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ABSTRACT

An image could be regarded as a surface which may
have jumps at the outlines of the objects. There-
fore edge detection and edge-preserving image recon-
struction in image processing are essentially the same
problems as jump detection and jump-preserving sur-
face recovery in nonparametric statistics. Recently
statistical analysis of jump surfaces recovery is under
rapid development. In this paper we introduce some
recent methodologies on jump detection and jump-
preserving surface recovery in the statistical litera-
ture. Most of these methodologies are based on local
smoothing and statistical nonparametric regression
techniques such as local polynomial kernel estima-
tion, local least squares estimation and local principal
component analysis.

1 INTRODUCTION

An image could be regarded as a surface of the image
intensity function. That is, the height of the surface
at each pixel represents the brightness of the image at
that pixel. In many situations the image concerned is
noisy in the sense that the true image intensity func-
tion is contaminated by noise. For example, satellite
images and the images transmitted by a cable picture
transmission system are often noisy. A noisy image
could be described by the following statistical model:
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where {(z;,y;)} denote pixels, f(z;,y;) is the true
value of the image intensity function at pixel (z;,y;),
€;; is the noise at that pixel, z;; is the observed value
of the image intensity function at pixel (z;,y;). In
statistics, {(z;,y;)} are often called design points, f
is called a regression surface, {¢;;} are randon errors
and {z;;} are observations. For simplicity of presen-
tation, we assume that {(z;,y;) = (i/n,j/n),i,j =
1,2,---,n}. That is, the design points are equally
spaced in design space [0,1] x [0,1]. We further as-
sume that {¢;;} are independent and identically dis-
tributed (i.i.d.) random errors with mean 0 and vari-
ance o2. The total number of pixels (design points)
in model (1) is N = n?.

The image intensity function has step edges at the
outlines of the objects!). Due to the fact that much
of the image information is conveyed by the edges and
our eye-brain system has evolved to extract edges by
preprocessing that begins right at the retina, edge
detection and edge-preserving image reconstruction
are important topics in image processing!?. Edges
of images correspond to jump location curves (JLCs)
of regression surfaces. The corresponding problems
of edge detection and edge-preserving image recon-
struction in image processing are jump detection and
jump-preserving surface recovery (or surface fitting)
in statistics. There are several types of edges dis-
cussed in the image processing literature. In this pa-
per we mainly focus on the step edges which cor-
respond to jumps in the regression surface itself
(namely, in the zeroth order derivatives of f).



There are dozens of edge detection and edge-
preserving image reconstruction proposals in the im-
age processing literature (cf. the references given in
the following sections). These proposals have the
strength that they are intuitive and simple to use in
applications. But some of them do not have enough
theory to support them. A direct consequence of this
fact is that it is often hard to select a proposal from
dozens of existing ones for a specific application prob-
lem. Recently statistical analysis of regression models
with jumps is under rapid development. As intro-
duced above, the research problems in this area are
essentially the same as those in edge detection and
edge-preserving image reconstruction although differ-
ent terminologies are used in these two areas. In this
paper, we introduce some recent methodologies on
jump detection (Section 2) and jump-preserving sur-
face recovery (Section 4) in the presence of noisy data
based on local smoothing and nonparametric regres-
sion analysis. These methodologies might be helpful
for us to understand the strengths and limitations of
some existing edge detection and edge-preserving im-
age reconstruction proposals such that they can be
further improved. The problem to evaluate the per-
formance of jump detection is discussed in Section

3.

2 JUMP DETECTION BASED ON
LOCAL SMOOTHING

Jump detection in regression surfaces is essentially
the same problem as edge detection in image pro-
cessing. Edge detectors (sometimes called filters in
image processing) based on gradient estimation are
“classic”. They make use of the property that estima-
tors of the first order derivatives are large or infinite
at edge pixels. Because these methods are intuitive
and simple to use, they are included in almost all text
books and softwares of edge detection (see e.g., [1,3]).
More recent edge detection techniques are based on
optimal filtering!”, random field modelsl®), surface
fittingl®!, anisotropic diffusion!”, local smoothing and
hypothesis testing!®l, residual analysis!”) and global
cost minimization using hill-climbing search™® sim-
ulated annealing'!! and the genetic algorithm!2.

In the statistical literature there are several ways
to define jump detection criterion (JDC) based on
local smoothing. At design point (z;,y;), Miiller
and Song!™ and Qiul" considered its two one-sided
neighborhoods along a direction # as shown by Figure

Figure 1: Two one-sided neighborhoods of design
point (x;,y;) along direction 6.

1. Then weighted averages of the observations in the
two neighborhoods were calculated, respectively, and
the absolute difference of these two weighted averages
was maximized with respect to . This maximized
difference was used to detect jump at (z;,y;) with
large value indicating a possible jump. Qiul" called
this proposal the Rotational Difference Kernel Esti-
mation (RDKE) method. The corresponding jump
detection criterion was defined by:

|\JDCrprr(z,y)| =

max_r/2<g<r/2 | JDCrprE(0,7,7)|, (2)
where
IDCrprr(0,2,y) = mpom S0y Y 2
[0, 552, 00 — K (0,572,750
K;(0,z,y),i = 1 and 2, were kernel functions ob-

tained by rotating two one-sided kernel functions
K;(z,y),i = 1 and 2, an angle € counterclockwisely,
K (z,y) was upper-sided with support [—1/2,1/2] x
[0,1] and Ky(z,y) was lower-sided with support
(—1/2,1/2] x [-1,0], h, and p, were two window
widths.

If it is assumed that there is only one JLC which
has a mathmatical expression y = ¢(z) for 0 < A <
x < B <1, then an estimator of the JLC is given by

~

¢(-) which is defined by
|JDCrpxr(z, ¢(x))| = max |JDCrpxp(, y)l

0<y<1

for A < x < B. It was proved that the detected
JLC based on the above jump detection criterion was
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Figure 2: Two Sobel masks.

almost surely consistent when the true JLC had tan-
gent line at each point and the model (1) satisfied
some other regularity conditions.

The above criterion (2) requires extensive compu-
tation because it searches all possible directions for
a possible jump direction at each design point. To
simplify its computation, two alternative approaches
have been proposed recently. Qiul'® suggested a sim-
plified version of criterion (2) which was defined by:

\JDCkpgp(z,y)| = max{|JDCrpkr(0,,y)|,
|[JDCrpxe(T/2,2,9)|}. (3)

In (3), only two directions (the z and y directions)
were searched to detect a possible jump at (z,y).
It was shown that as long as h,, and p, were asyn-
chronous in the sense that lim, o hyn/p, = 0, the
detected jumps by criterion (3) were almost surely
consistent under some regularity conditions. Qiul*®!
also discussed the trade-off between the amount of
computation and the accuracy of the detected jumps
by searching different numbers of directions at each
design point.

The criterion (3) is a generalization of the Sobel op-
erator which is based on two Sobel masks as shown
by Figure 2 (see e.g., [16]). For a given design point
(z,y), a 3 x 3 neighborhood is considered. Convo-
lution of the first mask with the observations in the
neighborhood is used to estimate the partial deriva-
tive of the image intensity function with respect to
y. This estimator is denoted as fy(:r,y) Similarly,
the second mask is used to obtain an estimator of
the partial derivative with respect to z, which is de-
noted as f,(z,y). Then [(f.(2,9))” +(f,(z,))*]/* is
used as an edge detection criterion with large values
indicating possible edges.

The quantity fy(a:,y) is similar to our
JDCrpre(0,z,y). It is also ~a difference of two
weighted averages. Similarly, f.(z,y) is related to
JDCrprr(m/2,2,y). The Sobel edge detector used
the Euclidean length of the estimated gradient as
its edge detection criterion. In (3), we suggested

using the maximum of |JDCgrpkp(0,z,y)| and
|JDCrprr(m/2,z,y)| to detect jumps based on
the following consideration. When (z,y) is on a
JLC, the jump structure of the regression surface
contaminates some of the four kernel averages used in
constructing JDC}pxp(z,y) (cf. (3)) as estimators
of the regression surface at (z,y). For example, if
the JLC is parallel to the x-axis, then the two kernel
averages in JDCrpkr(0,z,y) estimate the surface
well.  Consequently, JDCrpkr(0,z,y) is a good
estimator of the jump magnitude at (z,y). But the
two kernel averages in JDCgrprg(7/2,x,y) do not
provide much helpful information for jump detection.
It could only have negative effect if they are included
in the jump detection criterion since the criterion
will become noisier. This negative effect is mostly
eliminated by using JDC}p (T, y)-

Qiu and Yandell'™ suggested estimating a possible
jump direction at each design point (x;, y;) by its gra-
dient direction which could be estimated by fitting a
local least squares (LLS) plane in a square neighbor-
hood N(z;,y;) with width h,. Then two neighboring
design points (xp1,yp1) and (zp2, yp2) of the design
point (z;,y;) along the estimated gradient direction
U;; were defined as shown by Figure 3. A jump de-
tection criterion was then defined as follows:

JDCrrs(xi, y;) = min{||T; — Tp1 ||, |03 — Tpall}, (4)

where Up; and py were the estimated gradient direc-
tions at (zp1,yp1) and (xpg, yps), respectively. Some
variants of (4) are possible. For example, Qiul'® re-
placed @5, Up1 and Upy in (4) by three weighted aver-
ages of the observations in the three neighborhoods,
respectively.

There are several other proposals to define jump
detection criterion in the literature. For example,
O’Sullivan and Qian™ defined a “contrast statistic”
to detect jumps which was a difference of two aver-
ages of the observations located inside and outside of
a candidate JLC, respectively. (They assumed that
there was only one JLC which was a “smooth, sim-
ple and closed” curve.) Hall and Raul®® suggested a
sequential, or “tracking”, algorithm for estimating a
JLC. Wang!?!l suggested estimating a JLC based on
wavelet transformations.

After defining a jump detection criterion, the next
step is to use it for detecting jumps. In the statistical
literature, there are two major strategies for this pur-
pose. The first strategy is to search for a candidate
JLC from a population of all possible candidates (e.g.,
[13,14,19,22,23]). This idea is natural. But it often
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Figure 3: Two neighboring design points (zp1,yp1)
and (zpg,yp2) of (z;,y;) were defined by the de-
sign points which neighborhoods were adjacent to
N(z;,y;) on either side along the direction of ;.

requires restrictive assumptions on the JLCs. For ex-
ample, a common assumption is that the number of
JLCs is known beforehand, which is hard to be satis-
fied in applications. Another difficulty with this idea
is the extensive computation involved. The second
strategy is to regard the JLCs as a point set in the
design space and estimate them by another point set
in the same design spacel'>'718l For example, the cri-
terion JDC%pxg(z,y) in (3) should be close to zero
if (x, y) is a continuous point of the regression surface.
On the other hand, if (z,y) is on a JLC, then one of
JDCrpkr(0,z,y) and JDCrpkg(7/2,x,y) should
be close to the jump magnitude at (z,y). Conse-
quently, JDC5pxe(x,y) is relatively large. It is then
natural to use the point set

to estimate the point set of the JL.Cs which is defined
by D := {(z,y) : (z,y) is some point on the JLCs}
where u, is a positive threshold value. Qiul' pro-
vided a formula for calculating wu, by which u, has
the property that when (x,y) is a continuous point
and n is large enough,

Prob(JDCqprp(z,y) > uy) < an,

where o, is a significance level. It was demonstrated
that D,, in (5) provided a good estimator of D except
around the so-called singular points of the JLCs.

Comparing the jump detection procedures in non-
parametric regression and the edge detection proce-
dures in image processing, we should say that both of
these two groups of procedures have their strengths
and limitations. Most jump detection procedures
have their own theory to support them. The con-
ditions required on the JLCs and on model (1), un-
der which these procedures can successfully detect
the jumps, are often explicitly given. Therefore we
usually know in which circumstances a specific pro-
cedure can work well. On the other hand, many
jump detection procedures in the statistical litera-
ture require extensive computation because they are
based on numerous maximization/minimization pro-
cedures to search for the JLCs. For example, the
maximization procedures used in some kernel-type
methods!'®'*! need great amount of computation. It
is not easy to compute the maximum likelihood es-
timators of the piecewise polynomial coefficients ei-
ther in the proposal suggested by Korostelev and
Tsybakov?2l. These procedures also impose various
model assumptions, many of which are hard to be
satisfied in applications. For example, Miiller and
Song!'® and Qiul'¥ assumed that the number of JLCs
was known beforehand.

Most edge detection methods in the image process-
ing literature are ready to use in applications. But
some of them do not have enough theory to support
them. For example, the Sobel edge detector described
above often uses a 3 x 3 window (called mask in image
processing) at each pixel to obtain estimators of the
first-order partial derivatives. If the window size in-
creases to ki X ko with ki, ko > 3, how can the Sobel
operator be modified accordingly such that the de-
tected edges are statistically consistent (namely, the
detected edges converge to the true edges when £’s
and the image resolution tend to infinity)? Should k;
and ko equal to each other? We have not seen much
discussion of this type in the image processing liter-
ature yet. Although edge detectors can be evaluated
by numerical experiments based on visual impression,
we believe that theoretical justifications can help us
understand their strengths and limitations such that
they can be further improved.

3 EVALUATION OF JUMP DE-
TECTION PERFORMANCE

To compare different jump detection methods by sim-
ulations, it is necessary to suggest some measure-



ments to evaluate jump detection performance. Be-
cause both the true JLCs and the estimated JLCs
can be regarded as point sets in the design space as
mentioned in Section 2 (see equation (5)), a natural
choice of the measurement is the Hausdorff distance
between two point sets A and BB used in mathematics,
which is defined by:

dy (A, B) := max(sup inf ||z — y||,sup inf ||z — y||).
reAYEB zeB YEA

Let us assume that A denotes the set of true jump
points and B denotes the set of detected jump points.
In simulation studies, A is often specified beforehand
and in most situations it can be expressed by some
mathematical equations. Therefore it is not hard to
compute infye 4 ||z — y|| for each x € B. However,
it is often hard to compute infycp || — y|| for each
z € A since B does not have any mathematical ex-
pressions in most situations and therefore we need
to make a judgement for each design point to see if
it is a detected jump point, which makes the com-
putational complexity of the Hausdorff distance be
O(N3/?).  Another limitation of the Hausdorff dis-
tance is explained by the following examplel'®).
Example 1 Suppose that the true JLC is a line
A= {(z,y) : y = 5,0 < x < 1} and there are
two sets of detected jumps. The first set consists of
the design points on line y = .5 and a point (.8,.1)
(Figure 4(a)). The second set consists of the design
points on line y = .2 (Figure 4(b)). The Hausdorff
distance between the true JLC and the first set of
detected jumps is .4 while it is .3 for the second set.
Therefore the performance of the second set is better
than the performance of the first set by the Haus-
dorff distance, which might be the opposite to what
we would expect. A main reason behind this phe-
nomenon is that the Hausdorff distance is sensitive
to individual points (point (.8,.1) in the case of Fig-
ure 4(a)).

Qiul" suggested an alternative performance mea-
surement defined by

BA | _AB
do(A,B) .= .5——= ,
oA.B) = 5T Ty

where A denotes the complementary set of A and
|A| denotes the number of points in set A. Clearly,
‘E‘\f{'i' is the proportion of all false jump points de-

tected by the jump detection procedure and % is

the percentage of all true jump points missed by the
procedure. The measurement dg(A, B) is their av-
erage. Apparently, we could also use the weighted
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Figure 4: (a) The detected jumps are the design
points on line y = .5 and a point (.8,.1); (b) the de-
tected jumps include the design points on line y = .2
only. The true JLC is the line y = .5.

average:
B\A A\B
Al Al
where the weight 0 < w < 1 represents the relative
importance of the first percentage and it needs to be
specified by users.

We first notice that the computation of dg(A, B)
is simple. For each point in B, we can first make
a judgement to see if it also belongs to .A. Then
dg(A, B) can be computed from the number of points
in both A and B, the number of points in 3, and the
number of points in A. So its computational com-
plexity is O(N). Secondly, dg(.A, B) is more robust
to individual points since it is based on proportions
instead of maximum/minimum values. It is not hard
to check that dg(A,B) is close to 0 in the case of
Figure 4(a) and larger than .5 in the case of Figure
4(b).

However, dg(.A, B) is not perfect for applications.
In the example of Figure 4, if the detected jumps are
the design points on line y = .5+ 1/n, then probably
we would expect that the jump detection procedure
performs better when n gets larger. By dg(A, B),
it will not happen. We realize that to measure the
jump detection performance is an important issue be-
cause it is directly related to comparisons of different
jump detection procedures. Therefore more research
on this topic is needed in the future.

(1 —w)

4 JUMP-PRESERVING SURFACE
RECOVERY

It is still a problem how to recover the entire surface
from noisy data with jumps preserved after the possi-
ble jump points being detected. The surface recovery



problem is essentially the same problem as image re-
construction in image processing except that the im-
age intensity function often takes discrete values (e.g.,
black and white images or gray-scale images with
256 gray levels; cf. Switzer?¥ for discussion about
types of images) while the response variable in regres-
sion setup is often continuous. When the true image
has only several possible colors, the Markov Random
Field (MRF) methods are commonly used in the lit-
erature to recover the true image from noisy datal®2?.
These methods usually assume that the true image is
a MRF and the observations have a given conditional
distribution conditional on the true image. Then the
true image is estimated by maximizing a posteriori.
The Markov chain Monte Carlo (McMC) techniques
are often used in the related computation!®?. The
image reconstruction problem can also be formulated
in a regularization framework®”) which is based on
minimizing a target function, a trade-off between a
fidelity measurement to the data and a smoothness
measurement of a candidate image (see also [28,29]).
Green® O’Sullivan®! and the references cited there
discussed image reconstruction in emission tomogra-
phy.

In the statistical literature there are several recent
methodologies for image reconstruction based on lo-
cal smoothing. Chu et all®? discussed two types of
edge-preserving smoothers: the sigma filter and the
M smoother. The estimator of the regression surface
at point (z;,,yj,) by the sigma filter is defined by

n n
(@i, y50) = D D wijzij, (6)
i=1j—1
where
K v Ky (e
] PP Py P 9
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Ki(-,-) and Ks(-,-) are two kernel functions (often
taken as probability densities), hi1,hio and hy are
window widths. The surface estimator f(z;,, y;,) de-
fined in (6) is a weighted average of the observa-
tions in a neighborhood of a given design point. The
weights, however, are put on both the design points
and the observations. Observations which design
points are closer to (z;,,%;,) receive more weights.
Similarly they receive more weights if their magni-
tudes are closer to zjj,-

The surface estimator at a given design point
(%iy, Yj,) by the M smoother is defined by the local

minimizer of the following M function

S(6) = iz”:p(% B Q)K(:ci —hxo Yj — ij)’

i=1j=1 g

where p(-) is a robust function which has the prop-
erty that p(y) does not grow too rapidly when |y|
increases, K (-, -) is a kernel function and h and g are
window widths. Chu et al.*? also provided an algo-
rithm for finding this local minimizer. Based on a
simulation study and some asymtotic analysis, they
found that the M smoother often had better perfor-
mance than the sigma filter.

In Section 2, we introduced the idea to estimate the
JLCs by a point set in the design space. Based on that
idea, Qiul'®! suggested the following three-stage algo-
rithm to fit surfaces with jumps preserved. The first
step is to detect jump points by some jump detec-
tors as discussed in Section 2. In the second step, we
first define a neighborhood of design point (z;,y;) by
N*(xiayj) = {(xi+87 yj+t) DSt =—--,0,- - 76*}
where £* = 2¢* 41 is a window width which could be
different from the window width used in the first step.
Suppose that the detected jump points in N*(z;,y;)
are {(w,,v.),r = 1,2,---,m}. Then a local princi-
pal component (PC) line is fitted through these jump
candidate points, which turns out to be

Owo (T — W) + (A1 — Oww)(y —0) =0,

/\1 = % (aww + Oyy — \/(wa - Ovv)2 + 403;9) 3
W, U, Oy and o, are the sample means and variances
of w's and v's, and oy, is their covariance. Qiul'®l
proved that the fitted PC line provided a first order
approximation to the true JLC around (z;,y;) in the
sense that if (x;,y;) was the closest design point to
a given point P on the JLC at which the JLC had
a unique tangent line, then the PC line in N*(x;, y;)
converged to the tangent line both pointwisely and
in direction with probability 1. Finally in the third
step, observations in N*(x;,y;) which are located on
the same side of the PC line as (z;, y;) are combined
as a weighted average to fit the surface at (z;,y;).
The computational complexity of this algorithm is
O(N(k*)?). This property makes it appropriate to
handle large data sets. Its assumptions on the JLCs
and the underlying regression surface are flexible. We
proved that the fitted surface was L? consistent in the
continuous regions with the optimal convergence rate



of nonparametric regression and L? consistent in the
neighborhood of the JLCs as well but with a slower
convergence rate.

Example Consider a regression function f(z,y) =
T + I(y> 3754250 or z>.25) Which has jumps at JLC:
{(z,y) : y =375+ 25z and 0 < z < .5} U{(z,y) :
xz = .5and 0 <y < .5} with constant jump magni-
tude 1. A sample is generated from model (1) with
n =100 and €;; ~ N(0,.5%). After the possible jump
points being detected by the criterion suggested by
Qiul'®!, the surface is fitted by the above three-stage
algorithm. The fitted surface with k* = 15 is pre-
sented in Figure 5(a). It is an average of 100 replica-
tions (averaged results are presented here to remove
some randomness such that systematic drawbacks of
the method could be visually revealed). As indicated
by the plot, the three-stage algorithm works well ex-
cept around the singular point (.5,.5) (see Qiul'® for
definition of a singular point). The 2.5 and 97.5 per-
centiles of 100 replications of the surface fit in the
cross section of x = .25 are shown in Figure 5(b). The
conventional local smoothing techniques are built in
most geographic softwares such as ARC/INFO to (1)
remove the noise from an image and (2) change an
image from one resolution to another. As a compari-
son, Figure 5(c) shows the fitted surface by the con-
ventional kernel smoothing technique with the same
window width and kernel function as those used in
Figure 5(a). Figure 5(d) presents 2.5 and 97.5 per-
centiles of 100 replications of the kernel smoothing
surface fit in the cross section of x = .25. We can see
that “blurring” happens around the true JLC.

As mentioned in Section 2, several authors sug-
gested estimating the JLCs by curves with compact
forms (e.g., [13,14,19]). In such case, the regression
surface can be fitted as usual in design subspaces sep-
arated by the estimated JLCs. But it is often diffi-
cult to estimate the JL.Cs in that way in applications
due to the extensive computation involved and the
restrictive assumptions imposed on the JLCs.
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Figure 5: (a) Fitted surface by the three-stage sur-
face fitting algorithm based on 100 replications; (b)
the 2.5 and 97.5 percentiles of 100 replications of the
surface fit by the three-stage algorithm in the cross
section of z = .25; (c) fitted surface by the conven-
tional kernel smoothing algorithm; (d) the 2.5 and
97.5 percentiles of 100 replications of the surface fit
by the conventional kernel smoothing technique in
the cross section of z = .25. In plots (b) and (d),
the dashed curves denote the percentiles, the solid
curves are the cross section of the true surface and
the dotted curves are the averaged fits.



