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Abstract4

We build connections between envelopes, a recently proposed context for efficient estima-5

tion in multivariate statistics, and multivariate partialleast squares (PLS) regression. In partic-6

ular, we establish an envelope as the nucleus of both univariate and multivariate PLS, which7

opens the door to pursuing the same goals as PLS but using different envelope estimators. It8

is argued that a likelihood-based envelope estimator is less sensitive to the number of PLS9

components selected and that it outperforms PLS in prediction and estimation.10

1 Introduction11

Prediction of a univariate or multivariate responsey ∈ R
r from multivariate datax ∈ R

p is at the12

core of applied statistics, and many different predictive methods have been developed in response13

to numerous diverse settings encountered across the applied sciences. In this article we address the14

predictive culture in chemometrics, where partial least squares (PLS) is the dominant method. For15

chemometricians, who have been mainly responsible for the development of PLS, empirical predic-16

tion is a main issue. They tend not to address population PLS models or regression coefficients, but17

directly the predictions resulting from PLS algorithms. This custom of forgoing population con-18

siderations is at odds with statistical tradition. While PLS is known and increasingly used within19
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the statistics community, it is perhaps still not widely accepted here because it is based on sample20

algorithms that have not been cast into a conventional Fisherian framework of well-defined popula-21

tion parameters. But see Helland (1990), where a populationmodel was defined for PLS in the case22

r = 1. This population model was further discussed by Næs and Helland (1993) and by Helland23

(2001), and a first attempt at maximum likelihood estimationwas given by Helland (1992). Martens24

and Næs (1989) is a classical reference for PLS within the chemometrics community. Frank and25

Friedman (1993) gave an informative discussion of PLS from various statistical views.26

The overarching goal of this article is to show that there is avery close connection between PLS27

and the recently developed envelopes of Cook, Li and Chiaromonte (2007, 2010). In particular, we28

show that PLS depends fundamentally on an envelope at the population level and that this envelope29

can be used as a well-defined parameter that characterizes PLS. The establishment of an envelope30

as the nucleus of PLS then opens the door to pursuing the same goals as PLS but using different and31

perhaps better envelope estimators.32

While PLS is an integral part of the chemometrics culture, envelope methodology is new and33

not yet widely recognized in statistics. As shown in past studies (Cook, et al., 2010; Su and Cook,34

2011, 2012, 2013) envelope methodology has the potential toachieve substantial efficiency gains in35

a variety of multivariate problems and thus also has the potential to become wonted methodology.36

The efficiency gains afforded by envelopes are achieved by a targeted form of dimension reduction37

that can effectively separate information that is materialfor the goals at hand from that which is38

immaterial. The particular advances described in this article can be viewed as another instance of39

the utility of envelopes in understanding and improving statistical methodology, specifically PLS.40

As in past studies, it will be seen that the most advantageousenvelope methods require numerical41

optimization over a Grassmann manifold, which is non-standard in statistics but commonplace in42

other disciplines. A MATLAB toolbox that implements past methods, in addition to the methods43

described in this article, is available at http://code.google.com/p/envlp/.44

We begin in Section 2 by briefly reviewing the relevant algebraic basis for envelopes and es-45

tablishing the context for our exposition. Since much more is known about univariate PLS (r = 1)46

than multivariate PLS (r > 1), we first develop a connection between univariate PLS and envelopes47

in Section 3, relying primarily on the work of Helland (1988,1990) for PLS. We present new re-48

sults in Section 4 to show the role of envelopes in multivariate PLS as implemented in the SIMPLS49
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algorithm (de Jong, 1993). We also discuss two alternative envelope estimators, one based on a50

multivariate Krylov matrix and one originating from a likelihood-based objective function. It is51

argued that the likelihood-based estimator will typicallyprovide better predictions than traditional52

PLS methods. Numerical illustrations are given in Section 5and a concluding discussion is given53

in Section 6. Proofs are available in Appendix A. We use grouptheory in Appendix B to pro-54

vide a characterization of regressions in which PLS may be most appropriate. To aid intuition and55

understanding, a little background on how Grassmann optimization algorithms are constructed is56

provided in Appendix C.57

Our exposition makes use of the following notation and conventions. We useRa×b to denote58

the space of reala × b matrices. span(R) denotes the subspace spanned by the columns of the59

matrix R ∈ R
a×b. A matrix R ∈ R

a×b with a > b is called semi-orthogonal if its columns are60

orthogonal and have norm 1, so thatRT R = I. For a subspaceR ⊆ R
p and a matrixM ∈ R

p×p
61

we let MR denote the space of all vectorsMx asx runs throughR. The projection onto the62

subspaceR in the inner product(x,y) = xTMy determined byM is represented asPR(M),63

so thatPR(M)z = R(RT MR)−1RT Mz whenR = span(R) and the inverse exists. We let64

QR(M) = I − PR(M). The second subscript ‘(M)’ will be suppressed when employing the usual65

inner product,M = I, so thatPRz = R(RT R)−1RTz whenR is a basis matrix forR. The66

orthogonal complementR⊥ of a subspaceR is with respect to the usual inner product, unless67

explicitly stated otherwise. We havePR⊥ = QR. The subspace sumR1 ⊕ R2 is the space of all68

sumsx1 + x2 wherex1 ∈ R1 andx2 ∈ R2.69

2 Envelopes70

Throughout this article we consider the multivariate linear model71

y = µ + βT (x − µx) + ε, (1)

wherey ∈ R
r, µ ∈ R

r, β ∈ R
p×r is non-zero, and the random predictor vectorx has mean72

E(x) = µx and covariance matrixΣx. Independently,ε is distributed with mean0 and constant73

covariance matrixΣy|x; for emphasis we write this asσ2
y|x wheny is univariate. The data(yi,xi),74

i = 1, . . . , n, is assumed to consist of independent and identically distributed copies of(y,x) with75
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finite fourth moments.76

Cook, Li and Chiaromonte (2010; hereinafter CLC) introduced the novel idea of an envelope77

for parsimonious parameterizations of multivariate statistical problems. An expository introduction78

to the underlying structure of an envelope was given by Su andCook (2011). Concentrating on79

reduction in they-dimension and assuming normal errors and non-stochastic predictorsx, CLC80

demonstrated that the envelope estimator of the coefficientmatrix β in the multivariate regression81

model (1) has the potential to produce truly massive gains inefficiency relative to the standard82

estimator. In contrast, we here consider regressions in whichx is random, focus on reduction in the83

x-dimension, and do not necessarily assume normal errors.84

2.1 Introduction to envelopes for predictor reduction85

Our goal, like the usual goal in chemometric applications, is to predicty ∈ R
r from multivariate86

datax ∈ R
p. We make no distributional assumptions, but assume that moments and hence corre-87

lations exist. LetS be a subspace ofRp so that (i)QSx is uncorrelated withPSx. While such88

a subspace may be chosen in many ways, we focus on situations in which it is desirable to base89

predictions onPSx alone by requiring also that (ii)y be uncorrelated withQSx givenPSx. For90

anyS with properties (i) and (ii), we say thatQSx is linearly immaterial to the regression since91

QSx depends linearly on neitherPSx nory. Consequently,PSx must carry all of the information92

that is linearly material to the regression; that is, all of the information that is available aboutβ from93

x.94

The following proposition connects the statistical conditions (i) and (ii) with equivalent alge-95

braic conditions that lead to the notion of envelopes. Theseconditions are restated in the proposition96

for ease of reference.97

Proposition 2.1 Assuming model (1), assertion (i)corr(PSx,QSx) = 0 is equivalent to the alge-98

braic condition (a) bothΣxS ⊆ S andΣxS⊥ ⊆ S⊥. When (a) holds, we say thatS is a reducing99

subspaceof Σx. Assertion (ii)corr(y,QSx | PSx) = 0 is equivalent to the algebraic condition100

(b) span(β) ⊆ S.101

Finally, we want the dimension ofS to be as small as possible. The smallestS satisfying (a)102

and (b) is called theΣx-envelopeof span(β) and denoted asEΣx
(span(β)). The equivalence with103
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assertions (i) and (ii) will later be related to connectionswith PLS. We letB = span(β) and useE104

as shorthand forEΣx
(B) in subscripts. We consider the implications of this structure for prediction105

in Section 2.3, after reviewing the algebraic basis for envelopes in Section 2.2.106

2.2 Review of envelopes107

Here the definitions will be restated in complete generality. Our intent is to provide just enough108

background from CLC to allow us to later develop firm connections with PLS. Many additional109

results on envelopes were given by CLC.110

Definition 2.1 A subspaceR ⊆ R
p is said to be a reducing subspace ofM ∈ R

p×p if bothMR ⊆111

R andMR⊥ ⊆ R⊥. If R is a reducing subspace ofM we say thatR reducesM.112

This definition of a reducing subspace is standard in linear algebra and functional analysis (cf.113

Conway, 1990, p. 38), but its notion of reduction is not compatible with how it is usually understood114

in statistics. Nevertheless, it is the foundation for the next definition which is directly relevant to the115

methodology discussed here.116

Definition 2.2 (CLC) LetM ∈ R
p×p and letB ⊆ span(M). Then theM-envelope ofB – denoted117

byEM(B) – is the intersection of all reducing subspaces ofM that containB.118

In applicationsB is typically the span of a regression vector or matrix andM will be a co-119

variance matrix. In this article we will often haveB = span(β) andM = Σx. The intersection120

of two reducing subspaces is always a reducing subspace. This together with the weak condition121

B ⊆ span(M) ensures that theM-envelope always exists.122

These definitions yield three important consequences that relate reducing subspaces and en-123

velopes to the eigenstructure of the reduced matrix; distinct eigenvalues are not required.124

Proposition 2.2 (CLC)125

(a) R reducesM ∈ R
p×p if and only if M = MR + MR⊥ , whereMR = PRMPR and126

MR⊥ = QRMQR.127

(b) If M ∈ R
p×p is symmetric, thenM has a spectral decomposition with eigenvectors only in128

R or in R⊥ if and only ifR reducesM.129
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(c) If M ∈ R
p×p is symmetric withq ≤ p eigenspaces, then theM-envelope ofB ⊆ span(M)130

can be characterized byEM(B) = ⊕q
i=1PiB, wherePi is the projection onto thei-th eigenspace of131

M.132

Consequence (a) in this proposition shows how the mathematical notion of reduction in Defini-133

tion 2.1 is linked to the task of algebraically reducing a matrix to the sum of two orthogonal ma-134

trices. When applied to a covariance matrix, this type of reduction (decomposition), along with135

the usual form of statistical dimension reduction, plays a key role in the development of envelope136

methods.137

Envelopes are quite versatile and can be adapted to any multivariate setting that involves a138

non-negative definite symmetric matrixM and a location matrixβ. Candidates forM include139

var(x) = Σx, var(y) = Σy and the error covariance matrixΣy|x. Models like (1) allow for140

crisp development of envelope methodology by permitting, for example, a likelihood analysis when141

the errors are normal and reduction ofy is sought (CLC). However, the concept of an envelope142

as represented in Definition 2.2 is not model-based and can beuseful in studies involving only143

moments, as is the case here.144

2.3 Overview of predictor reduction via envelopes145

As mentioned previously, CLC studied reduction in they-dimension, while here we are con-146

cerned with reduction in thex-dimension. This distinction means that operationally we work147

with the column spaceB = span(β) ⊆ R
p, while CLC largely worked with the row space148

B′ = span(βT ) ⊆ R
r. Additionally, CLC assumed normal errors and relied on various condi-149

tional independence conditions for motivation. Here we usecorrelation rather than independence150

for the underlying rationale.151

Let m = dim(EΣx
(B)), let Σxy = cov(x,y) whenr > 1, let σxy = cov(x, y) whenr = 1152

and letΓ ∈ R
p×m denote a semi-orthogonal basis matrix forEΣx

(B). If a basisΓ was known then153

we could reduce the predictorsx → ΓTx and base prediction on the reduced linear model154

y = µ + αT {ΓT (x − µx)} + ε, (2)

whereα = var−1(ΓTx)cov(ΓTx,y) = (ΓTΣxΓ)−1ΓTΣxy ∈ R
m×r. Theenvelope coefficient155
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matrix of x in (2) is simply156

βE ≡ Γα = Γ(ΓTΣxΓ)−1ΓTΣxy = PE(Σx)β = β, (3)

where the third equality follows becauseβ = Σ−1
x Σxy and the last equality follows becauseB ⊆157

EΣx
(B) by construction. It follows from conditions (i) and (ii) stated in Section 2.1 that there is no158

loss of focus onβ when using model (2) instead of (1).159

The envelope coefficient matrix does not depend on the particular basisΓ chosen forEΣx
(B)160

sinceβE is unchanged by replacingΓ with ΓO for any conforming orthogonal matrixO. Conse-161

quently,EΣx
(B) is the essential parameter with corresponding parameter space being the set of all162

m-dimensional subspaces ofR
p. This set is called a Grassmann manifold or Grassmannian, which163

we denote byG(m,p), andm(p−m) real numbers are required to uniquely identify a single subspace164

in G(m,p). Background on Grassmann optimization is available from Edelman et al. (1998) and Liu165

et al. (2004). See Appendix C for a cursory introduction.166

Let Sx, Sxy and sxy denote the sample versions ofΣx andΣxy and σxy. There are now167

two estimators ofβ to consider: the ordinary least squares (OLS) estimatorβ̂OLS = S−1
x Sxy168

from model (1) and, assuming that an estimatorΓ̂ of a basis forEΣx
(B) is available, the envelope169

estimatorβ̂ = Γ̂α̂ = Γ̂(Γ̂
T
SxΓ̂)−1Γ̂

T
Sxy from model (2), which is just the estimator̂α from170

the OLS fit ofy on Γ̂
T
x left multiplied by Γ̂. Several different methods for estimating a basis171

of EΣx
(B) are discussed in later sections. For instance, SIMPLS uses asequential estimator, as172

discussed in Section 4.3, while the likelihood-based estimator of Section 4.5 requires optimization173

over a Grassmann manifold.174

Let xN denote a new independent observation onx, let zN = xN − µx, and letβ̂Γ = Γα̂175

denote the envelope estimator ofβ when a basisΓ is known. The following proposition provides176

intuition about regressions in which prediction ofy at zN via (2) might be superior to those from177

(1).178

Proposition 2.3 If the regression is univariate withx ∼ Np(µx,Σx), n > p + 2 and a known179

semi-orthogonal basis matrixΓ ∈ R
p×m for EΣx

(B), then180

var(β̂
T

OLSzN ) =
n − m − 2

n − p − 2
var(β̂

T

ΓzN ) +
σ2

y|x

n − p − 2
zT

NΓ0(Γ
T
0 ΣxΓ0)

−1ΓT
0 zN , (4)
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where the variances are computed over all of the data (bothy andx), Γ0 ∈ R
p×(p−m) is a semi-181

orthogonal basis matrix forE⊥
Σx

(B) andzN is held fixed.182

We see from this proposition that only the part ofzN that lies inEΣx
(B) is relevant for prediction in183

the reduced model (2). IfzN ∈ EΣx
(B) thenvar(β̂

T

OLSzN ) = (n−p−2)−1(n−m−2)var(β̂
T

ΓzN ).184

The gain implied in this case depends on the relationships betweenn, m andp. If p is close ton, in185

the extremep = n−3, andm is small then the reduction in predictive variance could be substantial.186

On the other hand, when fitting only the full model, predictions depend on the whole ofzN and187

in particular on the part ofzN that lies inE⊥
Σx

(B) via the second term on the right hand side of188

(4). Here we find a connection between collinearity andEΣx
(B). If the predictors are collinear,189

soΣx has some small eigenvalues, and if some of the eigenvectors corresponding to those small190

eigenvalues fall inE⊥
Σx

(B) then the second term on the right side of (4) could be large andthe191

predictive gain realized by using the reduced model could again be substantial.192

In practice the envelopeEΣx
(B) will be unknown and thus will need to be estimated. The193

variability in the estimate ofEΣx
(B) will mitigate the predictive gains discussed above, but we194

have found in simulations that (4) gives a useful qualitative feeling for the advantages of pursuing195

predictor reduction via envelopes. In general, the bias contribution to the prediction error should196

also be taken into account. The mean square error of anyβ̂
T

∗ zN as a predictor ofy is the sum197

of three contributions: The conditional variance ofy, which cannot be altered, the squared bias of198

β̂
T

∗ zN and its variance. It will follow from later results here thatthe squared bias of the envelope199

estimator proposed here is of smaller order than its variance asn → ∞. In the remainder of this200

article we discuss howEΣx
(B) is estimated by using PLS and other methods.201

3 Univariate partial least squares202

In this section we first review relevant aspects of univariate PLS, relying primarily on Helland203

(1988, 1990), and then turn to its connection with envelopes, showing that PLS provides a root-n204

consistent estimator of a basis ofEΣx
(B). Like our commentary on envelopes in Section 2, our205

review of univariate PLS is intended to give just enough background to allow the development of206

connections with envelopes.207
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3.1 Review of univariate PLS208

The population PLS algorithm (Helland, 1990) may be described as follows: Takee0 = x − µx,209

f0 = y − µ, and fora = 1, 2, ..., A ≤ p compute successively:wa = cov(ea−1, fa−1), ta =210

wT
a ea−1, pa = cov(ea−1, ta)/var(ta), qa = cov(fa−1, ta)/var(ta), ea = ea−1 − pata, andfa =211

fa−1 − qata, continuing untilA = p or wA = 0. After A steps we get the representations212

x = µx + p1t1 + ... + pAtA + eA, y = µ + q1t1 + ... + qAtA + fA (5)

with the corresponding PLS population prediction213

yA,PLS = µ + q1t1 + ... + qAtA = µ + βT
A,PLS(x − µx). (6)

The ordinary PLS estimator withA components is simply a plug-in estimator with population quan-214

tities replaced by their sample counterparts. The number ofcomponentsA is typically selected by215

cross validation or by use of an independent test sample. Thehope is that the sample version of216

βA,PLS will lead to better predictions than̂βOLS. Different ways of understanding the population217

properties of PLS from this basic algorithm were developed in Helland (1988, 1990). The following218

proposition, basically from Helland (1988), may assist in forming an appreciation of PLS at the219

population level. In preparation, letWA = (w1, ...,wA) and letWA = span(WA).220

Proposition 3.1 (a) The weight vectorswa, a = 1, . . . , p, satisfy the recurrence relation221

wA+1 = σxy − ΣxWA(WT
AΣxWA)−1WT

Aσxy (7)

= PW⊥
A (Σ−1

x
)σxy. (8)

(b) The identity (6) foryA,PLS holds with222

βA,PLS = WA(WT
AΣxWA)−1WT

Aσxy (9)

= PWA(Σx)β, (10)

whereβ = Σ−1
x σxy is the coefficient vector from the population OLS fit.223
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Useful insights into univariate PLS can be obtained from these representations. First, (7) ex-224

presseswA as a type of successive residual vector. This idea is represented more explicitly by (8)225

wherewA+1 is depicted as the projection ofσxy ontoW⊥
A in the Σ−1

x inner product. From this226

we see that the weight vectors are orthogonal,wT
A+1WA = 0, and thus the subspacesWA form an227

increasing nested sequence,WA ⊆ WA+1. Second, (10) shows that the population PLS coefficients228

βA,PLS are of the same form as the population envelope coefficientsβE shown in (3). In the next229

section we piece together results from the literature to show that the population PLS stopping point230

is A = m and thenWm = EΣx
(B) andβE = βm,PLS = β. Third, representations (8) and (10)231

require thatΣx > 0, while (7) and (9) require only thatWT
AΣxWA > 0. Consequently, the PLS232

algorithm does not necessarily requireΣx > 0, depending onA. Nevertheless, Chun and Keleş233

(2010) recently proved that the PLS estimator ofβ is consistent whenp/n → k = 0, but inconsis-234

tent whenk > 0. They also proposed a sparse version of PLS that in simulations seems to do well235

against competing methods (see also Nadler and Coifman, 2005). Because of these results, we limit236

discussion of the properties of the sample estimator to then > p setting. The casen < p certainly237

is of interest in chemometrics and in genomic applications (Boulesteix and Strimmer, 2006).238

3.2 Envelopes, univariate PLS and Krylov sequences239

A first connection between envelopes and PLS can be seen by linking the result from Proposi-240

tion 2.2(c) with results from Helland (1990). Applying Proposition 2.2(c) in the context of reducing241

thex-dimension in model (1) we haveEΣx
(B) = ⊕q

i=1PiB, wherePi is the projection onto thei-th242

eigenspace ofΣx with the ordering of the eigenspaces being immaterial. It follows immediately243

that the dimension ofEΣx
(B) is bounded above by the number of eigenspaces ofΣx. Further, ifβ244

has a non-zero projection ontom ≤ q eigenspaces thenEΣx
(B) = ⊕m

i=1PiB. Define the length 1245

vectorsℓi = Pjβ/‖Pjβ‖, i = 1, . . . ,m, so eachℓi is a normalized (unordered) eigenvector ofΣx246

and together they give an orthogonal basis for the envelope,EΣx
(B) = span(ℓ1, . . . , ℓm). Since247

B ⊆ EΣx
(B), we have the unique representation248

β =

m∑

i=1

γiℓi (11)
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with only non-zeroγi’s. The population PLS model withA = m components is shown in Helland249

(1990) to be equivalent to the representation (11) withm non-zero terms and consequently the250

dimension ofEΣx
(B) is equal to the number of PLS components in unvariater = 1 regressions.251

To further elucidate the relationship between PLS and envelopes, and to show the connection252

to (7)-(10), we introduce the Krylov matrixKA = (σxy,Σxσxy, ...,Σ
A−1
x σxy). Let KA =253

span(KA). This subspace is called a Krylov subspace in numerical analysis and is related to254

cyclic invariant subspaces in linear algebra. Helland (1988) showed that the sample version̂WA255

of the subspaceWA used in Proposition 3.1 is equal to the sample version of the Krylov subspace,256

K̂A = ŴA. SinceK̂A andŴA are consistent estimators ofKA andWA, we also haveKA = WA,257

and the population and sample PLS coefficients can be represented asβA,PLS = PKA(Σx)β and258

β̂A,PLS = K̂A(K̂T
ASxK̂A)−1K̂T

Asxy.259

To bring envelopes into the picture, letL = (ℓ1, . . . , ℓm), sospan(L) = EΣx
(B), let ϕj denote260

the eigenvalue ofΣx associated withℓj , j = 1, . . . ,m, let D = diag(ϕ1γ1, . . . , ϕmγm) and let261

VA ∈ R
m×A denote the Vandermonde matrix with elementsϕk−1

j , j = 1, . . . ,m, k = 1, . . . , A.262

Then we can expressKA = LDVA. Using well-known properties of the Vandermonde matrix, it263

follows thatKA is a strictly increasing sequence of nested subspaces that converges toEΣx
(B) after264

m steps and remains constant thereafter,265

K1 ⊂ K2 ⊂ · · · ⊂ Km−1 ⊂ Km = EΣx
(B) = Km+1 = · · · = Kp. (12)

Again, we have the implication that the PLS stopping pointm is equal to the smallest integer so266

thatKm = Kp = EΣx
(B) and thus is equal to the dimension of the envelope. This discussion is267

formally summarized in the following proposition, which includes some additional findings.268

Proposition 3.2 LetSxy = span(σxy) and letPi denote the projection onto thei-th eigenspace of269

Σx, i = 1, . . . , q ≤ p. Then270

(a) WA = KA, A = 1, . . . , p,271

(b) m = min{A|ΣA
xσxy ∈ WA} = min{A|β ∈ WA},272

(c) Wm = Km = EΣx
(B) = EΣx

(Sxy) = ⊕q
i=1PiSxy,273

(d) WhenA = m, we haveβA,PLS = β.274

In (c), exactlym of the spacesPiSxy are non-trivial. We see from Proposition 3.2 thatWm (cf.275
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(10)) can be replaced byKm or by span{P1Sxy, . . . ,PqSxy}. Proposition 3.2(d) shows that we276

must havem = p when the eigenvalues ofΣx are distinct andσxy has a non-zero projection onto277

each of itsp eigenvectors, in which caseEΣx
(B) = R

p and conditions (i) and (ii) given near the end278

of Section 2 hold only whenS = R
p. If there is a proper envelopeEΣx

(B) ⊂ R
p then the sample279

version of the PLS algorithm may yield a more efficient estimator thanβ̂OLS. From (d) the PLS280

regression vector is equal to the OLS regression vector whenA = m. WhenA < m, the conclusion281

of Proposition 3.2(d) does not hold; that is,βA,PLS is different fromβ.282

Returning to the sample version, sinceSx andsxy are root-n consistent estimators ofΣx and283

σxy, K̂A is also a root-n consistent estimator ofKA, A = 1, . . . , p, which implies thatPbKm(Sx)
284

is a root-n consistent estimator ofPE(Σx). In reference to the overview in Section 2.3, we can take285

Γ̂ = K̂m, leading to a root-n consistent estimator̂β = PbKm(Sx)
sxy of β whenm is known. By the286

discussion above, this is equal to the sample PLS estimator with m terms.287

4 Envelopes and multivariate PLS288

There are two main PLS algorithms for the multivariate linear regression ofy ∈ R
r on x ∈ R

p:289

NIPLS (Wold, 1966) and SIMPLS (de Jong, 1993). These algorithms are not usually presented290

as model-based, but instead are regarded as methods for estimating the coefficient matrixβ =291

Σ−1
x Σxy followed by prediction. Much has been written about these algorithms since their intro-292

ductions, although there has so far not been proposed any population characterizations analogous293

to those given in Section 3 for univariate regressions. It isknown that these algorithms give distinct294

sample results whenr > 1 but they are the same wheny is univariate,r = 1.295

4.1 Overview296

In the following sections we present three different constructs for connecting PLS and envelopes in297

multivariate regressions when the goal is to reducex only. The first is based on a population char-298

acterization of the SIMPLS algorithm, the second is based onan extension of the Krylov matrices299

discussed in Section 3.2, and the third derives from a likelihood-based objective function. At the300

population level, each approach is designed to produce a basis matrix Γ, span(Γ) = EΣx
(B) =301

EΣx
(Sxy), whereSxy = span(Σxy) and the equalityEΣx

(B) = EΣx
(Sxy) follows from Proposi-302
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tion 3.1 of CLC. SinceEΣx
(B) andEΣx

(Sxy) are equal, we may use one or the other in expressions,303

depending on desired emphasis. OnceEΣx
(B) is determined we use (3) to getβE = PE(Σx)β.304

SinceB ⊆ EΣx
(B) we see thatβE = β in the population, although that will of course not be so305

in the sample. For instance, the SIMPLS algorithm produces asampleΓ and then uses (3) to form306

the envelope estimator̂β, replacingΓ, Σx andΣxy with their sample counterparts. This is then307

followed by forming the linear predictive equation̂y = ȳ + β̂
T
(x− x̄).308

Each of the three approaches to be discussed depends onx andy only via the dimensionm of309

the envelopeEΣx
(B) and smooth functions ofΣx, Σxy andΣy. The sample versions thus depend310

on the data only throughSx, Sxy andSy, the sample version ofΣy.311

4.2 Envelopes for multivariate responses312

Before turning to estimators, we discuss the structure of envelopes for multivariatey as an ex-313

tension of our discussion for univariatey in Section 3.2. Applying Proposition 2.2(c) we have314

EΣx
(B) = ⊕q

i=1PiB = ⊕q
i=1PiSxy, wherePi is still the projection onto thei-th eigenspace ofΣx.315

In the univariate case we found that the dimension ofEΣx
(B) is bounded above by the number of316

eigenspaces ofΣx. This is no longer so in the multivariate case. In the extreme, if dim(B) = p then317

regardless of the number of eigenspacesdim(EΣx
(B)) = p and no reduction is possible. This will318

be avoided whenr < p and more generally whendim(B) < p. Typically r ≪ p in chemometrics319

applications. We assume thatr < p in the remainder of this article.320

Further, ifβ has a non-zero projection ontoe ≤ q eigenspaces thenEΣx
(B) = ⊕e

i=1PiSxy.321

In the univariate case,e and the dimensionm of the envelope are the same. However, this is not322

necessarily so in the multivariate case. Suppose for instance thatSxy is contained in one eigenspace,323

sayspan(P1). Thene = 1, butm = dim(P1Sxy) = dim(Sxy), and so1 ≤ m ≤ r.324

4.3 SIMPLS325

The population SIMPLS algorithm for predictor reduction proceeds by finding a sequence ofp-326

dimensional vectorsw0, . . . ,wk as follows. Setw0 = 0 and letWk = (w0, . . . ,wk) ∈ R
p×k.327
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Then givenWk, the next vectorwk+1 is constructed as328

wk+1 = arg max
w

wTΣxyΣ
T
xyw, subject to

wTΣxWk = 0 and wTw = 1.

The following proposition gives a characterization of the population behavior of the SIMPLS algo-329

rithm. It shows that the nested structure (12) for univariate PLS holds also for SIMPLS. Recall that330

m = dim(EΣx
(B)).331

Proposition 4.1 The SIMPLS subspacesWk = span(Wk) are nested and strictly increasing for332

k ≤ m. They converge toEΣx
(B) after m steps,W1 ⊂ . . . ⊂ Wm−1 ⊂ Wm = EΣx

(B), and are333

constant thereafter,EΣx
(B) = Wm+1 = . . . = Wp.334

The SIMPLS algorithm is a function of only three population quantities,Σxy, Σx andm. The335

sample version of SIMPLS is constructed by replacingΣxy, Σx by their sample counterparts, ter-336

minating afterm steps and then settinĝΓ equal to the sample version ofWm for use in (3). Of337

course there is no sample counterpart tom. Five or ten-fold cross-validation of predictive perfor-338

mance is often an effective method for choosing an estimate of m. If m is known then the results339

of Chun and Keleş (2010) can be adapted to show that, withr andp fixed, this algorithm provides340

a root-n consistent estimator ofβ. Generally,dim(Sxy) ≤ m ≤ p, wheredim(Sxy) ≤ r since we341

have assumed thatr < p. If it turns out thatm = p then the SIMPLS estimator ofβ is equal to the342

OLS estimator.343

Let ℓmax(A) be an eigenvector associated with the largest eigenvalue ofthe symmetric matrix344

A, ℓmax(A) = arg max
ℓ
T

ℓ=1 ℓTAℓ. It can be seen from the proof of Proposition 4.1 given in345

the appendix that the SIMPLS algorithm can be stated equivalently without explicit constraints as346

follows. Again setw0 = 0 andW0 = w0. Fork = 0, . . . ,m − 1, set347

Ek = span(ΣxWk)

wk+1 = ℓmax(QEk
ΣxyΣ

T
xyQEk

)

Wk+1 = (w0, . . . ,wk,wk+1).
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At termination,EΣx
(B) = Wm = span(Wm). SinceWk has full column rank fork ≤ m,348

dim(Ek) = k and thus no rank consideration is necessary forEk.349

4.4 Krylov constructions350

Define the multivariate Krylov matrix as351

K(r)
a = (Σxy,ΣxΣxy,Σ2

xΣxy, ...,Σa−1
x Σxy) ∈ R

p×ar,

and letK(r)
a = span(K

(r)
a ) denote the corresponding subspace. Recall thate denotes the number352

of eigenspaces ofΣx that are not orthogonal toB. Then Cook, Li and Chiaromonte (2007) showed353

that there is an intergerb ≤ e so thatK(r)
a is strictly increasing untila = b, and thenK(r)

b = EΣx
(B)354

andK(r)
a is constant fora ≥ b:355

K(r)
1 ⊂ K(r)

2 ⊂ · · · ⊂ K(r)
b−1 ⊂ K(r)

b = EΣx
(B) = K(r)

b+1 = · · ·

This sequence of Krylov subspaces then has the same general structure as the subspace sequences356

for univariate (12) and multivariate PLS (Proposition 4.1), but there are consequential differences.357

In univariate and multivariate PLS, the stopping pointsm for Km andWm are the same as the358

dimension ofEΣx
(B), but the stopping pointb for the multivariate Krylov matricesK(r)

a is not359

necessarily equal tom unlessr = 1. If b were known then we would also know thatm ≤ br, but360

we would not knowm itself. For instance, ifb = 1 then1 ≤ m = dim(Sxy) ≤ r and an extra step361

would be necessary to determinem.362

A different aspect of the structure ofK(r)
a can be seen by writing it asK(r)

a = ⊕r
j=1K

[j]
a , where363

K[j]
a is the univariate Krylov subspace for thej-th response. Since the responses could have very364

different relationships withx, there is no necessary connection between the subspacesK[j]
a . For365

example,r − 1 of the responses could be independent ofx, while the remaining response has a366

simple one-component relationship withx. In that case,m = 1.367

These shortcomings notwithstanding, the span of the sampleversion ofK(r)
b is a root-n consis-368

tent estimator ofK(r)
b and thus provides for an alternative estimator ofβ.369
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4.5 Likelihood-based estimation370

The estimators ofβ that we have discussed so far are all based on sequential estimators of a basis for371

EΣx
(B). In this section we describe a non-sequential method of construction that requires searching372

over the Grassmann manifoldG(m,p), where stillm = dim(EΣx
(B)). Suppose that we wish to373

optimize a scalar-valued functionf(A) of the matrix argumentA, wheref has the property that374

f(A) = f(AO) for all conforming orthogonal matricesO. Then the solution depends only on375

span(A) and the optimization problem is Grassmann.376

4.5.1 The estimators377

Let c = (xT ,yT )T denote the random vector constructed by concatenatingx and y, and let378

Sc denote the sample version ofΣc = var(c). We base estimation on the objective function379

Fm(Sc,Σc) = log |Σc| + trace(ScΣ
−1
c ) that stems from the likelihood of the multivariate normal380

family, although we do not requirec to have a multivariate normal distribution. Rather we are using381

Fm as a multi-purpose objective function in the same spirit as it has been used recently for the devel-382

opment of sparse estimates of a covariance matrix. For example, Rothman, et al. (2008) studied a383

sparse estimator for the inverseΩ = Σ−1 of ap×p covariance matrixΣ based on its sample version384

Σ̂ by minimizing the penalized normal likelihoodtrace(ΩΣ̂)−log |Ω|+λ
∑p

i,j=1(Ω−diag(Ω))ij ,385

whereλ is the tuning parameter andAij denotes the(i, j)-th element of the matrixA. Although386

normality was required in their formal development, Rothman et al. (2008, Section 5) also stated387

that their estimator requires only a tail condition that parallels a condition used by Bickel and Levina388

(2008) and that it works well as a loss function without normality (See also Levina et al., 2008). We389

show later in Proposition 4.3 that our use ofFm leads to a root-n consistent envelope estimator of390

β that requires only finite fourth moments fory andx.391

It is traditional in regression to base estimation on the conditional likelihood ofy|x, treating392

the predictors as fixed even if they were randomly sampled. This practice arose because in many393

regressions the predictors provide only ancillary information and consequently estimation and in-394

ference should be conditioned on their observed values. (See Aldrich, 2005, for a review and an395

historical perspective.) In contrast, PLS and the likelihood-based method developed in this section396

both postulate a link – represented here by the envelopeEΣx
(B) – betweenβ, the parameter of397

interest, andΣx. As a consequence,x is not ancillary and we used the joint distribution ofy andx.398
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The structure of the envelopeEΣx
(B) = EΣx

(Sxy) can be introduced intoFm by using the399

parameterizationsΣx = ΓΩΓT +Γ0Ω0Γ
T
0 andΣxy = Γη, whereΓ ∈ R

p×m is a semi-orthogonal400

basis matrix forEΣx
(Sxy), (Γ,Γ0) ∈ R

p×p is an orthogonal matrix, andΩ ∈ R
m×m andΩ0 ∈401

R
(p−m)×(p−m) are symmetric positive definite matrices. SinceSxy ⊆ EΣx

(Sxy) we can writeΣxy402

as linear combinations of the columns ofΓ. The matrixη ∈ R
m×r then gives the coordinates of403

Σxy in terms of the basisΓ. With this we have404

Σc =


 Σx Σxy

ΣT
xy Σy


 =


 ΓΩΓT + Γ0Ω0Γ

T
0 Γη

ηTΓT Σy


 . (13)

The objective functionFm(Sc,Σc) can now be regarded as a function of the five parameters –Γ,405

Ω, Ω0, η andΣy – that compriseΣc. In this paramerization,α = Ω−1η andβ = Γα = ΓΩ−1η.406

Define the jointly standardized response asz = S
−1/2
y y, let Sxz be the sample covariance407

matrix betweenx andz and letL(G) = log |GT (Sx − SxzS
T
xz)G| + log |GTS−1

x G|. Minimizing408

Fm(Sc,Σc) over all parameters exceptΓ we arrive at the estimator409

Γ̂ = arg min
G

{L(G)}, (14)

where the minimization is over all semi-orthogonal matrices G ∈ R
p×m. The objective function410

L(G) is invariant under right orthogonal transformationsG → GO, whereO ∈ R
m×m is an411

orthogonal matrix, so the minimization is over the Grassmann manifoldG(m,p) and the solution412

is not unique. Following determination of âΓ, the remaining parameters that compriseΣc are413

estimated viaFm asη̂ = Γ̂
T
Sxy, Ω̂ = Γ̂

T
SxΓ̂, Ω̂0 = Γ̂

T

0 SxΓ̂0 andΣ̂y = Sy, where(Γ̂, Γ̂0) is414

an orthogonal matrix. Additionally,β is estimated as described previously:415

β̂ = Σ̂
−1

x Σ̂xy = Γ̂(Γ̂
T
SxΓ̂)−1Γ̂

T
Sxy = Γ̂Ω̂

−1
η̂. (15)

This estimator ofβ depends only onspan(Γ̂) so the particular solution to (14) does not matter.416

There are consequential differences between the estimation method leading to (15) and the pre-417

vious methods. To see how these differences arise, we first describe some operating characteristics418

of L(G) and then contrast those characteristics with the behavior of SIMPLS. Letv = S
−1/2
x x419

denote the sample standardized version ofx and letSvz = S
−1/2
x Sxz denote the matrix of sam-420
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ple covariances betweenv and z, which can also be interpreted as the sample coefficient ma-421

trix from the linear regression ofz on v. Let alsoL1(G) = log |GT SxG| + log |GTS−1
x G|422

and L2(G) = log |Ir − ST
vzPS

1/2
x

G
Svz|. Then the objective functionL can be represented as423

L(G) = L1(G) + L2(G). The first addendL1(G) ≥ 0 with L1(G) = 0 when the columns of424

G correspond to any subset ofm eigenvectors ofSx. Consequently, the role ofL1 is to pull the425

solution toward subsets ofm eigenvectors ofSx. This in effect imposes a sample counterpart of426

the characterization in Proposition 2.2(c), which states that in the populationEΣx
(B) is spanned427

by a subset of the eigenvectors ofΣx. The second addendL2(G) of L(G) carries the covariance428

signal fromSvz in terms of the standardized variablesv andz. It is minimized alone by choosing429

the columns ofG to be the firstm generalized eigenvectors ofSxzS
T
xz relative toSx, which are the430

solutionsℓ to the generalized eigenvector problemSxzS
T
xzℓ = λSxℓ. If m > r only the firstm− r431

of these generalized eigenvectors are determined uniquely. An equivalent solution can be obtained432

by settingG to beS
−1/2
x times the firstm eigenvectors ofSvzS

T
vz. The full objective function433

L(G) = L1(G) + L2(G) can then be viewed as balancing the requirement that the optimal value434

should stay close to a subset ofm eigenvectors ofSx and to the generalized eigenvectors ofSxzS
T
xz435

relative toSx.436

Turning to comparisons of the likelihood-based method withSIMPLS, we see first thatL(G)437

depends on the response only through its standardized version z = S
−1/2
y y. On the other hand,438

SIMPLS depends on the scale of the response: whenm = 1, the SIMPLS estimator ofEΣx
(B)439

is the span of the first eigenvector̂w1 of SxyS
T
xy. After performing a full rank transformation of440

the responsey → Ay, the SIMPLS estimator ofEΣx
(B) is the span of the first eigenvector̃w1441

of SxyA
TAST

xy. Generally,span(ŵ1) 6= span(w̃1), so the estimates ofEΣx
(B) differ, although442

ΣxyΣ
T
xy andΣxyA

TAΣT
xy span the same subspace. It is customary in chemometrics to standard-443

ize the individual responses marginallyyj → yj/{v̂ar(yj)}1/2, j = 1, . . . , r, prior application of444

a multivariate PLS algorithm, but it is evidently not customary to standardize the responses jointly445

yi → zi = S
−1/2
y yi. Of course, the SIMPLS algorithm could be applied after replacingy with446

jointly standardized responsesz, leading to a new variation on PLS methodology.447

The methods also differ on how they utilize information fromSx. In the likelihood-based ob-448

jective function,L1(G) guages how farspan(G) is from subsets ofm eigenvectors ofSx, but449

there is no corresponding operation in the SIMPLS method. The first SIMPLS vector̂w1 does not450
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incorporate information aboutSx. As indicated by the algorithm at the end of Section 4.3, the451

second SIMPLS vector incorporatesSx by essentially removing the subspacespan(Sxŵ1) from452

consideration, but the choice ofspan(Sxŵ1) is not guided by the relationship betweenŵ1 and the453

eigenvectors ofSx. Subsequent SIMPLS vectors operate similarly in successively smaller spaces.454

We have discovered empirically using cross validation thata single likelihood-based direction is455

often sufficient for prediction, while SIMPLS requires multiple directions to match its performance.456

These findings are illustrated in Section 5.457

It is also noteworthy that the previous estimators are sequential and their computation is straight-458

forward, butΓ̂ requires full (non-sequential) optimization and its computation is more difficult, al-459

though we have not found it to be burdensome. On the other hand, sequential optimization can be460

notably less efficient than joint optimization and our experience is that the added effort in comput-461

ing Γ̂ is worthwhile (see Cook and Forzani (2010) for a related discussion of joint versus sequential462

optimization).463

Finally, the likelihood-based estimation produces a full complement of estimators, for example464

Σ̂x = P̂ΓSxP̂Γ + Q̂ΓSxQ̂Γ, while the previous methods apparently do not.465

4.5.2 Properties of the estimators466

Whenc is distributed as a multivariate normal random vector, the estimators described previously467

inherit their properties from standard likelihood theory.Since we are requiring only a sample con-468

sisting of independent and identically distributed copiesof c with finite fourth moments, we next469

present some first results in support of the estimators. We assumed an envelope structure with470

knownm when forming the estimators. This structure always holds for some1 ≤ m ≤ p, and so it471

does not constitute a modeling constraint in the present context.472

The next proposition shows that the envelope estimator is Fisher consistent and gives some al-473

ternative population versions of (14). It follows from thisresult that the estimators of the remaining474

parameters inΣc are also Fisher consistent.475

Proposition 4.2 Assuming thatΣx > 0, the envelopeEΣx
(B) can be construced as476

EΣx
(B) = arg min

T ∈G(m,p)

{log |PT (Σx − ΣxzΣ
T
xz)PT |0 + log |QT ΣxQT |0},
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where|A|0 denotes the product of the non-zero eigenvalues of the symmetric matrix A. A semi-477

orthogonal basis matrixΓ ∈ R
p×m for EΣx

(B) can be obtained as478

Γ = arg min
G

{log |GT (Σx − ΣxzΣ
T
xz)G| + log |GT

0 ΣxG0|}

= arg min
G

{log |GT (Σx − ΣxzΣ
T
xz)G| + log |GTΣ−1

x G|},

whereminG is taken over all semi-orthogonal matricesG ∈ R
p×m and (G,G0) ∈ R

p×p is an479

orthogonal matrix.480

The next proposition addresses the asymptotic properties of β̂ given in (15). If a random vector481

v has the property that
√

n(v − b) → N(0,A) then we writeavar(
√

nv) = A for its asymptotic482

covariance matrix.483

Proposition 4.3 Assume thatc1, . . . , cn are independent and identically distributed copies ofc484

with finite fourth moments and assume thatm is known. Then̂β as defined in (15) is a root-n485

consistent estimator ofβ and
√

n{vec(β̂)− vec(β)} converges in distribution to a normal random486

vector with mean 0 and positive definite covariance matrix represented asavar[
√

nvec(β̂)].487

The asymptotic covariance matrix ofβ̂ depends on fourth moments ofc and seems quite com-488

plicated. The bootstrap is a useful option in practice for estimating the covariance matrix of̂β.489

However, informative expressions foravar[
√

nvec(β̂)] are possible whenc is normally distributed.490

Normality may be a useful context in some chemometrics applications, as we expect could be the491

case for the data on meat properties considered in Section 5.1. The next proposition gives a form492

for avar[
√

nvec(β̂)] whenc is normal. In reference to model (2), letΓ̂α andβ̂α be the envelope493

estimators of a basis forEΣx
(B) andβ whenα is known, letα̂Γ denote the estimator ofα whenΓ494

is known and recall that̂βΓ denotes the envelope estimator ofβ whenΓ is known,495

Proposition 4.4 Assume thatm is known and thatc is normally distributed with meanµc and

covariance matrixΣc > 0. Then
√

n{vec(β̂) − vec(β)} converges in distribution to a normal

random vector with mean 0 and covariance matrix

avar[
√

nvec(β̂)] = avar[
√

nvec(β̂Γ)] + avar[
√

nvec(QΓβ̂α)]

= Σy|x ⊗ ΓΩ−1ΓT + (αT ⊗ Γ0)M
−1(α ⊗ ΓT

0 ),
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whereM = αΣ−1
y|xαT ⊗ Ω0 + Ω ⊗ Ω−1

0 + Ω−1 ⊗ Ω0 − 2Im ⊗ Ip−m. Additionally, Tm =496

n(Fm(Sc, Σ̂c) − Fm(Sc,Sc)) converges to a chi-squared random variable with(p − m)r degrees497

of freedom, whereFm is as defined at the outset of Section 4.5.1.498

The statisticTm described in this proposition can be used in a sequential manner to estimate499

m: Beginning withm0 = 0 test the hypothesism = m0, terminating the first time it is not re-500

jected. Otherwise,m0 is incremented by one and then the hypothesis is tested again. The relative501

advantages of this versus cross validation have not been studied.502

The decomposition ofavar[
√

nvec(β̂)] shown in Proposition 4.4 has the same algebraic form503

as the decomposition found by CLC when pursuing reduction inthey-dimension (see their Section504

5.1 and Corollary 6.1), although the components of the decomposition of course differ. In particular,505

it follows thatavar[
√

nvec(β̂)] ≤ avar[
√

nvec(β̂OLS)], so the envelope estimator never does worse506

asymptotically than the OLS estimator. The first term in the decomposition ofavar[
√

nvec(β̂)] can507

also be represented as508

avar[
√

nvec(β̂Γ)] = (Ir ⊗ Γ)avar[
√

nvec(α̂Γ)](Ir ⊗ ΓT ) = Σy|x ⊗ ΓΩ−1ΓT ,

which corresponds to the first term of (4) in univariate regressions. The second term in the decom-509

position ofavar[
√

nvec(β̂)], which then represents the cost of estimatingΓ, can be rexpressed as510

avar[
√

nvec(QΓβ̂α)] = (αT ⊗ QΓ)avar[
√

nvec(Γ̂α)](α ⊗ QΓ). We also see from these results511

that when performing a prediction atzN = xN − µx the asymptotic covarianceavar(
√

nzT
N β̂)512

depends on the partΓTzN of zN that lies in the envelope and on the partΓT
0 zN that lies in the or-513

thogonal complement, which is in contrast to the situation whenΓ is known as discussed previously514

in conjunction with (4).515

4.5.3 Comparisons with OLS516

The following corollary to Proposition 4.4 describesavar[
√

nvec(β̂)] whenΣx = σ2
xIp, and pro-517

vides a comparison with the OLS estimator.518

Corollary 4.1 Assume the conditions of Proposition 4.4 and additionally thatΣx = σ2
xIp and that519

the coefficient matrixβ ∈ R
p×r has rankr. Thenavar[

√
nvec(β̂)] = avar[

√
nvec(β̂OLS)].520
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This corollary says that if there is no collinearity among homoscedastic predictors then the envelope521

and OLS estimators are asymptotically equivalent. Since this conclusion is based on maximum522

likelihood estimation, the performance of SIMPLS or other PLS estimators will also be no better523

asymptotically than OLS, a conclusion that seems at odds with some popular impressions. However,524

envelope and PLS estimators could still have small sample advantages over OLS, as mentioned525

previously during the discussion of (4).526

To gain insights into the impact of predictor collinearity in a relatively simple context, consider527

a univariate regression (r = 1, α ∈ R
m) with Ω = ωIm andΩ0 = ω0Ip−m. Here the effects528

of collinearity will be manifested whenω0 is small relative toω. Define the signal-to-noise ratio529

τ = ‖α‖/(σy|x/ω) = ‖σxy‖/σy|x. We use the relative excessROLS(τ, ω, ω0) over the asymptotic530

covariance of the ideal estimatorβ̂Γ to compare the asymptotic covariances ofβ̂OLS andβ̂:531

ROLS(τ, ω, ω0) =
trace{avar(√nβ̂) − avar(

√
nβ̂Γ)}

trace{avar(√nβ̂OLS) − avar(
√

nβ̂Γ)}
.

The relative excess in the present context is then532

Corollary 4.2 Assume the conditions of Proposition 4.4 withr = 1, Ω = ωIm andΩ0 = ω0Ip−m.533

Then534

ROLS(τ, ω, ω0) =
τ2

τ2 + (1 − ω/ω0)2
. (16)

The relative behavior of̂β andβ̂OLS then depends on the signal-to-noise ratioτ and on strength of535

the collinearity inΣx as reflected byω/ω0. For a fixedτ , R will be small, and thuŝβ will dominate536

β̂OLS, whenω/ω0 is large. Depending onτ , β̂ may also have some advantages overβ̂OLS when537

ω/ω0 is small since thenR(τ, ω, ω0) ≈ τ2/(τ2 + 1) < 1. On the other hand, for a fixed level of538

collinearity, there is a signalτ large enough to make the estimators essentially equivalent.539

These cases support a reoccurring thesis: The envelope estimator β̂ will be superior to the540

OLS estimator when there is notable collinearity present inΣx andspan(β) lies substantially in a541

reducing subspace ofΣx that is associated with its larger eigenvalues. These typesof regressions542

evidently occur frequently in chemometrics.543
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4.5.4 Comparisons with PLS544

In this section we compare the envelope estimator ofβ to the PLS estimator in situations that545

allow a contrast with the results implied by Corollaries 4.1and 4.2 where multivariate normality546

of c is assumed. Under normality the envelope estimator is the MLE and so will do no worse547

asymptotically than the PLS estimator. The results of this section may provide some intuition about548

the magnitude of the difference. We restrict attention to the relatively straightforward setting in549

which r = 1 andm = 1 since this is sufficient to allow informative comparisons. While more550

general results are possible, the level of complexity increases greatly whenr > 1 andm > 1. The551

next proposition gives the basis for our comparisons.552

Proposition 4.5 Assume the representation ofΣc given in (13) withr = 1 and m = 1. Since553

m = 1 we useω to representΩ as in Corollary 4.2. Then554

(i) The PLS estimator̂βPLS of β has the expansion555

√
n(β̂PLS − β) = n−1/2ω−1

n∑

i=1

{(xi −µx)εi + QΓ(xi −µx)(xi −µx)T β}+ Op(n
−1/2),

whereε is the error for model (1).556

(ii)
√

n(β̂PLS−β) is asymptotically normal with mean 0 and varianceavar(
√

nβ̂PLS) = ω−2{Σxσ2
y|x+557

var(QΓ(x − µx)(x − µx)T β)}.558

(iii) If, in addition, PΓx is independent ofQΓx thenavar(
√

nβ̂PLS) = ω−1σ2
y|xPΓ+ω−2σ2

yΓ0Ω0Γ
T
0 .559

The results of parts (i) and (ii) show as expected thatβ̂PLS is asymptotically normal and that its560

asymptotic covariance depends on fourth moments of the marginal distribution ofx. However, if561

PΓx is independent ofQΓx, as required in part (iii), then only second moments are needed. The562

condition of part (iii) is of course implied whenx is normally distributed.563

The asymptotic covariance in part (iii) of Proposition 4.5 can be expressed equivalently as564

avar(
√

nβ̂PLS) = avar(
√

nβ̂OLS) + Γ0Ω
−1
0 {σ2

yΩ
2
0/(σ

2
y|xω2) − Ip−1}ΓT

0 σ2
y|x.

From this we see that the performance of PLS relative to OLS depends on the strength of the re-565

gression as measured by the ratioτ1 = σ2
y|x/σ2

y ≤ 1 and on the level of collinearity as measured by566
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Ω2
0/ω

2. For every level of collinearity there is a regression so thatPLS does worse asymptotically567

than OLS and for every regression strength there is a level ofcollinearity so that PLS does better than568

OLS. For instance, ifΣx = σ2
xIp thenavar(

√
nβ̂PLS) = avar(

√
nβ̂OLS) + Γ0Ω

−1
0 Γ0(σ

2
y − σ2

y|x)569

and the asymptotic covariance of the PLS estimator is never less than that of the OLS estima-570

tor. In contrast, recall that the envelope estimator never does worse than OLS,avar(
√

nβ̂) ≤571

avar(
√

nβ̂OLS), with equality whenΣx = σ2
xIp.572

We compare the envelope and PLS estimators directly in the context of Corollary 4.2 with573

m = 1, so Proposition 4.5(iii) applies as well. Replacing the OLSestimator in (16) with the574

PLS estimator we find that the resulting relative excessRPLS can be expressed informatively as575

RPLS(τ1, ω, ω0) = τ1(1−τ1)/{(τ1−ω0/ω)2 +τ1(1−τ1)} ≤ 1. Again, we see that the relationship576

depends on the signal strength, now measured byτ1, and the level of collinearity measured byω0/ω.577

The envelope estimator will tend to do much better than PLS inhigh and low signal regressions,578

τ1 → 0 or τ1 → 1 with ω0/ω fixed. If there is a high level of collinearity andω0/ω is small relative579

to τ1 thenRPLS ≈ 1 − τ1. If ω0 = ω thenRPLS = τ1.580

5 Numerical Illustrations581

We conducted a variety of numerical studies to obtain a qualitative feeling for the relative perfor-582

mance of SIMPLS, OLS and likelihood-based envelopes. In ourexperience, the envelope prediction583

error is alway comparable to or smaller than the SIMPLS prediction error, while the performance584

of these methods relative to OLS depends on the signal strength and the relative magnitudes of the585

eigenvalues ofΩ andΩ0, as defined in (13). The eigenvalues inΩ may be called the relevant eigen-586

values, and the eigenvalues inΩ0 the irrelevant eigenvalues. Letϕmax(A) andϕmin(A) denote587

the largest and smallest eigenvalues of the symmetric matrix A. With a modest to strong signal,588

envelope prediction error was observed to be less than that for OLS whenϕmax(Ω) ≫ ϕmax(Ω0),589

and substantially less whenϕmin(Ω) ≫ ϕmax(Ω0). These empirical findings are in agreement590

with the indications given by (4) and Corollaries 4.1 and 4.2. Additionally, we found that enve-591

lope predictions withm = 1 typically outperform SIMPLS predictions regardless of thenumber of592

components used, which is in agreement with the discussion in Section 4.5.1.593

In this section, we provide numerical examples to illustrate these qualitative conclusions. The594
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Figure 1: Protein prediction errors for the meat data: The solid line marks the envelope prediction
error and the dashed marks the prediction error for SIMPLS. The horizontal dashed dotted line
marks the constant prediction errors of OLS.

SIMPLS estimator was obtained with the MATLAB functionplsregress. The Grassmann mini-595

mization needed for the envelope estimator was carried out by using Lippert’s MATLAB package596

sg_min2.4.1 (http://web.mit.edu/∼ripper/www/sgmin.html). We used 5 fold cross validation tocal-597

culate the average squared prediction error(y − ŷ)2, dividing the data into five parts of equal size.598

The reported error is then the average from prediction on each part while the remaining four parts599

were used as training set for estimation. Predictions basedon the likelihood method discussed in600

Section 4.5 are calledenvelope predictionsand the dimension of the fitted envelope is called the601

number of componentsto distinguish it from the true valuem and to provide a connection with PLS602

terminology.603

5.1 Meat properties604

The meat data describes absorbance spectra from infrared transmittance for fat, protein and water in605

103 meat samples. It was analyzed in Sæbø et al. (2007) as an example with collinearity and mul-606

tiple relevant components for soft-threshold-PLS. We tookspectral measurements at every fourth607

wavelength between 850 nm and 1050 nm as predictors, yielding p = 50. Prediction errors with608

between 1 and 35 components were computed by the 5 fold cross validation method previously609

described. For these dataϕmax(Σ̂x)/ϕmin(Σ̂x) = 7.4× 108 so there is a potential for PLS and en-610

velope predictions to outperform OLS. We first predicted fat, protein and water in turn as univariate611

responses.612
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Figure 2: Prediction error‖ŷ − y‖2 for the meat data with multivariate response. The line markers
are the same as Figure 1.

The results for protein are summarized in Figure 1. We cut they axis at3 for visual clarity. With613

a single component, the prediction error of SIMPLS was around 6. With one and two components,614

the envelope predictor performed much better than SIMPLS and notably better than OLS. SIMPLS615

and envelope prediction performed about the same with3 to 15 components, and all three prediction616

methods were essentially the same with more than35 components. The results with water as the617

response were quite similar to those for protein. However, there was little to distinguish between the618

three prediction methods when using fat as the response. Theidentity was used to bind the elements619

of y when using fat, protein and water as a multivariate response. The prediction results for the620

multivariate response shown in Figure 2 are similar to thoseof Figure 1.621

5.2 Simulations622

In this section we use simulations to illustrate a range of behaviors beyond that shown with the623

meat data. For the first study we tookn = 100 observations from a univariate regression with624

p = 10 predictors, an envelope dimension ofm = 8, generatingc as a multivariate normal vector625

with mean 0. We generatedΣx asΣx = ΓΩΓT + Γ0Ω0Γ
T
0 , whereΩ = 200I8, Ω0 = 50I2,626

(Γ,Γ0) was constructed by orthogonalizing a matrix of uniform(0, 1) random variables, andβ627

was then generated asΓα, whereα ∈ R
8×1 was generated a vector of uniform(0, 1) random628

variables. Finally, we setσ2
y|x = 0.74. In this scenario, there is not an appreciable difference629

between the eigenvalue ofΩ and that ofΩ0 so, judging from Corollaries 4.1 and 4.2, we did not630

expect substantial differences between the envelope and OLS predictions. We had no conclusions631
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Figure 3: Prediction errors for simulation withm = 8. Dashed line gives the SIMPLS prediction
error. The envelope and OLS prediction errors overlap at thehorizontal line.

on which to base a prior expectation of the SIMPLS predictions. The results are shown in Figure 3.632

It turned out that the range of SIMPLS prediction errors was quite large. Instead of cutting the633

prediction error axis as we did previously, the base two logarithms of the prediction error are plotted634

in Figure 3. The envelope and OLS prediction errors are indistinguishable on the log scale and635

overlap at the horizontal line on the plot. The SIMPLS prediction error was significantly larger than636

that for the other two methods until 7 components was reached. Even with 4 or 5 components, the637

SIMPLS prediction error was about twice that for envelopes and OLS.638

In the previous examples, SIMPLS and envelope predictions performed similarly with a suffi-639

ciently large number of components. In other regressions envelope prediction may be preferred to640

SIMPLS prediction regardless of the component number. To illustrate, we generated data following641

the general scheme we used previously for Figure 3 with a univariate response, 7 predictors,m = 2,642

n = 60 andσ2
y|x = 0.03. The eigenvalues ofΩ were 0.068 and 1.58, andΩ0 had eigenvalues643

ranging from 2.9 to 583.9. The results are shown in Figure 4.644

In the multivariate case, there are also situations in whichenvelope prediction is preferred over645

PLS and OLS regardless of the number of components. Using theprevious simulation scheme,646

we simulated a dataset with3 responses and7 predictors. The eigenvalues ofΩ were 0.0720 and647

0.6360, andΩ0 had eigenvalues between 4.5 and 457.1. The results are displayed in Figure 5.648
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Figure 4: Simulation results on prediction errors of PLS andthe envelope estimator: The solid line
marks the envelope prediction error and the dashed marks theprediction error of SIMPLS. The
horizontal dashed dotted line marks the constant prediction errors of OLS.
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Figure 5: Simulation results on prediction errors of SIMPLSand the envelope estimator with mul-
tivariate response. The line markers are the same as Figure 4.
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6 Discussion649

Partial least squares originated as an algorithm for prediction in chemometrics. Its beginnings can650

be traced back to Herman Wold’s general systems analysis method and much of the development651

has taken place in the Scandinavian countries. While SIMPLShas existed for decades and has been652

studied extensively, the conceptual apparatus needed to frame it as a Fisherian parameterization653

has apparently not existed until now: We have shown that the fundamental goal of SIMPLS is to654

estimate an envelope. This advance connects two different statistical cultures, allows for deeper655

understanding of SIMPLS and its properties and opens the door to methodological improvements656

through the pursuit of better envelope estimators. In addition to the model considered here, we657

expect that improvements in methodology will be possible inother contexts as well. For instance,658

Delaigle and Hall (2012) found that PLS does very well in classification problems for functional659

data and we conjecture that an extension of envelope methodology will offer gains over PLS.660

As a general point, exploring the interrelationship between the concepts of different scientific661

cultures has an independent value. Such explorations may lead to the discovery of new underlying662

principles. A completely different - but conceptually related - area where this has recently been663

attempted, is a discussion of the an approach to quantum theory using conceptual variables - a664

notion generalizing the parameter concept of theoretical statistics; see Helland (2010) and Helland665

(2012 a,b).666
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Appendix A: Proofs672

Proposition 2.1. (a) is equivalent tocov(QSx,PSx) = QSΣxPS = 0. The conclusion follows673

from Proposition 2.2 (a) and the representationΣx = (PS + QS)Σx(PS + QS).674

Model (1) can be writteny = µ + βT (PSx+QSx) + ε, so (b) is equivalent toβTQS = 0, or675
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QSβ = 0, which is equivalent toβ ∈ S.676

Proposition 2.3. Let X ∈ R
n×p have rows(xi − x̄)T . Thenvar(β̂OLS) = E(var(β̂OLS|X)) +677

var(E(β̂OLS|X)) = E(XT
X)−1σ2

y|x = Σ
−1/2
x E(K−1)Σ

−1/2
x whereK is a Wishart matrix with678

covarianceIp andn − 1 degrees of freedom. It follows from von Rosen (1988) thatE(K−1) =679

Ip/(n − p − 2). Thusvar(β̂OLS) = Σ−1
x σ2

y|x/(n − p − 2). Applying the same reasoning to model680

(2) we havevar(Γα̂OLS) = Γ(ΓTΣxΓ)−1ΓT σ2
y|x/(n−m− 2). The final expression then follows681

from the envelope decompositionΣ−1
x = Γ(ΓTΣxΓ)−1ΓT + Γ0(Γ

T
0 ΣxΓ0)

−1ΓT
0 .682

Proposition 3.1. In Helland (1988) it is proved for the sample PLS algorithm that ŷA,PLS =683

ȳ + β̂
T

A,PLS(x − x̄). Hereβ̂A,PLS = ŴA(ŴT
ASxŴA)−1ŴT

Asxy, whereŴA = (ŵ1, ..., ŵA) is684

found from the algorithm, or alternatively from the recurrence relation:685

ŵA+1 = sxy − SxŴA(ŴT
ASxŴA)−1ŴT

Asxy,

Let n → ∞ in these relations.686

Proposition 3.2. Proof of (a): Simple induction from (7) shows thatw1, ...,wA is a Gram-687

Schmidt orthogonalization of the Krylov sequenceσxy,Σxσxy, ...,Σ
A−1
x σxy.688

Proof of (b) and (c):A = m + 1 is the first value for whichw1, ...,wA is linearly dependent.689

Then by a) it must also be the first value where the Krylov sequence is linearly dependent. This case690

can always be formulated such that the first member of the sequence is a linear combination of the691

rest or the last member of the sequence is a linear combination of the rest.692

Proof of (d): We prove that the spaceWm = Km is also spanned by the relevant eigenvectors693

ℓ1, ..., ℓm, that is, the minimal set of eigenvectors ofΣx for whichℓT
a σxy 6= 0. The word ’minimal’694

here points at the fact that when eigenvectors are multiple,one can always rotate in this subspace695

so that exactly one eigenvector in this space has a nontrivial component alongσxy. Let νk be the696

eigenvalue corresponding to eigenvectorℓk.697

We have:
∑A

j=1 cjΣ
j−1
x σxy =

∑K
k=1 ℓk{

∑A
j=1 cj(νk)

j−1ℓT
k σxy}. This is 0 if and only if698

∑A
j=1 cj(νk)

j−1 = 0 for all k such thatℓT
k σxy 6= 0.699
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Let m′ be the number of suchνk, and look at the system above forA = m′. The determinant700

corresponding to this set of equations will be a Vandermondedeterminant, and this determinant701

is non-zero if and only ifν1, ..., νm′ are really different. It follows thatKm′ is spanned by the702

eigenvectorsℓk with different eigenvalues such thatℓT
k σxy 6= 0, and thatm′ = m by (a) and (b).703

Proof of Proposition 4.1. The following lemma will facilitate a demonstration that the SIMPLS704

sequence has property claimed.705

Lemma 6.1 Let U ∈ R
r×r be a positive semi-definite matrix and letV ∈ R

r×r be a symmetric706

positive definite matrix. LetS andT be orthogonal subspaces ofR
r. Then707

wmax = arg max
D1

wTPSUPSw

= arg max
D2

wTPSUPSw

= Γ(ΓTVΓ)−1/2ℓ1{(ΓTVΓ)−1/2ΓTUΓ(ΓTVΓ)−1/2},

whereΓ ∈ R
r×u is a semi-orthogonal basis matrix forS, ℓ1(A) is any eigenvector in the first708

eigenspace ofA,709

D1 = {w|w ∈ S + T and wTPSVPSw + wTPT VPT w = 1},

D2 = {w|w ∈ S and wTPSVPSw = 1}.

Clearly,wmax ∈ S, although it is not necessarily unique.710

PROOF: Let Γ1 ∈ R
r×u1 be a semi-orthogonal basis matrix forT so that(Γ,Γ1) ∈ R

r×(u+u1)711

is also semi-orthogonal; it will be orthogonal ifu + u1 = r. Let s = ΓTw and t = ΓT
1 w.712

Then sincew ∈ S + T it can be expressed in the coordinates of(Γ,Γ1) asw = Γs + Γ1t and713

wmax = Γsmax + Γ1tmax, wheresmax = arg max sTΓTUΓs is now over all vectorss ∈ R
u and714

t ∈ R
u1 such thatsT ΓTVΓs + tTΓT

1 VΓ1t = 1, and(smax, tmax) is the pair of values at which715

the maximum occurs. SinceΓTVΓ > 0 we can make a change of variable ins without affectingt.716

Let d = (ΓTVΓ)1/2s. Thensmax = (ΓTVΓ)−1/2dmax, where717

dmax = arg maxdT (ΓTVΓ)−1/2ΓTUΓ(ΓTVΓ)−1/2d
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and the maximum is over all vectorsd ∈ R
u andt ∈ R

u1 such thatdTd + tTΓT
1 VΓ1t = 1. The718

conclusion follows since the maximum is achieved whent = 0 and thendmax is the first eigenvec-719

tor of (ΓTVΓ)−1/2ΓTUΓ(ΓTVΓ)−1/2 andwmax = Γsmax = Γ(ΓTVΓ)−1/2dmax.720

721

The first step in proving Proposition 4.1 is to incorporateEΣx
(B) into the algorithm. For nota-722

tional convenience we shortenEΣx
(B) to E when used as a subscript and setU = ΣxyΣ

T
xy. Since723

Sxy ⊆ EΣx
(B), we havewTUw = wTPEUPEw. We know from Proposition 2.2(a) thatΣx =724

PEΣxPE + QEΣxQE . Consequently we havewTΣxWk = 0 if and only if wTPEΣxPEWk +725

wTQEΣxQEWk = 0. These considerations lead to the following equivalent statement of the726

algorithm. Fork = 0, 1, ...,m − 1,727

wk+1 = arg max
w

wTPEUPEw, subject to (17)

wTPEΣxPEWk + wTQEΣxQEWk = 0 (18)

wTPEw + wTQEw = 1. (19)

We next establish Proposition 4.1 by induction, starting with an analysis of (17) - (19) fork = 0.728

First direction vectorw1. For the first vectorw1, only the length constraint (19) is active since729

w0 = 0. It follows from Lemma 6.1 withV = Ip andT = S⊥ that730

w1 = Γℓ1(Γ
TUΓ) = ℓ1(PEUPE ) = ℓ1(U) ∈ span(Σx),

whereΓ is a semi-orthogonal basis matrix forEΣx
(B). Clearly,w1 ∈ S ⊆ EΣx

(B), so trivially731

W0 ⊂ W1 ⊆ EΣx
(B) with equality if and only ifm = 1.732

Second direction vectorw2. Next, assume thatm ≥ 2 and consider the second vectorw2. In733

that caseW1 ⊂ EΣx
(B) and so the second addend on the left of (18) is 0. Consequently,734

w2 = arg max
w

wTPEUPEw, subject to (20)

wTPEΣxPEw1 = 0 (21)

wTPEw + wTQEw = 1. (22)
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Condition (21) holds if and only ifw is orthogonal toPEΣxPEw1. LettingE1 = span(PEΣxPEw1)735

for notational convenience, we requirew ∈ E⊥
1 which satisfies (21) by construction, leaving only736

the length constraint. The algorithm can be restated as737

w2 = arg max
w∈E⊥

1

wTPEUPEw, subject to wTPEw + wTQEw = 1.

LetD1 = EΣx
(B) \E1, which is the part ofEΣx

(B) that is orthogonal toE1. ThenPD1 +QE =738

PE −PE1 +QE = QE1. Consequently, we can rewrite the constraintw ∈ E⊥
1 asw ∈ D1 +E⊥

Σx

(B),739

whereD1 andE⊥
Σx

(B) are orthogonal subspaces. Further, sinceQE1PE = PD1, it follows that740

PEw = PD1w for w ∈ E⊥
1 and we can restate the algorithm as741

w2 = arg max
w∈C

wTPD1UPD1w

whereC = {w|w ∈ D1 + E⊥
Σx

(B) and wTPD1w + wTQEw = 1}. LetΓ1 be a semi-orthogonal742

basis matrix forD1. It follows from Lemma 6.1 withV = Ip, S = D1 andT = E⊥
Σx

(B) that743

w2 = Γ1ℓ1(Γ
T
1 UΓ1) = ℓ1(PD1UPD1) = ℓ1(QE1UQE1) ∈ span(Σx).

In sum,w1 ∈ EΣx
(B), w2 ∈ D1 = EΣx

(B) \ E1 ⊂ EΣx
(B) andw1 andw2 are linearly744

independent. Consequently, we have shown thatW0 ⊂ W1 ⊂ W2 ⊆ EΣx
(B), with equality if and745

only if m = 2.746

(q + 1)-st direction vectorwq+1, q < m. The reasoning here parallels that forw2 and is747

omitted. The process will continue untilq = m, at which pointWm = EΣx
(B) andDm is the748

origin; consequently the process must stop with no further change.749

Proposition 4.2. The proof of this proposition makes use of the following two lemmas.750

Lemma 6.2 Suppose thatA ∈ R
t×t is non-singular and that the column-partitioned matrix(O,O0) ∈751

R
t×t is orthogonal. Then|OT

0 AO0| = |A| × |OTA−1O|.752
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PROOF. Define thet × t matrix753

K =


 Id,O

TAO0

0,OT
0 AO0


 .

Since(O,O0) is an orthogonal matrix,754

|OT
0 AO0| = |(O,O0)K(O,O0)

T | = |OOT + OOTAO0O
T
0 + O0O

T
0 AO0O

T
0 |

= |A− (A − It)OOT | = |A||Id − OT (It − A−1)O|

= |A||OTA−1O|.

Lemma 6.3 Let O = (O1,O2) ∈ R
t×t be a column partitioned orthogonal matrix and letA ∈755

R
t×t be symmetric and positive definite. Then|A| ≤ |OT

1 AO1| × |OT
2 AO2| with equality if and756

only if span(O1) reducesA.757

PROOF.758

|A| = |OTAO| =

∣∣∣∣∣∣
OT

1 AO1 OT
1 AO2

OT
2 AO1 OT

2 AO2

∣∣∣∣∣∣

= |OT
1 AO1| × |OT

2 AO2 − OT
2 AO1(O

T
1 AO1)

−1OT
1 AO2|

≤ |OT
1 AO1| × |OT

2 AO2|.

To prove Proposition 4.2, letG be a semi-orthogonal basis matrix forT and let(G,G0) be759

orthogonal. Additionally, to simplify notation letM = Σx−ΣxyΣ
−1
y ΣT

xy andU = ΣxyΣ
−1
y ΣT

xy,760

so thatSxy = span(U). Then761

|PT MPT |0 =

∣∣∣∣∣∣
(G,G0)


 GT MG 0

0 0


 (G,G0)

T

∣∣∣∣∣∣
0

= |GTMG|.
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Consequently, we can work in terms of bases without loss of generality. Now,762

log |GTMG| + log |GT
0 (M + U)G0| = log |GTMG| + log |GT

0 MG0 + GT
0 UG0|

≥ log |GTMG| + log |GT
0 MG0|

≥ log |M|,

where the second inequality follows from Lemma 6.3. To achieve the lower bound, the second763

inequality requires thatspan(G) reduceM (cf. Proposition 2.2), while the first inequality requires764

that span(U) ⊆ span(G). The first representation forΓ follows sincem is the dimension of765

the smallest subspace that satisfies these two properties. The second representation forΓ follows766

immediately from Lemma 6.2.767

Proposition 4.3. The justification of this proposition involves applicationof Shapiro’s (1986)768

results on the asymptotic behavior of overparameterized structural models. The shifted objective769

function G(Sc,Σc) = F (Sc,Σc) − F (Sc,Sc), is non-zero, twice continuously differentiable in770

Sc andΣc and is equal to 0 if and only ifΣc = Sc. Additionally,
√

n(vech(Sc) − vech(Σc))771

is asymptotically normal, where ‘vech’ denotes the vector-half operator. These conditions plus772

Proposition 4.2 and a some minor technical restrictions enable us to apply Shapiro’s Propositions773

3.1 and 4.1, from which the conclusions can be shown to follow.774

Proposition 4.4. The derivation of the results in this proposition is rather long so here we give775

only a sketch of the main ideas. We assume without loss of generality that µx = 0. Let vec :776

R
p×q → R

pq denote the operator that maps a matrix to a vector by stackingits columns and let777

vech : R
p×p → R

p(p+1)/2 denote the vector-half operator that maps a symmetric matrix to a vector778

by stacking the unique elements of each column on and below the diagonal. The operatorsvec779

andvech are related through the expansion matrixEp ∈ R
p2×p(p+1)/2 and the contraction matrix780

Cp ∈ R
p(p+1)/2×p2

: For any symmetric matrixA ∈ R
p×p, vech(A) = Cpvec(A) andvec(A) =781

Epvech(A).782

The multivariate normal density for the concatenate variable c can be represented uniquely783

as the product of the conditional normal density ofy|x and the marginal normal density ofx:784

y|x ∼ Nr(µ + βTx,Σy|x) andx ∼ N(0,Σx). The envelope model is then introduced by setting785
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β = Γα andΣx = ΓΩΓ + Γ0Ω0Γ0. The six parameters of the envelope model are then786

φ = {µT , vechT (Σy|x), vecT (α), vecT (Γ), vechT (Ω), vechT (Ω0)}T

≡ (φT
1 ,φT

2 ,φT
3 ,φT

4 ,φT
5 ,φT

6 )T ,

and the estimable functions under the envelope model correspond to the parameters in the uncon-787

strained normal model:788

h(φ) = {µT , vechT (Σy|x), vecT (β), vechT (Σx)}T ≡ (hT
1 (φ), hT

2 (φ), hT
3 (φ), hT

4 (φ))T .

The asymptotic covariance ofh(φ̂) can then be expressed asavar[
√

nh(φ̂)] = H(HTJH)†HT ,789

whereH = (∂hi/∂φj)i=1,··· ,4,j=1,··· ,6 is the gradient matrix,J is the Fisher information matrix for790

the unconstrained normal model and† denotes the Moore-Penrose generalized inverse. Partition-791

ing H on its row blocks for corresponding to(hT
1 (φ), hT

2 (φ))T and(hT
3 (φ), hT

4 (φ))T , and on its792

column blocks for(φT
1 ,φT

2 )T and(φT
3 , . . . ,φT

6 )T , we find that793

H =


 Ir+r(r+1)/2 0

0 H22




where794

H22 =


 Ir ⊗ Γ αT ⊗ Ip 0 0

0 2Cp(ΓΩ ⊗ Ip − Γ ⊗ Γ0Ω0Γ
T
0 ) Cp(Γ ⊗ Γ)Em Cp(Γ0 ⊗ Γ0)Ep−m


 .

The Fisher informationJ is a block diagonal matrix with lower right blockJ22 for (hT
3 (φ), hT

4 (φ))T795

being796

J22 =


 Σ−1

y|x ⊗ Σx 0

0 1
2E

T
p (Σ−1

x ⊗ Σ−1
x )Ep


 .

It follows thatavar[
√

nvec(β̂)] it is then the upper leftrp × rp block of H22(H
T
22J22H22)

†H22.797

The matricesH22 andJ22 are of the same algebraic form as those encountered by CLC andso the798

rest of the derivation parallels closely the steps in their analysis.799
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Corollary 4.1. In this corollary we haveΣx = σ2
xIp and consequentlyEΣx

(B) = B. We can800

therefore defineΓ = β(βT β)−1/2 andα = (βT β)1/2. ThenM = (βT β)1/2Σ−1
y|x(βT β)1/2 ⊗801

Ip−mσ2
x, and(αT ⊗ Γ0)M

−1(α ⊗ ΓT
0 ) = Σy|x ⊗ Γ0Γ

T
0 σ−2

x . The conclusion then follows by802

addingΣy|x ⊗ ΓΓT σ−2
x andΣy|x ⊗ Γ0Γ

T
0 σ−2

x .803

Corollary 4.2. The conclusion follows algebraically withΩ = ωIm, Ω0 = ω0Ip−m andr = 1.804

Here we give a few intermediate quantities: LetT = ω/ω0 + ω0/ω − 2 = (ω0/ω)(1 − ω/ω0)
2.805

ThenM−1 = (T Im + ααT ω0/σy|x)−1 ⊗ Ip−m, and(αT ⊗ Γ0)M
−1(α ⊗ ΓT

0 ) = αT (T Im +806

ααT ω0/σ
2
y|x)−1α ⊗ Γ0Γ

T
0 . Consequently,807

trace{avar(
√

nβ̂)} − trace{avar(
√

nβ̂Γ)} = trace{(αT ⊗ Γ0)M
−1(α ⊗ ΓT

0 )}

=
σ2

y|x

ω0
× τ2(p − m)

τ2 + (1 − ω/ω0)2
.

The conclusion follows since808

trace{avar(
√

nβ̂OLS)} − trace{avar(
√

nβ̂Γ)} =
σ2

y|x(p − m)

ω0
.

Proposition 4.5. Full details for this proposition are rather lengthy, so here we only state key809

steps. Without loss of generality we assume thatx andy have mean zero. We need to find the810

expansion for
√

n(β̂PLS − β) whereβ̂PLS = σ̂xy‖σ̂xy‖2(σ̂T
xyΣ̂xσ̂xy)

−1. We first expand the811

factorsσ̂xy‖σ̂xy‖2 and(σ̂T
xyΣ̂xσ̂xy)

−1, leading to812

√
n(σ̂xy‖σ̂xy‖2 − σxy‖σxy‖2) = ‖σxy‖{Ip + 2PΓ}n− 1

2

n∑

i=1

(xiyi − σxy) + Op(n
−1/2)

√
n{(σ̂T

xyΣ̂xσ̂xy)
−1 − (σT

xyΣxσxy)
−1} = −

√
n(σT

xyΣxσxy)
−2σT

xy(Σ̂x − Σx)σxy

−2
√

n(σT
xyΣxσxy)

−2σT
xyΣx(σ̂xy − σxy) + Op(n

−1/2)

Substituting these intôβPLS we obtain813

√
n(β̂PLS − β) = {(ΓTΣxΓ)−1(Ip + 2PΓ) − 2(ΓTΣxΓ)−2PΓΣx}

√
n(σ̂xy − σxy)

−(ΓTΣxΓ)−2PΓ

√
n(Σ̂x − Σx)σxy + Op(n

−1/2).
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Substituting the expansions814

√
n(σ̂xy − σxy) = n− 1

2

n∑

i=1

(xiyi − σxy) + Op(n
− 1

2 ),

√
n(Σ̂x − Σx) = n− 1

2

n∑

i=1

(xix
T
i − Σx) + Op(n

− 1
2 ).

and simplifying leads to the stated results.815

Appendix B: Model reduction under symmetry816

The conditions of Section 2.1 describe a setting in which we expect PLS and envelope estimation to817

result in improved prediction. However, a subspaceS that satisfies those conditions is not invariant818

or equivariant under all linear transformations ofx. Similarly, EΣx
(B) does not transform equiv-819

ariantly for all linear transformations ofx, although it does so for symmetric linear transformations820

that commute withΣx (CLC, Prop. 2.4). This raises a general question about the kinds of regres-821

sions that are logically amenable to reduction ofx via envelopes. We address this by introducing a822

group of transformations, first giving a little background on this approach generally.823

A parametric inference problem related with parameterθ may often have some symmetry prop-824

erty imposed or associated with the corresponding model. Such structure can be formalized by825

introducing a groupG of transformations acting upon the parameter spaceΘ. Whenθ is trans-826

formed by the group and the observations are transformed accordingly, one should get equivalent827

results from the statistical analysis. Now fix a pointθ0 in the parameter spaceΘ. An orbit in this828

space underG is the set of points of the formgθ0 asg varies over the groupG. The different orbits829

are disjoint, andθ0 can be replaced by any parameter on the orbit. Any set inΘ which is an orbit830

of G or can be written as a union of orbits, is an invariant set under G in Θ, and conversely, all831

invariant sets can be written in this way. When considering amodel reduction that takes the form832

of a reduction of the parameter spaceΘ, the parts ofΘ that are essential for the inference sought833

should be retained, but irrelevant parts should be left out.If there is a groupG acting upon the834

parameter space, any model reduction should be to an orbit orto a set of orbits ofG. This criterion835

ensures thatG also can be seen as a group acting upon the new parameter space.836

To apply these ideas in the context of PLS and envelopes, consider the randomx regression837
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model (1) with centered predictors. Then the regression vector β can always be represented as838

β =
∑p

i=1 ℓiγ
T
i for some vectorsγi ∈ R

r, where theℓi’s are eigenvectors ofΣx. Now introduce839

the groupG consisting of combinations of the following transformations: (1) rotations in predictor840

space and hence ofℓ1, ..., ℓp, and (2) separate linear transformations of theγi, i.e., γi → Aiγi841

with det(Ai) 6= 0. For the group acting on a singleγ-vector byγ → Aγ (det(A) 6= 0), there842

are two orbits:γ = 0 and{γ : γ 6= 0}. From this it follows that the orbits ofG are indexed843

by m and are given byβ =
∑m

i=1 ℓiγ
T
i with all γi 6= 0. Note again that it is the numberm of844

terms which characterizes this model. This is an alternative way to characterize the projection ofβ845

into the envelope space of dimensionm, a fact which again can be proved from Proposition 2.2 (c).846

This characterization was used to do Bayesian estimation/ nearly best equivariant estimation under847

G in Helland et al (2012). Most importantly, the result here suggests that PLS/envelope approach848

to linear regression may be most effective when the predictors are standardized in some way or are849

dimensionally homogenous, as is the case in chemometrics applications when the predictors are850

spectral intensities at selected wave lengths.851

Appendix C: Background on Grassmann optimization852

In this appendix we give a little background on Grassmann optimization, mainly to aid intuition. The853

theoretical basis for the basic algorithm discussed here comes primarily from Liu, et al., (2004); see854

also Edelman, et al., (1998) and the documentation that comes with Lippert’s MATLAB package855

sg_min2.4.1 (http://web.mit.edu/∼ripper/www/sgmin.html).856

Perhaps the most common type of optimization algorithm is based on additively updating a857

starting value, as in Gauss-Newton iteration. However, additive updates are not generally useful858

for Grassmann optimization of an objective functionL(G), G ∈ R
p×u, since additively adjusting859

an orthogonal starting basis will not result in an appropriate update. LetWi = (Gi,Gi,0) be an860

orthogonal basis forRp at thei-th iteration, whereGi is the current approximation of the optimum861

value and the starting basis is indicated withi = 1. A basic Grassmann algorithm proceeds by862

orthogonally adjustingWi: Wi+1 = WiOi+1, i = 1, 2, . . . , continuing until a stopping criterion863

is met. The orthogonal matrixOi+1 for the (i + 1)-st iteration depends on the first derivative864

Bi = {∇L(G)}T G0 of the objective function evaluated atWi and taken on the manifold. It has865
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the specific formOi+1 = exp{δiA(Bi)}, whereexp(·) denotes the matrix exponential,δi is the866

step size for thei-th iteration, andA(Bi) is the skew-symmetric matrix867

A(B) =


 0u×u Bu×(p−u)

−BT
(p−u)×u 0(p−u)×(p−u)


 ∈ R

p×p.

There are a variety of algorithms for Grassmann optimization available, most going well beyond868

the basic algorithm described here. For example, Lippert’ssg_minalgorithm uses first and second869

derivatives of the objective function.870

To illustrate the behavior of Lippert’s algorithm, we give an example on the usage ofsg_min871

2.4.1. Suppose we want to perform the minimization in (14). The derivative ofL(G) isdL(G)/dG =872

2(Sx − SxzS
T
xz)G{GT (Sx − SxzS

T
xz)G}−1 + 2S−1

x G(GT S−1
x G)−1. We define two MATLAB873

functionsF.m anddF.m containing the objective function and its derivative. ThenĜ can be ob-874

tained by875

[Lmin Ghat] = sg_min(Ginit)876

whereGinit is a p by u full rank matrix containing the starting value,Lmin is the minimized877

L(G) and Ghat returnsĜ, the orthogonal basis of the subspace that minimizesL(G). Ran-878

dom starting values should be avoided because it makes the optimization process very likely to879

get trapped in local minima. By Small et al. (2000), using anyroot-n consistent estimator as the880

starting value will give an estimator that is asymptotically equivalent to the maximum likelihood881

estimator.882
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