ2

2(1 − r2)2, γ2
1(1 −

r1)2}, then

1
n

n+n0−1∑
i=n0

E
[
L210(yi − ŷ∗i )

]
≤ inf

1≤ j≤N

( log(N)
λn

+

1
n

n+n0−1∑
i=n0

E
[
L210(yi − ŷ j,i)

])
.

Remarks:

1. The theorem suggests that the combined forecast

performs as well as the best individual candidate

forecaster up to any given time plus a small penalty

which decreases when the length of the evaluation

periods gets larger.

2. The parameter λ in Theorem 1 depends on τ in

Condition 1, s0, H1 and H2 in Condition 2 and the

parameters of the L210-loss function.

3. Condition 1 simply requires that all the candidate

forecasts are not too far away from the conditional

means. It does not put any constraints on the

boundedness of y (and thus allows severe outliers),

and it certainly holds if the forecasts and the ob-

servations are bounded (which may be reasonable

for many real applications), though theoretically it

does not hold for some time series models (such

as AR(1); see Wei & Yang, 2012, for more discus-

sion).

4. Condition 2 assumes that the error distribution in

the true model does not have a tail that is heav-

ier than an exponential-decay, which is satisfied by

e.g. sub-Gaussian and double-exponential distri-

butions.

5. The constraint of the parameters in the L210-

loss implies that the L210-loss function is lower-

bounded by a quadratic curve which we will use

in the proof of Theorem 1. Also, it suggests that

the penalty to the occurrence of large forecast er-

rors can not be too large.

6. The combined forecast from the L210-AFTER

also provides a multi-objective combination which

serves three evaluation criteria simultaneously: the

L2-, L1- and L0-losses.

The proof of Theorem 1 is available in the Appendix.

3.2. Data Driven L210-AFTER

The choice of the parameter λ in the weighting for-

mula of expression (5) is a difficult issue since it de-

pends on some unknown quantities as discussed in sec-

tion 3.1. In this subsection, we propose a data-driven

L210-AFTER method that avoids this difficulty, and is

thus more applicable in real situations. Before the intro-

duction of the data-driven L210-AFTER, a new distribu-

tion family is considered.
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3.2.1. F210-Family

From Chen & Yang (2004), the L2-loss based AFTER

(L2-AFTER) works efficiently for the Gaussian (or close

to Gaussian) errors since the L2-loss is the exponential

kernel of the univariate Gaussian family. In contrast, the

L1-loss based AFTER (L1-AFTER) often works better

when the error distributions have heavier tails. In the

same spirit, the L210-loss is associated with a density

that has the L210-loss in the exponential kernel.

We define a density family, called F210-family, that

is associated with the L210-loss. The probability density

functions in this family are in the form

f (x|δ) :=
1

h(δ)
exp(−L210(x)/δ),

where δ > 0 is a scale-parameter and 1
h(δ) is a function

of δ that normalizes g(x|δ) := exp(−L210(x)/δ) to be a

probability density function.

Note that the Gaussian or the double-exponential

family can be considered as special cases in the F210-

family, and the F210-family is more efficient in describ-

ing the error distributions with more likely occurrence

of outliers.

In the following subsection, we present a version of

the L210-AFTER with estimation of δ to avoid the diffi-

culty in specifying λ. The related numeric experiments

are provided in section 4.

3.2.2. L210-AFTER with Scale-parameter Estimation

The new weighting formula is:

W j,t =

∏t−1
k=n0

1√
δ̂ j,k

exp
(
−L210(yk − ŷ j,k)/δ̂ j,k

)
N∑

j′=1

t−1∏
k=n0

1√
δ̂ j′,k

exp
(
−L210(yk − ŷ j′,k)/δ̂ j′,k

) , (7)

where δ̂ j,k is an estimate of δk (the conditional scale-

parameter given zk−1) from forecaster j at time period

k − 1 (an example choice to estimate δ̂ j,k is in Remark

3 after Theorem 2). The combined forecast for yt is the

same as in expression (6).

Besides point forecast of yt, prediction of the whole

distribution of yt (t ≥ n0 + 1) conditional on zt−1 is

often of interest (see, e.g., Timmermann, 2000; Yang,

2000). With the weights W j,t, a nature forecast of the

conditional distribution of yt (denoted as qt and qt =

1
h(δt)

exp(−L210(yt − µt)/δt)) is

q̂t =

N∑
j=1

W j,t
1

h(δ̂ j,t)
exp(−L210(yt − ŷ j,t)/δ̂ j,t).

It is well know that Kullback-Leibler divergence is

a proper measure of the distance between two densi-

ties. Let D(qt ||q̂t) denotes the K-L divergence between

qt and q̂t (conditional on zt−1). Then the expectation

of 1
n
∑n0+n−1

t=n0
D(qt ||q̂t) is a natural measure of the overall

performance of q̂t over time.

Condition 3: There exists a constant A ≥ 1 such that

1/A ≤ δi, δ̂ j,i ≤ A for all i, j with probability 1.

Theorem 2. Let yi = ηi + εi, where εi follows a

distribution from the F210-family with unknown scale-

parameter δi. Under Condition 3, we have

1
n

n0+n−1∑
t=n0

ED(qt ||q̂t) ≤ inf
1≤ j≤N

(
log(N)

n

+
C
n

n0+n−1∑
i=n0

(
E|L210(yi − ŷ j,i) − L210(yi − ηi)| + E|δ̂ j,i − δi|

))
,

where C is a constant that depends on A and the param-

eters in expression (4).

Theorem 2 states that the average risk of the com-

bined forecast is bounded in order by the averaged mean

absolute differences between the L210-loss of the com-

bined forecast and the L210-loss of ηi’s plus two addi-

tional terms, namely, the estimation accuracy for δ’s and

9



the log size of the candidate pool relative to the sample

size n.

Remarks:

1. The newer version of the L210-AFTER in Theorem

2 has less restriction on the coefficient parameters

α1 and α2, the thresholds γ1 and γ2, and steepness

parameters r1 and r2 in defining the L210-loss. For

example, it is now allowed to put a very large α2

to reflect a strong dislike of occurrence of the large

forecast errors without invalidating the theoretical

property in the theorem.

2. Condition 3 constrains the scale parameters and

their estimators to be in a compact set away from

zero and infinity.

3. A natural choice for δ̂ j,k is that δ̂ j,k :=

1
k − 1

k−1∑
l=1

L210(yl − ŷ j,l). This is our choice for the

numeric examples in the following sections.

The proof of Theorem 2 is provided in the Appendix.

4. Simulation Results

In this section, simulation results are presented to

demonstrate advantages of the L210-AFTER. In this and

the next sections, the L210-AFTER refers to the data-

driven version, and the L2- and L1-AFTERs refer to the

versions in sections 2 and 3.2 of Wei & Yang (2012),

respectively.

In the general expression of the L210-loss, there are

several parameters, among which γ1 and γ2 can be de-

termined by the interests of the specific applications and

r1 and r2 control the approximations to the L0-loss by

the smooth surrogate. The parameters α1 and α2 are the

least guided. To have an informative but focused study,

in this and the next sections, unless otherwise stated, we

use γ1 = 2, γ2 = −2, and r1 = r2 = 0.9 in the L210-

AFTERs and consider the loss function L0(e) = I(|e| >

2m). In the simulations, m is the median of the absolute

value of the innovation error. In all settings, multiple

choices of α1 and α2 are investigated systematically. In

addition, asymmetric L̃0 component in the L210-loss is

considered in some cases.

4.1. Simulation Setup

The candidate forecasts are generated by linear re-

gression models. The possible large forecast errors are

designed to come from the innovation errors.

In all the settings below, we have 5 predictors,

X1, · · · , X5, and they are randomly generated from cer-

tain distributions (to be specified). The true model is:

Y = β1X1 + β2X2 + · · · + βp0 Xp0 + ε, (8)

where 1 ≤ p0 ≤ 5 and ε is generated from a certain

distribution.

The forecast candidates are obtained from the linear

regression models as follows: Y = β0 + β1X1 + e, Y =

β0 +β1X1 +β2X2 + e, · · · , Y = β0 +β1X1 + · · ·+β5X5 + e.

Least squares estimates are used as the estimates of the

parameters in each model, based on which the forecasts

are made.

The detailed simulation procedure is:

Step 1: Generate β = (β1, · · · , βp0 ) in expression (8);

Step 2: Generate 150 iid copies of {X1, · · · , X5} and ε;

Step 3: Generate 150 Y values based on the expression

(8) using the β from Step 1, the {X1, · · · , X5} and ε from

Step 2;

Step 4: With the 150 observations of {X1, · · · , X5,Y}

generated from Steps 2 and 3, in a sequential fashion, af-

ter the 30-th observation, the candidate forecasts (from

10



the aforementioned 5 models) are obtained for the dif-

ferent time periods. For each combination method, the

first 10 forecasting periods are used as training and the

L2-, L1- and L0-losses are calculated beginning at the

41st observation, i.e., the cumulative loss for the j-th

forecaster is
∑150

t=41 L(µt−ŷ j,t), where L is one of the three

losses;

Step 5: Repeat Steps 2-4 200 times independently and

record the averaged L2-, L1- and L0-losses (over the 200

replications) for each combination method;

Step 6: For the averaged L2- and L1-losses from Step

5, ratios of the losses of other methods over that of the

L1-AFTER are recorded. For the averaged L0-loss from

Step 5, the differences (other methods minus that of the

L1-AFTER) are recorded;

Step 7: Repeat Steps 1-6 M times independently (see

the specific choice of M in the description of each sce-

nario below), and the summaries (mean, standard error

and median) over the M sets of ratios and differences

are presented.

4.2. The Competiting Forecast Combination Methods

Considered

We intend to compare the performances of the

L210-AFTER with several popular forecast combina-

tion methods, including simple average (SA), trimmed

mean (TM), median (MD), variance-covariance estima-

tion based combination (BG), combination via linear re-

gression (LR) and constrained linear regression (LRC)

and the existing AFTER methods.

Specifically, the simple average strategy uses the

mean of the forecasts as the combined forecast; the

trimmed mean method here removes the largest and the

smallest forecasts before averaging; MD uses the me-

dian of the candidate forecasts as the combined forecast;

and the BG method used here is exactly the same as that

in Hansen (2008), which weights each candidate fore-

casts by the reciprocal of their estimated variances of the

error distributions at the time points of combining. The

combination via linear regression (LR) uses the candi-

date forecasters as predictors and the univariate variable

to be predicted as response in a linear regression setting.

The combination weights are the ordinary least squares

estimates. The intercept is included. The combination

via constrained linear regression (LRC) is a modifica-

tion from the LR: it constraints the coefficients (no in-

tercept is considered) to be non-negative with sum 1.

4.3. Scenarios

4.3.1. Scenario 3

In this scenario, {X1, · · · , X5} are from a Normal dis-

tribution with zero mean and covariance matrix Σ with

entry Σi, j = 0.5|i− j| for 1 ≤ i, j ≤ 5. The p0 in ex-

pression (8) is randomly picked from {1, 2, · · · , 5} with

equal probabilities. That is, in each repeat of the Steps

1-6 of the Step 7, we first generate a p0 and then gener-

ate a set of β with size p0 in the Step 1. M in Step 7 is

106. A large M is used here because we want to show

the differences (and how stable they are) among some of

the L210-AFTERs which have very close performances.

Let ε have a mixture distribution with probability 90%

from N(0, 1) and 10% from Uni f [−5, 5], and the com-

ponents of β be iid from Uni f [−1, 1].

The simulation results of m = 0.8 (not equal but

close to the median of the absolute value of the error)

are summarized into Tables 3, 4 and 5. Results with

some other choices of the parameters, e.g., m = 0.6,

m = 1, r1 = r2 = 0.75, and Σ with Σi, j = I(i = j)

for 1 ≤ i, j ≤ 5 are not included because they provide

basically the same stories.
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Note that, in Table 3, the values above the parentheses

are the means of the corresponding ratios or differences

relative to the L1-AFTER. The values in the parentheses

are the corresponding medians. For example, the num-

ber 0.825 under the row L2 and column L2A is the mean

of the ratios of the L2-losses of the combined forecasts

from the L2A over that of the L1A, while the number

0.799 is the median of the ratios. The number −0.280

under the row L0 and column L2A is the mean of the dif-

ferences between the L0-losses (number of outliers) of

the combined forecasts from the L2A and the L1A. The

standard errors for the means of the L2-AFTER and the

LRC are smaller than 4×10−4 and smaller than 10−3 for

other methods. In Table 4, the columns 2-5 (6-9) are the

means of the ratios of the L2-losses (L1-losses) of the

combined forecasts from the L210A over those from the

L1A.

In Table 5, the columns 2-5 are the mean differences

of the number of outliers in the combined forecasts from

the L210A-AFTER and those from the L1A. The last

4 columns are the probabilities that the L210-AFTERs

provide forecasts with fewer outliers than that of the L1-

AFTER, respectively. The standard errors for all the

values are smaller than 10−3.

4.3.2. Scenario 4

Consider an asymmetric modification of Scenario 3.

Let ε now be from a mixture distribution with proba-

bility 90% from N(−0.4, 1) and 10% from Uni f [2, 5.2],

which has mean zero but with more likelihood to have

positively large forecast errors. The only other change

is to use an asymmetric loss L0(e) = I(e > 2m) and the

corresponding γ1 = 2 and γ2 = −∞. The results are

summarized into Tables 6, 7 and 8 and they are orga-

nized in the same ways as those for Scenario 3. Note

that the standard errors for all the values in Tables 6 and

8 are smaller than 10−3.

4.4. Results

The simulation results are summarized into tables in

this and the following sections and on these tables, the

L2- and L1-AFTERs are denoted as L1A and L2A, re-

spectively.

4.4.1. The Comparison Inside the AFTER Family

Since the L210-AFTER is designed to provide extra

outlier-protection over the existing AFTER methods,

we compare it with the L2- and L1-AFTERs first.

1. For Scenarios 3 and 4 (Tables 3-8) , we see that the

overall performance (under the L1- and L2-losses)

of the L210-AFTER is comparable to that of the L2-

and L1-AFTERs, while the L210-AFTER is more

efficient in terms of outlier protection (under the

L0-loss). In fact, properly selected {α1, α2} may

even enable the L210-AFTER to outperform the L2-

and L1-AFTERs under all the three loss functions

sometimes.

2. From the results, we see that the L210-AFTER is

more outlier-protective than the L1-AFTER. The

differences of the numbers of outliers (defined by

the L0-loss) are about −0.1 or −0.2, which is non-

trivial since the average number of outliers is about

1.5-2.5 for both cases in the evaluation periods of

the candidate forecasts.

3. For some set of {α1, α2}, the L210-AFTER fails to

improve over the L2-AFTER in terms of outlier

protection. This suggests that the selection/tuning

of the parameters in the L210-AFTER should not

be done carelessly. A general guideline of choos-
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ing the parameters efficiently is presented in sec-

tion 4.4.3.

4. We have also considered other error distributions,

such as t4 or mixture distributions with different

mixing probabilities. The relative performances

between L1-AFTER and L2-AFTER can be differ-

ent, but the relative behavior of the L210-AFTER is

quite consistent, although in some cases its benefit

is less visible.

4.4.2. The L210-AFTER vs. Other Methods

Here, we compare the L210-AFTER with other popu-

lar combination methods.

1. Overall, from Tables 3-8, the L210-AFTER outper-

forms all other competing methods outside the AF-

TER family under the L2-, L1- and L0-loss func-

tions.

2. The LRC is the best method outside the AFTER

family. But in terms of outlier protection, the

LRC is outperformed by most versions of the L210-

AFTER.

4.4.3. Roles of α1 and α2 in the L210-AFTER

From our investigations in sections 4.4.1 and 4.4.2,

the value of {α1, α2} in the L210-AFTER does affect its

performances. In real applications, to train/tune the pa-

rameters in the L210-AFTER on a training data set for

further use is a proper strategy. Some general guidance

on choosing these parameters properly can be helpful.

Tables 3-8 provide a general and intuitive understand-

ing of how to choose proper parameters in the L210-

AFTER.

1. In general, the performances of the L210-AFTER

is fairly robust since a wide range of α1 and

α2 combination equipped L210-AFTERs perform

quite similarly.

2. From Tables 5 and 8 for the different options of

{α1, α2}, we observe that when α1 is not large, in-

creasing α2 in a certain range enhances the advan-

tages of outlier protection. When α1 gets larger,

the enhancement becomes relatively less signifi-

cant. Since a large α1 may damage the perfor-

mance under the L1- or L2-loss, a moderate α1 and

non-zero α2 can provide a better balance of the per-

formances under the L0-, L1- and L2-losses.

3. It is certainly not true that a larger α2 makes

the L210-AFTER more outlier protective because it

may sacrifice the usual forecast accuracy too much

and mess up with the goal. Fortunately, α2 does

not need to be very large to put enough emphasis

on the protection over outliers. The results suggest

that if we have historical data, we can start with a

small α2 and increase it gradually to search for a

good choice for outlier protection while not losing

much efficiency in the L2- and L1-losses.

5. Real Data Example

In this section, we use real data to study the perfor-

mance of the L210-AFTER and compare it with several

other combination methods. Both symmetric and asym-

metric L0-loss functions are considered to define fore-

cast outliers and the associated L210-AFTERs are ap-

plied.

The M3-competition data are a collection of 3003

real time series from various fields (e.g., business, fi-

nance, and economy) and 24 forecasters made predic-

tions for each variable. This data set has been widely

used to compare the efficiency of different forecasting
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Table 3: Popular combination methods under the L2-, L1- and L0-losses (Scenario 3)

L2A LR LRC SA MD TM BG

L2 0.825 3.796 0.870 1.161 1.229 1.155 1.024

(0.799) (3.464) (0.876) (1.012) (1.034) (0.999) (0.970)

L1 0.920 1.703 0.942 1.124 1.113 1.104 1.057

(0.910) (1.663) (0.950) (1.041) (1.030) (1.038) (1.021)

L0 -0.280 2.899 -0.259 0.257 0.751 0.420 -0.068

(-0.130) (2.880) (-0.080) (-0.035) (-0.010) (-0.030) (-0.070)

Table 4: The L210-AFTER under the L2- and L1-losses (Scenario 3)

Under L2-loss Under L1-loss

α2\α1 3 2 1 0.5 3 2 1 0.5

10 0.811 0.806 0.807 0.812 0.915 0.912 0.912 0.914

5 0.810 0.805 0.814 0.813 0.914 0.912 0.915 0.913

3 0.810 0.805 0.819 0.821 0.915 0.912 0.918 0.913

1 0.811 0.807 0.826 0.829 0.915 0.912 0.921 0.915

1/5 0.811 0.808 0.830 0.836 0.915 0.913 0.923 0.914

0 0.812 0.809 0.832 0.838 0.917 0.915 0.923 0.915

Note: The standard errors for all the ratios and percentages are smaller than 5 × 10−4.

Table 5: The L210-AFTER under the L0-loss (Scenario 3)

Under L0-loss Chances of beating L1A

α2\α1 3 2 1 0.5 3 2 1 0.5

10 -0.302 -0.304 -0.290 -0.282 0.812 0.825 0.808 0.789

5 -0.304 -0.307 -0.294 -0.273 0.809 0.820 0.804 0.783

3 -0.305 -0.308 -0.288 -0.264 0.807 0.817 0.793 0.778

1 -0.303 -0.306 -0.280 -0.253 0.804 0.811 0.800 0.774

1/5 -0.301 -0.305 -0.276 -0.242 0.802 0.807 0.795 0.770

0 -0.301 -0.304 -0.274 -0.244 0.803 0.807 0.794 0.766
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Table 6: Popular combination methods under the L2-, L1- and L0-losses (Scenario 4)

L2A LR LRC SA MD TM BG

L2 0.843 3.936 0.887 0.992 1.062 1.004 0.935

(0.837) (3.588) (0.902) (0.913) (0.962) (0.884) (0.862)

L1 0.926 1.717 0.944 1.032 1.039 1.025 1.000

(0.919) (1.688) (0.947) (1.001) (0.982) (0.961) (0.963)

L0 -0.199 2.293 -0.169 -0.024 0.221 0.061 -0.109

(-0.070) (2.275) (-0.030) (-0.060) (-0.020) (-0.050) (-0.080)

Table 7: The L210-AFTER under the L2- and L1-losses (Scenario 4)

Under L2-loss Under L1-loss

α2\α1 3 2 1 0.5 3 2 1 0.5

10 0.833 0.828 0.840 0.897 0.922 0.919 0.925 0.953

5 0.832 0.827 0.844 0.912 0.922 0.919 0.927 0.960

3 0.833 0.827 0.847 0.919 0.922 0.919 0.928 0.963

1 0.833 0.828 0.850 0.925 0.922 0.919 0.930 0.966

1/5 0.833 0.828 0.852 0.928 0.922 0.919 0.931 0.967

0 0.833 0.828 0.852 0.929 0.922 0.920 0.931 0.967

Note: The standard errors for all the ratios and percentages are smaller than 5 × 10−4.

Table 8: The L210-AFTER under the L0-loss (Scenario 4)

Under L0-loss Chances of beating L1A

α2\α1 3 2 1 0.5 3 2 1 0.5

10 -0.207 -0.213 -0.200 -0.154 0.875 0.881 0.838 0.750

5 -0.210 -0.214 -0.197 -0.138 0.875 0.875 0.831 0.744

3 -0.209 -0.214 -0.195 -0.130 0.875 0.881 0.825 0.719

1 -0.209 -0.213 -0.193 -0.121 0.875 0.888 0.825 0.716

1/5 -0.209 -0.212 -0.190 -0.117 0.875 0.888 0.812 0.712

0 -0.206 -0.208 -0.190 -0.116 0.875 0.881 0.806 0.706

15



methods (see, e.g., Makridakis & Hibon, 2000; Arm-

strong, 2007).

Among all the 3003 variables, there are 6 consecutive

forecasts by each forecaster for the yearly series, 8 fore-

casts for quarterly series, and 18 forecasts for monthly

series. Note that the forecasts by the forecasters were

made all at once (1-step ahead, 2-step ahead, ..., up to

6-, 8- or 18-step ahead, respectively). We choose the

ones with 18 forecasts (1428 out of 3003: N1402 to

N2829) for two main reasons: 1). Some of the candi-

date competing methods need a few data points to train

the parameters before achieving a reasonable reliabil-

ity. For example, to estimate the conditional variances

used in the BG, at least 3-5 previous forecast errors are

needed. 2). In order to evaluate the performance of the

methods more effectively, a reasonable number of fore-

cast periods is required and usually the larger the better.

5.1. The Competing Combination Methods

Except the linear regression related combination

strategies, all other methods used in Scenario 4 are con-

sidered. The reason we exclude them is because we

have way more forecasters than the prediction periods.

5.2. The Procedures

5.2.1. The Performance Measures

We use the simple average strategy as the benchmark

since it is one of the simplest methods with reasonable

performances and of great popularity in application.

Three loss functions are considered to summarize the

performance of each method on each variable. Under

the L2-loss (L1-loss) function, the mean squared (abso-

lute) forecast error of another method over that of the

simple average strategy is recorded for each variable.

The summaries (mean, standard error and median) of

the ratios over the set of variables are provided. For the

L0-loss function, the number of large forecast errors of

each combination method, which will be defined in the

following subsection, minus that of the simple average

strategy is recorded for each variable. The summaries

of the differences are provided.

We first compare the performances of the methods

over all the 1428 variables and the summaries are in Ta-

ble 9 (under the symmetric L0-loss) and Table 10 (under

the asymmetric L0-loss). Then, a more specific compar-

ison is performed. Since the L210-AFTER is proposed to

have a better control of the occurrence of large forecast

errors, it is especially meaningful to be applied when the

L1-AFTER (one of the best methods in the general com-

parison) performs poorly in that regard. Thus we focus

on the series that the L1-AFTER fails to beat the simple

average strategy in outlier-protection (under each of the

two L0-loss functions) to have a more comprehensive

understanding of the performance of the L210-AFTER.

The results are summarized into Table 11 (under the

symmetric L0-loss) and Table 12 (under the asymmet-

ric L0-loss).

5.2.2. The Parameters in the L210-AFTER

For each variable, the combination starts at the 5-th

forecasts, and the evaluation starts after the 8-th combi-

nation.

The choice of m in the L210-loss (thus the L210-

AFTER) is the median of the absolute forecast errors

of all candidate forecasts on the first 4 forecast periods.

For the symmetric L0-loss case, a forecast error is con-

sidered to be large when its absolute value is greater

than 6m (a smaller choice such as 2m would end up

with too many large forecast errors due to the difficulty

of forecasting in the M3 competition). So, accordingly,
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(γ1, γ2) = (6,−6). Smaller values for (γ1, γ2), such as

(5,−5) and (4,−4), are also considered and they sup-

port the advantages of the L210-AFTER in terms of out-

lier protection as well. Other options of r1 and r2 than

r1 = r2 = 0.9 are tried, with similar results.

For the α1 and α2 in the L210-loss function, we pro-

vide the results of multiple options to show: 1) Even for

the general suggestions of the α1 and α2 without know-

ing the details of the target problems, the performance

of the L210-AFTER is still competitive; 2) The perfor-

mance of the L210-AFTER is fairly robust since similar

results are found for reasonable wide ranges of α1 and

α2.

Further, since the main goal here is to show the ad-

vantages of the L210-AFTER in outlier protection, we

use a relatively small α1 to make the role of the L̃0 more

visible. Specifically we consider α1 ∈ {0.15, 0.03} and

α2 ∈ {3, 0.15}. Hereafter, for example, the L210A0.15,3

stands for a L210-loss function with (α1, α2) = (0.15, 3).

For the asymmetric L0-loss case, we have L0(e) =

I(e > 6m) and (γ1, γ2) = (6,−∞) in the L210-AFTER.

5.3. Results

5.3.1. Comparing Different Schemes on the 1428 Vari-

ables

Tables 9 and 10 provide the the comparison among

methods over the 1428 variables under the L2-, L1- and

L0-losses.

We can see that:

1. The overall performances of the AFTER methods

on these 1428 variables are significantly better than

the best of all the other combination methods under

the three loss functions (both symmetric and asym-

metric L0-loss cases). For example, under the L2-

loss, the accuracy of the combined forecasts from

the L2-AFTER is about 10% better than that of the

BG, which is the best of the methods outside the

AFTER family.

2. The performance of the L210-AFTER is fairly ro-

bust when α1 and α2 are chosen in our explored

ranges. In fact, given α1 or α2, the change of

the other parameter in a reasonable range does not

change the performance of the L210-AFTER that

much.

5.3.2. The L210-AFTER vs. the L1- and L2-AFTERs

Now, we focus on the ones where the L1-AFTER fails

to beat the SA in terms of outlier protection. In fact,

on 22 out of the 1428 variables, the SA beats the L1-

AFTER under the symmetric L0-loss function and under

the asymmetric L0-loss function, the SA beats the L1-

AFTER on 12 variables. The results are in Tables 11

and 12, which are organized in the same way as Tables

9 and 10.

1. Since we use the same set of parameters in the

L210-AFTER over all the variables, the perfor-

mance of the L210-AFTER may be limited. In spite

of this, the results show that when the L1-AFTER

fails to control the presence of outliers effectively,

the L210-AFTER is a better option. Specifically,

the L210-AFTER provides about 0.6 - 1 fewer large

forecast errors out of 10 evaluation periods on av-

erage.

2. The L210-AFTER has comparable performance un-

der the L2- and L1-losses to the L1- and L2-

AFTERs.

3. The L2- and L210-AFTERs fail to beat the SA on

these subsets of variables under all the three losses.
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Table 9: Relative performance over the SA on the M3-competition Data (Symmetric case)

TM MD BG L1A L2A L210A.15,3 L210A.15,.15 L210A.03,3 L210A.03,.15

Mean 0.990 1.048 0.783 0.717 0.702 0.887 0.880 0.845 0.853

L2 Se 0.003 0.009 0.009 0.016 0.016 0.032 0.035 0.026 0.036

Median 1.000 1.024 0.845 0.660 0.654 0.683 0.684 0.669 0.668

Mean 0.992 1.013 0.851 0.770 0.765 0.825 0.823 0.812 0.811

L1 Se 0.002 0.005 0.006 0.009 0.009 0.011 0.011 0.011 0.011

Median 1.000 1.012 0.911 0.797 0.791 0.798 0.799 0.798 0.799

L0 Mean -0.007 0.021 -0.364 -0.543 - 0.550 -0.560 -0.562 -0.568 -0.576

Se 0.010 0.018 0.034 0.044 0.045 0.046 0.046 0.047 0.046
Note: The medians of all the methods under the L0-loss are zero.

Table 10: Relative performance over the SA on the M3-competition Data (Asymmetric case)

TM MD BG L1A L2A L210A.15,3 L210A.15,.15 L210A.03,3 L210A.03,.15

Mean 0.990 1.048 0.783 0.717 0.702 0.886 0.880 0.842 0.853

L2 Se 0.003 0.009 0.009 0.016 0.016 0.032 0.035 0.026 0.036

Median 1.000 1.024 0.845 0.660 0.654 0.683 0.684 0.667 0.668

Mean 0.992 1.013 0.851 0.770 0.765 0.824 0.822 0.811 0.811

L1 Se 0.002 0.005 0.006 0.009 0.009 0.011 0.011 0.011 0.011

Median 1.000 1.012 0.911 0.797 0.791 0.798 0.799 0.796 0.799

L0 Mean -0.005 0.000 -0.116 -0.160 -0.161 - 0.146 -0.153 -0.158 -0.165

Se 0.009 0.002 0.016 0.022 0.022 0.028 0.028 0.027 0.027
Note: The medians of all the methods under the L0-loss are zero.
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Table 11: The L210-AFTER vs. Other methods when the SA beats the L1-AFTER under the symmetric L0-loss

TM MD BG L1A L2A L210A.15,3 L210A.15,.15 L210A.03,3 L210A.03,.15

Mean 0.996 1.362 1.188 2.137 2.076 3.731 3.596 2.811 3.603

L2 Se 0.024 0.129 0.108 0.559 0.591 1.623 1.918 1.080 1.916

Median 1.008 1.165 1.081 1.519 1.493 1.073 1.043 1.114 1.114

Mean 0.992 1.119 1.035 1.280 1.248 1.299 1.287 1.286 1.289

L1 Se 0.011 0.047 0.038 0.098 0.091 0.129 0.129 0.119 0.130

Median 0.991 1.049 1.020 1.166 1.159 1.051 1.071 1.057 1.061

L0 Mean 0.001 1.136 0.500 1.682 1.591 1.000 0.909 0.864 0.682

Se 0.066 0.035 0.109 0.232 0.204 0.240 0.242 0.259 0.210
Note: For the medians under the L0-loss, the TM is 0, the MD is 0.5 and all other methods are 1.

Table 12: The L210-AFTER vs. Other methods when the SA beats the L1-AFTER under the Asymmetric L0-loss

TM MD BG L1A L2A L210A.15,3 L210A.15,.15 L210A.03,3 L210A.03,.15

Mean 1.537 0.997 1.164 2.538 2.433 1.991 1.689 1.865 1.791

L2 Se 0.035 0.197 0.207 1.025 1.093 0.625 0.551 0.634 0.632

Median 1.007 1.239 0.914 1.532 1.310 0.998 0.991 1.251 1.047

Mean 0.999 1.199 1.018 1.346 1.287 1.170 1.127 1.190 1.168

L1 Se 0.014 0.074 0.077 0.175 0.172 0.143 0.123 0.139 0.135

Median 0.998 1.121 0.992 1.190 1.175 1.099 1.096 1.169 1.112

L0 Mean 0.000 1.083 0.250 1.917 1.667 1.250 1.083 1.083 0.917

Se 0.000 0.609 0.130 0.434 0.355 0.446 0.398 0.468 0.398
Note: For the medians under the L0-loss, the TM, MD and BG is 0 and all other methods are 1.
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6. Conclusion

The choice of a loss function in forecast combina-

tion plays a very important role in constructing forecast

combination weights. The quadratic loss (L2-loss) has

been the most commonly used. One major drawback is

that the resulting combined weights may be overly influ-

enced by a few outlier forecasts. The absolute loss (L1-

loss) leads to more robust weights, but on the other hand

can actually perform worse in that its combined forecast

may have a higher likelihood of producing outlier fore-

casts due to its downplaying the large errors than the

quadratic loss, as seen in this work.

When even occasional outlier forecasts may have se-

vere practical consequences, the new synthetic L210-loss

that directly addresses the concern can be used instead.

When employed in the AFTER scheme, it is shown by

simulations and real data to achieve the desired effect of

reducing the occurrence of large forecast errors while

maintaining forecast accuracy in the L2- and L1-losses.

Oracle inequalities on forecast risks of the L210-AFTER

show that the combined forecasts or the associated den-

sity estimates are close to the best candidates or the best

density forecasts.

There are several parameters in the L210-loss. The

coefficients α1 and α2 decide the degree of emphasis on

the L2 and L0 component, respectively, in the overall

loss. The thresholds γ1 and γ2 indicate the largeness of

the forecast error to be considered as an outlier. It is un-

likely that one set of choices of these parameters works

well generally. In this paper we have demonstrated nu-

merically that our example choices performed quite sat-

isfactorily in the presented settings. In real application,

one can utilize subject knowledge or prior experience to

have a synthetic loss that fits well the specific forecast-

ing problem at hand.
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Appendix

Proof of Theorem 1.

Since the maximum concavity of the L̃0 in L210 is

max{ α2
mγ2

2(1−r2)2 ,
α2

mγ2
1(1−r1)2 }. Thus the convexity of L210(x)

holds when

min{2α1 − 2α2γ
2
1(1 − r1)2, 2α1 − 2α2γ

2
2(1 − r2)2} ≥ 0.

So,
α2

α1
< min{γ2

2(1 − r2)2, γ2
1(1 − r1)2} grantees that the

function L210 (strongly) is convex (see, e.g., Nesterov,

2004, for more details).

Therefore, it is easy to see that for any a and T > 0,

there exists c̄ > 0 and c > 0 that:

max
−T≤a≤T

|L′210+(a)| ≤ c̄(1+T ), max
−T≤a≤T

|L′210−(a)| ≤ c̄(1+T ),

and from the strong convexity of L210 that satisfies the

condition given in Theorem 1, for a supporting hyper-

plane y = θa0 (a − a0) + L210(a0) at any a0, we have:

L210(a) − (θa0 (a − a0) + L210(a0)) ≥ c(a − a0)2.

Then, define h(x) = exp(−λL210(x)) and

qn =

∞∑
j=1

1
N

n0+n−1∏
i=n0

h(yi − ŷ j,i).

For any fixed j, we have − log(qn) ≤ log(N) +

λ
∑n0+n−1

i=n0
L210(yi − ŷ j,i).
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By Lemma 10.1 of Catoni (1999) or Lemma 3.6.1 of

Catoni (2004), under Condition 2, we have

log(EJ exp{−λL210(yi − ŷJ,i)}) ≤ −λEJ L210(yi − ŷJ,i) + I,

where

I =
λ2

2
EJ

[
L210(Yi − ŷJ,i) − EJ[L210(Yi − ŷJ,i)

]]2

× exp
(
2c̄λ

(
|Yi − µi| +

(
1 + sup

j≥1
|ŷ j,i − µi|

)))
,

and EJ denotes the expectation with respect to J with

P(J = j) = W j,i for a fixed i.

Under Condition 2, let Ei denotes the conditional ex-

pectation given zi−1, it follows, when 2c̄λ ≤ t0,

Ei(I) ≤ EJ
((

ŷJ,i − EJ ŷJ,i
)2
)
×

λ2c̄2 exp
(
2c̄λ(τ + 1)

)
×(

(τ + 1)2H2(2c̄λ) + H1(2c̄λ)
)
.

Take λ small enough, say, 0 < λ ≤ λ0, so that

λ2c̄2 exp
(
2c̄λ(τ+ 1)

)(
(τ+ 1)2H2(2c̄λ) + H1(2c̄λ)

)
≤ λc/2

for 2c̄λ ≤ t0.

Thus, we have,

Ei

[
log EJ exp

(
−λL210(yi − ŷJ,i)

)]
≤ −λEiL210(yi − ŷ j,i)

+ λEi

[
L210(yi − ŷ j,i) − EJ L210(yi − ŷ j,i)

]
+ λ/2Ei

[
EJ L210(yi − ŷ j,i) − L210(yi − ŷ j,i)

]
≤ −λEiL210(yi − ŷ j,i).

Further, similarly in Yang (2004),

− λE
n0+n−1∑

i=n0

L210(yi − ŷ∗j) ≥ −E log(1/qn)

≥ log(1/π j) − λ
n∑

i=1

EL210(yi − ŷ j,i).

Since the analysis is based on an arbitrary j, so

n0+n−1∑
i=n0

EL210(yi−ŷ∗i ) ≤ inf
j≥1

( log(N)
λ

+

n0+n−1∑
i=n0

EL210(yi−ŷ j,i)
)
.

This completes the proof of Theorem 1.

Proof of Theorem 2.

For δ > 0, recall

h(δ) :=
∫

exp
(
−

L210(x)
δ

)
dx. (9)

Since

L210(x) ≤ |x| +
α1

m
x2 + α2m, L210(x) ≥

α1

m
x2,

then, from (9) and Condition 3,

h(δ) ≤
∫

exp
(
−

α1
m x2

δ

)
dx =

√
δ

√
mπ
α1

,

h(δ) ≥
∫

exp
(
−
|x| + α1

m x2 + α2m
δ

)
dx

= exp
(
−

m
δ

(α2 −
1

2α1
)
)∫

exp
(
−
α1

mδ
(|x| +

m
2α1

)2
)
dx

=
√
δ

√
mπ
α1

exp
(
−

m
δ

(α2 −
1

2α1
)
)

×

∫
1
√

2π
exp

(
−

1
2
(
|x̃| +

√
m

2α1δ

)2
)
dx̃

≥
√
δ

√
mπ
α1

exp
(m
δ

( 1
4α1
− α2

))
ξ1,

where

0 < ξ1 ≤

∫ ∞

−∞

1
√

2π
exp

(
−

x2

2
)
dx−

∫ m
2α1A

− m
2α1A

1
√

2π
exp

(
−

x2

2
)
dx < 1.

Let ξ2 = min(exp
(m

A
( 1

4α1
−α2

))
ξ1, exp

(
mA

( 1
4α1
−α2

))
ξ1),

then both ξ1 and ξ2 only depend on α1, α2, A and m. It

follows that:

√
δ

√
mπ
α1

ξ2 ≤ h(δ) ≤
√
δ

√
mπ
α1

. (10)

Recall

g(x|δ) :=
1

h(δ)
exp

(
−

L210(x)
δ

)
. (11)
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Then, as in Yang (2004),

n∑
i=1

ED(qi||q̂i) = ED( f n||qn),

where

f n =

n∏
i=1

1
h(δi)

exp
(
−

1
δi

L210(yi − ηi)
)

=
1∏n

i=1 h(δi)
exp

(
−

n∑
i=1

L210(yi − ηi)
δi

)
,

qn =

N∑
j=1

1
N

n∏
i=1

1
h(δ̂ j,i)

exp
(
−

1
δ̂ j,i

L210(yi − ŷ j,i)
)

=

N∑
j=1

1
N

n∏
i=1

1
h(δ̂ j,i)

exp
(
−

n∑
i=1

L210(yi − ŷ j,i)

δ̂ j,i

)
.

Then

n∑
i=1

ED(qi||q̂i)

≤ E log
( 1∏n

i=1 h(δi)
exp

(
−

∑n
i=1

L210(yi−ηi)
δi

)
1
N

∏n
i=1

1
h(δ̂ j,i)

exp
(
−

∑n
i=1

L210(yi−ŷ j,i)
δ̂ j,i

) )

= log(N) + E
n∑

i=1

(L210(yi − ŷ j,i)

δ̂ j,i
−

L210(yi − ηi)
δi

)
+ E

n∑
i=1

log
(h(δ̂ j,i)

h(δi)

)
.

From the Condition 3, there exists a positive constant

ξ3 > 0, such that:

∣∣∣∣∣log
(h(δ̂ j,i)

h(δi)

)∣∣∣∣∣≤ ξ3|δ̂ j,i − δi| ≤ Aξ3
|δ̂ j,i − δi|

δi
= c1
|δ̂ j,i − δi|

δi
(12)

where c1 = Aξ3 and it depends on α1, α2, A and m.

Let Ei denotes the conditional expectation given zi−1, it

follows

h(δi)EiL210(yi − µi) (13)

=

∫
exp

(
−

1
δi

L210(x)
)
L210(x)dx

≤

∫
exp

(
−
α1

mδi
x2)α1

m
x2dx +

∫
α1 A

m x2≤1
L210(x)dx

(
For

α1A
m

x2 ≥ 1, exp
(
−

L210(x)
δi

)
L210(x) ≤ exp

(
−
α1x2

mδi

)α1x2

m

)
= 2
√
π

m
2α1

δ3/2
i + ξ4δ

3/2
i

= ξ5δ
3/2
i (14)

where ξ4/A3/2 ≥
∫
α1A

m x2≤1 L210(x)dx and ξ5 = ξ4 +

2
√
π m

2α1
.

Then,

EiL210(yi − µi) ≤
ξ5δ

3/2
i

√
δ
√

mπ
α1
ξ2

= ξ6δi, (15)

where ξ6 =
ξ5√ mπ
α1
ξ2

and it depends on α1, α2, A and m.

Further, from Condition 3, it follows:

∣∣∣∣∣( 1
δ̂ j,i
−

1
δi

)L210(yi − µi)
∣∣∣∣∣≤ ∣∣∣∣∣ 1

δ̂ j,i
−

1
δi

∣∣∣∣∣ξ6δi

≤ A2ξ6

∣∣∣δ̂ j,i − δi

∣∣∣
δi

= c2
|δ̂ j,i − δi|

δi
,

(16)

where c2 = A2ξ6 depending on α1, α2, A and m.

Similarly,

∣∣∣∣∣ 1
δ̂ j,i

(
L210(yi−ŷ j,i)−L210(yi−ηi)

)∣∣∣∣∣≤ B
|L210(yi − ŷ j,i) − L210(yi − ηi)|

δi
.

(17)

Therefore, from (15), (16) and (17), it is true for any j
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that, for more details
n∑

i=1

ED(qi||q̂i)

≤ log(N) +

n∑
i=1

(
A2 × E

|L210(yi − ŷ j,i) − L210(yi − ηi)|
δi

+ (c1 + c2)E
|δ̂ j,i − δi|

δi

)
≤ log(N) +

n∑
i=1

(
A3 × E|L210(yi − ŷ j,i) − L210(yi − ηi)|

+ A(c1 + c2)E|δ̂ j,i − δi|

)
.

So,
n∑

i=1

ED(qi||q̂i)

≤ inf
j

(
log(N) +

n∑
i=1

(
CE|L210(yi − ŷ j,i) − L210(yi − ηi)|

+ CE|δ̂ j,i − δi|

))
,

where C ≥ max(A3, A(c1 +c2)) depends on α1, α2, A and

m. This completes the proof of Theorem 2.
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