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APPENDIX A: SECOND-ORDER POINCARE INEQUALITY

The main tool used for proving normal approximations is the following second-order
Poincaré inequality due to [Cha09]. Recall that W12(~,,) is the Gaussian Sobolev space
defined in (1.17).

LEMMA A.1 (Second-order Poincaré inequality). Let & be an n-dimensional standard
normal random vector. Let F : R™ — R be an element of W'2(v,,). Let &' be an independent
copy of . Define T': R™ — R by

|
T(y) E/O NG (VF@).Ee VE(Wiy + VI~ 1)) di.
Then with W = F (&),

dTV (I/V_EVV N(0,1)> < 2—\/\7211‘(T(§))

Var(W) ’ Var(W)

If furthermore F(£) € W24(,,), a standard application of Gaussian-Poincaré inequality
leads to the bound Var(T(¢)) S EV2(|V2F(&)||4, - EV2|VE©)||.

APPENDIX B: SOBOLEV REGULARITY OF MATRIX FUNCTIONALS
LEMMA B.1. The following hold for any q > 1.

1. Let f:RNXP R be defined by f(X) = logdet(X"X). If N >p + 1, then f €
Wha(ynyp) provided itself and its pointwise first derivatives live in Ly(Ynxp), f €
Wz’q(’yNXp) provided itself, its pointwise first, and second derivatives live in Ly(Ynxp)-
In particular, if N,p are large enough with p/N < 1 — ¢ for some ¢ € (0,1), then
FeW (Ynxp).
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2. Let gp : RN*P — R be defined by go(X) = tr=%(X " X) for £ € N. Then g; € W4(ynxp)
provided itself and its pointwise first derivatives live in Ly(YNxp), 9¢ € W9 (ynxp) pro-
vided itself, its pointwise first, and second derivatives live in Lq(ynxp). In particular,
there exists some Ny € N such that for N > Ny, gy € W2’4(7pr).

PROOF. We work with ¢ = 2 for simplicity.

(1). We first prove the claim involving f € W12(yyy,). Let W™P(RY) be the standard
Sobolev class on R? (cf. [Bog98, Chapter 1.5]) and recall that C§° (Rd) is the class of smooth
functions on R% with compact support. By [Bog98, Proposition 1.5.2], we only need to
verify that (f € WH2(RV*P) ie., (f € Lo(RY*P) and its first partial derivatives (in the
sense of distributions) live in Lq(IRV*P) for every ¢ € C§°(RN*P). ( f € Lo(RN*P) follows
from N > p 4+ 1 > p. Using the absolute continuity on line characterization of the space
WL2(RNXP) (cf. [Mazl1, Section 1.1.3]), we only need to show that ¢ f is absolutely con-
tinuous on almost all straight lines that are parallel to coordinate axes and the first pointwise
derivatives of ( f belong to Lo(R™Y*P). As ¢ has compact support, the latter requirement is
satisfied by the assumption that f and its first pointwise derivatives live in Lo (yYnxp). To show
the almost absolute continuity, we only need to do so for f on a compact subset of RV *?.
Identify X € RV*P in the matrix form X = [X-- - Xp] where X; € RY for 1 < j <p,
and in the coordinate form X = (XlT,...,XpT). Let L; = {(XIT,...,XPT) eRVN*P: X; €
lin(Xq,..., X1, Xj11,...,Xp)}, and m_;5) : RN>P — RV*P~1 be the natural projection
that excludes (X;);. Then 7_;;)(L;) is a subset of R *P~1 of Lebesgue measure 0 for each
(1,7) € [N] x [p], 4" € [p] under the condition p < N — 1, as we may write

Ly = {(XIT,...,X;_l,ZWXJT,X;H,...,XPT) . X; €RY v, €R,j #j’}.
J#y

Hence with L = U;L;, m_;;)(L) is a subset of RN *P=1 of Lebesgue measure 0 for every
(4,7) € [N] x [p]. In particular, this means that for any X_;;) ¢ 7_(;;)(L), the map f along
the line ;) — (2(;), X_(;;)) does not touch {X € RV*P: det(X " X) = 0}, and hence
is locally Lipschitz as V f(X) = 2X (X " X) ™. This verifies the almost absolute continuity
property, and hence f € W12(yx,) provided itself and its first pointwise derivatives live in
La(YNxp)-

The verification of f € W*2(yy,) under Ly integrability of the pointwise derivatives
up to the second order is the same, upon noting the derivatives have singularities only at
{X e RN*P: det(X " X) = 0} (the precise derivative formula is given in Lemma 5.1).

The last assertion follows from Lemma 4.3 and (5.11) that establishes the L, integrability
of the pointwise first and second derivatives, and the straightforward verification of the L,
integrability of f itself.

(2). The singularity of g, occurs only at tr(X ' X) = > | X;[[* =0, i.e., X =0. The almost
absolute continuity on line characterization is therefore easily verified. The L, integrability
of the derivatives up to the second order follows from Lemma C.2. O

APPENDIX C: MOMENT AND CONCENTRATION (IN)EQUALITIES FOR TRACE
FUNCTIONALS

LEMMA C.1. Let Z € RN*P be a random matrix whose entries are i.i.d. N'(0,1), and
A € RP*P_ Then

E|ZA|p < 4N|AT A% + N Allp < 5N?| Al .
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PROOF. As ||ZA|% =tr(ZAATZT) =tr(ATZT ZA), we have
E|ZA|s =Etr?(ATZT ZA) = Var (tr(AT 2T ZA)) + (Ete(AT 2T ZA))?
=Var (tr(A'Z7ZA)) + N*tr* (AT A).
Further note that for any (i, j) € [N] x [p],
diptr(ATZTZA)=tr (A (eie] ) ZA) +tr (AT Z T ese) A)
= (ZAAT)ij+ (AATZT);; =2(ZAAT);;,
so by Gaussian-Poincaré inequality,

Var (tr(AT 2T ZA)) <EY (95 te(AT 27 Z4))?
2%
—AR||ZAAT |2 =4Etr(ZAATAATZT) = AN tr(AATAAT).

Finally note that
2
r(AATAAT) = AT AR = T AN (A) < (Z A?<A>) —JAJL = (AT A4).
The claim follows. ]

LEMMA C.2. LetSz=N"! ZZ]\LI 7,7 where Z;’s are i.i.d. N'(0,1) in RP. Then there
exists some universal constant C' > 0 such that for any non-negative definite matrix . and
anyt >0,

2
p(zv\(u(zsz) —tr(¥))] >t> < 20xp (‘ c<NHz||§j+ ||E|!opt)>'

Consequently, P(tr(3Sz) < tr(X)/2) < e~V for some universal ¢ > 0. Furthermore, for
any L € 7 such that £ > —N /2, there exists some Cy > 0 such that [recall (3.10)]

Eb(2Y/28,5Y2) < 0y - b(%).

PROOF. Let X; = XY/2Z; Then tr(2Sz) = NN 222, = N1 SN || X;?, and
Etr(XSz) = E||X;||? = tr(X). By Hanson-Wright inequality (cf. [BLM13, pp.39]),

N
A2 N3
Eexp (AE (1% —E\\Xi|!2)> < exp (F |
2 =27l
so by [BLM13, Theorem 2.3], we have

2
p<N\(tr<zsz) — tr(%))| >f) < 2exp ( c<NHz||§j+ ||E|!opt)>'

In particular, with t = N tr(X)/2, we have

P(tr(£57) < tr(£)/2) < exp < - N2 42(%) ) Y

(N[ + NZlop tr(X))
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For the expectation bound, let {); }§:1 be the eigenvalues of ¥ and assume without loss of
generality that 3_%_; \; = 1. Then
N

Etr!(S;%) = ( ZZTEZ) ( 3" ZTdiag(A,. ., A )Zi)g
i=1
p l p J4
:N%(ZZAJZ%) zNﬁE(ZAjY])
i=1 j=1 j=1

(%) (%)
< NEEZA Y <o NG Z/\ NC=1.
7j=1 7j=1
Here (*) follows as the map 2 +— z*

following calculations:

e If 0 € Zs1, EY{ = E(x2(N))" < N
o Ifl e ngl and ¢ > —N/2, then

EYIE:E(X_Q(N))_K:/x_ér(];;mm_g_le_ s da 2‘% <, N

The proof is complete. O

is convex on (0, 00) for £ € Z, and (%) follows from the

LEMMA C3. Let Sz=N"1 Zfil Z;Z where Z;’s are i.i.d. N(0,I), and ¥ € RP*P
be a non-negative definite matrix. Recall the definition of by(X) in (3.10). Then for some
universal constants C,c > 0,

|Elog tr(£57) — log tr(%)| <

B0 E)] |, e (B0 (D)]
Np +Ce N( (Np)i/2 \/1).

PROOF. Let E = {tr(X(Sz — I))/tr(¥) > —1/2}. By Lemma C.2, P(E€) < e~V for
some universal constant ¢ > 0. As [log(1 + ) — 2| < 422 for z > —1/2,

|Elogtr(£Sy) — logtr(E)} = ‘Elog <1 + tr(E(SZ—I))> (1 +1p)

tr(X)

r — 2 r _ 2

+EY?log? (trt(rz(g)z )) PY2(EC) = () + (I1) + (I1).

To handle (I), note that by Gaussian-Poincaré inequality [BLM13, Theorem 3.20],
Etr® (5(Sz — <EZ [0 tr (2(Sz — 1))]°

2
:EZ [N‘ltr <EZ (dine; Zy) +5ikZ’€€J‘T)>}
i\ k

4tr(%2)
N ?

_EZ N~ttr (Se; 20 +32e) )] = NQZEZTZe] el Y7 =
2
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SO
26_CN/2 trl/Q(EQ) eNJ2 b1/2 [(2 . b—l(z))ﬂ
(1) = 1/2 =€ ' 1/2
N2 4:(5) (Np)
The second term has closed-form expression: by Lemma C.4-(1),
2tr(%?)
1) = ——=.
(I1) Ntr2(%)

To handle (I11), by using 0 <logz <z —1forx >1and —z~! <logz < 0 for x € (0,1),
we have

s (1252) i (S50 )

w2l (U <1

e[t (2(Sz —1))1? K w(®) 17 (2
- tr(X) tr(XSz)| ~ Ntr?(%)
where in the last inequality we apply Lemma C.2. Hence

_en [ t11/2(X2)
(I Se ™ [Nl/Qtr(E) 1}

The proof is complete by collecting the bounds. O

+1,

LEMMA C4. Let S;=N—1 Zfil Z:Z where Z;’s are i.i.d. N(0,1) in RP, and ¥ €
RP*P be a non-negative definite matrix.

1. There exists some absolute C' > 0 such that
Etr [(3Y25,5Y2)%] = (1 4+ N~ r(22) + N (%),
Etr?(21/25,52) = tr?(2) + 2N~ tr(2?),
Etr® [(21/25,51/2)%] < C[N—l(l V (p/N))Ptr(Eh) +tr?(22) + N 26 (D) .
2. There exists some absolute C' > 0 such that
Var (tr(2S7)) <4N~|2|%,
Var (t12(2Y25,512)) < (N 2t:4(%)) - N[22,
Var (tr2(21/25221/2) - tr2(SZ))
S (NTP*(2 - 1)) - NISIE + (N'p)? - NIIZ — 1]f3,
Var (tr [(21/25,512)%])) <N~ 1 v (N 1)) tr(Z4).
3. Recall that b(X) = tr(X)/p from (3.10). For any { € N,
Efp(5'/2575'%) —b(2)|" < Cr(I1E]rN2p )

for some constant C; = C1(¢).
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PROOF. Let X;’s beii.d. V(0,%). We write S = £'/25,%1/2 in the proof for simplicity.
(1). Note that

Etr(S?) = N Etr [ZXiXZ-TXijT]
ij
= N2 [ZEtr (XX, X; X))+ ZE(XZTXj)Q}
i#] i=j
= N2 [N(N 1) ee(S2) + NE(ZJEZl)ﬂ

W N2 [N(N +1)tr(E?%) + NtrQ(E)}

= (1+ N (2 + N (D),

and

E tr?( < 1ZXTX> =N~ 2ZEXTXXTX

7]

[ZEHX B+ B X }

i)
=N? [N(N ~D(EZ{s2:)% + NIE(ZIEZlf]

) - [N(N — 1) 02(8) + N(t2(D) + 2tr(22))}

= tr?(%) + 2N 1 tr(¥?).

Here (), (+x) follow by the following calculations:

EZ{ ©7, —E(Z/\jlej) = tr(D),
J
E(Z, £2,) = (ZA le> —3ZA2+ZA A

J#7
=2y "N+ <Z>\ ) = tr?(2) + 2tr(%2),
J
where A1,..., )\, are the eigenvalues of X. The final one follows as

Et? [(2Y/25,5Y/2)%] = Var (1 [(2/28,2)]) + (Etr [(21/25221/2)2])2

SNV (N ')’ e (Zh) + 02(522) + N2 6 (3).
The last inequality used (2) to be proved below.
(2). For the first variance bound, note that

0
8Zij

tr(2Sz) = N"'tr (S(e;Z + Zie))) =2N"1(Z%);;,
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so Gaussian-Poincaré inequality yields that

2
Var (tr(£57)) §E§ [ag,tTZ(ZSZ)} — AN 2E||Z2||% =4N Y| 3.
i, E

For the second variance bound, note that

0
0Z;;

tr?(NSz) = 2t1(2Sz) - N~ tr (S(e; 2 + Zie) )

=4AN"tr(2S2)(Z2%)i5,

so Gaussian-Poincaré inequality yields that

2
Var (tr*(£57)) <E [82 tTQ(ESZ)] = 16N *Etr*(£57)[| Z2I3
ij gl

(%) (%)
< N72e*(E) - EV?)Z8)h S (NT26?(2) - N|S|G

Here in (%) we use Lemma C.2, and in (**) we use Lemma C.1.
For the third variance bound, note that

(trQ(ESZ) — trQ(Sz)) = 4N_1(t1‘(ESZ)(ZE)ij — tr(Sz)ZZ‘j).

0Z;;
Hence
Var (trz(ESZ) - trQ(SZ))
SNTEw? (8- 1)Sz) 22|15 + N?En®(Sz)[12(8 ~ D)%
SN2 -1 - NS+ (N N[ - TE

For the fourth variance bound, note that

ij?

82 - t(85,557) = 2N tr [mzz(ejzj + Ziem —AN"H(Z55,5)
ij

so by Gaussian-Poincaré inequality and Lemma 4.4,
Var (tr(£57557)) < 16N *E||Z8S5||%
= 16N ?Etr (Z2S8,55S8,5Z") = 16N 'Etr (25, 5X5,557)
<16N'E|S4|2, tr(SH) S N L1V (N 1) tr(sY).

(3). This follows by integrating the tail of |b(X/2S,%1/2) — b(X)| in Lemma C.2:

E\b(zlﬂszzl/?)—b(z)f—/ P (b8, 512 — (%) > ) dt
0

0 _ Np? 2 o N
Se/ =1 TmIE dt+/ tle o’ dt
0 0

“1/2 —1\¢ 1 —1\/ —1/2 —1\¢
Se (IB1eN 2™ + ([2llopN ™) = (2 eN~2p )
The proof is complete. O

LEMMA C.5. Let Sz = NN 7,27 where Z;’s are i.i.d. N'(0,1) in RP. With y =
p/N the following hold:
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Etr(S3) =py*+ 3py +p + 3y + 3y + 4y/N.
Etr?(Sz) = p + 6py + 8y/N.

Etr(S7) tr(S%) = p*y + p* + py + 4(y* +y) + 4y/N.
Etr?(S%) equals

N4 Np(p+2)(p+4)(p+6) + N(N = 1)(p(p +2))*
+2N(N —1)3p(p+2) +4N(N — 1)p(p +2)(p + 4)
+4N(N —1)(N = 2)p(p+2) + 2N (N — 1)(N — 2)p*(p +2)
+ N(N —1)(N —2)(N - 3)p*].

5. Etr(SZ)tr(S%) equals

N~ [Np(p+2)(p+4)(p+6)+ N(N = 1)p*(p+2)(p+4)
+3N(N —1)p(p+2)2 +3N(N — 1)p(p+2)(p+4)
+3N(N —1)(N = 2)p(p+2) +3N(N — 1)(N - 2)p*(p +2)
+ N(N —1)(N —2)(N = 3)p*].

Var (b(Sz)b3(Sz) — b3(Sz)) = O(p*/N?) in the asymptotic regime p > N — co.
. Forany k,( €N, Etr*(S%) < Cp** for some constant C = C (k,£) > 0.

b

N o

PROOF. Write S for S in the proof for simplicity. Recall that if R follows a chi-squared
distribution with an integer v degrees of freedom, then

ER?=1%+2v, ER*=134+612+8v, ER'=v(v+2)(v+4)(v+6).
Hence (1)-(3) follows from the following calculations: We have

Etr(S*)=N"*-E > (Z Zi N2} 2:)

Z1 ZQ 13

N (Y malts Y Ealtc Y EizP)

[(1,i2,13)|=1 |(1,82,13)|=2 |(41,42,13)|=3
=N [N-E(x2)*+ (3N? = 3N)E(x3)* + N(N — 1)(N —2) - p|
=py? 4+ 3py +p+3y° + 3y + AN "1y,

and
E e 3E<ZHZ\2> — NE(R,)? =5+ 6py + 8Ny,
and
N
Etr(S) tr(S%) = 3E(Z||z“||2)( > (212.)?)
21—]. 7,2713—1

N
=NTE Y 1Zu1*(2] %)

11,82,83=1

e DS TAH- AP AR S AN TPAT
[(31,i2,i3)|=3 (12=13) 741
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+ > EzZPE R+ Y ElA)
[(i2,83) |=(41,i2,i3)|=2 [(i1,i2,i3)|=1
=N3[N(N —1)(N - 2)p* + (N* = N)(p* + 2p°)
+2(N? — N)(p* +2p) + N (p* + 6p* + 8p) ]

=p’y+p° +py+4y° +y) +4N "y
(4). By definition, we have

N N
2
Etr2(S?) = N—4E( ) (XZTXZ.&)Q) =Nt Y E(X XXX Xy)% (€
i1, =1 i iy =1

The right hand side of (C.1) breaks into ZZZI A;, where Ay, As-Ay, As-Ag, and A7 corre-
spond to the cases where (i1,1],12,75) take 1,2, 3, 4 distinct values, respectively:

* (Ay) When (i1,7),1i2,1,) take 1 value, there are N such summands each of which take
the value E|| X1 |® = p(p +2)(p + 4)(p + 6).

* (A2) When (i1,4},42,1%) take 2 values with (i; = 4}) # (i2 = i5), there are N(IN — 1)
such summands each of which takes the value E|| X1 [|*[| X,||* = (E[ X, ||4)2 =p?(p+2)2.

* (A3) When (41,7}, i2,1%) take 2 values with (i1 = i) # (¢} =) or (iy = ib) # (ia =1)),
there are 2N (N — 1) such summands each of which takes the value

p
E(X] X0)2(X) Xo)? =E(X] Xo)' = Y (X1, X1, X1, X15,)"
j17j27j37j4:1
= > EXp XX X))+ Y (BX XX X))
[(J1,32,03534) =1 |(51,52,3,54)|=2

=p-32+3p(p—1)-1=3p(p+2).
* (A4) When (i1,17),i9,i}) take 2 values of the form (i1 = iy = i) # i/ or its variants,
there are 4N (N — 1) such summands each of which takes the value
E| X[ 4(X) X2)? = Etr(| X0 | X0 X[ X X5 ) =E[| X ||® = p(p+2)(p + 4).

* (As) When (iy,i},i2,1,) take 3 values of the form (i; = i) # ¢} # i5 or its vari-
ants, there are 4N(N — 1)(N — 2) such summands each of which takes the value
E(X| X2)*(X{ X3)* = E[| X1[* = p(p + 2).

* (Ag) When (i1,7),12,i,) take 3 values of the form (i; = ¢}) # 12 # i}, or its vari-
ants, there are 2N(N — 1)(N — 2) such summands each of which takes the value
E(X{ X1)*(X; X3)* =p-E[X:1[|* =p*(p + 2).

* (A7) When (1,4}, 12,i) take 4 values, there are N(N — 1)(N — 2)(N — 3) such sum-
mands each of which takes the value E(X; X5)%(XJ X4)% = p?.

(5). By definition, we have

N N

E[tx(5)tr(5%)] = NE(3IXP) (D (X (X X5,) (X))
i=1 J1,J2,Js=1
N
=N B[N X) (XX (XX | ©2)
i7j17j27j3:1

The right hand side of (C.2) breaks into 21.721 B;, where By, Bs-By, Bs-Bg, and By corre-
spond to the cases where (i, j1, j2, j3) take 1,2, 3, 4 distinct values, respectively:
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* (B1) When (i, 71, j2,73) takes 1 value, there are N such summands in (C.2), each of
which takes the value E|| X1||® = p(p +2)(p + 4)(p + 6).

* (Bg) When (i, j1, jo,j3) take 2 values with i # (j1 = jo = j3), there are N(N — 1) such
summands each of which takes the value E|| X1 ||?|| X2||® = p?(p + 2)(p + 4).

* (B3) When (i, j1, j2,j3) take 2 values of the form (i = j1) # (jo = j3) and its variants,
there are 3N (N — 1) such summands each of which takes the value

)X (X X2) | Xel2(X] X1) = Etr (11X 250X, - | XXX )

2 (x
=tr (B PX0XT ) Dt [(p+2)8,)° =p(p+2)°

Here in (x) we use the following fact by direct calculation (E[X:[]>X1X)"),, =
E[( 01 X7 ,0) X1xX 1] = (0 +2)0ke.

* (B4) When (7,1, jo2,j3) take 2 values of the form (i = j; = j2) # jo or its variants,
there are 3N (N — 1) such summands each of which takes the value E|| X ||* (X X2)? =
E[[X1]° =p(p+2)(p +4).

* (B5) When (i,j1,j2,j3) take 3 values of the form (i = j;) # jo # j3 or its vari-
ants, there are 3N (/N — 1)(N — 2) such summands each of which takes the value
| 2(XT X2)(X] X) (X5 X1) = E|[ X[ = plp+ 2)

* (Bg) When (i,j1,j2,j3) take 3 values of the form i # (j; = j2) # j3 or its vari-
ants, there are 3N (/N — 1)(N — 2) such summands each of which takes the value
X 12 X 2(X X5)2 = E|LX: |2E| X | = p2(p + 2).

* (By) When (i, j1, j2,j3) take 4 values, there are N(N — 1)(N — 2)(N — 3) such sum-
mands each of which takes the value E[|| X1 [|>(X, X3)(X5 X4) (X, X2)] =p*.

(6). Let F(X) = b(S)b3(S) — b3(S). Then using for any (i,5) € [N] x [p], ;b =
2(Np)~1Xij, 0i5ba = 4(Np) 1 X,  Se;, 9;5b3 = 6(Np)~1 X1 S2%¢;, we have
9ijF(X)=2(Np) ' X;; - bg + 6(Np) ' X, S%¢; - b—8(Np) ' X, Se; - by
— (Np)~L (2b3X L 6bXS2 — 8b2XS> .
(7)
Hence by the Gaussian-Poincaré inequality, we have by direct calculation

Var(F (X)) <E|VF(X)||7 = (Np)~'E(28bb3 + 36b%b5 + 32b3b3 — 96bbabs)
= (NpH™E [28 tr(S) tr3(S?) + 36 tr?(S?) tr(S°) + 32tr*(S?) tr(S?)

96 tr(S) tr(S?) tr(sﬂ .

The rest of the proof follows from similar arguments as in (4) and (5) by explicit calculation
and cancellation of higher order terms; we omit the details.
(7). This follows directly from the property of the chi-squared distribution:

N
Etrk(SZ):N_ME[ Y (XX (XX

1e—1 14

k
(X X))
i1, yie=1

N

N

i ke

<NHE(Y X 7) = N RS x?)
=1

i1yenyie=1
_ ke
=N"ME(*(Np)" Sep™.
The proof is complete. O
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