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APPENDIX A: SECOND-ORDER POINCARÉ INEQUALITY

The main tool used for proving normal approximations is the following second-order
Poincaré inequality due to [Cha09]. Recall that W 1,2(γn) is the Gaussian Sobolev space
defined in (1.17).

LEMMA A.1 (Second-order Poincaré inequality). Let ξ be an n-dimensional standard
normal random vector. Let F : Rn→R be an element of W 1,2(γn). Let ξ′ be an independent
copy of ξ. Define T : Rn→R by

T (y)≡
∫ 1

0

1

2
√
t

〈
∇F (y),Eξ′∇F (

√
ty+

√
1− tξ′)

〉
dt.

Then with W ≡ F (ξ),

dTV

(
W −EW√

Var(W )
, N (0,1)

)
≤

2
√

Var(T (ξ))

Var(W )
.

If furthermore F (ξ) ∈W 2,4(γn), a standard application of Gaussian-Poincaré inequality
leads to the bound Var(T (ξ)) . E1/2‖∇2F (ξ)‖4op ·E1/2‖∇F (ξ)‖4.

APPENDIX B: SOBOLEV REGULARITY OF MATRIX FUNCTIONALS

LEMMA B.1. The following hold for any q ≥ 1.

1. Let f : RN×p → R be defined by f(X) = log det(X>X). If N ≥ p + 1, then f ∈
W 1,q(γN×p) provided itself and its pointwise first derivatives live in Lq(γN×p), f ∈
W 2,q(γN×p) provided itself, its pointwise first, and second derivatives live in Lq(γN×p).
In particular, if N,p are large enough with p/N ≤ 1 − ε for some ε ∈ (0,1), then
f ∈W 2,4(γN×p).
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2. Let g` : RN×p→R be defined by g`(X) = tr−`(X>X) for ` ∈N. Then g` ∈W 1,q(γN×p)
provided itself and its pointwise first derivatives live in Lq(γN×p), g` ∈W 2,q(γN×p) pro-
vided itself, its pointwise first, and second derivatives live in Lq(γN×p). In particular,
there exists some N` ∈N such that for N ≥N`, g` ∈W 2,4(γN×p).

PROOF. We work with q = 2 for simplicity.
(1). We first prove the claim involving f ∈ W 1,2(γN×p). Let W r,p(Rd) be the standard
Sobolev class on Rd (cf. [Bog98, Chapter 1.5]) and recall that C∞0 (Rd) is the class of smooth
functions on Rd with compact support. By [Bog98, Proposition 1.5.2], we only need to
verify that ζf ∈W 1,2(RN×p), i.e., ζf ∈ L2(RN×p) and its first partial derivatives (in the
sense of distributions) live in L2(RN×p) for every ζ ∈C∞0 (RN×p). ζf ∈ L2(RN×p) follows
from N ≥ p + 1 > p. Using the absolute continuity on line characterization of the space
W 1,2(RN×p) (cf. [Maz11, Section 1.1.3]), we only need to show that ζf is absolutely con-
tinuous on almost all straight lines that are parallel to coordinate axes and the first pointwise
derivatives of ζf belong to L2(RN×p). As ζ has compact support, the latter requirement is
satisfied by the assumption that f and its first pointwise derivatives live inL2(γN×p). To show
the almost absolute continuity, we only need to do so for f on a compact subset of RN×p.
Identify X ∈ RN×p in the matrix form X = [X1 · · ·Xp] where Xj ∈ RN for 1 ≤ j ≤ p,
and in the coordinate form X = (X>1 , . . . ,X

>
p ). Let Lj ≡ {(X>1 , . . . ,X>p ) ∈ RN×p : Xj ∈

lin(X1, . . . ,Xj−1,Xj+1, . . . ,Xp)}, and π−(ij) : RN×p→ RN×p−1 be the natural projection
that excludes (Xj)i. Then π−(ij)(Lj′) is a subset of RN×p−1 of Lebesgue measure 0 for each
(i, j) ∈ [N ]× [p], j′ ∈ [p] under the condition p≤N − 1, as we may write

Lj′ =
{(
X>1 , . . . ,X

>
j′−1,

∑
j 6=j′

γjX
>
j ,X

>
j′+1, . . . ,X

>
p

)
:Xj ∈RN , γj ∈R, j 6= j′

}
.

Hence with L ≡ ∪jLj , π−(ij)(L) is a subset of RN×p−1 of Lebesgue measure 0 for every
(i, j) ∈ [N ]× [p]. In particular, this means that for any X−(ij) /∈ π−(ij)(L), the map f along
the line x(ij) 7→ (x(ij),X−(ij)) does not touch {X ∈ RN×p : det(X>X) = 0}, and hence
is locally Lipschitz as ∇f(X) = 2X(X>X)−1. This verifies the almost absolute continuity
property, and hence f ∈W 1,2(γN×p) provided itself and its first pointwise derivatives live in
L2(γN×p).

The verification of f ∈W 2,2(γN×p) under L2 integrability of the pointwise derivatives
up to the second order is the same, upon noting the derivatives have singularities only at
{X ∈RN×p : det(X>X) = 0} (the precise derivative formula is given in Lemma 5.1).

The last assertion follows from Lemma 4.3 and (5.11) that establishes the L4 integrability
of the pointwise first and second derivatives, and the straightforward verification of the L4

integrability of f itself.
(2). The singularity of g` occurs only at tr(X>X) =

∑
j‖Xj‖2 = 0, i.e., X = 0. The almost

absolute continuity on line characterization is therefore easily verified. The L4 integrability
of the derivatives up to the second order follows from Lemma C.2.

APPENDIX C: MOMENT AND CONCENTRATION (IN)EQUALITIES FOR TRACE
FUNCTIONALS

LEMMA C.1. Let Z ∈ RN×p be a random matrix whose entries are i.i.d. N (0,1), and
A ∈Rp×p. Then

E‖ZA‖4F ≤ 4N‖A>A‖2F +N2‖A‖4F ≤ 5N2‖A‖4F .
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PROOF. As ‖ZA‖2F = tr(ZAA>Z>) = tr(A>Z>ZA), we have

E‖ZA‖4F = E tr2(A>Z>ZA) = Var
(

tr(A>Z>ZA)
)

+
(
E tr(A>Z>ZA)

)2
= Var

(
tr(A>Z>ZA)

)
+N2 tr2(A>A).

Further note that for any (i, j) ∈ [N ]× [p],

∂(ij) tr(A>Z>ZA) = tr
(
A>(eie

>
j )>ZA

)
+ tr

(
A>Z>eie

>
j A
)

= (ZAA>)ij + (AA>Z>)ji = 2(ZAA>)ij ,

so by Gaussian-Poincaré inequality,

Var
(

tr(A>Z>ZA)
)
≤ E

∑
i,j

(
∂(ij) tr(A>Z>ZA)

)2
= 4E‖ZAA>‖2F = 4E tr(ZAA>AA>Z>) = 4N tr(AA>AA>).

Finally note that

tr(AA>AA>) = ‖A>A‖2F =
∑
i

λ4i (A)≤
(∑

i

λ2i (A)

)2

= ‖A‖4F = tr2(A>A).

The claim follows.

LEMMA C.2. Let SZ ≡N−1
∑N

i=1ZiZ
>
i where Zi’s are i.i.d.N (0, I) in Rp. Then there

exists some universal constant C > 0 such that for any non-negative definite matrix Σ and
any t > 0,

P
(
N
∣∣( tr(ΣSZ)− tr(Σ)

)∣∣> t

)
≤ 2 exp

(
− t2

C(N‖Σ‖2F + ‖Σ‖opt)

)
.

Consequently, P
(

tr(ΣSZ) < tr(Σ)/2
)
≤ e−cN for some universal c > 0. Furthermore, for

any ` ∈ Z such that `≥−N/2, there exists some C` > 0 such that [recall (3.10)]

Eb`(Σ1/2SZΣ1/2)≤C` · b`(Σ).

PROOF. Let Xi ≡Σ1/2Zi. Then tr(ΣSZ) =N−1
∑N

i=1Z
>
i ΣZi =N−1

∑N
i=1‖Xi‖2, and

E tr(ΣSZ) = E‖Xi‖2 = tr(Σ). By Hanson-Wright inequality (cf. [BLM13, pp.39]),

E exp

(
λ

N∑
i=1

(‖Xi‖2 −E‖Xi‖2)
)
≤ exp

(
λ2 ·N‖Σ‖2F
1− 2λ‖Σ‖op

)
,

so by [BLM13, Theorem 2.3], we have

P
(
N
∣∣( tr(ΣSZ)− tr(Σ)

)∣∣> t

)
≤ 2 exp

(
− t2

C(N‖Σ‖2F + ‖Σ‖opt)

)
.

In particular, with t≡N tr(Σ)/2, we have

P
(

tr(ΣSZ)< tr(Σ)/2
)
≤ exp

(
− N2 tr2(Σ)

C
(
N‖Σ‖2F +N‖Σ‖op tr(Σ)

))≤ e−cN .



4 HAN, JIANG AND SHEN

For the expectation bound, let {λj}pj=1 be the eigenvalues of Σ and assume without loss of
generality that

∑p
j=1 λj = 1. Then

E tr`(SZΣ) = E
( 1

N

N∑
i=1

Z>i ΣZi

)
= E

( 1

N

N∑
i=1

Z>i diag(λ1, . . . , λp)Zi

)`
=N `E

( N∑
i=1

p∑
j=1

λjZ
2
ij

)`
≡N `E

( p∑
j=1

λjYj

)`
(∗)
≤ N `E

p∑
j=1

λjY
`
j

(∗∗)
.` N

` ·
p∑
j=1

λjN
` = 1.

Here (∗) follows as the map x 7→ x` is convex on (0,∞) for ` ∈ Z, and (∗∗) follows from the
following calculations:

• If ` ∈ Z≥1, EY `
1 = E

(
χ2(N)

)`
.` N

`.
• If ` ∈ Z≤−1 and `≥−N/2, then

EY `
1 = E

(
χ−2(N)

)−`
=

∫
x−`

2−
N

2

Γ(N/2)
x−

N

2
−1e−

1

2x dx= 2`
Γ(N/2 + `)

Γ(N/2)
.` N

`.

The proof is complete.

LEMMA C.3. Let SZ ≡ N−1
∑N

i=1ZiZ
>
i where Zi’s are i.i.d. N (0, I), and Σ ∈ Rp×p

be a non-negative definite matrix. Recall the definition of b`(Σ) in (3.10). Then for some
universal constants C,c > 0,∣∣E log tr(ΣSZ)− log tr(Σ)

∣∣≤ 2b
[
(Σ · b−1(Σ))2

]
Np

+Ce−cN
(b1/2[(Σ · b−1(Σ))2

]
(Np)1/2

∨ 1
)
.

PROOF. Let E ≡ {tr(Σ(SZ − I))/ tr(Σ) ≥ −1/2}. By Lemma C.2, P(Ec) ≤ e−cN for
some universal constant c > 0. As |log(1 + x)− x| ≤ 4x2 for x≥−1/2,∣∣E log tr(ΣSZ)− log tr(Σ)

∣∣= ∣∣∣∣E log

(
1 +

tr
(
Σ(SZ − I)

)
tr(Σ)

)(
1E + 1Ec

)∣∣∣∣
≤
∣∣∣∣Etr

(
Σ(SZ − I)

)
tr(Σ)

1E

∣∣∣∣+ 4E
(

tr
(
Σ(SZ − I)

)
tr(Σ)

)2

+E
[

log
(tr(ΣSZ)

tr(Σ)

)
1Ec

]
≤ E1/2

[
tr
(
Σ(SZ − I)

)
tr(Σ)

]2
P1/2(Ec) + 4E

(
tr
(
Σ(SZ − I)

)
tr(Σ)

)2

+E1/2 log2
(tr(ΣSZ)

tr(Σ)

)
· P1/2(Ec)≡ (I) + (II) + (III).

To handle (I), note that by Gaussian-Poincaré inequality [BLM13, Theorem 3.20],

E tr2
(
Σ(SZ − I)

)
≤ E

∑
i,j

[
∂(ij) tr

(
Σ(SZ − I)

)]2
= E

∑
i,j

[
N−1 tr

(
Σ
∑
k

(
δikejZ

>
k + δikZke

>
j

))]2

= E
∑
i,j

[
N−1 tr

(
ΣejZ

>
i + ΣZie

>
j

)]2
=

4

N2

∑
i,j

EZ>i Σeje
>
j ΣZi =

4 tr(Σ2)

N
,
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so

(I) =
2e−cN/2 tr1/2(Σ2)

N1/2 tr(Σ)
= 2e−cN/2 ·

b1/2
[
(Σ · b−1(Σ))2

]
(Np)1/2

.

The second term has closed-form expression: by Lemma C.4-(1),

(II) =
2 tr(Σ2)

N tr2(Σ)
.

To handle (III), by using 0≤ logx≤ x− 1 for x≥ 1 and −x−1 ≤ logx < 0 for x ∈ (0,1),
we have

E log2
(tr(ΣSZ)

tr(Σ)

)
= E

[
log2

(tr(ΣSZ)

tr(Σ)

)
1
{tr(ΣSZ)

tr(Σ)
≥ 1
}]

+E
[

log2
(tr(ΣSZ)

tr(Σ)

)
1
{tr(ΣSZ)

tr(Σ)
< 1
}]

≤ E
[

tr
(
Σ(SZ − I)

)
tr(Σ)

]2
+E

[
tr(Σ)

tr(ΣSZ)

]2
.

tr(Σ2)

N tr2(Σ)
+ 1,

where in the last inequality we apply Lemma C.2. Hence

(III) . e−
cN

2

[ tr1/2(Σ2)

N1/2 tr(Σ)
∨ 1
]
.

The proof is complete by collecting the bounds.

LEMMA C.4. Let SZ ≡N−1
∑N

i=1ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp, and Σ ∈

Rp×p be a non-negative definite matrix.

1. There exists some absolute C > 0 such that

E tr
[(

Σ1/2SZΣ1/2
)2]

=
(
1 +N−1

)
tr(Σ2) +N−1 tr2(Σ),

E tr2(Σ1/2SZΣ1/2) = tr2(Σ) + 2N−1 tr(Σ2),

E tr2
[(

Σ1/2SZΣ1/2
)2]≤C[N−1(1∨ (p/N))3 tr(Σ4) + tr2(Σ2) +N−2 tr4(Σ)

]
.

2. There exists some absolute C > 0 such that

Var
(

tr(ΣSZ)
)
≤ 4N−1‖Σ‖2F ,

Var
(

tr2(Σ1/2SZΣ1/2)
)
≤C(N−2 tr2(Σ)) ·N‖Σ‖2F ,

Var
(

tr2(Σ1/2SZΣ1/2)− tr2(SZ)
)

.
(
N−2 tr2(Σ− I)

)
·N‖Σ‖2F + (N−1p)2 ·N‖Σ− I‖2F ,

Var
(

tr
[(

Σ1/2SZΣ1/2
)2])≤CN−1[1∨ (N−1p)

]3
tr(Σ4).

3. Recall that b(Σ) = tr(Σ)/p from (3.10). For any ` ∈N,

E|b(Σ1/2SZΣ1/2)− b(Σ)|` ≤C1

(
‖Σ‖FN−1/2p−1

)`
for some constant C1 =C1(`).
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PROOF. Let Xi’s be i.i.d.N (0,Σ). We write S ≡Σ1/2SZΣ1/2 in the proof for simplicity.
(1). Note that

E tr(S2) =N−2E tr

[∑
i,j

XiX
>
i XjX

>
j

]

=N−2
[∑
i 6=j

E tr
(
XiX

>
i XjX

>
j

)
+
∑
i=j

E(X>i Xj)
2

]
=N−2

[
N(N − 1) tr(Σ2) +NE(Z>1 ΣZ1)

2
]

(∗)
= N−2

[
N(N + 1) tr(Σ2) +N tr2(Σ)

]
=
(
1 +N−1

)
tr(Σ2) +N−1 tr2(Σ),

and

E tr2(S) = E
(
N−1

N∑
i=1

X>i Xi

)2

=N−2
∑
i,j

EX>i XiX
>
j Xj

=N−2
[∑
i 6=j

E‖Xi‖2E‖Xj‖2 +
∑
i

E(X>i Xi)
2

]

=N−2
[
N(N − 1)

(
EZ>1 ΣZ1

)2
+NE

(
Z>1 ΣZ1

)2]
(∗∗)
= N−2

[
N(N − 1) tr2(Σ) +N

(
tr2(Σ) + 2 tr(Σ2)

)]
= tr2(Σ) + 2N−1 tr(Σ2).

Here (∗), (∗∗) follow by the following calculations:

EZ>1 ΣZ1 = E
(∑

j

λjZ
2
1j

)
= tr(Σ),

E(Z>1 ΣZ1)
2 = E

(∑
j

λjZ
2
1j

)2

= 3
∑
j

λ2j +
∑
j 6=j′

λjλj′

= 2
∑
j

λ2j +

(∑
j

λj

)2

= tr2(Σ) + 2 tr(Σ2),

where λ1, . . . , λp are the eigenvalues of Σ. The final one follows as

E tr2
[(

Σ1/2SZΣ1/2
)2]

= Var
(

tr
[(

Σ1/2SZΣ1/2
)2])

+
(
E tr

[(
Σ1/2SZΣ1/2

)2])2
.N−1

(
1∨ (N−1p)

)3
tr(Σ4) + tr2(Σ2) +N−2 tr4(Σ).

The last inequality used (2) to be proved below.
(2). For the first variance bound, note that

∂

∂Zij
tr(ΣSZ) =N−1 tr

(
Σ(ejZ

>
i +Zie

>
j )
)

= 2N−1(ZΣ)ij ,
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so Gaussian-Poincaré inequality yields that

Var
(

tr(ΣSZ)
)
≤ E

∑
i,j

[
∂

∂Zij
tr2(ΣSZ)

]2
= 4N−2E‖ZΣ‖2F = 4N−1‖Σ‖2F .

For the second variance bound, note that

∂

∂Zij
tr2(ΣSZ) = 2tr(ΣSZ) ·N−1 tr

(
Σ(ejZ

>
i +Zie

>
j )
)

= 4N−1 tr(ΣSZ)(ZΣ)ij ,

so Gaussian-Poincaré inequality yields that

Var
(

tr2(ΣSZ)
)
≤ E

∑
i,j

[
∂

∂Zij
tr2(ΣSZ)

]2
= 16N−2E tr2(ΣSZ)‖ZΣ‖2F

(∗)
≤ N−2 tr2(Σ) ·E1/2‖ZΣ‖4F

(∗∗)
. (N−2 tr2(Σ)) ·N‖Σ‖2F .

Here in (∗) we use Lemma C.2, and in (∗∗) we use Lemma C.1.
For the third variance bound, note that

∂

∂Zij

(
tr2(ΣSZ)− tr2(SZ)

)
= 4N−1

(
tr(ΣSZ)(ZΣ)ij − tr(SZ)Zij

)
.

Hence

Var
(

tr2(ΣSZ)− tr2(SZ)
)

.N−2E tr2
(
(Σ− I)SZ

)
‖ZΣ‖2F +N−2E tr2(SZ)‖Z(Σ− I)‖2F

.
[
N−2 tr2(Σ− I)

]
·N‖Σ‖2F + (N−1p)2 ·N‖Σ− I‖2F .

For the fourth variance bound, note that

∂

∂Zij
tr(ΣSZΣSZ) = 2N−1 tr

[
ΣSZΣ(ejZ

>
i +Zie

>
j )
]

= 4N−1
(
ZΣSZΣ

)
ij
,

so by Gaussian-Poincaré inequality and Lemma 4.4,

Var
(

tr(ΣSZΣSZ)
)
≤ 16N−2E‖ZΣSZΣ‖2F

= 16N−2E tr
(
ZΣSZΣΣSZΣZ>

)
= 16N−1E tr

(
ΣSZΣΣSZΣSZ

)
≤ 16N−1E‖SZ‖3op tr(Σ4) .N−1

(
1∨ (N−1p)

)3
tr(Σ4).

(3). This follows by integrating the tail of |b(Σ1/2SZΣ1/2)− b(Σ)| in Lemma C.2:

E|b(Σ1/2SZΣ1/2)− b(Σ)|` =

∫ ∞
0

`t`−1P
(
|b(Σ1/2SZΣ1/2)− b(Σ)|> t

)
dt

.`

∫ ∞
0

t`−1e
− Np2

‖Σ‖2
F
t2

dt+

∫ ∞
0

t`−1e
− Np

‖Σ‖op
t

dt

.`

(
‖Σ‖FN−1/2p−1

)`
+
(
‖Σ‖opN−1p−1

)` � (‖Σ‖FN−1/2p−1)`.
The proof is complete.

LEMMA C.5. Let SZ ≡N−1
∑N

i=1ZiZ
>
i where Zi’s are i.i.d. N (0, I) in Rp. With y ≡

p/N the following hold:
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1. E tr(S3
Z) = py2 + 3py+ p+ 3y2 + 3y+ 4y/N .

2. E tr3(SZ) = p3 + 6py+ 8y/N .
3. E tr(SZ) tr(S2

Z) = p2y+ p2 + py+ 4(y2 + y) + 4y/N .
4. E tr2(S2

Z) equals

N−4
[
Np(p+ 2)(p+ 4)(p+ 6) +N(N − 1)

(
p(p+ 2)

)2
+ 2N(N − 1)3p(p+ 2) + 4N(N − 1)p(p+ 2)(p+ 4)

+ 4N(N − 1)(N − 2)p(p+ 2) + 2N(N − 1)(N − 2)p2(p+ 2)

+N(N − 1)(N − 2)(N − 3)p2
]
.

5. E tr(SZ) tr(S3
Z) equals

N−4
[
Np(p+ 2)(p+ 4)(p+ 6) +N(N − 1)p2(p+ 2)(p+ 4)

+ 3N(N − 1)p(p+ 2)2 + 3N(N − 1)p(p+ 2)(p+ 4)

+ 3N(N − 1)(N − 2)p(p+ 2) + 3N(N − 1)(N − 2)p2(p+ 2)

+N(N − 1)(N − 2)(N − 3)p2
]
.

6. Var
(
b(SZ)b3(SZ)− b22(SZ)

)
=O(p2/N2) in the asymptotic regime p >N →∞.

7. For any k, ` ∈N, E trk(S`Z)≤Cpk` for some constant C =C(k, `)> 0.

PROOF. Write SZ for S in the proof for simplicity. Recall that if R follows a chi-squared
distribution with an integer ν degrees of freedom, then

ER2 = ν2 + 2ν, ER3 = ν3 + 6ν2 + 8ν, ER4 = ν(ν + 2)(ν + 4)(ν + 6).

Hence (1)-(3) follows from the following calculations: We have

E tr(S3) =N−3 ·E
∑
i1,i2,i3

(Z>i1Zi2)(Z>i2Zi3)(Z>i3Zi1)

=N−3 ·
( ∑
|(i1,i2,i3)|=1

E‖Z1‖6 +
∑

|(i1,i2,i3)|=2

E‖Z1‖4 +
∑

|(i1,i2,i3)|=3

E‖Z1‖2
)

=N−3 ·
[
N ·E(χ2

p)
3 + (3N2 − 3N)E(χ2

p)
2 +N(N − 1)(N − 2) · p

]
= py2 + 3py+ p+ 3y2 + 3y+ 4N−1y,

and

E tr3(S) =N−3E
( N∑
i=1

‖Zi‖2
)3

=N−3E(χ2
Np)

3 = p3 + 6py+ 8N−1y,

and

E tr(S) tr(S2) =N−3E
( N∑
i1=1

‖Zi1‖2
)( N∑

i2,i3=1

(Z>i2Zi3)2
)

=N−3E
N∑

i1,i2,i3=1

‖Zi1‖2(Z>i2Zi3)2

=N−3
[ ∑
|(i1,i2,i3)|=3

E‖Z1‖2 ·E(Z>2 Z3)
2 +

∑
(i2=i3)6=i1

E‖Z1‖2 ·E‖Z1‖4
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+
∑

|(i2,i3)|=|(i1,i2,i3)|=2

E‖Z1‖2(Z>1 Z2)
2 +

∑
|(i1,i2,i3)|=1

E‖Z1‖6
]

=N−3
[
N(N − 1)(N − 2)p2 + (N2 −N)(p3 + 2p2)

+ 2(N2 −N)
(
p2 + 2p

)
+N

(
p3 + 6p2 + 8p

)]
= p2y+ p2 + py+ 4(y2 + y) + 4N−1y.

(4). By definition, we have

E tr2(S2) =N−4E
( N∑
i1,i′1=1

(X>i1Xi′1)2
)2

=N−4
N∑

i1,i′1,i2,i
′
2=1

E(X>i1Xi′1)2(X>i2Xi′2)2. (C.1)

The right hand side of (C.1) breaks into
∑7

i=1Ai, where A1, A2-A4, A5-A6, and A7 corre-
spond to the cases where (i1, i

′
1, i2, i

′
2) take 1,2,3,4 distinct values, respectively:

• (A1) When (i1, i
′
1, i2, i

′
2) take 1 value, there are N such summands each of which take

the value E‖X1‖8 = p(p+ 2)(p+ 4)(p+ 6).
• (A2) When (i1, i

′
1, i2, i

′
2) take 2 values with (i1 = i′1) 6= (i2 = i′2), there are N(N − 1)

such summands each of which takes the value E‖X1‖4‖X2‖4 =
(
E‖X1‖4

)2
= p2(p+2)2.

• (A3) When (i1, i
′
1, i2, i

′
2) take 2 values with (i1 = i2) 6= (i′1 = i′2) or (i1 = i′2) 6= (i2 = i′1),

there are 2N(N − 1) such summands each of which takes the value

E(X>1 X2)
2(X>1 X2)

2 = E(X>1 X2)
4 =

p∑
j1,j2,j3,j4=1

(
EX1,j1X1,j2X1,j3X1,j4

)2
=

∑
|(j1,j2,j3,j4)|=1

(
EX1,j1X1,j2X1,j3X1,j4

)2
+

∑
|(j1,j2,j3,j4)|=2

(
EX1,j1X1,j2X1,j3X1,j4

)2
= p · 32 + 3p(p− 1) · 1 = 3p(p+ 2).

• (A4) When (i1, i
′
1, i2, i

′
2) take 2 values of the form (i1 = i2 = i′1) 6= i′2 or its variants,

there are 4N(N − 1) such summands each of which takes the value

E‖X1‖4(X>1 X2)
2 = E tr(‖X1‖4X1X

>
1 X2X

>
2 ) = E‖X1‖6 = p(p+ 2)(p+ 4).

• (A5) When (i1, i
′
1, i2, i

′
2) take 3 values of the form (i1 = i2) 6= i′1 6= i′2 or its vari-

ants, there are 4N(N − 1)(N − 2) such summands each of which takes the value
E(X>1 X2)

2(X>1 X3)
2 = E‖X1‖4 = p(p+ 2).

• (A6) When (i1, i
′
1, i2, i

′
2) take 3 values of the form (i1 = i′1) 6= i2 6= i′2 or its vari-

ants, there are 2N(N − 1)(N − 2) such summands each of which takes the value
E(X>1 X1)

2(X>2 X3)
2 = p ·E‖X1‖4 = p2(p+ 2).

• (A7) When (i1, i
′
1, i2, i

′
2) take 4 values, there are N(N − 1)(N − 2)(N − 3) such sum-

mands each of which takes the value E(X>1 X2)
2(X>3 X4)

2 = p2.

(5). By definition, we have

E
[

tr(S) tr(S3)
]

=N−4E
( N∑
i=1

‖Xi‖2
)( N∑

j1,j2,j3=1

(
X>j1Xj2

)(
X>j2Xj3

)(
X>j3Xj1

))

=N−4
N∑

i,j1,j2,j3=1

E
[
‖Xi‖2

(
X>j1Xj2

)(
X>j2Xj3

)(
X>j3Xj1

)]
. (C.2)

The right hand side of (C.2) breaks into
∑7

i=1Bi, where B1, B2-B4, B5-B6, and B7 corre-
spond to the cases where (i, j1, j2, j3) take 1,2,3,4 distinct values, respectively:
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• (B1) When (i, j1, j2, j3) takes 1 value, there are N such summands in (C.2), each of
which takes the value E‖X1‖8 = p(p+ 2)(p+ 4)(p+ 6).

• (B2) When (i, j1, j2, j3) take 2 values with i 6= (j1 = j2 = j3), there are N(N − 1) such
summands each of which takes the value E‖X1‖2‖X2‖6 = p2(p+ 2)(p+ 4).

• (B3) When (i, j1, j2, j3) take 2 values of the form (i= j1) 6= (j2 = j3) and its variants,
there are 3N(N − 1) such summands each of which takes the value

E‖X1‖2(X>1 X2)‖X2‖2(X>2 X1) = E tr
(
‖X1‖2X1X

>
1 · ‖X2‖2X2X

>
2

)
= tr

(
E‖X1‖2X1X

>
1

)2 (∗)
= tr

[
(p+ 2)Ip

]2
= p(p+ 2)2.

Here in (∗) we use the following fact by direct calculation
(
E‖X1‖2X1X

>
1

)
k`

=

E
[(∑p

m=1X
2
1,m

)
X1,kX1,`

]
= (p+ 2)δk`.

• (B4) When (i, j1, j2, j3) take 2 values of the form (i = j1 = j2) 6= j2 or its variants,
there are 3N(N − 1) such summands each of which takes the value E‖X1‖4(X>1 X2)

2 =
E‖X1‖6 = p(p+ 2)(p+ 4).

• (B5) When (i, j1, j2, j3) take 3 values of the form (i = j1) 6= j2 6= j3 or its vari-
ants, there are 3N(N − 1)(N − 2) such summands each of which takes the value
E‖X1‖2(X>1 X2)(X

>
2 X3)(X

>
3 X1) = E‖X1‖4 = p(p+ 2).

• (B6) When (i, j1, j2, j3) take 3 values of the form i 6= (j1 = j2) 6= j3 or its vari-
ants, there are 3N(N − 1)(N − 2) such summands each of which takes the value
E‖X1‖2‖X2‖2(X>2 X3)

2 = E‖X1‖2E‖X2‖4 = p2(p+ 2).
• (B7) When (i, j1, j2, j3) take 4 values, there are N(N − 1)(N − 2)(N − 3) such sum-

mands each of which takes the value E
[
‖X1‖2(X>2 X3)(X

>
3 X4)(X

>
4 X2)

]
= p2.

(6). Let F (X) ≡ b(S)b3(S) − b22(S). Then using for any (i, j) ∈ [N ] × [p], ∂ijb =
2(Np)−1Xij , ∂ijb2 = 4(Np)−1X>i Sej , ∂ijb3 = 6(Np)−1X>i S

2ej , we have

∂ijF (X) = 2(Np)−1Xij · b3 + 6(Np)−1X>i S
2ej · b− 8(Np)−1X>i Sej · b2

= (Np)−1
(

2b3X + 6bXS2 − 8b2XS
)
(ij)
.

Hence by the Gaussian-Poincaré inequality, we have by direct calculation

Var(F (X))≤ E‖∇F (X)‖2F = (Np)−1E
(
28bb23 + 36b2b5 + 32b22b3 − 96bb2b4

)
= (Np4)−1E

[
28 tr(S) tr2(S3) + 36 tr2(S2) tr(S5) + 32 tr2(S2) tr(S3)

− 96 tr(S) tr(S2) tr(S4)
]
.

The rest of the proof follows from similar arguments as in (4) and (5) by explicit calculation
and cancellation of higher order terms; we omit the details.
(7). This follows directly from the property of the chi-squared distribution:

E trk(S`) =N−k`E
[ N∑
i1,...,i`=1

(X>i1Xi2) · · · (X>i`−1
Xi`)(X

>
i`Xi1)

]k

≤N−k`E
( N∑
i1,...,i`=1

‖Xi1‖2 · · · ‖Xi`‖2
)k

=N−k`E
( N∑
i=1

‖Xi‖2
)k`

=N−k`E
(
χ2(Np)

)k`
.k,` p

k`.

The proof is complete.
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