Low Eigenvalues of Laplacian Matrices of Large Random Graphs
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Abstract For each n > 2, let A,, = (&;) be an n x n symmetric matrix with diagonal entries
equal to zero and the entries in the upper triangular part being independent with mean pu, and
standard deviation o,. The Laplacian matrix is defined by A, = diag(z;;l &ij)i<i<n — Ayn. In
this paper, we obtain the laws of large numbers for A, _x(A,,), the (k4 1)-th smallest eigenvalue of
A,,, through the study of the order statistics of weakly dependent random variables. Under certain

moment conditions on &;;’s, we prove that, as n — oo,

. An—k(An) — Nn
—V2 a.s.
@ onvnlogn = V2 as

for any k > 1. Further, if {A,,; n > 2} are independent with p,, = 0 and o,, = 1, then,

.. )\n—k(An) . .
(74) the sequence {; n > 2, is dense in {7\/2 +2(k+ 1)~ f\@} a.s.
vnlogn

for any k > 0. In particular, (i) holds for the Erdos-Rényi random graphs. Similar results are also

obtained for the largest eigenvalues of A,,.

1 Introduction

Let G be a non-oriented graph with n different vertices {vy, - ,v,}. We assume that G' does not

have loops or multiple edges, its Laplacian matrix A = (I;;)nx» is defined by

deg(v;), ifi=j;
lij =4 —1, if i # j and v; is adjacent to v;;

0, otherwise,

where deg(v;) is the degree of v;, that is, the number of vertices v;, j # ¢, which have edges with v;.
Evidently, A = diag(deg(v;))1<i<n — A, where A = (€;)nxn is the adjacency matrix of the graph
with €;; = 1 if vertices v; and v; are connected, and €;; = 0 if not. In other words, the Laplacian
matrix of graph G is the difference of the degree matrix and the adjacency matrix. The matrix A
is sometimes also called the admittance matrix or Kirchhoff matrix in literature.

For a random graph G, the corresponding A is a random matrix. For instance, suppose G is an

Erdos-Rényi random graph G(n,p,), that is, a (non-oriented) graph with n vertices, and for each
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pair of vertices v; and v; with ¢ # j, an edge between them is formed randomly with chance p, and

independently of other edges, see [13, 14]. Then

Y Em ey e
—em oy Q)
A, = mE oo, (1.1)
—glm D DR A

where {55]"), 1 <4 < j < n} are independent random variables with P(§§;L) =1)=1- P(ggl) =

0)=pploralll <i<j<nandn>2.

REMARK 1.1 By construction zero is an eigenvalue of A,, (the corresponding eigenvector is 1 =
(1,---, )T € R"), and if &ij’s are all non-negative then —A,, is the generator of a Markov process

on {1,2,--- ,n}, hence all the eigenvalues of A,, are non-negative, i.e., A, is non-negative definite.

The Kirchhoff theorem from [20] establishes the relationship between the number of spanning
trees of G and the eigenvalues of A,,; the second smallest eigenvalue relates to the algebraic connec-
tivity of the graph, see, e.g., [16].

Bryc, Dembo and Jiang [6] and Ding and Jiang [11] show that the empirical distribution of
suitably normalized eigenvalues of A, converges to a deterministic probability distribution, which
is the free convolution of the semi-circle law and the standard normal distribution. Note that the
second smallest eigenvalue of A, stands for the algebraic connectivity of a graph G as mentioned
earlier, it is our purpose here to study the properties of the second smallest eigenvalue as well as

other low eigenvalues of A,,.

(n).
ij
and each of them is the product of a Bernoulli random variable Ber(p,,) and a nice random variable,

For weighted random graphs, {¢ 1<i<j<n}in (1.1) are independent random variables
for instance, a Gaussian random variable or a random variable with all finite moments (see, e.g.,
[18, 19]). For the sign model studied in [3, 19, 25, 26], ﬁi(;i) are independent random variables taking
three values: 0,1, —1. From this perspective, to make our results more applicable, we investigate
the spectral properties of A, under more general conditions on the entries {51(;); 1<i<j<n}
given below.

Assumption A,: Let {{i(]m; 1 <i# j<mn,n>2} berandom variables defined on the same
probability space and {ffy); 1 <4 < j < n} be independent for each n > 2 (not necessarily identically
distributed) with 587) = j(-?), E(§Z(J")) = lin, Vcw“(fg;l)) =o02>0foralll1 <i<j<nandn>2,
‘t

and SUPj<;_j<p n>o E|(§fjn) — lin)/on|t < oo for some t > p > 0.

We will state our main results next. Before that some notation is needed. Given an n X
n symmetric matrix M, let Ay > Ay > --- > )\, be the eigenvalues of M. Sometimes this is
also written as A\y(M) > (M) > -+ > A\, (M) for clarity. For an n x n matrix M, we use
[M|| = supyepn. x||,=1 [IMx][|2 to denote its spectral norm, where [|x||2 = Vi a2 for x =
(X1, -+ ,x5) € R™



Throughout this paper, logxz = log, x for > 0. Keep in mind our application for the Erdds-
Rényi random graph G(n, p,,), which will be given after Theorem 2, the mean pu,, of 57(;” is not equal
to zero in general. The following step reduces the general case to that with u,, = 0. Fix n > 2. Set

(n)
() _ Sij —Hn

= g —0for 1<i £ <n, By = (n))

*J on )1§i,j§n7

X = anl), X,y > -+ > Xy, () is the order statistics of {X,;;1<i<n}. (1.2)
j=1

Easily, A,, = oy, - diag(X,, ;)1<i<n — 0By + unH,, where all of the off-diagonal entries of H,, are
equal to —1 and all of the diagonal entries are identical to n — 1. Based on this, the following

proposition establishes a connection between the eigenvalues of A,, and the order statistics {X,, () }-
PROPOSITION 1.1 Suppose Assumption Ag holds. Then the following are true for all n > 3.
(i) For all 2 < i <n— 1, we have that

/\z(An) — Nln

n

Xn,(iJrl) - HBn” < < Xn,(ifl) + ||Bn||

(ii) Further, if p, > 0, then, for alln > 2,

(An) — Npn
o

A
Xn,(2) - HBnH < < Xn,(l) + ||Bn||

n
(iii) Under Assumption Ag, lim,_ ﬁHBnH =0 a.s.

The moment assumption in (iii) seems optimal from its proof via a general theorem on the spectrum

of a random matrix (Lemma 2.1). It would be interesting to see a proof to confirm this. On the

other hand, we see from this proposition that the limiting behavior of (A\;(A,) —npn)/(onv/nlogn)

can be obtained from X, (;)/v/nlogn if the latter is understood. In fact we have the following results

about X, ;).

PROPOSITION 1.2 Let {ng‘)} and X, ;) be as in (1.2).
(i) If Assumption Ag holds, then, for any k > 1, X,, ()/v/nlogn — V2 in probability as n — cc.
(i1) Suppose Assumption A, holds for all p > 0. Let {kn; n > 1} be a sequence of integers such
that k,, — 400 and logk, = o(logn) as n — oo. Then X, (,)/v/nlogn — V2 a.s. asn — oo.
(iii) Given integer k > 1, let Assumption Aggyq hold. If {Ag, As ---} are independent, then

e X ) . X, (k) —
hnrgng =2 a.s. and IITILILSOlip W =242k a.s. and

X
the sequence {\/%; n > 2} is dense in [\/5, V2+42k—1] a.s.

The (4k + 4)-th moment assumption in (iii) above comes from a condition to guarantee a large
deviation result (Lemma 3.6). It is not known if it is the best moment condition. The order

statistics of independent random variables are understood quite well, see, e.g., [10]. However, as the



situation in Proposition 1.2, when random variables are not independent and their joint density is

not known, there seems not much investigation in the literature. Observe
Aks1(=M) = =An (M) (1.3)

for any nxn symmetric matrix M and 0 < k < n—1, particularly the corresponding equality for order
statistics holds when M is diagonal. Also, if y,, = 0 and o,, = 1, then A,, = diag(X,i)1<i<n — Bn.
We know from (iii) of Proposition 1.1 and Weyl’s perturbation theorem (see (iii) of Lemma 2.2) that
(M(An) Xk

Vnlogn  +/nlogn
under Assumption Ag for any {k,; n > 1} with 1 <k, <n—1 and n > 2. By using (1.3) and (1.4)

we immediately have the following result from Propositions 1.1 and 1.2.

lim
n—oo

) =0 a.s. (1.4)

THEOREM 1 (i) Suppose Assumption Ag holds. Then
Ny — An—k (A
Ve

in probability as n — oo for any k > 1. Further, the conclusion still holds if “nun — An—r(Ay)”7 is
replaced by “Np+1(A,) — npy,” for all k > 1.

(i1) Assuming all the conditions in (i) hold and also p, > 0 for all n > 2, then (1.5) holds if
Mg, — An—k(AR)7 is replaced by “N (A,) — npiy.”

(1i1) Assuming the conditions in (ii) of Proposition 1.2 hold. Then (1.5) holds almost surely with
k replaced by ky, and it also holds if “npin, — Ap—ik(Ay)” in (1.5) is replaced by “Ng, (Apn) — npin.”

(1.5)

Note that (1.5) holds only for £ > 1. When k = 0, the statement may not hold in general. In fact,
when the entries of A,, are all non-negative, A, (A,) = 0, see Remark 1.1.
Relating Proposition 1.1 and (iii) of Proposition 1.2 to (1.3) and (1.4), we easily get the following

result with the almost convergence.

THEOREM 2 Let k > 1. Suppose {Ay, Az, ---} are independent. Under Assumption Agpi12, the
following holds.
(i) If pp, =0 and o, = 1 for all n > 2 then

hnrglo%fm =2 as. and llrrln%sotip W =V2+2k a.s. and

ATL . .
the sequence {\)}%; n > 2} is dense in [\/5, V2+2k71 a.s.

Cy e n—An—k(Ap
(1) liminf,, o %T/%n) =2 a.s. and

. npn — )\n—k(An)
24+2(k+2)"1 <lims <V2+2k71 a.s.
(k+2)7" < 1711'11_>501ip onv/nlogn - @8

(111) If pn > 0 for all n > 2, then liminf,, _, o % =2 a.s. and

. )\I(An) — Npin
3 <1 -
Vs o lﬂso%p onvnlogn

<2 a.s.



(iv) The conclusion in (i) also holds if “N.(A,)” is replaced by “—Ap—k+1(Ay)”7; the conclusion
in (ii) also holds if “np, — Ap—r(A,)” is replaced by “Np1(A) — npen.”

The (4k+12)-th moment condition in the above theorem comes from replacing A4x+4 in Proposition
1.2 with Ag(42)44 when applying (i) of Proposition 1.1.

It is interesting to observe that the “limsup” for A\;(A,) depends on k, however, the “liminf”
remains the same for any k. This is very different from the corresponding results for the classical
random matrices such as the Gaussian Orthogonal Ensembles or the Gaussian Unitary Ensembles,
see the comments between Theorem 1 and Corollary 1.1 in [11].

Notice fi(;) >0 for all 1 <4 < j < n for the Erdés-Rényi random graph G(n,p,). Also, if

. . . . &M —pn 1t
inf,,>2{pn, 1 — pn} > 0, Assumption A, obviously holds with sup;<; <, n>2 E|\/Jj| < 0
- - == pn(l_pn)

for all ¢ > 1. Then, Theorems 1 and 2 hold with u, = p,, and o, = v/pn(1 — py) for all n > 2. Now

we give some comments.

REMARK 1.2 The result for k = 1 in (i) of Theorem 2 is obtained in [11], the conclusions for
k > 2 in Theorem 2 are new. The proofs for the two cases are quite different. In fact, the proof of
the result in [11] relies on the study of the mazimum of weakly dependent random variables. For the
proof of the case “k > 27 in Theorem 2, we need to analyze the behavior of k-th order statistics of
weakly dependent random variables. The computation becomes more involved, for example, a large

deviation result is developed in Lemma 3.6.

REMARK 1.3 The above results apply to the extreme eigenvalues of the generators of the Markov
processes on large finite state space and random symmetric jump rates. For the spectra and the gaps

of the eigenvalues of A,, generated by the reversible Markov chains, see [5].

In this paper we focus on the eigenvalues of the Laplacian matrices. There are a lot of other
interests for the random graphs. For reference, one can see [4, 7, 8,9, 12, 17, 21, 24] for book-length
studies.

The organization of the rest of paper is as follows. We prove Proposition 1.1 in Section 2; we

prove Proposition 1.2 in Section 3.

2 Proof of Proposition 1.1

As mentioned in Introduction, for an n x n symmetric matrix M, we write A\ (M) > A\y(M) > --- >
An(M) for the eigenvalues of M.

LEMMA 2.1 (Remark 2.7 in [2]) Suppose, for each n > 1, {wii; 1 < i < j < n} are independent

random variables (not mecessarily identically distributed) with mean p = 0 and variance no larger

than o®. Assume there exist constants b > 0 and 6, | 0 such that sup, <, j<,, E\w{‘jv < b(6p/n) 3

foralln>1 andl > 3. Set W,, = (W% )nxn. Then limsup % <20 a.s.
iJ n—oo nl/



The inequalities in the following lemma are standard in matrix theory, see, e.g., p.62 in [1] or p.184
in [15].
LEMMA 2.2 Let My and My be two Hermitian matrices. Then

(1) Ai(Mi + M) < Xj(My) + A jp1(My) for1 <j<i<n;

(11) As(My +Mzg) > A;(M1) + A jyin(M2) for 1 <i < j <n;

(iii) (Weyl’s perturbation theorem) maxi<j<p |A;(M1) — A;(M2)| < [[M; — M.

Recall A,, defined in (1.1). Suppose Assumption Ay holds. For n > 2, recalling (1.2), set
A, = diag(X,.i)1<i<n — Bn. (2.1)

In other words, A, is defined by replacing 55]77) from A, in (1.1) with 771(;1) foralll1 <i<j<mnand
n > 2.

Proof of Proposition 1.1. (i) Reviewing (1.1) and (1.2), we have
A, =0,A, + p,H, and A, = diag(Xn,i)1<i<n — Bn (2.2)

where all of the off-diagonal entries of H,, are equal to —1 and all of the diagonal entries are identical
ton — 1. It is easy to check that the eigenvalues of u,H,, are equal to nu, with n — 1 folds, and 0
with one fold. Observe that \;(diag(Xy,i)1<i<n) = Xp ) for 1 <i <n. Apply (i) in Lemma 2.2 to
the first identity in (2.2) to get

)\i—l(UnAn) + A2(,Uann)
= Op- /\i—l(An) + Ny,

Ai(AL)

IN

S On - Xn,(ifl) + Un||Bn|| + npn

for any 2 < i < mn—1, where, in the last step, (iii) of Lemma 2.2 is applied to the second equality in
(2.2). On the other hand, applying (ii) in Lemma 2.2 to the first identity in (2.2), we have that

/\Z(An) > /\i+1(0nAn) + )\n—l(ﬂan)
= On- Ai-‘rl(An) + Nfin
> On- Xn,(iJrl) - UnHBnH + npin (23)

for any 1 <i <n — 1. The two inequalities conclude (i).

(ii) Notice A;(u,H,) = nu, for 1 < j < n—1as p, > 0. From (2.2), we know A, = o, -
diag(X,, ;)1<i<n —0nBn+pnHy,. For any symmetric matrices M and Ma, we know A\ (M;+Ms;) <
A1(M1) + A1 (Ma), it follows that

>\1(An) S Al(gn : diag(Xn,i)lgign) + )\1(—0an) + )\1(/14an)

Take i = 1 in (2.3), we have that A\1(A,,) > 0y, - X; (2) — 0 ||Byl| + npn. So (ii) follows.
(iii) The proof of this part is relatively long, we put it into Lemma 2.3 below which is slightly

stronger than what we need. |



LEMMA 2.3 Forn > 2, let U, = (u (-T-L)) be an n x n symmetric random matriz with u(@) =0 for
alll <3< n. Suppose {u 1<i<j<mn,n>2} are defined on the same probability space, and
for eachn > 2, {u” ;

one, and SUPy<;j<p n>2 E|u |6+5 < 00 for some § > 0. Then limsup,,_, ., [[U,||/v/n <2 a.s.

ij )
1<i< j < n} are independent random variables with mean zero and variance

Proof. We claim that it suffices to show

A (U,
lim sup 21(Un) <2 a.s. (2.4)
n—oo \/ﬁ
In fact, once this is true, by applying it to —U,,, we see that

lim sup 7_)\R(Un) = lim sup 7)\1(_Un)

Noticing [|U, || = max{A1(U,), —A,(U,)}, it follows that limsup,,_, . [[U.|l/v/n <2 a.s.
Now we prove (2.4). Define

<2 a.s.

1 ~(n) _ (") (n) U ~(n)
log(n + 1)7 uz] z] (| | \/>) an ( i )1§ WS

for 1 <i<j<nandn > 2. Bythe Markov inequality,
P(U,#U,) < P(\ugl)| > §,\/n for some 1 < i < j <n)

2 (n) K (log(n +1))°*°
nt e Pl > 0nvin) < ==,

where K := supj<;cj<y n>2 E|u§?)|6+5 < 00. Therefore, by the Borel-Cantelli lemma,
P(U, = U, for sufficiently large n) = 1. (2.5)

From Eugl) = 0, we have that

K
(0n \f)5+5
for any 1 <i < j < nand n > 2. Note that A;(A) < n-maxi<; j<n |a;;| for any n x n symmetric
matrices A = (a;;). We have from (2.6) that

1Bul I(jul| < 6uv/m)| = [Bul I(jull)| > 6,v/n)| < (2.6)

Al(ﬁn) - )\l(ﬁn - E(fjn)) S Al(Efjn)

(n) K
= nlgl?fjxgnlE I < Snv/m)| < 6210 (/m)3+9

for any n > 2. This and (2.5) indicate that

M(Un) _ A(U,)

lim sup m sup <limsup —————=

n— 00 \/ﬁ n— 00 \/ﬁ T n—ooo \/ﬁ

almost surely. Note that \ﬂgl)| < |u£§l)\ and Var(a, )) < E(u (n)) = 1, to save notation, without

loss of generality, we will prove (2.4) by assuming that

2
E@{) =0, B@{)? <1, (| < VM nd max Elul*** < o0
iy * log(n + 1) 1<i,j<n,n>2



for all 1 <i,5 < n and n > 2. Now, maxiyjynE\uz(-;l)P < maxi_’j,n(E\ugl)|6+5)3/(6+5) = K3/(6+9) by

the Holder inequality. Write E|u£?)|l =F <|u@)|l’3 : |UE;L)|3) . Then,

)

1-3
n 2
max Elul"| < K3/(6+0). _2vn (2.7)
1<i,j<n J log(n+1)
for all n > 2 and [ > 3, where K is a constant. By Lemma 2.1, we get (2.4). |

3 Order Statistics of Weakly Dependent Random Variables

In this section, we will prove Proposition 1.2. First, we collect some facts for a preparation. The

following is a Bonferroni-type inequality, see, e.g., page 4-5 from [22].

LEMMA 3.1 Let k and n be two integers with n > k + 1. Then, for any events Ay,--- , Ay,

1<) < <ig<n 1<ip < <ig<n

< k > P(Amy -+ Ay (3.1)

1<mi<---<mp41<n

The next result, due to Sakhanenko, is called a strong approximation theorem, see Theorem 5
in Section 6 from [28] or Corollary 5 in Section 5 from [27]. It establishes a connection between the

sum of independent random variables and the sum of independent Gaussian random variables.

LEMMA 3.2 Let {&;i=1,2,---} be a sequence of independent random variables with mean zero
2

and variance o;. If E|&|P < oo for some p > 2, then there exists a constant C > 0 and {n;;i =

1,2,---}, a sequence of independent normally distributed random variables with n; ~ N(0,02) such
that

n

C

— < g .|P

P(1r§n1?§n 1Sk = Tkl > 2) < 1+ [a]p = Elei
1=

for any n and x > 0, where S, = Zle & and Ty = Zle ;-

Recall that the density function and the cumulative distribution function of N(0,1) are ¢(z) =
(2m)1/2¢=*"/2 and ®(z) = [ o(t)dt, x € R, respectively.

LEMMA 3.3 Let Uy, Us,--- ,U, be i.i.d. N(0,1)-distributed r.v.’s with Uy 2Ug 2 2 Up,
as the order statistics. Then P(Ugyy <t) < n*®(t)"F for any 1 < k <n and t € R. In particular,
if {kn;n > 1} is a sequence of integers such that 1 < k, < n/2 for all n > 1, then P(Uy,) <

by/logn ) < nkr ~exp{—n1*(b2/2)/log n} for any b > 0 as n is sufficiently large.

Proof. It is known (see, e.g., p.10 from [10]) that the density function of Uy, is

n!

oD R @ - 2@ ), 7 € R

fre(z) =



for any € R and 1 < k < n. Note that n!/((k — 1)!(n — k)!) < n* and (1 — ®(x))*~! <1 for any

1<k <nandzxecR. We have

P(Uy <t) < nk/ O(z)"Fp(x) da

— 00

(t)
nk/ ynsz dy § nkcp(t)nfk
0

for any t € R. The first part of the lemma is proved. Now, write ®(¢)" % = (1 — (1 — ®(¢)))"~*. By

the fact that 1 —z < e™® for z € R, we get from the above that
(3.2)

P(Ugy <t) < nk . e~ (n=k)(A=2(1)

as t — 400, the second part of the lemma follows.

. _ ~ 1 —t?/2
By using the fact that 1 — ®(¢) NoLTS
|
LEMMA 3.4 For eachn > 1, let Uy 1, -+ ,Upn be independent random variables with mean zero,
n1t o+ Upn. Suppose K 1= SUPj<;<pcoo E(|Un,i|P) < oo for some

variance one and S, =
p > 2. Givent >0, set a« = min{t?/2, (p/2) — 1}. Then, for any 8 < «, there exists a constant Cj

depending only on B and t such that
supnBP <|Sn| > t> < CgiK.

n>2 vnlogn

Proof. By Lemma 3.2, for each n > 1, there exist i.i.d. N(0,1)-distributed random variables
{€n,i; 1 <1 < n} such that for any § > 0,

n C n
P<|Sn—Zem| 25\/n10gn) W;Ewmib

i=1
CK 1

57 (log n)P/2 /21

IA

as n > 2, where C is a universal constant. Since |S,| < |7 €ni| +Sn — Do €n.i], noticing
S €ni~/n-N(0,1), we get

P(|S,] > ty/nlogn)
P<|Sn - ief”‘ > 5\/nlogn) +P(|iem| > (t75)\/n10gn>
j i=1

<
i=1
o7 e+ PIN(.1)] > (1= 6)og) (33
as n > 2. It is well known that
L o2 (3.4)

e

Y R < P(N(O1) > ) <
Var(aan | SPWOh o)< e

for any = > 0. Therefore, for any 0 < § < t,
1 1

PANO,D] 2 (¢ = 8)vlogm) < g s

©



as n > 2. This together with (3.3) yields that

CK 1 1 1
|S | > t\/nlogn 10g’n)p/2 . np/2_1 + (t— 6) ,710g'fl : n(t_5)2/2
for any 6 € (0,¢) and n > 2. Since (¢t — §)?/2 — t?/2 as § — 0T, for B < a < t2/2, choose &y > 0

such that (t — d)?/2 > 3. Then

CK 1
Sn| > ty/nl <
Pl = b8 ) = gy * = au) o
for all n > 2. The conclusion then follows. ]

Now we introduce a method that will be used in later proofs. Let {n )} and X, ;) be as in
(1.2). Set m,, = [n/logn] for n > 3,

Vo = Jnax | anjn” and Y, ;= Z 771 ) 1<i<n. (3.5)
- J=1 j=ma+1
Obviously, maxi<;<n, | Xn,; — Yai| <V, for n > 2. Applying (iii) of Lemma 2.2 to the two diagonal

matrices: diag(X,, ;)1<i<n and dlag( m.i)1<i<n, We obtain that

S < .
1IEZa<X |X (1) — Yn,(z)| <Vn (3 6)

forn > 2. Let Z, (1) > Zy,(2) = ++* = Zy (m,,) be the order statistics of Y, ;, 1 <7 < m,,, which is a
small portion of Y, ;, 1 <14 <n. Thus, Y,, ; > Z, ¢ for i =1,2,--- ,m,. This together with (3.6)

yields a useful inequality:

Znk) = Vo < X ) < féljagxn{Xn,j} (3.7)
for any 1 < k < my,. The idea of connecting X, ) to Z, () is that {Z, ;) };2 are order statistics

of independent random variables {Y,,;, 1 < i < m,}, and V,, is negligible. We next give some tail

probabilities of V,, and Z,, ().

LEMMA 3.5 Suppose Assumption Ag holds. Let {772] )} and X, ;) be as in (1.2), and {kn;n > 1}
be positive integers such that logk, = o(logn) as n — oo. Then, for any € € (0,1/2), there erists
v =v(€) > 1 not depending on n such that

v, 1 Zn (o) 1
Pl——>¢| <— d Pl —=<V2—-2| =0 —= 3.8
<\/nlogn - 6) = (\/nlogn SV2-2 n(logn)3-5 (38)
as n is sufficiently large.

Proof. Note that o = min{p/2 — 1,10?/2} > 2 since p > 6. By Lemma 3.4, for any 8 € (2,q),
notifying 771(3) =0 for each 1 <14 < n,

Vi
P(ﬂlogn>€) s P ‘Z” | 2 10v/my logm,
n 1
< < — 3.9
= ma—1P —w (3.9)



as n is large enough because § — 1> /2 :=+v > 1.
Now we prove the second assertion in (3.8). By Lemma 3.2, for each 1 < i < m,, and n > 2,

there exist i.i.d. N(0, 1)-distributed random variables {Cm ;1 <i<mn, m, <j<n} such that, for

any € > 0,
PIOY - X e/l < o 3 A
, , 1+ (ev/nlogn)s
j=mp+1 j=mn+1 j=mp+1
1
< - 3.10
~ n2(logn)?s (3.10)
uniformly for any 1 < i < m,, as n is sufficiently large. Define W), ; = Z;L 41 C(") forl1 <i<m,.
Then {W,;; 1 < i < m,} are i.id. N(0,n — m,)-distributed random variables. Recalling that
Zp, (1) 2 Zny2) =+ 2 Zn (m,) are the order statistics of Yy, ;, 1 < i < my,, similar to (3.6), we know
that max;<i<m,, IZn,(i) — W )] € maXicicom, | S5 117 = 41 G |- Thus, by (3.10),
for any € > 0,
N
P(lglgx | Zn. (i) — Wha, iyl = ev/nlogn)
m_ N~
< L
< P(max | Z my > GV = ey/nlogn)
j=mnp+1 j=mn—+1
n 1
< mn < (3.11)

n2(logn)?5 — n(logn)35

as n is sufficiently large. Fix 8 > 0 and € € (0,23). Use the fact \/n/\/n —m, — 1 as n — oo, we
see that

P(Zp, 1) < (B —2€)y/nlogn)

< PWy ey < (B—e)v/nlogn) + P(|Zy, () — Wa, k)| > ey/nlogn)
< P(Uw < (B—(€/2))V/1ogn) + (3.12)

n(logn)3-5
uniformly for all 1 <k < m,, as n is sufficiently large, where U(;) is as in Lemma 3.3. By the same
lemma, we have P(U, ) < (8 — (¢/2))y/Iogn) < nk» exp{—n'~(#=27"9°/2 ) 1og n} as n is sufficiently
large. Therefore,

-1 1
P(Zy (1, < (B —2€)y/nlogn) < n*r exp {—nl’(ﬁ’Q 6)2/2/logn} +

n(logn)3-

as n is sufficiently large. Now, take 8 = v/2, then 2p := 1 — (8 — 27%€)?/2 > 0 for € € (0,v/2).
By the condition on k,, the first term on the right hand side of (3.13) is bounded by e~™" as n is

(3.13)

sufficiently large. Therefore,

P (e < vi-2) =0 s (3.4

asn — oo for all 0 < € < 1/2/2. |
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LEMMA 3.6 Let {771(;)} and {X,, )} be as in (1.2). Fiz integer k > 1 and a > /2. Suppose
Assumption Aspq2 holds. Then,

lim 1 log P [ ) R(E 1

i . ——>a|=-k(—-1]).
n—oo logn & vnlogn — 2
Proof. Let a, = av/nlogn, n > 2. Observe that

P(Xn,(k) 2 an) =P U {Xn,ll 2 Ap,y 7Xn,lk Z an}

1<h <<l <n

for 1 < k < n. Define

Qn,j = Z P(Xn,ll > Qp,y e 7Xn,lj > an) (315)

1<lhi<--<lj<n

forj=k,k+1,--- ,nand n > 2. By Lemma 3.1,
|P(Xn,(k:) Z an) - Oén.,k‘ S kan7k+1. (316)

Step 1. Now we study {a, ;}. Remember X, ; = Z?zl ngl) with 77;”) =0foralll <i<n.
Similar to (3.5), set

2k n
Vn, = max |Z171(]n)| and Y, ,; = Z 771(;7)
j=1

1<i<2k
j=2k+1
for 1 <i <n. A key observation is that Y, ; - - ,Y,, o are independent. Moreover,
max | X, — Y <V, (3.17)
1<i<2k ’ ’

for all n > 2. Evidently, by a convex inequality,

2k
E Mp < (2k)P - En™p .=C . 3.18
max I;nz] P < (2k) S Imi;” | ) < 00 (3.18)

So by the Markov inequality, for any € > 0, there exists a constant K; = K (€) > 0 satisfying

1<i<2k (nlogn)r/2 = nr/2

2k
n 2k P 1
P(V,, > ey/nlogn) < 2k- max P(| anj” >ey/nlogn) < Cre < (3.19)
j=1

for all n > K;. Now, by (3.17) and then independence, we see that, uniformly for all k¥ < j < 2k,

P(Xn,l > Qpyce 7Xn,j > an) < P(Vn > 6\/7110%”) ""P(}/n,l > by, 7Y!L,j > bn)

< >0, )
= 112%)(]' P 2 bn) + np/2

(3.20)

as n > K1, where b, = (a — €)y/nlogn for € € (0,a). Similarly,

P(Yn1 > By/nlogn,---,Y, ;> B+/nlogn)
< P(V, > ey/nlogn) + P(X,1 > (B —e€)y/nlogn, -, X, ; > (8 —€)\/nlogn)

12



for any 0 < € < 8. This leads to that, uniformly for all k£ < j < 2k,

- 1
> - S > 3 S Jj_ -
P(Xn,l Z Qp, 7X7L,] sl an) = 1211_12]_ P(Yn,z = Cn) np/2
asn > K;, where ¢, = (a+¢€)y/nlogn. From (3.20) and (3.21), to estimate P(X,, 1 > an, -+ , Xy ; >
an), it is enough to study P(Y, ; > t+/nlogn) for any ¢ > 0.
Step 2. Now we estimate P(Y,; > tv/nlogn). By Lemma 3.2, for each i = 1,2,---,2k and

n > 2, there exist i.i.d. N(0,1)-distributed random variables {eg;l); 2k+1 < j < n} and an

universal constant C' > 0 such that
n C n
P Y- Z 6(.7?)| >ey/nlogn - Z E|77(7.‘)|P
s ij | = — ij
Pl 1+ (ey/nlogn)? Pt
O/

<

- n(P/z)*l(]()g n)P/2

A

(3.22)
uniformly for ¢ =1,2,--- , 2k, where C’ = CCre P and Cj, is as in (3.18). It is easy to see that
Pnza+2y) = P(€-n>y) <PE>z+y) < Pn=>a)+P(§—nl>y) (3.23)

for any random variables & and 7, and constants > 0 and y > 0. Thus, for any 0 < € < t, by (3.22),

~ ) ~ ¢’
P( Z €; > (t+e€)y/nlogn) D7D (log n)i?

j=2k+1

n l
< P(Y,:>ty/nlogn) < P( Z 61(;) > (t—¢€)y/nlogn) + ¢

=241 n(P/2=1(log n)r/2

for all 1 < i < 2k. Clearly, Z;’Z%Jrl 61(-?) ~+/n—2k-N(0,1) for each 1 < i < 2k. By using (3.4), we
see that

n

PO P> (b o /alogn) < POVO.1) > (t - v/logn) < — s

j=2k+1
and
n n 1
P( Y € > (t+e)y/nlogn) > P(N(0,1) > (t + 1.5¢)y/log n) > T
j=2k+1

for all 1 <14 < 2k as n > K for some constant Ky := Ka(k,¢,t) > K;. The last three inequalities
give
! - ¢ P(Y,:>ty/nlogn)
RG22~ 721 (log n)P/2 ni 2
< 1 N C’
S R T R (logn)rl?

uniformly for all 1 < ¢ <2k and t > e > 0 as n > K. Taking t = a — € and a + € respectively, and
noticing (p/2) — 1 > a?/2 from the condition p > 2ka?, we have that, uniformly for all 1 < i < 2k,

1 1

R ey : e IRIE] (3:24)
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asn > K3 := K3(k,€,a) and as § = §(e) > 0 is small enough.
Step 3. Now we make a summary. Based on the assumption p > 2ka?, we know that j(a—4)?/2 <
jla+0)2/2 < p/2 for all k < j < 2k as 6 is small enough. Recalling (3.20) and (3.21), we have from

(3.24) that, for Iy = 1,1 = 2, - - ,I; = j, uniformly for all k£ < j < 2k,
1 1
W < P(Xn.,ll > Ay v ,X’ﬂ,lj > an) < W (325)

as n > K3 and as 0 = d(a,p) small enough.

Fix 1 <l <lp < <ly <n. Recall X,,; = Z? 1771(?), 771(2) = 0 and 7)(") = 7711) for all
(n),

U
i=lu,ly, o are {nf") ;1 <i < j < 2k} Write Xy, = S0, ") + Vi for i = 1,2, 2k,

then }7",1, e ,anzk are independent, and each of which is a sum of n — 2k independent random

1 <14,j < n. It is not difficult to see that all possible common 7;;’’s in the expression of X, ; for

variables with mean zero and variance one. With this and reviewing the whole process of getting
(3.25), we find that (3.25) holds uniformly for all indices 1 < l; < --- <l; <nand k < j < 2k.
Since (;‘) ~nd/jl as n — oo for any j, relating to (3.15), we obtain that

Sj!'an,jg j:k7k+]—aa2k

ni((a+6)2/2-1) ni((@=8)?/2-1)’

as n is sufficiently large and as § > 0 is small enough. Taking § > 0 small enough, since a > v/2,
one can see that, for n sufficiently large, o, ; = o(ay ) for all j > k+ 1 as n — oco. Noting that
1/nku < 1/nk(“2/2’1) < 1/nk®2 as a; > a%/2 — 1 > ag, then by combining (3.16) and the above

assertion, we obtain
1 Xn, (k)
<jl.P ’ >al| <
nkar =7 <\/nlogn - )
as n is sufficiently large. The desired conclusion follows by taking the logarithm for the three terms
above and then letting a; | a?/2 — 1 and as 1 a?/2 — 1. [ |

nkag

Proof of Proposition 1.2. (i) First, observe that X,, ; is a sum of n — 1 random variables with
mean zero and variance one. Second, a := min{(v/2 + €)?/2, p/2 — 1} > 1+ /2¢ := B for any
€ € (0,1) since p > 6. Then by Lemma 3.4, we obtain

Xn (k) maxi << {X }
P —==2L > /2 < P sisnlangt
<\/nlogn\[+E - vnlogn V2te
<

| X, >
- max P > V24
" % (\/nlogn V2t

n < 1
(Tl _ 1)1+\/§e — ne

1<j<n

as n is large enough. On the other hand, taking k,, = k in Lemma 3.5, we have from (3.7) and (3.8)
that

IN

X"L
P ( (k) < V2 - 36)

Vi Zn,
Pl——>e|+P M <22
vnlogn vnlogn vnlogn

de=n
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as n — oo for sufficiently small e. The above two inequalities imply (i).

(ii) Fix integer & > 1. For any € > 0, let t = /2+2k~1 + ¢, then k(t?/2 —1) > 1 +
V2e. By Lemma 3.6, P(X,, 1, > tynlogn) < P(X, ) > ty/nlogn) < 1/n'tc as n is suffi-
ciently large. It follows that »_ -, P(X, ,) = tv/nlogn) < oo for any € > 0. This implies that
limsup,, ., Xy, (x,)/vnlogn < \/5 +2k~! as. for any k > 1. Let k — +o0, we get

Xn
lim sup L) <5 g (3.26)
n—oo y/nlogn

To complete the proof, it suffices to show

.. Xn (kn)
lim inf —=2"L > /2 q.s. (3.27)
vnlogn

Recalling (3.7) and Lemma 3.5, for any € > 0, there exits v > 1 such that P (V,,/y/nlogn > ¢) <n™?
as n is sufficiently large, then by the Borel-Cantelli lemma that lim,,_, ., V;,/v/nlogn = 0 a.s. Looking
at (3.7) again, to finish the proof, it is enough to prove

lim inf —=2"0_ > /2 q.s. (3.28)
Vnlogn

n—oo /nlogn

Clearly, the condition log k,, = o(logn) implies that k,, = o(m,,) as n — co. By Lemma 3.5,

P(Zn (k) < (V2 —2¢)y/nlogn) = O <(1) (3.29)

n(logn)3-3

as n is large enough and € > 0 is small enough, it follows that >, -, P(Zy (x,) < (vV2—2¢)y/nlogn) <
oo for € > 0 small enough. Therefore (3.28) is yielded by the Borel-Cantelli lemma.

(iii) The given assumptions say that

{ngl); 1<i<j<n,n>2} are independent random variables,
nfln) =0, En(n) =0, E(nz(Jn)) =1 and sup E|n(n)|p < 00 (3.30)

1<i<j<nn>2

forall 1 <i¢ < j <nandp > 4k + 4. By the condition p > 4k + 4 > 6 and Lemma 3.5, for any
€ > 0, there exists v > 1 such that P(V,, > ey/nlogn) < n~7 as n is large enough. Consequently,
Y nse P(V, > ey/nlogn) < oo for any € > 0. By the Borel-Cantelli lemma, V;,/v/nlogn — 0 almost

surely as n — oco. Thus, recalling (3.7), to prove the lemma, it suffices to show that

X Z (k
lim sup ﬂ <V2+2k ' as. and liminf —=%_ > /2 a.s. and (3.31)

n—oo y/nlogn — n—oc (/nlogn
Z P ( (k) [a,b)) = 00 (3.32)
Vnlogn
for any [a,b) C (v/2,v/2+2k=1). In fact, since {Xn,(k); » > 2} are independent, by the second
X, (k)

Borel-Cantelli lemma, (3.32) implies that, with probability one, € [a,b) for infinitly many

Vnlogn
n’s.

Since p > 4k+4, \/p/2k > V2 + 2k~ L. Forany 0 < € < \/p/2k—Vv2 +2k~T,let a = V2 + 2k~ 1+
e. Then p > 2ka® and k(a?/2 — 1) > 1 + V/2e. By Lemma 3.6, P(X,, x) > av/nlogn) <n~ '~ asn
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is sufficiently large. It follows that 3 -, P(X,, &) > ay/nlogn) < oo for any € > 0. Thus, the first
inequality in (3.31) follows from the Borel-Cantelli lemma.
From (3.14) we see that Y, -, P(Z, ) < (V2 — 2¢)y/nlogn) < oo for any € > 0 small enough.
By the Borel-Cantelli again, the second inequality in (3.31) is obtained. Now we prove (3.32).
Given [a,b) C (V2,v2+ 2k=1). Trivially, k(271a%2 — 1) € (0,1). Choose € > 0 such that e <
min{l — k(27'a? — 1), k(b® — a?)/4}. Then

a? a? b
0<k<2—1)+e<1 and k(2—1>+6<k‘<2—1>—6- (3.33)

By Lemma 3.6,
Xn,(k) 1 Xn,(k) 1
P<¢m2a Z e P\ itogn 2 ) = e
as n is sufficiently large. Therefore, from the second inequality in (3.33),

P Kne) € [a,b)
vnlogn ’

Pt o, p Ent oy
vnlogn — vnlogn —
1
Ink(a?/2—1)+e

as n is sufficiently large. Then (3.32) is proved by using the first inequality in (3.33). ]
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