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Abstract
In 1946, Sir Harold Jeffreys introduced a prior distribution whose density is the
square root of the determinant of Fisher information. The motivation for suggesting
this prior distribution is that the method results in a posterior that is invariant under
reparametrization. For invariant statistical models when there is a transitive group
action on the parameter space, it is shown that all relatively invariant priors have
this “Jeffreys Invariance” property. However, this invariance may not prevail when
using a subtle modification suggested by an alternative argument.
AMS (2000) subject classification. 62F15.
Keywords and phrases. Jeffreys priors, invariance under reparametrization, group
invariant models and Jeffreys invariance, coordinate system choices and prior distributions.

1.

Introduction and Summary

In 1946, Sir Harold Jeffreys described a method of constructing a prior distribution that is invariant under reparametrization. The calculation of this prior
distribution (which may be improper) involves first finding the Fisher information
matrix, say I(θ), and then setting the prior equal to the square root of the determinant of I(θ). The invariance of this method, which we call “Jeffreys invariance”
below, is sometimes considered a basic requirement for the so-called non-informative
prior distributions. The reader is referred to Robert (1994, pp. 112-120) for a modern discussion of the issues and some interesting examples. A wide ranging and
very informed discussion of topics related to prior distribution selection is Kass and
Wasserman (1996).
Statistical models invariant under a group of transformations provide a variety
of interesting, and at times, confounding examples. Indeed, consider a random
sample from a univariate normal distribution with unknown mean and variance.
For this example, the Jeffreys prior distribution produces posterior inferences for
the mean that differ from the classical Student-t inferences. However, as Jeffreys
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(1946, p. 457) points out, a slight modification of the Jeffreys prior results in a
posterior that is in agreement with Student-t inferences. But, in some decision
theoretic settings, the use of so-called relatively invariant priors, not the Jeffreys
prior, is suggested. For example, see Eaton and Sudderth (2004). The main purpose
of this paper is to show that all relatively invariant priors possess Jeffreys invariance,
but some care needs to be taken in certain invariant situations.
The paper begins with a review of the Jeffreys prior and its invariance properties. The “Jeffreys invariance” described in Section 2 refers to invariance under
reparametrization of the Jeffreys prescription for the prior. This is explained in
detail in Section 2.
In Section 3 we consider a statistical model that is invariant under a group
G. Here the group acts on both the sample space and the parameter space. The
use of “invariance” in this context means something rather different than its use
in the phrase “Jeffreys invariance.” Throughout this paper, the phrase “invariant
situations” and “invariant statistical models” are used in the traditional sense of
group invariance as in Chapter 3 of Eaton (1989). Under some regularity conditions,
it is shown in Section 3 that relatively invariant priors exist and that all such priors
have the Jeffreys invariance property. In addition, it is shown that the Jeffreys prior
corresponds to a prior induced by left Haar measure. See Kass and Wasserman
(1996) and Eaton and Sudderth (2004) for some relevant discussion.
Finally, in Section 4, we consider a classical invariant multivariate normal model.
For this model it is well-known that the Jeffreys prior produces a posterior with
some disturbing foundational properties, and it is common to suggest a right Haar
alternative. However, our calculations show that the corresponding posterior can
depend on the initial choice of a coordinate system for the data variables. This
observation suggests that care needs to be taken when using invariance to suggest
a prior distribution.
2.

The Jeffreys Prior

Here we set notation and review the classical argument that verifies the “JeffreysInvariance” property for the Jeffreys prior distribution. Consider a density function
f1 (x|θ) with respect to a σ-finite dominating measure µ(dx) on a sample space
(X , B). The parameter space Θ is assumed to be a nonempty open subset of kdimensional space Rk . It is assumed further that the function log f1 (x|θ) is, for
each x, a well-defined differentiable function of θ. So the score function

 ∂
∂θ1 log f1 (x|θ)


·




·
(2.1)
s1 (x|θ) = 



·
∂
∂θk log f1 (x|θ)
is also well-defined. The covariance matrix
I1 (θ) = cov(s1 (·|θ))

(2.2)

jeffreys invariance

3

is assumed to exist. In this case the Jeffreys prior is defined to have the density
j1 (θ) = (det(I1 (θ)))1/2 .

(2.3)

This is a prior density with respect to Lebesque measure, dθ, on Θ and it may be the
case that it is improper. Obviously, j1 (θ) depends on the particular θ-coordinate
system chosen for the statistical model {f1 (·|θ) | θ ∈ Θ}.
Now we consider a reparametrization η = φ(θ) where φ : Θ 7→ H is a one-one,
onto differentiable mapping from Θ to another open subset H of Rk . The inverse
φ−1 is also assumed to be differentiable. So φ and φ−1 have Jacobians Jφ (θ) and
Jφ−1 (η), respectively. In particular,
Jφ (θ) = {

∂φi
| i, j = 1, . . . , k}
∂θj

(2.4)

is a k × k non-singular matrix. Of course, Jφ−1 (η) is defined similarly and
Jφ (φ−1 (η)) = (Jφ−1 (η))−1 .

(2.5)

This reparametrization gives a new density f2 (x|η) ≡ f1 (x|φ−1 (η)) with η ∈ H, and
hence a new score function and a new Jeffreys prior. A routine matrix calculation
shows that
s2 (x|η) = (Jφ−1 (η))0 s1 (x|φ−1 (η))
(2.6)
where s2 (x|η) is the score function for the density f2 (x|η). Thus the information
matrix in the η-coordinate system is
I2 (η) = cov(s2 (x|η)) = (Jφ−1 (η))0 I1 (φ−1 (η))Jφ−1 (η).

(2.7)

Therefore, the Jeffreys prior for the η-coordinate system is
j2 (η) = (det(I2 (η)))1/2 = |det(Jφ−1 (η))||det(I1 (φ−1 (η)))|1/2
= |det(Jφ−1 (η))|j1 (φ−1 (η)).

(2.8)

Since θ = φ−1 (η), we see that
dθ = |det(Jφ−1 (η))|dη.

(2.9)

j2 (η)dη = j1 (θ)dθ

(2.10)

So
under the reparametrization η = φ(θ). It is exactly this relationship that is usually
expressed by saying “Jeffreys method of constructiong a prior is invariant under
reparametrization.” We will refer to this relationship as the invariance of Jeffreys
method or more briefly as Jeffreys invariance.
By a “method” we mean a recipe for assigning a prior, say π1 (dθ), for {f1 (x|θ) | θ ∈
Θ} and also assigning a prior, say π2 (dη), for {f2 (x|η) | η ∈ H} for every smooth
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reparametrization η = φ(θ). Improper priors are allowed. Then the method possesses Jeffreys invariance if
Z
Z
k(η) π2 (dη) = k(φ(θ)) π1 (dθ)
(2.11)
for each such reparametrization η = φ(θ), and for all non-negative k.
The condition (2.11) implies that the two posteriors obtained from π1 and π2 ,
respectively, are equivalent in the sense that the posterior for η is transformed
into the posterior for θ under the mapping η = φ(θ). Thus Jeffreys invariance as
expressed by (2.11) implies that the posteriors transform properly. Verification of
this is routine.
Note that the posterior distribution obtained from a prior π, whether proper or
improper, is the same as that obtained from cπ for any positive constant c. Thus
Jeffreys invariance, in particular (2.11), should be interpreted with the proviso that
multiplication by positive constants is allowed.

3.

The Relative Invariance Method

3.1 Preliminaries: Throughout this section, we will use the notions and results
concerning invariance as described in Nachbin (1965) and Eaton (1982, 1989). In
particular, for a locally compact Hausdorff space Y, K(Y) will denote the class of
all continuous real-valued functions on Y that have compact support, and K + (Y) is
the class of nonnegative elements in K(Y). An integral on K(Y) is a non-zero linear
functional L that is nonnegative on K + (Y). In all cases of interest in this paper,
Y will be a nice subset of a Euclidean space and every integral L will correspond
to a unique non-zero σ-finite Radon measure m (defined on the Baire sets) via the
equation
Z
L(k) =

k(y) m(dy),

k ∈ K(Y).

(3.1)

Y

Conversely, every non-zero σ-finite Radon measure defines an integral via (3.1). In
our applications, the Baire sets and the Borel sets will be the same (see chapter 10
of Halmos, 1950).
Now consider a topological group G that acts topologically on the space Y. Let
νl denote a left Haar measure on G so that the integral L1 on K(G) defined by νl
satisfies
Z
L1 (k) =
k(g) νl (dg)
(3.2)
G

and
L1 (hk) = L1 (k)

(3.3)

for all h ∈ G and k ∈ K(G). As usual (see Nachbin, 1965), hk ∈ K(G) is defined
by
(hk)(g) ≡ k(h−1 g)
(3.4)
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for g, h ∈ G and k ∈ K(G). Recall that a multiplier on G, say χ, is a continuous
homomorphism from G to the multiplicative group (0, ∞). The special multiplier
∆ defined by the equation
Z
Z
−1
k(gh ) νl (dg) ≡ ∆(h)
k(g) νl (dg)
(3.5)
G

G

is called the (right hand) modulus of G (see page 77 of Nachbin, 1965). It is wellknown that
νr (dg) = ∆−1 (g)νl (dg) = ∆(g −1 )νl (dg)
(3.6)
is a right Haar measure on G.
Recall next that an integral L2 on K(Y) is relatively invariant with multiplier χ if
L2 (hk) = χ(h)L2 (k)
(3.7)
for all h ∈ G and k ∈ K(Y).
The group G acts transitively on Y if, for each pair y1 , y2 ∈ Y, there is a g ∈ G
so that gy1 = y2 . When G is transitive in this sense, it is clear that Y = {gy0 | g ∈ G}
for each fixed y0 ∈ Y. Given y0 ∈ Y, the subgroup H of G defined by
H = {g | gy0 = y0 }

(3.8)

is called the isotropy subgroup of y0 .
The following is a basic result about relatively invariant integrals on K(Y).
Theorem 3.1. Suppose G is transitive on Y and that the isotropy subgroup H in
(3.8) is compact. Then, given a multiplier χ on G, the integral
Z
L2 (k) =
k(gy0 )χ(g) νl (dg)
(3.9)
G

is relatively invariant on K(Y) with multiplier χ, and is unique up to a positive
constant.
Proof. That L2 is relatively invariant with multiplier χ is easy to check. Because H
is assumed to be compact, Theorem 1 on page 138 of Nachbin (1965) implies that
L2 is unique up to a positive constant.
Example 3.2. Let G = Glp , the group of p × p real non-singular matrices and let
Y be Sp+ , the set of all real p × p positive definite symmetric matrices. The action
of G on Y is
y → gyg 0
(3.10)
where g 0 is the transpose of g ∈ G. With |g| denoting the absolute value of the
determinant of g, it is well-known that
νl (dg) =

dg
p
|g|

(3.11)
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is a left (and right) Haar measure on G. For α ∈ R1 , set
α

χα (g) = |g| ,

g ∈ G.

(3.12)

Each χα is a multiplier on G and, conversely, every multiplier is a χα for some
α ∈ R1 (see problem 7, page 230 in Eaton, 1983). Let y0 = Ip , the p × p identity
matrix, so that
H = {g | g(y0 ) = y0 }
(3.13)
is just the group of real p × p orthogonal matrices, and hence compact. Formula
(3.9) gives a relatively invariant measure with multiplier χ = χα , but it is more
convenient to represent this integral in terms of a Borel measure on Y. Consider
mα (dy) defined by
dy
(3.14)
mα (dy) = |y|α/2 (p+1)/2 .
|y|
It is not hard to show that the integral defined by (3.14) is relatively invariant with
multiplier χα . General theory shows that mα is unique up to a positive constant.
Of course, m0 is invariant since χ0 ≡ 1.
Example 3.3. For this example let G = G+
T , the group of all p × p lower triangular
matrices with positive diagonal elements. Also, let Y be as in the previous example
with G+
T acting on Y as Glp acts on Y. With y0 = Ip , the isotropy subgroup is
+
just {Ip } since G+
T is exactly transitive - that is, given y ∈ Sp , there is a unique
+
element g ∈ GT such that y = gg 0 (for a proof, see page 162 in Eaton, 1983). This
uniqueness implies that when τ (y) is the unique element satisfying y = τ (y)(τ (y))0 ,
then
τ (hyh0 ) = hτ (y),
for h ∈ G+
(3.15)
T.
It is well-known that a left Haar measure on G+
T is
dg
νl (dg) = Qp

(3.16)

i
i=1 gii

and a right Haar measure on G+
T is
νr (dg) = Qp

dg

p−i+1
i=1 gii

.

(3.17)

Also, the (right hand) modulus of G+
T is
∆r (g) =

p
Y

p−2i+1
gii
.

(3.18)

i=1

Further, given any vector c ∈ Rp , let
χc (g) =

p
Y
i=1

ci
gii
.

(3.19)
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Then each χc is a multiplier on G+
T , and conversely, every multiplier is a χc for
some c (see pp. 16-18 in Eaton, !989).
Now, given a vector c ∈ Rp , consider the measure mc on Y given by
mc (dy) = χc (τ (y))

dy
,
|y|(p+1)/2

(3.20)

where χc is from (3.19) and τ (y) is the unique element in G+
T satisfying y =
τ (y)(τ (y))0 . Using (3.15), a routine calculation shows that the measure mc is relatively invariant with multiplier χc . However, it should be noted that χc (τ (y)) in
(3.20) is a rather complicated function of y. In statistical applications, it is often
more convenient to use the space G+
T (rather than Y) as a parameter space. When
this is done, then the relatively integrals on K(G+
T ) are just
χc (g)νl (dg),

c ∈ Rp ,

(3.21)

which are relatively simple functions of g ∈ K(G+
T ). This completes the example.
3.2
Relatively Invariant Priors: In this subsection we study an invariant
statistical model where the group in question acts transitively on the parameter
space. With some additional regularity conditions, we show that the Jeffreys prior
described in Section 2 corresponds to using the left Haar invariant prior (as defined
below), and that all relatively invariant priors possess Jeffreys invariance. One
justification, based on decision theory, for using relatively invariant priors is given
in Eaton and Sudderth (2004). Other arguments for their use can be found in
Robert (1994) and Kass and Wasserman (1996).
As in Section 2, we consider a density function f1 (x|θ) with respect to a σ-finite
measure µ on a sample space (X , Θ). The parameter space Θ is again assumed to
be a nonempty open subset of Rk . Further the regularity conditions necessary for
the calculation of the Fisher information matrix (2.2) and the Jeffreys prior (2.3)
are assumed to hold.
To introduce invariance, we consider a group G that acts on both X and Θ, and
we assume that the dominating measure µ is relatively invariant with multiplier χ0 .
That is,
Z
Z
−1
k(g x) µ(dx) = χ0 (g) k(x) µ(dx)
(3.22)
for all integrable k and all g ∈ G. In addition, it is assumed that the density f1
satisfies the usual invariance condition
f1 (x|θ) = f1 (gx|gθ)χ0 (g).

(3.23)

Thus the parametric model defined by the density is invariant in the usual sense
(see Chapter 3 in Eaton, 1989).
Finally, we assume that the group G is transitive on the parameter space Θ,
and that the isotropy subgroup
H0 = {g | gθ0 = θ0 }

(3.24)
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is compact. Under this compactness assumption, given a multiplier χ on the group
G, there is a unique (up to a positive constant) Radon measure πχ on Θ, that is
relatively invariant with multiplier χ. In other words,
Z
Z
−1
k(g θ) πχ (dθ) = χ(g)
k(θ) πχ (dθ)
(3.25)
Θ

Θ

for all k ∈ K(Θ). As discussed above, πχ is also the unique (up to a positive
constant) Radon measure on Θ that satisfies
Z
Z
L(k) =
k(gθ0 )χ(g) νl (dg) =
k(θ)πχ (dθ)
(3.26)
G

Θ

for all k ∈ K(Θ).
We now want to argue that the above method of constructing a relatively invariant prior distribution has the property of Jeffreys invariance as expressed in (2.11).
To this end, consider a reparametrization η = φ(θ) where φ is a homeomorphism
from Θ to H. Recall that each g ∈ G determines a “natural homeomorphism” from
Θ to Θ via left multiplication (see the discussion on page 126 of Nachbin, 1965).
Thus
Gφ = {φgφ−1 | g ∈ G}
(3.27)
is a homeomorphic image of G under the mapping
i : g 7→ φgφ−1

(3.28)

and Gφ acts in an obvious way on H, namely
(φgφ−1 )(η) = φ(g(φ−1 (η))).

(3.29)

The isomorphism i sets up a natural one-to-one correspondence between the
multipliers χ on G and the multipliers χ∗ on Gφ as follows;
χ = χ∗ ◦ i.

(3.30)

νl∗ ≡ νl ◦ i−1

(3.31)

It is obvious that
also defines a left Haar measure on K(Gφ ). Taking η0 = φ(θ0 ), the following integral
Z
∗ ∗
L (k ) =
k ∗ (g ∗ η0 )χ∗ (g ∗ ) νl∗ (dg ∗ )
(3.32)
Gφ

defines what we call a prior distribution on H that is relatively invariant with
multiplier χ∗ . That is, there is a prior distribution πχ∗ on H so that
Z
L∗ (k ∗ ) =
k ∗ (η) πχ∗ (dη).
(3.33)
H

jeffreys invariance
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To show that the relatively invariant priors thus constructed enjoy Jeffreys invariance, we need to verify (2.11) - that is, we need to show that
Z
Z
∗
k (η) πχ∗ (dη) =
k ∗ (φ(θ)) πχ (dθ).
(3.34)
H

Θ

In other words, we need to show that
L(k ∗ ◦ φ) = L∗ (k ∗ )

(3.35)

with L∗ given by (3.32) and L given by (3.26). However, (3.35) is a direct consequence of (3.30) and (3.31). In summary, we have
Theorem 3.4. Given a multiplier χ on G, let πχ denote the relatively invariant
prior defined implicitly by (3.26). This method of prior construction possesses Jeffreys invariance.
Remark 3.5. Given a density function satisfying (3.23) and a relatively invariant
prior mχ on Θ, the usual definition of the posterior density (relative to mχ ) is
f (x|θ)
r(x)

(3.36)

f (x|θ) mχ (dθ)

(3.37)

q(θ|x) =
where

Z
r(x) =

is the “marginal” for x. However, there are many examples where r(x) = ∞ so
(3.36) is not well-defined. Ordinarily, one assumes that 0 < r(x) < ∞ in order that
discussions regarding the posterior make sense. See Eaton and Sudderth (1993,
Theorem 3.2) for an example where χ has to be restricted.
3.3
Invariance and the Jeffreys Prior: In this section we again consider an
invariant probability density f1 (x|θ) that satisfies the invariance condition (3.23)
under the action of the group G on X and Θ. As in Section 3.2, G is assumed to act
transitively on Θ and the isotropy group (3.24) is assumed to be compact. Thus,
for each multiplier χ on G, there will exist a unique (up to a positive constant)
relatively invariant prior on Θ with multiplier χ.
Under the additional assumptions that Θ is an open subset of Rk and f (x|θ)
is differentiable (as in Section 2), we now want to argue that the Jeffreys prior
always corresponds to left Haar measure (that is, the relatively invariant prior with
multiplier χ identically 1). To this end, we make the further assumption that each g
acting on Θ to Θ is a differentiable function whose Jacobian we denote by Jg (θ). The
following result recalls how Fisher information transforms in invariant situations.
Lemma 3.6. For each g ∈ G, Fisher information I(θ) satisfies
I(θ) = Jg 0 (θ)I(gθ)Jg (θ).

(3.38)
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Proof. Recall that
I(θ) = cov(s(x|θ))
where s(x|θ) is the score function as defined by (2.1). An application of the chain
rule gives
s(x|θ) = Jg 0 (θ)s(gx|gθ).
(3.39)
Equality (3.38) now follows from (3.23) and the invariance of the parametric family
determined by the density f .
Now recall that the Jeffreys prior is
j(θ)dθ = (detI(θ))1/2 dθ.
Consider the integral
Z
Lj (k) =

k(θ)j(θ) dθ

on K + (Θ). Then, for g ∈ G,
Z
Z
−1
Lj (gk) =
k(g θ)j(θ) dθ =
k(η)j(gη)Jg (η) dη
Z
=
k(η)|I(gη)|1/2 Jg (η) dη
Z
=
k(η)|I(η)|1/2 dη = Lj (k),
where the next to last equality follows from (3.38). Thus the integral Lj is invariant
and is unique (up to a positive constant). This yields
Theorem 3.7. In invariant situations, the Jeffreys prior defines an invariant integral on K + (Θ) and corresponds uniquely (up to a positive constant) to using the
left Haar measure to induce a relatively invariant prior with multiplier 1.
It is well-known that in invariant situations, decision theoretic criteria typically
suggest that the right Haar measure is the “correct” relatively invariant prior distribution. This is based on the result that says “when the group is transitive on Θ
in fully invariant decision problems, use of the right Haar prior will produce a best
invariant decision rule as a formal Bayes rule” - see Eaton and Sudderth (2004) for
an extended discussion of this result. One consequence of this is that the Jeffreys
prior prescription and that of decision theory tend to be at odds when right and left
Haar measure are different. There does not seem to be an obvious way to reconcile
this discrepancy. This difficulty has been noted in a variety of particular problems
- for example, see Jeffreys (1946) and Kass and Wasserman (1996).

jeffreys invariance
4.

11

A Cautionary Example

In this section we consider an invariant example where the Jeffreys prior leads
to rather undesirable inferences and the right Haar prior also has a somewhat cautionary aspect. Some of our discussion is based on Eaton and Sudderth (1993, 1995)
and Eaton and Freedman (2004). For an applied problem where the issues below
arise, see Eaton et al (2006).
Let X1 , . . . , Xn be iid multivariate normal in Rp with mean vector 0 and unknown p × p positive definite covariance matrix Σ. The normal distribution of the
Xi is written Np (0, Σ). Note that the mean vector has been taken to be zero to
simplify the discussion. For the case with a non-zero mean, see Eaton and Sudderth
(1993, 1995).
We assume n ≥ p so that the sufficient statistic statistic
S =

n
X

Xi Xi 0

(4.1)

i=1

is non-singular with probability 1 and has a Wishart distribution W (Σ, p, n). The
density function of S with respect to the measure
µ(dS) =

dS
|S|

p+1
2

(4.2)

is

n
1
f (Σ−1 S) = c |Σ−1 S| 2 exp[− trΣ−1 S]
(4.3)
2
where c is the Wishart constant (see page 175 of Eaton, 1983).
The Wishart model above is invariant under Glp , the group of all p × p nonsingular matrices. The group action is

S → ASA0 ,

Σ → AΣA0

(4.4)

for A ∈ Glp . A right and left Haar measure on Glp is
νl (dA) =

dA
.
|A|p

(4.5)

As is easily verified, νl induces the invariant prior measure
πj (dΣ) =

Σ
|Σ|

p+1
2

(4.6)

which is the Jeffreys prior for this problem (see Box and Tiao (1973) for an early
derivation of (4.6) as the Jeffreys prior). This gives the posterior density with
respect to πj as
n
1
qj (Σ|S) = c |Σ−1 S| 2 exp[− trΣ−1 S]
(4.7)
2
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which we recognize as a W (S −1 , k, n) distribution for Σ−1 .
That there are problems with the above invariance argument was hinted at quite
early by Stein in a 1956 Stanford technical report and was reported in the James
and Stein (1961) paper. The fact that the posterior distribution defined by (4.7)
has foundational problems was made explicit in Eaton and Sudderth (1993, 1995)
and given a simplified proof in Eaton and Freedman (2004). In essence, it is shown
in these papers that the posterior of (4.7) is incoherent in de Finetti’s sense and
is strongly inconsistent in Stone’s sense. In addition, decision theoretic deficiencies
associated with (4.7) suggest quite forcefully that the Jeffreys prior is inappropriate
for the Wishart model (4.3).
An alternative approach is suggested by Stein’s early work on the covariance
matrix estimation problem ( see James and Stein, 1961). Let G+
T be the group of
all p × p lower triangular real matrices that have positive diagonal (elements as in
Example 3.3). The Wishart model for S is obviously invariant under the action of
+
G+
T given by restricting the action in (4.4) to A’s in GT . Of course, the Jeffreys
prior is still (4.6), but now there are many more relatively invariant priors on Σ.
Note that Theorem 3.7 implies that the Jeffreys prior is also given by the left Haar
measure on G+
T as specified in (3.16).
In invariant situations when the group is transitive on the parameter space,
there are a variety of arguments that support using the right Haar prior distribution,
within the class of all relatively invariant priors. For an overview of these arguments,
see Eaton and Sudderth (2001, 2004). Because we find the case for using the right
Haar prior rather compelling, attention is restricted to this prior in what follows.
We now proceed with the derivation of the posterior distribution for Σ using the
+
right Haar prior distribution from G+
T . Let Sp denote the space of all p × p positive
definite matrices. Note that the measure µ in (4.2) corresponds to the measure
2p νl (dt) on G+
T (with the left Haar measure νl given by (3.16)) in the sense that for
all non-negative functions ψ,
Z
Z
ψ(tt0 ) 2p νl (dt)
(4.8)
ψ(s) µ(ds) =
Sp+

G+
T

(see Eaton (1983, Proposition 5.18)). Recall that the mapping τ from Sp+ to G+
T
0
defined uniquely by s = τ (s)τ (s) satisfies (3.15). Now a right Haar measure on G+
T
is
νr (dt) = ∆(t−1 )νl (dt)
(4.9)
with the right hand modulus ∆ given by (3.18). By definition, a right Haar prior
on the parameter space Θ = Sp+ is the unique (up to a positive constant) measure
mr that satisfies, for all non-negative ψ,
Z
Z
1
−1
ψ(g θ) mr (dθ) =
ψ(θ) mr (dθ)
(4.10)
∆(g) Sp+
Sp+
since right Haar measure is given by (4.9) (see display (3.25)). In our specific case,
θ = Σ is the p × p covariance matrix and we take θ0 = Ip . Then the right Haar

13

jeffreys invariance
prior mr satisfies (see (3.26))
Z
Z
Z
1
1
0
ψ(gθ0 )
νl (dg) =
νl (dg) =
ψ(Σ) mr (dΣ).
ψ(gg )
∆(g)
∆(g)
G+
G+
Sp+
T
T

(4.11)

Since τ (gg 0 ) = g, we can use (4.2) and (4.8) to write
Z
Z
Z
dΣ
1
1
1
νl (dg) =
ν
(dg)
=
2−p
ψ(gg 0 )
ψ(Σ)
ψ(gg 0 )
p+1 .
0 )) l
+
+
+
∆(g)
∆(τ
(gg
∆(τ
(Σ))
|Σ| 2
GT
Sp
GT
Combining this with (4.11) gives
Proposition 4.1. A right Haar prior on Θ is
mr (dΣ) =

1
dΣ
2−p
p+1 .
∆(τ (Σ))
|Σ| 2

(4.12)

Using (4.12), it is now an easy matter to obtain the posterior of Σ given S.
Proposition 4.2. The posterior distribution of Σ given S when the prior is (4.12)
is
dΣ
∆(τ (S))
f (Σ−1 S)
(4.13)
Q(dΣ|S) =
p+1 .
∆(τ (Σ))
|Σ| 2
Proof. By definition, the posterior is
Q(dΣ|S) =
where

Z
v(S) =
Sp+

f (Σ−1 S) mr (dΣ)
v(S)

(4.14)

f (Σ−1 S) mr (dΣ).

A relatively routine calculation shows that
v(S) =

2−p
.
∆(τ (S))

(4.15)

The substitution of (4.15) and (4.12) into (4.14) immediately yields (4.13).
Now suppose we transform the original data to Xi∗ = B0 Xi , i = 1, . . . , n where
B0 is a known full rank p × p matrix. Then, with Σ∗ = B0 ΣB0 0 , X1∗ , . . . , Xn∗ are iid
Np (0, Σ∗ ). So
n
X
S∗ =
Xi∗ Xi∗ 0 = B0 SB0 0
(4.16)
i=1

is W (Σ , p, n). The invariance argument using G+
T suggests we should use the
right Haar prior for Σ∗ , namely mr (dΣ∗ ), and compute a posterior for Σ∗ . Simply
repeating the previous argument gives
∗
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Proposition 4.3. The posterior distribution of Σ∗ given S ∗ for the prior mr (dΣ∗ )
is
∆(τ (S ∗ ))
dΣ∗
∗ −1 ∗
Q∗ (dΣ∗ |S ∗ ) =
f
((Σ
(4.17)
)
S
)
p+1 .
∆(τ (Σ∗ ))
|Σ∗ | 2
Next we use (4.17) to induce a “posterior distribution” on Σ = B0−1 Σ∗ (B0−1 )0
given S = B0−1 S ∗ (B0−1 )0 . Because of the explicit nature of (4.17), this is easy to do.
Proposition 4.4. Using (4.17) and the prior mr (dΣ∗ ), the induced distribution on
Σ, given S ∗ = B0 SB0 0 , is
Q̃(dΣ|S) =

dΣ
∆(τ (B0 SB0 0 ))
f (Σ−1 S)
p+1 .
∆(τ (B0 ΣB0 0 ))
|Σ| 2

(4.18)

Proof. First observe that
f ((Σ∗ )−1 S ∗ ) = f (Σ−1 S)
p+1

and the measure dΣ/|Σ| 2 is invariant under all transformations Σ → AΣA0 , for
A ∈ Glp . Equation (4.18) is now clear.
The obvious question is now whether the two posterior distributions (4.13) and
(4.18) are the same. Because f, ∆, and τ are continuous, they are the same if and
only if
∆(τ (S))
∆(τ (B0 SB0 0 ))
=
(4.19)
∆(τ (Σ))
∆(τ (B0 ΣB0 0 ))
0
for all S and Σ in Sp+ . If B0 ∈ G+
T , then (4.19) holds since τ (B0 sB0 ) = B0 τ (s) for
all s ∈ Sp+ and ∆ is a multiplier. But there are B0 ’s of interest which are not in
G+
T for which (4.19) does not hold.

Example 4.5. Let p = 2 and take

B0 =

0
1


1
.
0

So B0 simply interchanges the two coordinates of each data vector X1 , . . . , Xn . For
S = I2 , it is an easy calculation to show that (4.19) does not hold for almost all Σ’s.
Thus the posteriors (4.13) and (4.19) are different. In other words, the posterior
using the right Haar prior depends on the order of the coordinates of the data.
Therefore the practitioner needs to take this into account if the right Haar measure
is used as “the non-informative prior” for this problem.
The general message is that there are B0 ’s of interest which affect the posterior
inference when one uses what many feel is the appropriate “non-informative prior.”
Please see Eaton et al (2006) for an applied context where this issue is relevant.

jeffreys invariance
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