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Abstract— Support Vector Machines (SVM) is originally de-
signed for binary classification. The conventional way to extend
it to multi-class scenario is to decompose anM -class problem into
a series of two-class problems, for which one-against-all is the
earliest and one of the most widely used implementations. One
drawback of this method, however, is that when the results from
the multiple classifiers are combined for the final decision, the
outputs of the decision functions are directly compared without
considering the competence of the classifiers. To overcome this
limitation, this paper introduces reliability measures into the
multi-class framework. Two measures are designed: static relia-
bility measure (SRM) and dynamic reliability measure (DRM).
SRM works on a collective basis and yields a constant value
regardless of the location of the test sample. DRM, on the
other hand, accounts for the spatial variation of the classifier’s
performance. Based on these two reliability measures, a new
decision strategy for the one-against-all method is proposed,
which is tested on three benchmark data sets and demonstrates
its effectiveness.

Index Terms— Support Vector Machines (SVM), multi-class
classification, one-against-all classification, static reliability mea-
sure (SRM), dynamic reliability measure (DRM).

I. I NTRODUCTION

Support Vector Machines (SVM) is a state-of-the-art learn-
ing machine based on thestructural risk minimizationin-
duction principle [1], and has achieved superior performance
in a wide range of applications [2]–[4]. However, SVM is
originally designed for binary classification and the extension
of SVM to the multi-class scenario is still an ongoing research
topic [5]. The conventional way is to decompose theM -class
problem into a series of two-class problems and construct sev-
eral binary classifiers. The earliest and one of the most widely
used implementations is the one-against-all method, which
constructsM SVM classifiers with theith one separating
classi from all the remaining classes. One problem with this
method, however, is that when theM classifiers are combined
to make the final decision, the classifier which generates the
highest value from its decision function is selected as the
winner and the corresponding class label is assigned without
considering the competence of the classifiers. In other words,
the outputs of the decision function are employed as the only
index to indicate how strong a sample belongs to the class. The
underlying assumption for doing so is that the classifiers are
totally trustable and equally reliable, which does not always
hold in multi-class cases.
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Fig. 1. (a) Three classes and the true boundaries (solid lines). (b) The linear
boundary (the dashed line) that separates class 3 and non-class 3. (c) The
linear boundary (the dashed line) that separates class 1 and non-class 1.

Fig. 1 shows a3-class example. The solid lines shown
in Fig. 1(a) are the true boundaries. Two linear boundaries
obtained using the one-against-all approach are shown as
the dashed lines in Fig. 1(b) and Fig. 1(c). Evidentally, the
obtained boundary in Fig. 1(b) fits exactly the true boundary
and therefore the corresponding classifier is more accurate and
reliable than that in Fig. 1(c). However, they are equally trusted
at the classification stage by the one-against-all method, which
may hurt the overall classification accuracy.

This paper introduces the reliability measure for the bi-
nary SVM classifier based on its classification accuracy. Two
measures are designed: static reliability measure (SRM) and
dynamic reliability measure (DRM). As the name suggests,
SRM works in an off-line manner and the result is a constant
value regardless of the location of the test sample. DRM,
on the other hand, measures the classifier’s reliability in a
local region surrounding the test sample. As a result, DRM
accounts for the spatial variation of the classifier’s performance
but is not as computationally simple as SRM. Based on
these two reliability measures, we suggests to introduce the
discrimination among the SVM classifiers and further propose
a new decision strategy for the one-against-all approach. The
proposed method has been tested on three UCI data sets and
better classification performance has been obtained.

The rest of the paper is organized as follows. First, a brief
introduction of SVM and the one-against-all approach is given
in Section II. In Section III two reliability measures, SRM
and DRM, are explained respectively. Section IV presents a
new fusion strategy for the one-against-all multi-class SVM
classification. The experimental results are given in Section V
which is followed by conclusions in Section V.
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II. T WO-CLASS SUPPORTVECTORMACHINES AND THE

ONE-AGAINST-ALL APPROACH

A. Two-Class SVM

In this section, we give a very brief review of SVM and
refer the details to [6] [7]. ConsiderN training samples:
{x1, y1}, . . . , {xN , yN}, wherexi ∈ Rm is a m-dimensional
feature vector representing theith training sample, andyi ∈
{−1, 1} is the class label ofxi. A hyperplane in the feature
space can be described as the equationwT x + b = 0, where
w ∈ Rm and b is a scalar. When the training samples are
linearly separable, SVM yields the optimal hyperplane that
separates two classes with no training error, and maximizes the
minimum distance from the training samples to the hyperplane.
It is easy to find that the parameter pair(w, b) corresponding
to the optimal hyperplane is the solution to the following
optimization problem:

minimize : L(w) = 1
2 ‖w‖2

subject to: yi

(
wT xi + b

) ≥ 1, i = 1, ..., N. (1)

For linearly nonseparable cases, there is no such a hyperplane
that is able to classify every training sample correctly. However
the optimization idea can be generalized by introducing the
concept ofsoft margin. The new optimization problem thus
becomes:

minimize : L(w, ξi) = 1
2 ‖w‖2 + C

∑N
i=1 ξi

subject to: yi

(
wT xi) + b

) ≥ 1− ξi, i = 1, . . . N, (2)

whereξi are called slack variables that are related to the soft
margin, andC is the tuning parameter used to balance the
margin and the training error. Both optimization problems (1)
and (2) can be solved by introducing the Lagrange multipliers
αi that transform them to quadratic programming problems.

For the applications where linear SVM dose not produce
satisfactory performance, nonlinear SVM is suggested. The
basic idea is to mapx by nonlinearly mappingφ(x) to a much
higher dimensional space in which the optimal hyperplane
is found. The nonlinear mapping can be implicitly defined
by introducing the so-called kernel functionK(xi, xj) which
computes the inner product of vectorsφ(xi) and φ(xj).
The typical kernel functions include the radial basis function
K(xi, xj) = exp

(−‖xi−xj‖2
σ2

)
and the polynomial function

K(xi, xj) =
(
xT

i xj + 1
)d

. If we chooseK(xi, xj) = xT
i xj ,

the non-linear SVM is reduced to its linear version.
At the classification stage, the class labelySVM of a sample

x is determined by the sign of the following decision function

f(x) = wT φ(x) + b =
N∑

i=1

αiyiK(xi, x) + b. (3)

B. One-Against-All Approach

Consider anM -class problem, where we haveN training
samples:{x1, y1}, . . . , {xN , yN}. Here xi ∈ Rm is a m-
dimensional feature vector andyi ∈ {1, 2, . . . , M} is the
corresponding class label.

One-against-all approach constructsM binary SVM clas-
sifiers, each of which separates one class from all the rest.
The ith SVM is trained with all the training examples of the
ith class with positive labels, and all the others with negative

labels. Mathematically theith SVM solves the following prob-
lem that yields theith decision functionfi(x) = wT

i φ(x)+bi:

minimize: L(w, ξi
j) =

1
2
‖wi‖2 + C

N∑

l=1

ξi
j

subject to: ỹj(wT
i φ(xj) + bi) ≥ 1− ξi

j , ξi
j ≥ 0, (4)

whereỹj = 1 if yj = i and ỹj = −1 otherwise.
At the classification phase, a samplex is classified as in

classi∗ whosefi∗ produces the largest value

i∗ = arg max
i=1,...,M

fi(x) = arg max
i=1,...,M

(wT
i φ(x) + bi). (5)

III. R ELIABILITY MEASURES FORTWO-CLASS SVM

The performance of a classifier is evaluated by the general-
ization errorR, which is defined asR = E[Y = sign(f(X))],
where Y ∈ {−1, 1} is the true class label ofX and f
is the decision function. Obviously, a classifier should be
considered more reliable if it yields smallerR than the other.
UnfortunatelyR is always not known.

A. Static Reliability Measure

Using the training errorRemp to estimateR is a straightfor-
ward method which has been adopted in many applications.
However, as pointed out in [6] [7], when the number of
the training samples is relative small with respect to the
dimensionality of the feature vectorX, a smallRemp does
not guarantee a small generalization errorR. An upper bound
of R is given in [6] [7] and one advantage of SVM is
that minimizing the objective function will also minimize
this upper bound [6] [7]. In other words, smaller objective
function means smaller generalization error, or a more reliable
classifier. Following this idea, we rewrite the objective function
of SVM as

OBJ=
1
2
‖w‖2 + C

N∑

i=1

(
1− yif(xi)

)
+
, (6)

where (u)+ = u if u ≥ 0 and 0 if u ≤ 1, and propose a
reliability measure as

λSRM = exp
(
−

1
2‖w‖2 + C

∑N
i=1

(
1− yif(xi)

)
+

σ

)
, (7)

where f(xi) = wT xi + b. The parameterσ = CN is
introduced as a normalization factor to offset the effect of
the different regularization parameterC and training sizeN .

For the linear separable case where(1− yif(xi)
)
+

= 0 for
all training samples, the measureλSRM is reduced to

λSRM = exp
(
−‖w‖

2

2CN

)
. (8)

Recall that 2
‖w‖2 is the classification margin. The classifier

with smaller ‖w‖, which corresponds to larger margin, is
considered to be more accurate in generalization and therefore
its reliability measureλSRM is larger.

Note the test samplex does not appear in Eq. (7) and thus
λSRM is the same for all samples. For this reason, it is named
static reliability measure. The computational load of SRM is
not high. When the number of support vectors is relatively
smaller than the training sizeN , which happens most of the
time, the complexity of SRM is O(N ).
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B. Dynamic Reliability Measure

SRM assumes the classifier to be equally effective through-
out the entire feature space. In reality, the classifier’s perfor-
mance exhibits spatial variation [8], to accommodate which
we extend SRM to DRM, a dynamic reliability measure. The
basic idea is to estimate the classifier’s reliability in alocal
region of feature space surrounding the test samplex. Here
the local region, denoted asNk(x), is defined as the training
samples that compose thek-nearest neighbors ofx. Moreover,
we are especially interested in the reliability of the classifier
with respect to certain output (1 or -1 in this case).

SupposeC(x) ∈ {1,−1} is the class label assigned tox
by the SVM classifier. LetNC(x)

k (x) denote the set of the
training samples that locate among thek nearest neighbors of
x and are classified to the same class asx

N
C(x)
k (x) = {x̂j |x̂j ∈ Nk(x) andC(x̂j) = C(x)}. (9)

By rewriting Eq. (6) as

OBJ=
N∑

i=1

( 1
2‖w‖2

N
+ C

(
1− yif(xi)

)
+

)
=

N∑

i=1

OBJ(xi), (10)

we make the training samplexi contributes to the overall OBJ
by OBJ(xi). In analogy to Eq. (6) which takes the summation
of OBJ(xi) on all samples, we formulate the local version of
OBJ as

OBJlocal =
∑

OBJ(x̂j)

=
kx∑

j=1

(‖w‖2
2N

+ C
(
1− ŷjf(x̂j)

)
+

)

=
||w||2 · kX

2N
+ C

kX∑

i=1

(
1− ŷif(x̂i)

)
+
, (11)

where x̂j ∈ N
C(x)
k (x), (x̂j , ŷj) is the training pair, andkx

is the number of training samples in the setN
C(x)
k (x). Now

with OBJlocal at hand, we can compute the reliability of the
decision “x belongs toC(x)” by

λDRM(x) = exp
(
−OBJlocal

C · kX

)

= exp
(
−( ||w||2

2CN
+

∑kX

i=1(1− ŷif(x̂i))+
kX

))
.(12)

From the derivations above we can see that, unlikeλSRM,
λDRM(x) is a dynamic function ofx, which varies depending
on the location of the test sample and the classified labelC(x).
For this reason, DRM has to be recomputed as new samples
come in and is more expensive than SRM. The extra cost is
consumed by finding thek nearest neighbors, which is O(N ).

IV. N EW DECISION RULE FOR ONE-AGAINST-ALL

Based on the SRM and DRM discussed above, we propose
a new decision rule for the one-against-all method.

Suppose that we have trainedM support vector machines
SVM1, SVM1,..., SVMM , each of which has the decision
function fl. First, we evaluatefl at the given samplex using
Eq. (3), and generate a soft decisionyfl

∈ [−1 1] assuming
the classifier is completely trustable

yfl
= sign(fl(x))(1− exp|fl(x)|). (13)

Note thatyfl
carries two kinds of information: the sign part

encodes the hard decision on “x belongs to classl or not”
and its absolute value represents how strong the decision is.
The fartherx locates away from the decision boundary which
yields largerfl(x), the stronger the decision. Then, instead of
comparingyfl

directly, we weightyfl
by the liability measures

as ȳfl
= yfl

λl, whereλl denotes the SRM or DRM of SVMl.
Finally, the samplex is classified as in classl∗ that yields the
largestȳfl

l∗ = arg max
l=1,...,M

ȳfl
. (14)

It is can be shown that whenλl are equal, Eq. (14) becomes

l∗ = arg max
l=1,...,M

yfl
= arg max

l=1,...,M
fl(x), (15)

which reduces to the decision rule of the conventional one-
against-all method.

V. EXPERIMENTAL RESULTS

The proposed approach has been applied to the multi-
class data sets obtained from the UCI repository of machine
learning [9], and shows its advantage over the conventional
one-against-all method. This section reports the experimental
results on three data sets which exhibit certain varieties, i.e.,
the number of classes to be differentiated and the kernel
function to be used, which are listed in Table I.

The first data set is the image segmentation data, where
each sample has 19 continuous attributes collected from a3×3
region of an outdoor image. There are seven classes to classify:
brickface, sky, foliage, cement, window, path, andgrass. The
training set consists of 210 samples with 30 per class while
the size of the test set is 2100 with 300 samples per class.

The polynomial kernel withd = 1, which has been reported
as a good choice for this data set [10], is first adopted.
Fig. 2(a) shows the classification errors yielded by using
the decision functionsf(x) (the conventional one-against-all
method), SRM and DRM. The errors are plotted by including
the classes one by one (in alphabet order). As one can see,
SRM and DRM always lower the error percentage and DRM
performs the best. In order to see how the new approach
performs when the kernel function is not well chosen, we
replace the kernel function with the 2-degree polynomial. As
expected, the one-against-all method degrades a lot since in
this case the classifier is not so trustable any more. Meanwhile,
the proposed method degrades too. However, with the the
classifier’s reliability taken into account, the magnitude of the
degrading is much smaller (Fig. 2(b)).

The iris plant data set is a small set yet one of the
best known data sets to be found in the pattern recognition
literature. It contains 3 classes of 50 instances each, where
each class refers to a type of iris plant. The classsetosais
linearly separable fromVersicolour and Virginica while the
latter two are linearly nonseparable from each other. Linear
SVM is sufficient for this set, and the errors obtained by leave-
one-out cross validation are plotted in Fig. 2(c).

The last data set is the letter recognition data. This data
set contains 20000 samples, each of which corresponds to one
of the 26 capital letters in the English alphabet. 16 integer-
valued features are provided to represent each letters. Typically
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Fig. 2. The comparison of the performance by including the classes one by one. (a) Image segmentation data set using 1-degree polynomial as the kernel
function. (b) Image segmentation data set using 2-degree polynomial as the kernel function. (c) Letter recognition data set using RBF as the kernel function.
(d) Iris Plant data set using linear kernel function.

TABLE I

COMPARISON OFCLASSIFICATION ERRORS(BOLDFACE INDICATES THE BEST PERFORMANCE).

number of number of kernel classification errors (%) relative error reduction
classes attributes function f(x) SRM DRM SRM DRM

Image Segmentation1 7 19 1-degree polynomial 9.24 8.57 7.76 7.25% 16.0%
Image Segmentation2 7 19 2-degree polynomial 27.8 9.95 9.57 64.2% 65.6%

Letter Recognition 26 16 RBF 3.98 3.97 3.77 0.25% 5.3%
Iris Plant 3 4 linear 4.0 2.67 2 33.3% 50%

the first 16000 samples are used as the training data and the
remaining 4000 as the test data. After experimenting with
different kernel functions, the RBF is found to be the best
choice for this 26-class problem. Yielding a total of 3.98%
misclassifications, all the 26 classifiers are very competent,
and SRM and DRM are only able to reduce the errors to
3.97% and 3.77% respectively.

VI. CONCLUSIONS

One-against-all, which constructsM binary classifiers to
differentiate each class from the rest, is a conventional method
to extend SVM from the binary toM -class classification.
At the classification stage, the test sample is assigned to
the class whose decision function produces the largest value,
implicitly assuming that all the SVM classifiers are equally
reliable which fails in many situations. This paper proposes
two methods, SRM and DRM, to measure the reliability of
classifiers based on their estimated generalization accuracy.
This paper also suggests a new decision strategy for one-
against-all method that introduces the discrimination among
the SVM classifiers based on the reliability measures. The
experimental results have demonstrated that the proposed
approach is able to improve the classification accuracy without
imposing high computational cost.
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