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Abstract.

Let {R;; ¢ > 1} be the sequence of record values generated from a sequence of i.i.d. continuous
random variables, with distribution from the exponential family. In this paper we study the behavior
of k-spacings of R;, that is, Ri4; — R; for i > 1. We show that, under certain conditions, a normalized
k-spacings empirically converges to a Gamma distribution. Counter examples show that the result
is not valid when the conditions are violated. A strong law and a limiting distribution of the largest
normalized spacings are also derived. In particular, these results conclude that the k-spacings go to
infinity when the population distribution has heavy tail; the spacings go to zero when the tail is not

heavy. Exact speeds of such convergence are obtained.

1 Introduction and main results

The record values was first studied by Chandler (1952). For full account of history and references,
see [1], [7] and [21]. A lot of properties on record values were understood: the joint distributions
of record values was characterized, see, e.g., p.165 in [21]; the limiting distributions of records were
proved to be the extreme value distributions, see, e.g., p. 174 in [21]; the extremal process, which
is closely related to record values, was also studied, see p. 179 in [21], Deheuvels[8] and [9], and
literatures therein; some limit theorems about record values are studied in Bose et al[4] and [5].

In this paper, we will investigate the spacings of record values, which to our knowledge has not
been studied before. The study is inspired by similar research in random matrix theories (see, e.g.,
Gaudin[14], Mehta[20]), random graphs (see, e.g., Jacobson et al[16]), quantum chaos (see, e.g.,
Rudnick et al[22]), and number theories (see, e.g., Littlewood and Hardy[15], and Schmidt[23]). The
main concern in this direction is the k-spacings of a given triangular array of random or non-random
variables: an1 < an2 < -+ < apm as n is large, where m depends on n. By k-spacings of this
sequence we mean Gy, ;4 —an,; for ¢ =1,2,--- ,m—k. Two of the typical questions are the behavior
of the empirical distributions of spacings and the largest spacings as n is large.

Now we state our main results in this paper.

ISupported in part by NSF #DMS-0308151 and NSF #DMS-0449365, School of Statistics, University of Minnesota,

224 Church Street, MN55455, tjiang@stat.umn.edu .
2School of Mathematics, Jilin University, 10 Qianwei road, Changchun130012, P. R. China, lidan-

ningxn@gmail.com.

Key Words: record value, extreme value, empirical distribution, limiting distribution, Stein’s Poisson approximation
method.

AMS (2000) subject classifications: 60F05, 60F15, 62E20, 60GO07.



Let X, X;, X5, -+ be ii.d. random variables with cumulative distribution function F'(x) and

density function p(x). That is,

T
Fz)=P(X <z)= / p(t) dt (1.1)
—0o0
for any =z € R. Set
Li=1, Ly =inf{k > Lp_1; Xp > X, _,}, n>2. (1.2)

Then Ly, Lo, --- are called (upper) record times, and Xr,,, Xr,, Xz, ,--- are called (upper) record
values. If the part “X; > X _,” in (1.2) is replaced by “Xj < X __.7, then the corresponding
L;’s and Xp,,’s are referred to as lower record times and lower record values, respectively. Since one
negative sign will change the lower case to the upper case, we will consider the upper case only in
this paper. For convenience of notation, let R; = X, for ¢ > 1. We will use the following condition

later:

There exists A € [—00, +00) such that p(x) >0 for x > A, and p(xz) =0 forz < A and

p(z) is continuous on (A, +00). (1.3)

Under this condition, we have that F’'(x) = p(z) for all x > A, and that the inverse of F(z) exists
on (A, +o0). Define g(z) = p(F~'(x)), 0 < z < 1. The following condition will also be used:

There exist constants o > 0 and 8 > 0, and a function w(x) defined on (0, 4+00) with limy_, 4 o w(z) =
0 such that

1\ (e D/a 1
g(l—1t)=pt (log t) {1 +w (t)} (1.4)
as t — 0%. Throughout this paper, logz = log, = for z > 0.

This condition looks a bit strange at first sight. Proposition A.1 in Appendix says that (1.4)
holds if the density function of random variable X is of the form p(z) = ce="#"+0®@) [{z > A}, for
some positive constants ¢, x and «, and some constant A > —oo, and some function b(x). When
b(x) = 0, we derive that f = ax'/® and w(z) = O((loglogz)/logx) as x — +oo; if b(x) is roughly
of order o(z%/logz) as * — +oo (see the exact conditions in Proposition A.1), we obtain that
B = ar'/® and w(z) = o(1/loglogx) as  — 4oo. This says that condition (1.4) holds for a great
class of distributions in the exponential family.

The following result shows that the empirical distribution of k-spacings of record values, suitably

normalized, goes to a Gamma distribution.

THEOREM 1 Suppose p(xz) = ce " I(z > 0) for some constants ¢ > 0 and a > 0, or more
generally, conditions (1.8) and (1.4) hold with w(z) = o(1/log(logz)) as v — +oo0. Given integer
k>1. Let D; =i V/%(Ryy; — R;) fori > 1 and pnx = (1/n) 31, 6p,. Then, pin ) converges in
distribution to p with density h(x) = Bkz*~te=P*I(z > 0)/(k — 1)! almost surely.



REMARK 1.1 Suppose X has the log-normal distribution, that is, log X ~ N(0,1). Then p(x) does
not satisfy condition (1.4) because of Proposition A.2 in Appendiz, yet the tail of this distribution is
faster than the tail with the form of a rational function, for example, p(z) = x=2I(x > 1). Proposition
A.3 says that Theorem 1 does not hold when X has log-normal distribution. However, the proposition
tells that a different formulation of spacings still gives a similar limiting distribution: (1/n) > 1, 6p,
converges to the Gamma distribution with density p(x) = 2Fz*~le=2*[(x > 0)/(k — 1)!, where
D; = m(log Ri1i — log R;) for i > 1. This says that the spacings among records become larger
than those as in Theorem 1.

Another example is F(z) = (1—(logx)"Y)I(x > e). Then F~1(x) = exp(1/(1—x)) for z € (0,1).

One can check from (1.5) below that

L(R1,Ra,-++ ,R,) = L(e° €%, ,e° ).

where S; =& + &+ -+ & fori>1 and &’s are i.i.d. random variables with distribution Ezp(1).

The spacings are even much larger than those as in the log-normal case.

REMARK 1.2 Theorem 1 roughly says that the k-spacings of record values multiplied by i(*=1/

are random variables from a Gamma distribution. Recall that a typical distribution of X satisfying
condition (1.4) is p(x) = ce=*"I{x > 0} for some ¢ > 0. If « = 1, the k-spacings without any
normalization can be thought as a random sample from a Gamma distribution. If a < 1, then
ile=D/e 0, which means that the spacings without normalization become larger and larger and go to
infinity. If a > 1, then i©®=D/® — 4oo. This tells us that the spacings go to zero. However, since the
order of the i-th spacing is 1/i'=(1/®) | the infinite sum of these spacings is > ;~, 1/i' =1/ = 00, On
the other hand, that is obvious because the sum of the first n spacings is equal?ﬁo Yo (Ryyi—Ry) =
(Z?;fﬂ R;) — Zle R; > Ry+i — Zle R;. The random variable Zle R; does not depend on n,
and Ry,+r supposedly goes to +00 because the right end of the support of random variable X is +00
from condition (1.3).

The next result gives the scale of the largest normalized spacings.

THEOREM 2 Suppose p(xz) = ce * I(z > 0) for some constants ¢ > 0 and a > 0, or more
generally, conditions (1.3) and (1.4) hold with w(z) = O(1/log(logx)) as x — +oo. Given integer
k> 1, let W,, = max;<;<,, {i®®"V/*(Ryy; — R))}. Then

W, 1

li — a.s.
nLH;o logn - 3 a-s

With the strong law above, in what follows we get a refined result about W,,, which is the limiting

distribution of the largest spacings.

THEOREM 3 Suppose p(xz) = ce " I(z > 0) for some constants ¢ > 0 and a > 0, or more
generally, conditions (1.8) and (1.4) hold with w(z) = o(1/log(logx)) as v — 4oo0. Given integer
k> 1, let W,, = max;<;<, {i®®"V/*(Ry1; — R;)}. Then,

P (W, = 3" logn — 87" (k — 1) log(logn) < x) — exp (—(k_lwe‘”)



for any x € R.

The right hand side above is an extreme value distribution. The proofs of the above theorems

rely on the following representation formula (see, e.g., Proposition 4.1 from [21)):

‘C(R17R2? o 7Rn)
= LF'1—-e®),F ' 1—e),... F'1-e ")) (1.5)
where F' is the distribution of X as in (1.1), and S, = & + -+ & for k > 1, and &;,&s, -+ are
ii.d.random variables with distribution Exp(1).
The outline of this paper as follows. We present all the proofs of theorems stated above in Section

2; some technical lemmas used in Section 2 and some tools on large deviations and Stein’s Poisson

approximation method are provided in Section 3.

2 Proofs

In this section, we provide the proofs of results stated in Section 1. We will use the following
equivalent form of condition (1.4), which is convenient in discussion later.

There exist constants o > 0 and 8 > 0, and a function w(z) defined on (0, +00) with lim,_, 4. w(z) =

0 such that
(a—1)/a
t 1 1 1
| log = - == 2.1
ay (o) 5= (d) @)
ast— 07.

Proof of Theorem 1. By Theorem 11.3.3 of Dudley [12], it is enough to show that [, f(x)pn,k(dz) —

Jg f(@)p(dx) as n — +oo for any Lipschitz function f(z) with Lipschitz norm equal to 1, in partic-
ular, ||f|| = sup, g | ()] < 1. Now

/f ,Unk dx Zf<(a 1)/Q(Rk+ *R))

We have to show that the right side above almost surely goes to

ﬁ/o f(@)BFar e " do = ﬁ/{) f (Z) 2 e do.

Since f(z) is bounded, we only need to prove that

1 ¢ a—1) /a I-c > T k—1_—=z

- 1_[2] ( (Rpsi — Ri)) - (k—l)'/o f <B> ¥ e da (2.2)
for any ¢ € (0,1). Recall formula (1.5), when we discuss quantities on {R;; 1 < ¢ < n} for fixed
n, we simply regard R; = F~1(1 —e™%) for 1 < i < n. By the Mean-value theorem, there exists
0; € [S;, Sk+i] such that

(a—1)/a o 67 jla=1/a
? (Rk"rl R) (Sk"rl S) (1 — e ) (23)



Possibly there are many 6;’s satisfying the above equation. For definiteness, choose 6; to be the
infinimum of those to satisfy the above. By the continuity of p(z) as assumed in condition (1.3), the
equation (2.3) still holds for the new 6;. Then such #; may not necessarily be measurable. But we

do not need that, the condition S; < 6; < Sk, is enough in later proofs. Define

_ B —1y\(e=1)/a
H(z) = o0 =) (log(z~1)) , x> 0. (2.4)
Then, by (2.3),
PN
iRy — Ri) = B (Skqi — Si)H(e™ %) <9> ' (2.5)

By condition (2.1), there exists § € (0,1) such that |H(x) — 1| < 28|w(z~1)| for all 0 < z < 4. From
(2.5) and the Lipschitz property of f(x), we have that

£ (12 (Rs = o)) = £ (87 (Shti = $)|

"y i (a=1)/c
H(@ 1) 67 —1].

Obviously, Si4+: — S < k- maxi<;j<ptn &; for all 1 < i < n. To prove (2.2), it suffices to show that

< BN Sk4i — Si)

% Z f Sk+z*5i)) — (1*C)Ef (5715]6)
i=[cn]
B ﬁ /OOO f(B a)a e de as. (2.6)

and

max ¢&; |- max
1<i<n+k [en]<i<n

To prove (2.6), it is enough to show that

% Z (Spyi —S5) — Ef(Sg)) — 0 a.s.

Since Y7 @i = Yoimy @i — Z[m] a; + aep) for any {a;; i > 1}, the above is equivalent to that

cn]
lz f(Sksi —Si) — Ef(Sk) — 0 a.s.

3

for any ¢ € (0,1]. Set Sp = 0. Write

1 1
Un=(-2_ Znj) — (f(Sk) = Ef(Sk)) where
=0
[([en]—4)/k]+1
Zng= >, {f(Sikrs = Si-1yr+s) — EF(Sk)}-
1=1



Noting that the random variables in the second sum are bounded i.i.d. random variables, it is easy

to check that E(Z, ;)* = O(n?) as n — oo for 0 < j < k — 1. Then, since || f|| < 1, by the convexity

of function r(z) = 24,

= 9\ 4
EU,)* < = 4 s
(Un)* < 8E| ZZW +38 (n)
7=0
27 k3 . 1
< v + i E(Z,;)*=0 (712)
§=0
as n — o0o. Therefore,

(oo} oo
ZP(\U,J >e¢) < 674ZE(U”)4 < 0.
i=1 n=1

By the Borel-Cantelli lemma, U,, — 0 a.s. Thus (2.6) follows.
Now P(maxi<i<n& > 3logn) < nP(& > 3logn) = 1/n? Then > 7

> ooy P(maxi<i<n & >

3logn) < co. By the Borel-Cantelli lemma again,

. maxi<i<n &
lim sup ——="2%
n—oo logn

<3 a.s. (2.8)

Note that |ab— 1] < |a—1|-|b— 1|+ |a— 1|+ |b— 1] for any a,b € R. Thus, to prove (2.7), it suffices
to show that

(logn)- max |H(e %) =1 =0 a.s. (2.9)

[en]<i<n
(i>(0¢—1)/0¢ .
0;

Given = > 0 such that |z — 1| < 1/2. By the Mean-value theorem, there exists { between 1 and =
such that

(logn) - max —0 a.s. (2.10)

[en]<i<n

a—1| _ 2/ o — 1]

glo=D/e _q :|x—1|-§—1/a-| < lz—1]. (2.11)

a «

provided |z — 1| < 1/2. Thus, to prove (2.10) it is enough to show
(logn) - [mrl?galxgn % - 1’ —0 a.s. (2.12)

First, since S; < 0; < Sk,

i 1 .
max |[——1| < max |6; — i
[en)<i<n | 0; Slen]  [enl<i<n
1
< max (k+1[S; —1|).

S[Cn] - [en]<i<n+k

By the Kolmogorov’s strong Law of Large Numbers, S|.,j/n — ¢ a.s. as n — oo. Therefore, to see

(2.12), it is enough to prove that n~'(logn) maxje,)<i<ntk [Si — i — 0 a.s. This is obvious, since



limsup,_,, |S; —i|/v/2tloglogi < 0o a.s. by Hartman-Wintner’s Law of Iterated Logarithm, then

MaX[en)<i<ntk [Si — 1 (logn)3/2 - |S; — i
n/logn - VN [en]<i<n+k /2iloglogi
(logn)*/2 15:— i

0 a.s.

s
Vn Z-ZL[I,SL] V2iloglog -
as m — oo since the supremum goes to 1 a.s. We obtain (2.12).
Finally, let’s prove (2.9). By condition (2.1) and the condition that w(z) = o(1/loglogz) as

x — +00, for any € > 0, there exists a constant § > 0 such that

Bt —1y\(e—1)/a €
g(1—1) (log (t )) —l= loglog(t—1)

as 0 <t < 4. By the Law of Large Numbers, lim; o, S; = +00 a.s., therefore max|.,j<i<n e ¥ <

e~"len] — 0 a.s. as n — +o00. Recalling (2.4), we have that, with probability one,
_o, elogn
logn) max |H(e %) —1|< — € a.s.
(ogm) mae H(e™") 1] < 1= 8%
as n — +o0o by the Law of Large Numbers again. Then (2.2) follows. |

We need the following lemma to prove Theorem 3.

LEMMA 2.1 Suppose the conditions in Theorem 8 hold. Recall D; = i(o‘*l)/o‘(RkaRi) fori>1.
Then P(max <;< 7 Di > 7' (logn)) — 0 as n — oo.

Proof. Step 1. Let o/ = max{0, (o — 1)/} and p = F(3 ' (logn)'~*"), where F(z) is the cumu-
lative distribution function of X. By condition (1.3) and Proposition A.2 in Appendix, there exists
constants r2 > 11 > 0 and ¢ > 0 such that r1(logn)s < —log(1l — p) < r2(logn)s as n is sufficiently
large. Set

1
m, = min {[logn], [2 log (1 — p)} }
for all n > 1. Then m,, — +00 as n — oo. Note that
1227);” D; <mg Rim, < (logn)® Riym, -
Then, by the fact that £(R;) = L(F~1(1 — e=%%)) for all i > 1.

P< max D; > ﬂllogm) < P (kan > ﬂ*l(logml*“’)

1<i<mn
P (Stsm, > ~log {1~ F (57 (1ogn) =) }).

which is bounded by P(Sk4m, = 2m,,) by the definition of m,,. This probability goes to zero by the

IN

weak Law of Large Numbers. Hence, to prove the lemma, it suffices to show that

P( max D; > 7! logn> —0 (2.13)

my,<i<y/n



as n — OQ.

Step 2. We now prove (2.13). Notice
P (mnrg?fﬁz)i > 3" 'log n) < ;IP (D; > ' logn) (2.14)

As in (2.3) and (2.5), there exists 0; € [S;, S;+x] such that

i (a=1)/c
Di = ﬂfl(SkH — Si)H(eiai) ((9) (215)

where H(z) is as in (2.4). Trivially, | — 1] < max{|a —1|,]b — 1|} if a < 2 < b for any a,b € R.
Thus, if [(0;/i) — 1| > (2logi)/V/4, then either |S;/i — 1| > (2logi)/+/i or

QIOgi < Sk'Jri _1 < Sk+i _'(k +i) +E.
Vi T i - i )
k
S —

A

k+i.‘5k+i_(1€+i)
i

k+i

1
which in turn implies that [Sgy;/(k +14) — 1| > (log(k +1))/Vk + 1 as i is sufficiently large. Thus,
noting that F¢; =1 and Var(§;) = 1, by (ii) of Lemma A.2 |

p(%1]>28) <o g p(|So1> B8 comrn g
i Vi i<j<heti j Vi

as i is sufficiently large. By condition (2.1), there exists § € (0,1) and K € (0,400) such that
|H(z) — 1| < Klw(z™1)| as 0 < o < 4. Obviously, if € € (0,1/2) and |1 — 2| < ¢, we have that
|1—z~'| < 2|z—1|. Thus, if |(8;/i)—1| < (logi)/+/i, then 8; > i—+/ilogi and |(i/6;)—1| < 2(logi)/\/i
as 1 is sufficiently large, use (2.11) and the inequality that [ab—1| <|a—1|-|b—1|+|a— 1|+ |b—1|
to get

7 7
i L
0; 0; ’

B 1 log i 1 logi\ 1
- (loglogeef‘> O( Vi ) +0(log10g691‘) +O( xﬁ) 0<10gi) “%

for all i > m, and n is sufficiently large, where K, = 2/%|a — 1|/a. We use the fact that

IN

K- -K,- |w(e‘9'i)| .

- 1’ + K|w(e”)] + Ka

w(z)log(logx) — 0 as * — 400 in the first equality above. By (2.16),

i (a=1)/c
P |H(e™%) (0_) -1

for all i > m,, as n is sufficiently large. From (2.14), (2.15) and the above, we have that

> 1 < o~ (og)?/3
“logi ) T

P (Di > 3 tlog n)

—1
< P (Sk > (logn) (1 + ) ) + ¢ (los®)?/3 (2.17)

log m.,



for all ¢ > m,, as n is sufficiently large. By L’Hospital’s rule, one can easily check that

oo xkflefm tkfleft

P(Sy, >t):/t = dz ~ ] (2.18)

as t — 4o00. Recalling (2.14), we obtain that

P D; > 3711
(,max D> 7" hogn)

< 2/ - (logn)k—te(ogm(to(l)) 4. Z o—(0gi)?/3
mp<i<y/n

as n is sufficiently large. The middle term above goes to zero evidently; since m, — 4oo and
f;—oo e~ (log®)*/3 g < 00, the last term is bounded by
1 2/3 X (loga)?/3
e~ (logmn)"/ +/ e~oe2) /3 gy 0
Mn

as n — +oo. We finally get (2.13). [

Proof of Theorem 3. By Lemma 2.1, it is enough to prove that
1
P( max (6D;)>logn+ (k—1)log(logn)+ fz) — 1 —exp (eﬁz> (2.19)
[Val<i<n )!

as n — oo. From (2.15),

%

.\ (a—1)/a
BD; = (Sk+i — Si) + (Sk+i — Si) {H(e_ai) (;) - 1} :
By triangle inequality,

D;) — Skyi—Si
| e, (8D) = max (Skrs =5l

NG
< K H(e %) (9> —1].

max &) max
1<i<ntk ™ (yal<i<n

From Lemma A .4,

P( max (Skti—S;) >logn+ (k—1)(log(logn) + fz)
[vn]<i<n

= P( max (Sgy; — 5i) > logr, + (k — 1)(log(logry,) + Bz + o(1))

1<i<r,

— 1—exp (Ug_ll)!eW)

as n — oo, where r,, = n—[y/n]+1. Second, it is known that (maxi<;<, &)/logn — 1 in probability.

Thus, to prove the theorem, we only need to prove

o i (a=1)/c
H(e™) (o 1| =0 (2.20)

1 .
Y




in probability. Again, recall that |ab—1| < |a—1|-|b— 1] +]a— 1] +|b— 1| for any a,b € R. As in
the argument between (2.10) and (2.12), to show (2.20), it suffices to demonstrate that
(logn)- max |H(e %) —1| — 0 in probability; (2.21)
[Val<i<n

1 .
B i,

S 1‘ — 0 in probability (2.22)

9

as n — oo. By (2.16),

(

as i is sufficiently large. Obviously, if |z — 1| < § and § < 1/2, then |1 — 27| < 24. Therefore,
P(z_1’24logz> < P(Qi—l’Z 210gz>
0; Vi

; :
< e (osd)?/3 (2.23)
as i is sufficiently large. If |(i/6;) — 1| < 4(logi)/+/i for all [/n] < i < n, then

Oi _ 1‘ < 210%") < o—(ogi)?/3
1 - 7 -

7

Z_l‘g

%

5(logn)?
(logn) - max %

2.24
[Vnl<i<n (2.24)

for any € > 0 when n is sufficiently large. It follows that

P ((1og n)- max 7

[Vn]<i<n

l—l’Ee) < n- max P(
i [Vn]<i<n

< ne—(logn)2/13

i 1’ S 4logz)

as n is sufficiently large. So (2.22) follows. Now we prove (2.21). By condition (2.1), there exists
K >0andé € (0,1) such that |H(z)—1| < K|w(z~")|as 0 < x < §. Thus, if |(6;/i)—1| < 4(logi)//i
for all [y/n] <4 < n, then §; > i — 4v/ilogi > \/n/2 for all [vn] < i< n asn is sufficiently large.

Therefore,

(logn)- max |H(e %) —1|

[Vn]<i<n
1
< (K1 : — . 9| log(log e?
< (Klogn) I Tollog &) (ﬁgfgn{w(e )| log(loge )}>
< (BK) sup {lw(z)|log(logz)} — 0

z>eVn/2

as n goes to +o0o by the given condition. Finally, by (2.23),

P ((logn) - max  |[H(e %) —1] > e>

[Vnl<i<n
i 4log1
< > P i -
[VAl<i<n ! Vi
< npeUoslva?/3 _ g

10



as n — 4o00. The assertion (2.21) is yielded. [ |

Proof of Theorem 2. We will next show that

1

hvlzrl—ilip log < 3 a.s. (2.25)
1

lim inf > — a.s. (2.26)

n—oo logn B

Upper bound. Given € > 0. Let v = (1/2) min{«, 1}. We claim that
P(U,>(1+¢ep 'logn) < e~ (logn)” (2.27)

as n is sufficiently large, where U, = maxj<i<, {i®"D/*D;} and k, = [(logn)?]. Note that
max;<i<k, {1 V/*D;} < (logn)"F~1(1 — e~ Skntk), where 7 = max{(a — 1)y/a, 0}. Obviously,
1—17 > 2v/a. Then, for n > e,

(a—1)/ > -1
P (123)2 {i D;} > (1+¢)p logn>

IN

P (Ffl(l — e*Skn+k) > (1+ E)ﬂfl(logn)%//a)
< P (Slcn-i-k > —log(1— F((1+ 6)5—1(10gn)2w/a))>

By condition (1.4) and Proposition A.2, there exists constant K; > 0 such that 1 — F((1 +
)3~ (logn)*1/*) < exp(—K;(logn)?7) as n is sufficiently large. Taking — log for both sides, we have
from (i) of Lemma A.2 that the last probability is bounded by P(Sk, +x/(kn+k) > €2) < 2e=1(e*)kn
It is easy to check that I(z) = x —logx — 1 for > 0. Claim (2.27) then follows since I(e?) > 4.
Now, let V,, = maxy, <i<pn D;, where D; = ie=D/(Ry; — R;). For any € > 0,

P (Vo> (1+2)p "logn) < > P(BD; > (1+2€)logn). (2.28)

i=ky,

From (2.3), there exists 6; € [S;, Siyk] such that

1 0. i (a=1)/c
D= 7" (Skyi — Si)H(e ™) <9>

where H(z) is as in (2.4). Write

\ (Do
BD; = (Sk+i — Si) + (Sk4i — i) (H(e_ai) (9> - 1) : (2.:29)

Then, by the inequality |ab— 1] <|a —1]-|b— 1]+ |a — 1] + |b — 1|, we have that

i (a=1)/c

where B; = |H(e7%) — 1| and C; = | (i/6,)~H/* _ 1|. Thus

< B;-C;+ B;+C; (2.30)

P(BD; > (1 + 2¢)logn)
< P(Sk > (1+4e€)logn)+ P((Sg+i — S:)(B; - Ci + B; + C;) > elogn) (2.31)
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for any k, < i < n. We claim that there exists a constant K5 > 0 such that

P <Bi > I(2> < e~ (og)?/3 L P (Ci > Ky logz) < e—(logi)?/3 (2.32)
log i Vi
as i sufficiently large. Indeed, as in (2.23), we have that
i 410gi) P
Pl —1> < g (log?)"/3 2.33
R EE I E (2.33)

as i is sufficiently large. Reviewing the argument in (2.11), |(i/6;)@~V/* — 1| < K3|(i/6;) — 1| <
4Ks3(logi)/\i if |(i/6;) — 1| < 4(logi)/v/i and i is sufficiently large, where K3 = 2%|1 — a~!].

Therefore

4K logi N
P (Ci > f’\’/fgz> < e~ (log)*/3 (2.34)

as i is sufficiently large. So the second inequality of (2.32) follows for any Ky > 4K3. Now, by
(2.16), P(|(6;/i) — 1| > 2(logi)/Vi) < e~(°eD*/3 if i is large enough. If |(6;/i) — 1| < 2(logi)/V/i
and ¢ is large, by condition (2.1) and the assumption on w(z), there exists a constant K4 > 0 such
that B; < K4(log(loge? )™ < 2K,/logi as i is sufficiently large. It follows that
p <Bi > ?’K“) < ¢ (logd?/3 (2.35)
log i
as i is large enough. Now taking Ko = 4K3 + 3K,, we get the first inequality of (2.32).
Now, if B; < Ky/logi and C; < (Kylogi)/Vi, then B; - C; + B; + C; < Ks/logi for some

constant K5 > 0 as 4 is sufficiently large. Therefore

K .
P <Bi -Ci+ B, +C; > 10;) < 26*(10g1)2/3 (236)

as ¢ is sufficiently large. Then, for k, < i < n, noting (¢/K5)(logn)logk,) > (1 + €)logn as n is

sufficiently large,

P((SkJri — SZ)(BZ -C; + B; + Cz) > elog n)
< P(Sk > (1+¢)logn)+ 2¢ (load)?/3 (2.37)

as n is large enough. From (2.18), P(Sk > (1+¢)logn) < n~1=(</2) as n is large enough. Combining
(2.31) and (2.37), we get
3 2
) v —(log)°/3
P(BD; > (1+2¢)logn) < D) + 2e
for all k, < i <n and large n. By (2.28),

3 n o
-1 —(log4)%/3
p(Vn2(1+2e)ﬁ logn)§n6/2+2 E e Uog

i=ky,
as n is sufficiently large. The last sum is dominated by

n .
e—(logkn)z/?)_’_ Z /1 e—(logw)2/3dx
i=kn+1 i—l

< oUoska)?/3 /  —log)?/3 g
ko

12



Use (logz)? > (log k,,) log z for > k;, to obtain that

/oo e_(logx)2/3 do < /OO x_(logkn)/g dor — (bg?f;n _ 1) (kn)l_(bgk")/g,
k kn

n

which is bounded by e~(°8 kn)?/4 as m is sufficiently large. Combing all the above, keep in mind that

kn = [(logn)7], we have
P (Vn 2 (1 + 2€)ﬁ7110gn) S 5ef(logkn)2/4 S ef(loglogn)2/5

as n is large enough. Noting W,, < max{U,, V,,}. The last inequality together with (2.27) concludes
that

P ( W > (1+ 26)ﬁ_1> < e~ (loglogn)*/5
logn

as n is sufficiently large. Take p, = [¢"]+1 foralln > 1. Then 3, -, P(W), /logp, > (14+2€)371) <
2350 e~(osm)*/5 « o By the Borel-Cantelli Lemma,

W,
limsup —2= < (1+2¢)87" a.s.

n—oo 108Pn
as n — oo. Observe that W,, is non-decreasing. For any k > 3, there exists n > 1 such that

Pn <k < pni1. Then Wi/logk < (W, ., /10gpni1) - (logpny1)/(logpn) for all p, < k < ppis.
Since (log pn+1)/(logpn) — 1 as n — oo, we eventually get

1%
lim sup Fo< (1+2¢)871 a.s.

k—o0 IOg k

for any € > 0. This gives (2.25).
Lower bound. By (2.29) and (2.30),

Siti — Si < BD; + (Sk+s — Si)(Bi - C; + B; + Cy))

for any ¢ > 1. Set ~,, = maxﬁgign(BiCi + B; + C;). Then

Sk+i — Si 2.38
ﬁmgén( ot ) (2.38)
< ﬁmgaén(ﬁDiH ﬁmgén(Sm*Si)% (2.39)

which gives max <<, (8D;) > (1 — v,) max <, (Skti — Si). By (2.36),

K,
P(’YnZ ) < n- max P(B¢Ci+Bi+Ci>5>

Vn<i<n ~ logi
< peUog n)?/13 (2.40)

K
log \/n
as n is sufficiently large. Thus, for any € € (0,1/4),

P(W,<(1-2¢)p 'logn) < P <\/Em§)§n(ﬁDi) < (1 —2¢) logn>

< P ((1 — V) \/rﬁngaén(SkH —5;) < (1—2¢) logn> .
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Considering the event in the last probability by distinguishing 7,, > K5/ log+/n or not, and noticing
(1 —2¢)(1 — (K5/logy/n))~t — 1 —2¢ as n — oo. By (2.40),
P (W, < (1-2¢)8 'logn)

< —(logn)?/13 P S i_Si < (1—¢€)1 2.41
< ne + ﬁmgag;n( ki = 5i) < (1—€)logn (2.41)

as n is sufficiently large. Since {&;; ¢ > 1} are i.i.d. random variables,

P (\/rﬁnéai);”(SkH -S5)<(1—¢ logn>

< P Skyi—S) < (1-e)1
< (KKgla[%H( = S0 < (1- ) ogn>

< P ( max (St — i) < (1 —¢) logn)

1<j<¢n
where g, = [(n — v/n + 1)/k] — 1. By independence, the above probability is identical to
(1—P(Sp > (1 —€)logn))? < e-anF(S>=e)logn),

From (2.18),

(1—e€)* 1 (logn)+!
(k—1)  nl-

P(S; > (1 —¢)logn) ~

as n — 00. So there exists a constant Kg > 0 depending on k only such that ¢, P(Sx > (1—¢)logn) >

Kgn€ for n large enough. Collecting all the above, we have
P (Wn <(1—-2€6)8 ' og n) < ne~(osn)*/13 4 o —Ken®

as n is sufficiently large. Evidently, the sum of the right hand side over all n > 2 is finite. By the

Borel-Cantelli lemma,

lim inf W >(1-26)37" as.
n—oo logn

for any € € (0,1/4). Letting ¢ — 0T, we finally obtain (2.26). [ |

3 Appendix

In this section, we first show that condition (1.4) holds for a great class of probability distributions.
Then we provide an example that Theorem 1 does not hold when condition (1.4) is violated. At last

we collect some tools and technical results used in Section 2.

PROPOSITION A.1 Letk >0, ¢ >0, a >0 and A € [—00,400) be constants. Let b(x), x > A,
be a function such that the density function of X is p(x) = ce =" T0@) {2z > A}. The following
hold.

14



(i) If b(z) = 0 for allx > A, then condition (1.4) holds with 3 = ax™® andw(x) = O((loglog x)/log )

as r — +00.

(ii) If b(z) is a twice differentiable function such that ¥’ (z) = O(z*~!/logz) and b (x) = o(x*?)

as © — 400, then condition (1.4) holds with 3 = ax™® and w(x) = O(1/loglogx) as x — 4oo. If,
further, V' (z) = o(x®~'/log ) as x* — 400, then = ax* and w(x) = o(1/loglog z) as x — +oo.

The next result is a weak converse of condition (1.4).

PROPOSITION A.2 Suppose conditions (1.8) and (1.4) hold. Then, for any r > 1 and s €
(0,1), e7me="/B <1 — F(x) < e %" /8 as x is sufficiently large.

Now we start to prove the above two propositions. The following lemma will be used for the

proof of Proposition A.1.

LEMMA A.1 Let k > 0, ¢ > 0, o > 0 and A € [—00,+00) be constants. Let b(x) be a twice
differentiable function such that V' (z)/z*1 — 0 and b’ (x)/2%"? — 0 as * — +oo. Suppose p(z) =
ce FIEI @) [0 > A} is a probability density function. Then

1= Fn) = 2L (140 (L))

T

as © — +oo, where F(z) = [} p(t)dt for z > A.

Proof of Lemma A.1. First, 1 — F(z) = f;oo p(t)dt for © > A. Second, observe that p'(x) =
p(z) - d(log p(z))/dz. So p(z) = p'(x) (d(log p(z))/dz) " . It is trivial to verify that

d(log p(t))
dt

d*(log p(t))

= —kat* t +b/(t) and 2

= —ka(a — 1)ta72 + b”(t) (3.1)

for t > A. Since ¥/ (z)/2*"! — 0 as ¥ — +o0, for any € > 0, there exists B > max{A4,0}, such that
—ex® ! < ¥ (2) < ex® ! for all z > B. Integrating the three terms over [B,t], then dividing <,

and letting ¢ — 400, and letting ¢ — 0T, we obtain that b(z)/z® — 0 as x — +oco. This implies
p(t) - (d(logp(t))/dt)”" — 0 as t — +oo by (3.1). By integration by parts, we have that

1—F(x) = pr’(t)<6“c’fl7f(ﬂ>_l dt

= ooy (1) Ty [T (om0 (hsnl0)) Ty,

Recall 1 — F(z) = f;oo p(t) dt. We have that

dlogp(l’>>_ < D(1 - F(x))

dzx

1—F(a:)+p(x)~(

as ¢ > max{A4,0}, where

D :=sup
t>x

<d2 12§2p(t)) (dloitp(t))_Q Y-
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as ¥ — +00, by (3.1), and conditions ¥ (z) = o(z*~!) and V' (x) = o(x*~?2) as z — +oo. Combining
the last two assertions, we obtain that

dlogp(:c))_l

1= Flo) = ~(1+ 0) ™ plo) - (2

as & — +00. Now (d(logp(x))/dz)™" = —(ka) 'z~ *(1 + O/ (x)x'~*)) as  — +oo. Thus, by

condition ¥’ (z)/z*"! — 0 as & — +o00, we have that

1= r) = 2 (1o (1Y)

as x — +o00. [ |

Proof of Proposition A.1. We need to show that

t (a=1)/a 1 (log(log(1/t))
aos (o) o (Mt ) 32
as t — 0% for case (i), and
t 1\ e/ 1 1
g(l—1t) . <10g t> T awl/e T © (loglog(l/t)> (3:3)

as t — 0T for case (ii), and if &/'(z) = o(z*~!/logx) as x — +o0, then (3.3) still holds if the “O” on

[13 77

right hand side is replaced by “o
First, by Lemma A.1,

log(1 — F(2))™' = k™ — b(z) + O(log ) (3.4)

as & — 4o00. Thus, by Lemma A.1 again, for both case (i) and case (ii),

o (i)

/ (a=1)/c
_ 11/0, <1+O <1+x|b( )> <1+O <|b +10g9c>>
ak z
/
_ 1 <1+O<logx+|b z)| + x|V (x |)> (3.5)

aml/a

as r — +00.
(i) Reviewing (3.2), let x = F~1(1 —t), then t = 1 — F(x). Therefore, (3.2) is equivalent to that

1 - F(z) 1\ 1 oglog(l — F(x))~
p() (1°g1F<x>> arl/e ‘O( log(1 — F(x))"! )

as x — +o00. By (3.4), the right hand side above is O((logx)/z%) as © — +oc. Therefore the above
follows by (3.5) and the assumption b(z) =0
(ii) Identity (3.3) is equivalent to that

: ;(1;)@) (log 1- ;($)><“”/a - cmll/a =0 (log log(1 i F(as))_1> (3.6)
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as © — +o0o. We first claim that condition ¥'(x) = O(z*!/logz) implies that b(z) = O(z*/logx)
as ¢ — +oo. If this is true, the right hand side of (3.6) is equal to O(1/logz) from (3.4), and the
left hand side is O(1/log ) by (3.5). This means that (3.6) holds. Now we prove our claim. Since
V(x) = O(x* 1 /logx) as & — +00 , there exists g > e and K > 0 such that |0/ (z)| < Kz*~!/logx
as x > xg. It follows that |b(x)| < |b(zo)| + K f:j;) t*~L(logt)~t dt for x > xg. By L’Hospital’s rule, it
is easy to check that

Jrtellogt)~tdt 1
lim =% = —.
z—+o0  z%(logx)~! o

Therefore, b(z) = O(z*/logx) as © — +oo. Similarly, condition b/ (z) = o(z*~!/logz) as x — +o0

implies that b(z) = o(z®/logx) as © — +oc0. Then the second claim follows. |

Proof of Proposition A.2. We will first prove that
(logt ™) VeFY(1—t) — af™! (3.7)

ast — 0T. Let e € (0,1). Note that (F~1(1 —¢)) = —1/g(1—t) for t € (0,1). By the given condition,
there exists ¢ € (0,1) depending on € such that
(1-a)/a -1 (1-a)/a
1 1 dF1(1 1) 1 1
1—¢)= (log - < U7 p o= (g -
( %(‘)gt) < 02U “’gt(Ogt)

for all 0 < t < ¢. Integrating the above over [t, d], we obtain from the second inequality that

FY 1-a)/a
F’l(lft)fF’l(l—d)S(lJre)/t ﬁls(logi) ds

for any 0 < t < 6. Now ((—logs)'/®)" = —(as)~'(—log s)(1=*)/ Thus,

1 1/« 1 1/«
F'A-t)<F'1-8)+0+eap™ (log t) ~(1+eap™t <10g 5) .

Letting t — 0T first, then ¢ — 07, we obtain that

limsu 7}7_1(1 —1) 2
v (ogt)1/" = 5
Similarly, we have lim inf,_+ (log¢=*)~V*F~1(1 — t) > aB~'. Thus, (3.7) follows.
Given 1 € (0,a871), by (3.7), there exists b € (0,1) such that

o 1 1/« S . 1 1/
(@™ =) (log 5 SF(A-t)<(af™ +n){log

for any t € (0,b]. The second inequality says that 1 — F((a87! + n) (logt_l)l/a) <t Let z =
(af™! + 1) (log t_l)l/a . Then, t = exp(—z®/(aB87! + n)%). Thus

1-F(z) < e/ (@B 4n)®

for z > (aB7' + 1) (log bil)l/a. Similarly, we get 1 — F(z) > e ="/(@87' =0 for > (af~! —
) (log b’l)l/a . The Proposition is proved because € (0,a37 1) is arbitrary. |
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PROPOSITION A.3 Let X satisfy the log-normal distribution, that is, log X ~ N(0,1). Then
the conclusion of Theorem 1 does not hold. However, (1/n) i, dp, converges to the Gamma
distribution with density p(x) = 2¥zF~1e=2%I(x > 0)/(k — 1)!, where D; = \/i/2(log Ry4; — log R;)
fori>1.

Proof. Since X; = €!°8%i for i > 1, and {log X;; i > 1} are i.i.d. N(0,1), we have that
L(R1,Ry,-- ,R,) =L (eXleeXL%... ,ef(m> ,n>1,

where X1, X, - areiid. N(0,1)-random variables. Then D; = /i/2(log Ryyi—log R;), 1 <i < n,
has the same distribution as that of \ﬁ(Q’l/QXLkH —2-12X; ), 1 <i < n. Noticing (1/v/2)N(0,1)

2
—1/26—;E

has density p(z) =« . By (i) of Proposition A.1 and Theorem 1, a =2, k =1, and

1 n
= Z d5, converges weakly to Gi a.s. (3.8)
n - ;

with density p(z) = 2k2%~1e=2*[(z > 0)/(k — 1)!. If Theorem 1 holds, then there exists 3 € R such
that

n

% > I(i?(Riyi — Ri) < x) — Ga(2) as. (3.9)

i=1
for any x € R as n — oo, where Ga(x) is the cumulative distribution function of a Gamma distribu-

tion. By the Mean-value theorem,

Ryqi — R;
log R4+ — log R; < ki T
R;
Therefore, recalling the definition of D;,
Ay = L Zn:.r (iﬁ(Rk+~ R < xiﬁ_(l/Q)R')
n n — 3 (2 — (]
1 — ~ T
< - I\D; <—). 3.10
<2 (=) 519
We claim that
Him in e\/ =400 a.s. (3.11)

If this is true, by (3.8) and (3.9), there exists €' such that P(Q) = 1, e~ ViR;(w) — o0,

% ZI (Di(w) < 2*1/2:5) — G1(27Y22) and (3.12)

- Z I(i?(Rppi(w) — Ri(w)) < &) — Go(x) (3.13)

as n — oo for all w € ' and all rational number z. Fix integer m > 1, w € €/, and rational number
x > 0. Then there exists ig > 1 such that zi®~(1/2 R;(w) > m for all i > iy. Thus

n

Ap(w) =4, > % Z 1 (i’a(Rk_,_i(w) — Ri(w)) <m) — Ga(m)

i=ig
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by (3.13) as n — oo. Since m is arbitrary, lim, .. A,(w) = 1. However, by (3.10) and (3.12),
limsup,, ., An(w) < G1(271/22) < 1. This yields a contradiction.

Now we prove (3.11). Note that R; and F~1(1 — e~%) have the same distribution, where
F(z) = ®(logz) for z > 0, and S; = & + -+ &, ¢ > 1, and &;’s are i.i.d. Fxp(1)-distributed
random variables. Recalling that 1 — ®(z) ~ (1/v/27z)e™* /2 as & — 400, we have that 1 — F(z) ~
(\/ﬂlogac)*le*(log””)g/2 as © — +oo. Therefore, —log(1 — F(ieV?)) ~ i/2 as i — +oo. It follows
that

P (RZ— < ieﬁ) P (Si < —log(1 — F(ieﬂ)))

S; 2
— < -
P(i _3)

< K (3.14)

IN

for 4 large enough, where K > 0 is a constant resulted in using (i) of Lemma A.2 below in the last
step; we also use the fact that F¢; = 1 and that I(z) is positive, non-increasing for « € (0,1) in that
step. Thus, 2221 P (Ri < ie\H) < 00. This leads to the desired conclusion by the Borel-Cantelli

lemma. [ |

The first part of next lemma is (c¢) of Remarks on page 27 from [10]; The second part corresponds
to Theorem 3.7.1 on page 109 from [10] when d = 1 and C = o2.

LEMMA A.2 Let{¢,&,i=1,2,---} be a sequence of i.i.d. random variables. Let S, = > 1 | &,n >
1. Then
(i) For any ACR and n > 1,

P(S,/n € A) < 2e A

where I(z) = sup,cgp{tz —log E(e'*)} and I(A) = infyea I(x).
(i) Assume further that B¢ = 0, Var(X) = o2 > 0 and Fe'*® < oo for some ty > 0. Let

{an;n = 1,2,---} be a sequence of positive numbers such that a,, — 0 and na, — 00 as n — 0.

Then
tim a,log P (\/25, € A) =~ { 2
o0, 4108 n " T sea) 202
for any subset A C R such that inf{|z|;z € A°} = inf{|z|;z € A}.

The following Poisson approximation theorem is a special case of Theorem 1 from [2], which is
again a special case of the Stein Poisson approximation method, see [3], [24], [25] and literatures
therein. One application of the theorem is studying behaviors of maxima of random variables; see,
for example, [17], [18] and [19].

LEMMA A.3 Let I be an index set and {Bn,« € I} be a set of subsets of I, that is, B, C I for
each a € I. Let {na,a € I} be random variables. For a givent € R, set A=) ; P(na >t). Then

|P(mg}<na <t)—e M < (LAXNTY)(by + by + b3)
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where

b= Y Pl >t)P(ns > 1),

a€l BEB,

by = Z Z P(ne > t,ng > t),
acl a#BEB,y

by =Y  E|P(na > t|o(ns, 8 & Ba)) — P(na > 1),
acl

and o(ng, B ¢ Ba) is the o-algebra generated by {ns, 3 ¢ Ba). Particularly, if n. is independent of
{ns, 8 ¢ Ba} for each o then bs = 0.

LEMMA A.4 Let £,61,62,--- be i.i.d. Exp(1)-distributed random variables with S; = & + & +
<-4+ &, j > 1. Given integer k > 1, define

Wn = max{sk+1 - Sla Sk+2 - 527 o 7Sk+n - S’n}
forn > 1. Then

P(W, <logn+ (k—1)log(logn) + x) — exp ((I;_ID'>

for any x € R as n — +o0.
Proof. Set I ={1,2,--- ,n} and

7, = Skyi —S; and ¢t =t, =logn+ (k —1)log(logn)) + z.

By L’Hospital’s rule, one can easily check that

o] xk—le—r tk—le—t

P(Sk > 1) :/t T~ G (3.15)

as t — +oo. Then

n tk:—le—t —x
A=Y P(Spsi—Si>t)=nP(Sp >t)~n

i=1

k-1 (k-1

(3.16)

as n — oo. Recall Lemma A.3, by independence, b3 = 0. Note that #B; < 3k. We have from (3.15)
that

by < 3knP(Sy > 1)*> =0 <k>

n

as n — 0o0. Moreover,

by < 3kn max P(Sk_;,_z - S; > t, Sk+1 -5 > t)
2<i<kt1
< 3l<:nP(Sk+2 — Sy >t,Sp41 — 51> t)

3knP(Sk+1 — 81>t 85 > t)
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where the second inequality is obtained by Lemma 2.1 from [18]. Now we estimate the last proba-
bility. First, by independence,

P(Sk_H -S>t 5 > t) = F (P(Sk > t|§2, cee ,fk)2)
B (P(Sk > tlea, -+ &)2(1(4) + I(4%))

where A = {S;, —S; > t}. It k =1, P(A) = 0. Otherwise, S —S; ~ Gamma(k —1). It then follows
from (3.15) that the above is identical to

P(A) + Be~2t=S+S0 (g, — § ) th2et o [fyF eV 2y 4
+ Fe =V rTeL — <t) < +e” / — e
koL (k —2)! y k—2n Y
¢
< tk7267t+672t/ JF2eY dy.
0

By L’Hospital’s rule,
t
/ yk72€y dy ~ tk726t
0
as t — 4o0. In summary, we have from (3.16) that

by < 9knt* 27t =0 <1) =0 < L >
t logn

as n — 0o. Consequently, b; — 0 as n — oo for i = 1,2,3. The lemma is concluded by Lemma A.3.
|
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