Linear Algebra and its Applications 473 (2015) 14-36

Contents lists available at ScienceDirect

www.elsevier.com/locate/laa

ELCHIS

Linear Algebra and its Applications G

Distributions of eigenvalues of large Euclidean
matrices generated from [, balls and spheres

Tiefeng Jiang

@ CrossMark

School of Statistics, University of Minnesota, 224 Church Street S. E., MN 55455, United States

ARTICLE INFO

ABSTRACT

Article history:

Received 8 March 2013

Accepted 29 September 2013
Available online 15 November 2013
Submitted by W.B. Wu

MSC:
primary 60B20, 60B10
secondary 62H20, 60F15

Keywords:

Random matrix

I, ball

I, sphere

Lp-norm uniform distribution
Euclidean matrix

Empirical distributions of eigenvalues
Marcenko-Pastur law

Geodesic distance

Let X1, ...,X, be points randomly chosen from a set G ¢ RN and
f(x) be a function. The Euclidean random matrix is given by
M, = (f(|x; — xjnz))nxn where || - || is the Euclidean distance.

When N is fixed and n — oo we prove that (M), the empirical
distribution of the eigenvalues of M,, converges to §y for a big
class of functions of f(x). Assuming both N and n go to infinity
proportionally, we obtain the explicit limit of z(M;) when G is the
I, unit ball or sphere with p > 1. As corollaries, we obtain the limit
of fi(An) with Ay = (d(X;i, Xj))nxn and d being the geodesic distance
on the ordinary unit sphere in RN. We also obtain the limit of
[L(Ap) for the Euclidean distance matrix A, = (||X; — X;[)nxn. The
limits are a + bV where a and b are constants and V follows
the Marcenko-Pastur law. The same are also obtained for other
examples appeared in physics literature including (exp(—|x; —
X; ¥ nxn and (exp(—d(X;, X;)? ))nxn. Our results partially confirm
a conjecture by Do and Vu [14].

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let X1, ..., X, be random points sampled from a set G  RN. The n x n Euclidean random matrix is
defined by (g(Xi, Xj))nxn, where g is a real function. See, for example, Wun and Loring [39], Cavagna,
Giardina and Parisi [10], Mézard, Parisi and Zee [22], Parisi [27]. In this paper, we will study a special
class of Euclidean random matrices such that

M, = (fn(”xi - xj||2))nxn

E-mail address: jlang040@umn.edu.

(11)

1 The research of Tiefeng Jiang was supported in part by NSF Grants DMS-0449365 and DMS-1208982.

0024-3795/$ - see front matter © 2013 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.1aa.2013.09.048


http://dx.doi.org/10.1016/j.laa.2013.09.048
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:jiang040@umn.edu
http://dx.doi.org/10.1016/j.laa.2013.09.048
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2013.09.048&domain=pdf

T. Jiang / Linear Algebra and its Applications 473 (2015) 14-36 15

where f;(x) is a real function defined on [0, c0) and || - || is the Euclidean distance with

Xl = /x5 + - +x% (1.2)

for x=(x1, ..., xy). Taking f,(x) =/ for all n > 2, the matrix M,, becomes

Dy = (IIx; — X;|)

which is referred to as the Euclidean distance matrix in some literature. See, for example, Bogomolny,
Bohigas, and Schmidt [6,5], Penrose [28] and Vershik [38]. When x;’s are deterministic, the so-called
negative-type property of the matrix (||X;j — X;[|*)nxn With o > 0 was studied in as early as 1937 by
Schoenberg [34,32,33]. See also Reid and Sun [31] for further research in the same direction.

The matrix M, belongs to a different class of random matrices from those popularly studied where
their entries are independent random variables, see, Bai [2]| for a survey. The primary interest in
studying Euclidean random matrices is driven by the physical models including the electronic levels
in amorphous systems, very diluted impurities and the spectrum of vibrations in glasses. See, e.g.,
Mézard, Parisi and Zee [22] and Parisi [27] for further details.

In applications, the matrix M, is related to Genomics [30], Phylogeny [17,23], the geometric ran-
dom graphs [29] and Statistics [7,13,16]. A relevant study by Koltchinskii and Giné [21] is to use the
matrix (gn(Xi,Xj))nxn to approximate the spectra of integral operators.

For an n x n symmetric matrix A with eigenvalues A1, A2, ..., Ay, let fi(A) be the empirical law of
these eigenvalues, that is,

(1.3)

nxn’

ln
L(A) = — 5.
Q(A) H;A,

In this paper, we will study the limiting behavior of {t(My) as n goes to infinity with N fixed or N
going to infinity. For fixed N, when x;’s have a nice moment condition, in particular, G is a compact
set in RN, we show that /1(M,) converges weakly to &g, the Dirac measure at 0 as n — co. If n/N —
¥ € (0, 00), we choose G to be the unit I, ball or sphere for all p > 1, we then obtain the limiting
distribution of (i(My). In particular, when selecting different functions of f(x), the matrix M, in (1.1)
becomes ([[X; —X; 1" Jnxn, (d(Xi, X))" Inxn, (€Xp(=22[X; —X;I|” nxn OF (€XP(—22d(Xi, X})?)nxn Where
d(-,-) is the geodesic distance on the regular unit ball in RN. These four matrices were considered
in several literatures. In particular, Schoenberg [34,32,33] and Bogomolny, Bohigas and Schmidt [5]
showed that the first two matrices have the “negative type” property: all eigenvalues, except one, are
non-positive; the last two are non-negative definite. In this paper we will give their explicit limiting
distributions of these matrices and others in Section 2 as corollaries of our general theorems below.
In particular, our results on the four matrices are consistent with their negative type or non-negative
definite property.

All of the limiting distributions we have in this paper are in the form of a linear transformation of
a random variable with the Marcenko-Pastur law: given a constant y > 0, the MarCenko-Pastur law
Fy has a density function

2711xy (b—x)(x—a), ifxela,bl;

0, otherwise

py(X) = (1.4)

and has a point mass 1 —y~! at x=0if y > 1, where a= (1 — /y)? and b= (1 + \/y)*.
Although we are concerned on random variables taking values on a compact domain, the following
is a result on general domain as N is fixed.

Theorem 1. Let N > 1 be fixed and M, be as in (1.1). Let {x;; i > 1} be RN-valued random variables
with max;>q Eefo!%l* < oo for some constants @ > 2 and ty > 0. Suppose f, = f € C*[0, 00) with
®m = SUPy>0 | £ (x)| satisfying log wm = o(mlogm) as m — oc. Then, with probability one, fL(M,) con-
verges weakly to §p as n — oo.
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Fig. 1. Histograms of the eigenvalues of Dy = (||X; — X;|)nxn Where Xx1,..., X, are iid. with uniform distribution on [0, 1]2. The
curves of (1), (2), (3), (4) correspond to n = 500, 1000, 2000, 4000, respectively.

Assuming X;'s are uniformly bounded, that is, x;’s are sampled in a compact set such that
max;>1 [IXi|| < a, the moment condition in Theorem 1 holds trivially. Recalling M; = (f(|Ix; —
xj||2))nxn, the function f(x) only needs to be defined on [0, 4a%] instead of [0, co). Making this slight
change in the proof of Theorem 1, we have the following result (the proof is hence omitted). Since
we do not need any correlation among X;’s we state it in a deterministic setting.

Theorem 2. Let N > 1 be fixed and M, be as in (1.1). Let {x;; i > 1} be RN-valued vectors with
max;>1 [|Xi|| < a for some constant a > 0. Suppose f, = f € C*°[0, 4a®] with Wm (t) = SuPxc(o.¢ | f™ X)]
forallt > 0and m > 1. Iflog wn (4a%) = o(mlogm) as m — oo, then, with probability one, ft(M,) converges
weakly to 8y as n — oo.

The assumption “max;>1 [|X;|| < a for some constant a > 0" holds for any points {x;; i > 1} sampled
from a bounded geometric shape G, say, polygons, annuli, ellipses and Yin-Yang graphs.

The condition logwy, = o(mlogm) in Theorem 1 roughly requires that f(x) be of a small order
of o(m!) or o(1/m!) as m — co. For example, take f(x) = (27)~3/%2e*/2 which appeared in Mézard,
Parisi and Zee [22], then |f™(x)| = (2m)~3/22~™e=*/2Z for any x € R. So, logwn(4a%) = O(m) =
o(mlogm) as m — oo. Hence, Theorem 2 holds for this f(x).

Skipetrov and Goetschy [36] studied the matrix M, with f(x) = (sin./x)/+/x. Theorem 2 is true
for this function, see the check of the condition “logwy(4a?) = O(m) = o(mlogm)” in Section 4.
The condition that logwm(4a?) = o(mlogm) is also satisfied if f(x) is a polynomial. However, for
f(x) = 4/x, the matrix M,, becomes the Euclidean distance matrix D, = (||x; — Xj|Dnxn and

liminf

log wm(t) > 1 (1.5)
m—oo mlogm

for any t > 0. See its verification in Section 4. This says that the condition log wm(4a%) = o(mlogm) is
violated. We make some simulations on j1(D,) for this case as shown in Fig. 1. It seems that [1(D;)
also converges weakly to g with a very slow convergent speed.

Theorems 1 and 2 study the behavior of eigenvalues of M;, when the sample points {X;} C G C RN
with N fixed regardless of the shape of G. When N = N,, becomes large as n increases, Theorems 1
and 2 are no longer true. In particular, our simulations show that the behavior of (M) depends
on the topology of G. In the following we consider two types of simple but non-trivial geometrical
shapes of G: the [, ball By p and its surface Sy, , defined by

Bnp={xeR"; [Ixll, <1} and Syp={xeRN; |x|, =1} (1.6)
where x = (x1,...,xy) and
Ixllp = (111 + -+ ewl?)? for1<p<oo and fxfleo = max il (17)
\l\

In particular, By 1 is the cross-polytope in RN Bn 7 is the ordinary unit ball in RN: BN, is the
cube [—1, 1]V, To make our notation be consistent with (1.2), we specifically write

Ixl = lxl2, SN"'=Sy, and Bn(0,1)=By> (1.8)
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Fig. 2. Comparison of I, unit balls (surfaces) in R for p =1,6/5,2 and oo.

for any x € RN. We give the shapes of B3 p and S3, for p=1,6/5,2 and oo in Fig. 2. This reflects
the flavor of their geometries.

We next give methods to sample points from By p and Sy, with Ly-norm uniform distributions.
Throughout the rest of the paper, for a set B in a Euclidean space, the notation Unif ,(B) denotes the
Lp-norm uniform distribution on B, which is explained below.

(i) Lp-norm uniform distribution on the unit l,-sphere. Let Vy; = (V1,...,Vp)Nxn = (Vij)Nxn Where
{vij; i>1, j>1} are ii.d. random variables with density function

1-(1/p) »
px)=——e X/P xeR. (1.9)

Set X; = v;/||vi|lp for 1 <i<n. Then, by Theorem 1.1 from [37] (see also page 328 from [4] or Exam-
ple 4 from [35]),

{X1,...,Xp} are iid. r.v.’s with Lp-norm uniform distribution
onSyp={xeR"; |x||, =1} (1.10)
(ii) Lp-norm uniform distribution on the unit I,-ball. Let {v;; i >1, j>1} and v;’s be as in (i). Take
random variables {Upq,...,Upn; n > 1} such that, for each n > 1, {Upq, ..., Upy} are ii.d. random
variables taking values in [0, 1] with (Un1)N ~ U[0,1], and {Up1, ..., Unp; n > 1} are independent of

{vij; i>1, j>1}. Set X; = Up;vi/|Ivillp for 1 <i<n. Then, by (2.16) from [4],

{X1,...,Xp} are i.i.d. r.v’s with Lp-norm uniform distribution
inByp = {xeR"; |Ix||, <1}. (111)

The Lp-norm uniform distribution on Sy , is also called the “cone probability measure”, and the
standard uniform distribution on Sy,p, which has a constant probability density function (pdf) equal
to the reciprocal of the area of Sy p, is also called the “surface probability measure”. See, e.g., Naor
and Romik [25], Naor [24] and Barthe et al. [4]. It is known from these papers that

(i)  Unifp(Bn,p) is the same as the standard uniform distribution on By, , which has

the pdf equal to the reciprocal of the volume of By , forall p > 1; (112)
(i)  Unif,(Sn,p) is the same as the standard uniform distribution on Sy, , which has
the pdf equal to the reciprocal of the area of Sy, for p =1, 2, oo only. (113)
Now, define
M, = (f(w)> withaN:2p% F(?Nl_%. (1.14)
an nxn ')
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Theorem 3. Let p > 1 and My be as in (1.14). Let X1, ..., Xy be iid. with distribution Unif,(Sn p) or
Unif ,(Bn,p) as generated in (1.10) and (1.11). Assume that f” (1) exists and n/N — y € (0, 00). Then, with
probability one, {i(M,) converges weakly to a + bV, wherea = f(0) — f(1) + f'(1), b= —f'(1) and V has
distribution Fy as in (1.4).

Obviously, if f/(1) =0, then the limiting distribution is actually the Dirac measure concentrated
at constant a. The main idea of the proof of Theorem 3 follows El Karoui’s decomposition of large
Euclidean matrices.

By the Brunn-Minkowski inequality, the standard uniform distribution in any convex body has
the log-concave property, see, for example, Gardner [19] and Pajor and Patur [26]. The conjecture
by Do and Vu [14] in their paper is that Theorem 3 is always true if “distribution Unif,(Sn p) or
Unif ,(Bn,p) as generated in (1.10) and (1.11)” there is replaced by “any probability distribution with
the log-concave property”. Theorem 3 partially supports the conjecture.

The reason that Theorem 3 holds for both I, spheres and I, balls lies in the phenomenon of the
curse-of-dimensionality: when the population dimension N is large, random data tend to be around
its boundary. So, if the conclusion in Theorem 3 is true for one case, it is likely to be true for the
other.

Skipetrov and Goetschy [36] studied the matrix My, in (1.14) with f(x) = (sin./x)/+/x. At Section 2,
we will give the exact values of a and b in Theorem 3 for this case. In the same section, similar values
will be calculated for f(x) = (2)~3/2e~*/2 appearing in Mézard, Parisi and Zee [22]. Bogomolny, Bo-
higas and Schmidt [5] showed that the matrix (exp(—A2|x; —X;[I¥))nxn is positive definite. Theorem 3
also holds for this case. We will give the values of a and b in Section 2.

In the deterministic setting, Schoenberg [34,32,33] and Reid and Sun [31] studied the matrix (||x; —
Xjl|*)nxn for o > 0. Also, Bogomolny, Bohigas and Schmidt [5] investigated the same matrix. Taking
f(x) =x*/2, we have the following corollary.

Corollary 1. Given p > 1 and o > 0. Let X1, ..., Xn be i.i.d. with distribution Unif ,(Sn,p) or Unif ,(Bn p) as
generated in (1.10) and (1.11). Let By = (||X; — Xj[|*)nxn. If n/N — y € (0, 00), then, with probability one,

2 a
,&(N(E’]) 2By) converges weakly to the distribution of c +dV where V has the distribution Fy as in (1.4),

, T 3\ «/2 A 3\ @/2
c:(o—l—l><2p5 (f)) and d:—g(ZpE (f)> .
2 rd 2\ rd)

SN—]

Now we consider the geodesic distance on the unit sphere = Sy, in the N-dimensional
Euclidean space. Let d(x, y) be the geodesic distance between x and y on the sphere SN~1, ie, the
shortest distance between x and y on this unit sphere. The following corollary is about the empirical
distribution of a non-Euclidean distance matrix.

Corollary 2. Let X1, ..., X, be i.i.d. random vectors with distribution Unifz(SN*‘). Let Ap = (d(Xi, Xj))nxn-
Ifn/N — y € (0, 00), then, with probability one, ji(A,) converges weakly to (1 — %) — V, where V has the
distribution Fy as in (1.4).

It was proved by Bogomolny, Bohigas and Schmidt [5] that the eigenvalues of A, = (d(Xi, Xj))nxn
are all non-positive except one. The limiting distribution (1 — %) — V in Corollary 2 is evidently con-
centrated on (—oo, 0], which is consistent with their result. Furthermore, one can see that [i(A;) and
its limiting curve match very well in picture (b) from Fig. 4. The verifications of Corollaries 1 and 2
are given at the end of Section 3.2. In Section 2, we will give the corollaries for M, = (d(x;, X;)”) and
M, = (exp(—22d(x;, X;)V)) appearing in Bogomolny, Bohigas and Schmidt [5].

We simulate in Section 2 the conclusions in Corollaries 1 and 2 for p =1 and 2. The empirical
distributions of A; and D, and their corresponding limiting distributions match very well. See Figs. 3
and 4.

Now let us make some comments.
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Take fp(x) =1I1(x<e€) in (1.1) where € is given. The corresponding M, is called the adjacency ma-
trix of the geometric random graphs formed by vertices {xi,...,X;}. See, for example, Penrose [28].
Obviously, our theorems above cannot be applied to the matrix M, = (I(d(X;, Xj) < €))nxn since f(x)
is not a smooth function. There are some studies for the spectral properties of this matrix. For ex-
ample, some understanding is obtained by Preciado and Jadbabaie [29]. The limiting distribution of
(M), however, is still not identified yet.

Another interesting and important problem is the matrix M, = (mjj)nxn considered in Mézard,
Parisi and Zee [22] and Parisi [27] so that

mij = f(Ix —x;1%) — usi; Y F(I% —xel1%)
k

where u is a constant and §;; =1 if i = j, and §;; = 0, otherwise. We expect that the limiting distri-
bution of [i(M,) is different from a linear transform of the MarCenko-Pastur law as seen in our main
results. See also some other discussions by Bordenave [7].

The proofs of Theorems 1 and 2 are based on the decomposition method by El Karoui in his
Theorem 2.4: by the Taylor expansion, we write M;, = U,, + V;; so that the rank of U, is of order o(n)
(by choosing a suitable number of terms in the Taylor expansion) and the eigenvalues of V,, are very
small. The sketch of the proof of Theorem 3 is as follows. We first write by the Taylor expansion again
that M, = U, + V,, + Wy, + €, so that the rank of U, is at most 2, V,, is proportional to I, W, = X X,
as in Proposition 1, and €, is negligible, then we prove in Proposition 1 that {t(Wy) converges to the
Marcenko-Pastur law.

The organization of this paper is given as follows. In Section 2, we present some corollaries from
Theorems 1, 2, 3 by choosing various functions of f(x) appearing in the physics literature, then con-
duct a simulation study to compare the empirical curves and their limit curves, and end the section
with a literature study in this direction. In Section 3 we prove all the results stated in this section. In
Section 4, we verify rigorously some of the statements in Section 2.

2. Examples, simulations and literature study

In this section we will first present some corollaries from Theorems 1, 2 and 3. They are based on
different choices of f(x) appeared in the physics literature. All of the statements in this part will be
checked in Section 4. We make some simulations to compare the theoretical and the empirical curves.
Finally, we will review the recent progress in the study of Euclidean random matrices.

2.1. Examples

Property of negative type of matrix By, = (|X; —X;j||*)nxn. Bogomolny, Bohigas and Schmidt [5] proved
that, for any 0 <o < 2 and for any points X1, ..., X,, the matrix B, = (||X; — Xj[|*)nxn is of negative
type: all eigenvalues of B,;, except one, are non-positive. Schoenberg [34,32,33] showed this for o = 1.
Our Corollary 1 is consistent with this negatlve type property. In fact, recall the corollary, if n/N —

y € (0, 00), then, with probability one, ,u(np Bn) converges weakly to the distribution of ¢ 4+ dV
where V has the distribution Fy as in (1.4). Notice that c <0 and d <0 for 0 <a <2 and V > 0. So
the support of ¢ +dV is contained in (—o0, 0].

On the other hand, our corollary also implies that B, does not necessarily have the negative-
type property as « > 2. To see this, take p = 2. Then, for any o > 2, let y > 0 satisfy |,/y — 1| <
(1 —2a~11/2, we see that a subinterval in the support of a + bV is a subset of (0, c0).

Now we give some examples below by taking special functions of f(x) in Theorems 1, 2 and 3.

Example 1. Skipetrov and Goetschy [36] discussed My = (f ([IX; — Xj[?))nxn With f(x) = (sin /x)/v/%
for x#0 and f(0) = 1. In this case, Theorem 2 is true. Now, consider the normalized matrix (f([|x; —
xj||2/aN))nxn, where ay is as in (1.14), Theorem 3 holds for this matrix with a =1+ w and
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b= S“’I_f“’“ When p = 2, by using Theorem 3 again, we know [i(M,) converges to the law of

c1 +dqV, where V has the distribution Fy as in (1.4) and

2 cos+/2 — 3sin/2 sin+/2 — v/2 cos /2
=1+ and dqi = .

242 22

€1

Example 2. Mézard, Parisi and Zee [22] discussed My = (f(|[X; — X;[2))nxn With f(x) = (27)~3/2e~*/2
for x > 0. In this case, Theorems 1 and 2 hold. Theorem 3 also holds for the normalized matrix
(fIxi =X} 12 /an)nxn with a = 27)72(1 = 3e71/2) and b= 5 2m)3/2e~1/%.

Example 3. Let {Xq,...,X,} be iid. rv’s with distribution Unif,(S¥=1). Recall d(x, y) is the geodesic
distance on SN~1. Bogomolny, Bohigas and Schmidt [5] investigated the following three matri-
ces for the signs of their eigenvalues: (d(X;,Xj)")nxn is of negative type for all 0 <y < 1;
(exp(—kzd(x,-,x]-)y))nxn is non-negative definite for 0 < ¥ < 1; (exp(—A%||x; — Xjl¥))axn is non-
negative definite for 0 < y <2 (Mézard, Parisi and Zee [22] also studied this for y = 2). The parame-
ter A € R is given. Now we present their limiting spectral distributions as corollaries of Theorem 3.

(i) For My = (d(Xi, Xj)? Jnxn, (L(My) converges weakly to the distribution of a + bV, where V has
distribution Fy as in (1.4) and

2y — y-1 y—1
a= 14 n(z) and b=—y<z>
2 2 2

for all 0 < ¥ < 1. Evidently, a <0 and b < 0. So the support of the limiting distribution of a4 bV is a
subset of (—o0, 0) since V > 0. This is consistent with the negative-type property. Also, taking y =1,
we recover Corollary 2.

(ii) For M, = (exp(—Azd(xi,xj)V))nxn, we have [1(My) converges weakly to a + bV, where V has
distribution Fy as in (1.4) and

y—1 y—1
g=1— e R _ 52 (%) o202 _ 0 and b yxz(%) o227 .

Hence, the support of the limiting distribution of a + bV is contained in (0, oo). This is consistent
with the property that (exp(—A2|x; — X;ll¥)nxn is non-negative definite.

(iii) For My, = (exp(—A2||x; — XY )nxn with 0 <y <2, we have [i(M;) converges weakly to the
distribution of a + bV, where V has distribution Fy as in (1.4) and

a=1—e ¥ _ Z()»zzlf/z)e‘)xzzw2 >0 and b= Z(A22y/2)e—kzzy/2 > 0.
2 2
The same is true for the non-negative definite property as discussed at the end of (ii).

Example 4. Let X1, ..., X, be iid. random vectors with the L,-norm uniform distribution on Sy , or
By,p as generated by (1.10) and (1.11) with p > 1. Consider M, = (f(||x; —xj||2))nxn with f(x) =
XM 4+ o1 X1 4 ... 4+ for fixed integer m > 1 and coefficients {c1, ..., o). Easily, wg(t) =0 for all
k >m and t > 0. Thus, Theorems 1 and 2 hold.

Further, assume p > 4m/(2m — 1) and n/N — y € (0,00). Then, with probability one,
2
,&(N(E’UmMn) converges weakly to ¢ +dV, where V has the law Fy as in (1.4) and

2 TC\™ 2 TG\™
c:(m—l)(ZpP 1 ) and d:—m<2pP 1 ) .
r i F(E)
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Fig. 3. Comparisons between limiting and empirical distributions for n = 200, N = 400: (a) and (b) correspond to (2.1) for the
cross-polytope and its surface (p = 1); (c) corresponds to (2.2) for the ordinary sphere (p = 2). The lighter curves are the
smoothed curves by taking 3-point average of the original histograms. The blacker ones are the limiting densities.
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Fig. 4. Comparisons between limiting and empirical distributions for n =200, N = 400: (a) corresponds to (2.2) for the ordinary
ball (p =2); (b) corresponds to Corollary 2 for the geodesic distance. The lighter and blacker curves are the same as explained
in Fig. 3.

2.2. Simulations

In this section we compare the empirical curves and their limiting curves by simulation for the
Euclidean distance matrix D, = (||X; — Xj|)nxn for the two special cases with p =1 and 2 and for the
geodesic matrix Ap = (d(X;, Xj))nxn. We first state the theoretical results case by case.

(1) Cross-polytope and its surface. Take p =1 and o =1 in Corollary 1 to see that c =d = —1.
Recall (1.12) and (1.13). Then we have the following situation: let X1, ..., X, be ii.d. with the standard
uniform distribution on the cross-polytope By 1 = {(X1,...,Xn); [X1|+---+ |xn| < 1} or its surface
SN ={(1,...,xN); |x1]+---+|xny|=1}. If n/N — y € (0, 00), then, with probability one,

,&(N”an) converges weakly to the distribution of — (V + 1) (2.1)

where V has the distribution F) as in (1.4).

(2) Ordinary ball and sphere. Take p =2 and o =1 in Corollary 1 to see that c =d = —1/+/2.
Then we have the following situation: let Xi,...,X; be iid. with distribution Unif,(SN~1) or
Unif,(Bn(0, 1)). If n/N — y € (0, 00), then, with probability one,

~ . V+1
[1(Dy,) converges weakly to the distribution of — v+ (2.2)

7
where V has the distribution Fy as in (1.4).

(3) Ordinary sphere with geodesic distance. The limiting result is stated in Corollary 2.

In Figs. 3 and 4, the results stated in (1)-(3) above are simulated. We take n =200 and N =400
for each case. Thus, y =n/N = 1/2. From (1.4), we see that the limiting distribution F, does not have
the point pass at 0. It is easy to see that the empirical curve (the rugged one) and its limiting curve
(the smooth one) match very well in each case.

2.3. Literature study

In this paper, we derive the limiting distributions of various Euclidean random matrices. Theorem 3
is proved by using the spirit of Theorem 2.4 from [16]. Our emphasis is the examples appeared in the
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physics literature. There are several recent research papers related to our study. The common parts
and differences are stated next.

At the time the author writing this paper, Cheng and Singer [11] and other two authors Do and
Vu [14] obtained nice results on M, in the same context. The differences between their results and
ours are summarized as follows:

(1) Cheng and Singer [11] assume that the distribution of x; is a Gaussian random vector. Our
assumption is that x; follows the L,-norm uniform distribution in the I, ball and sphere for all
p > 1. The two are obviously different.

(2) Do and Vu [14] give a general principle to get the limiting spectral distributions of M, and

K, by assuming that the spectral distribution of XX, = (X1,...,Xn) (X1, ...,Xy) converges to the
Marcenko-Pastur law. In our setting, we spend considerable efforts in Proposition 1 to prove that
X, Xn = (X1,...,Xn) (X1, ..., Xy) satisfy the Marcenko-Pastur law asymptotically. However, their results

do not imply ours. In fact, recall the probability measures (t(M;) and F) in Theorem 3. Let my(z) and
my(2) be their Stieltjes transforms, respectively. Do and Vu showed that lim,_, o0 Elmy(z) —m(2)| =0
for all complex z with Im(z) > 0, which is equivalent to that t({t(My), Fy) — 0 in probability as
n — oo, where 7(-,-) is the Prohorov distance characterizing the weak convergence of probability
measures. Our Theorem 3 says that 7 ({i(My), Fy) — 0 almost surely as n — oo, which is stronger than
the previous convergence in probability. The cost of this and the derivation of the limit law of X Xp
is the more subtle concentration inequalities developed in Lemmas 3.1-3.4 and Corollary 3.

(3) All of Cheng and Singer [11], Do and Vu [14] and the author study M, when x; has the
standard uniform distribution on the unit sphere S¥~1. In this paper we go further in this direction to
obtain the spectral limits of the non-Euclidean matrices (d(X;, Xj)? )nxn and (exp(—kZd(x,-,xj)V))nxn
appeared in physics literature, where d(x, y) is the geodesic distance on the sphere.

Finally our Theorem 3 partially confirms the conjecture posed by Do and Vu [14] in their paper.
The detail is given below the theorem.

3. Proofs of main results

Let A be an n x n symmetric matrix with eigenvalues A1, A2,..., Ap, let FA(X) be the empirical
cumulative distribution function of these eigenvalues, that is,

_l n
FAx) = HZ[{A,- <x), xeR. (31)
i=1
For a sequence of Borel probability measures {¢t,; n=0,1,2,...} on R, set Fp(x) := un((—o0, x]) for
n > 0. It is well known that the following are equivalent:

(i) un converges weakly to g as n — oo.

(ii) limp— o Fy(x) = Fo(x) for all continuous point x of Fg(x).

(iii) limp— o fp 8X)pn(dx) — [z gX)1Lo(dx) for any bounded continuous function g(x) defined on R.
(iii)’ The limit in (iii) holds for any bounded Liptschitz function g(x) defined on R.

(iv) limy— o L(Fy, Fo) =0, where L(-, -) is the Lévy distance with

L(F1, F2) < ||[F1 = F2lleo := SUDIQ‘H(X) — F,(x)|. (32)
Xe

See, for example, Exercise 2.15 from [15]. In the proofs next, we will use the above equivalences from
time to time.

3.1. The proof of Theorem 1
Proof of Theorem 1. Let n = o/(2x — 4). For n > exp(e®), set logzn = logloglogn and m =m, =

[n(logn)/logzn] + 1. Then, for any sequence of numbers {h,; n > 1} with h, = 0(m) as n — oo, it is
trivial to check that
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n " 'mlogm — logn + hy,

my — 00, my =o(logn) and — +00 (3.3)
logn
as n— oo.
Step 1. By the Taylor expansion
f® (0) F™ )
fX =)+ Z X X (34)
m!
k=1
where & > 0 is between 0 and x. Note that
M, = (f(lIxi —xj||2))nxn
f("( )
= f(0)ee’ + Z (I = %1%, ., +En (3.5)
where e = (1,...,1) € R, Eq := L(F™ &)X — Xj[I*™)nxn with 0 < &; < [x; — x;| for all 1<
i, j <n. Write ||x, -2 = IIx]1> + ||x]||2 2x(x; for all 1<i< j<n. Then
Hy o= (1% — Xj12),,,., = (1%l% + 1%51%) 0 = 2K, - Xn) (X1, -, Xn).
Since (X1,...,Xp) is an N x n matrix, its rank and the rank of (Xi,...,Xn) (X1,...,X,) are both less

than or equal to N. Besides, it is easy to check that the rank of (||x;||% + \|xj||2),1xn is at most 2. It

follows that rank(H;) < N + 2 :=q. Notice (||x; — xj||2k)nxn =H, oH, o --- o Hy, where there are k’s
many H;, in the Hadamard product. Theorem 5.1.7 from [20] says that, if AoB is the Hadamard product
of A= (ajj)mxn and B = (bjj)mxn, that is, Ao B = (a;jbij)mxn, then rank(A o B) < rank(A) - rank(B). Thus,
the rank of (||x;j — xj||2")nxn is at most g*. Therefore, use the inequality rank(U + V) < rank(U) +
rank(V) for any matrices U and V to obtain that

f(k)( 0) 2k k m — m
the rank of f(0)ee’ + IZ (Ixi —xjl1%),,,., <1+ Zq q—l \q . (3.6)
K=
Thus, by Lemma 2.2 from [2] we have from (3.5) and (3.6) that
qm
L(FMn FEn) < |[FMn —FBn| <2 0 (3.7)
n

as n — oo since m = o(logn) where ||v||oc = Supycr |V(x)| for any function v(x) defined on R.
Step 2. We now estimate E,. Review E; = -1(f (™ (&;)[|X; — X;j[*™)nxn. Let O, be an n x n matrix
whose entries are all equal to zero. Then, by Lemma 2.3 from [2] (see also (2.16) from [8]),

L3(FFn, FOr) < Z (En)};

1<z]<n
2
% 4
< > Ix— x4
Y 1gi<j<n
C"w 2 4 4 2 n 4
m
< a2 D0l + x4 < % Zn X[
1<i<j<n =1

where the constant C is chosen such that (x + y)*™ < C™(x*" 4 y*™) for all x >0 and y > 0. For any
€ > 0, by the Markov inequality,

P(L3(FE FO) > €) < 1 onc Zn:E(||xi||4m). (3.8)
’ e (m)? =
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Recall the assumption max;>1 Ee®lXl” = ¢’ < oo for constants & > 2 and to > 0. Set = 4m/a. We
claim that there exists a constant C; > 1 satisfying

D E(Ixill*™) < C1(mn)(C18)° (3.9)
i=1

as n is sufficiently large. If so, by (3.8) we get

C1  (mm)wzC™(C15)P

P(L3(FB FO) > ) < — 310
( ( ) > ) € (m|)2 ( )
as n is sufficiently large. The Stirling formula (see, for example, Gamelin [18]) says that
1 1 1
logI'(z) =zlogz —z— —logz+log~2m + — + 0| — (3.11)
2 12z x3

as x = Re(z) > +oo0. Remember I"'(m + 1) =m!. Take z=m + 1 in (3.11) and use the assumption
log wy, = o(mlogm) to have that the logarithm of the RHS of (3.10) is equal to

4m 4m  4m
logm + logn + o(mlogm) + m(log C) + o log7 v log C1 —2mlogm
+2m+logm+ 0(1)

4
=logn — <2 3 +0(1)>mlogm 4+ 0(m) =rylogn

such that r, - —0o as n — oo by (3.3). It follows that P(L3(FE», FOr) > ¢) = 0(n2) as n — oo. By
the Borel-Cantelli lemma, we obtain

L(FE" FO") >0 as.

as n — oo. This and (3.7) conclude that limp_, oo L(F¥, FO) =0 a.s. Thus, FM converges weakly to
8o since FO is equal to the cumulative distribution function of 8.
Step 3. Now we turn to prove (3.9). In fact, set C’ = max;> Eef/%il*, Then

o0
E(Ix ™) =57 - E((tollxi1%)") = gty * f PP (to x| > t) dt
0
o0
< (,3c’)tg’-‘3ftﬂ*le*fa!t:,f}c’tg’S T (), (3.12)
0

where the formula E(Zf) = B [;°tP=1P(Z > t)dt for Z >0 is used above. Recall (3.11). We know
I'(B) < BPe=P as n is large enough (note g = 4m/a and m = m,, defined above (3.3)). This and (3.12)
yield (3.9). O

3.2. The proof of Theorem 3

Lemma 3.1. Let & be a random variable with density function p(x) as in (1.9). Then
t+1

r(h

rQ)

t/p, t>0.

E(I5%) =

In particular, E(||P) = 1.
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Proof. By symmetry,

1-a/p 7
E(j5') = Pil /x[e’xp/p dx.
r;) J

-1

1
Set y =xP/p, then x=p'/Py!/P and dx=p» yp_1 dy. Thus the above integral is equal to

o0

t+1
1 / g =~

/p YAy — p t/p
p yr eVdy=———p"".
re)

Lemma 3.2. Let p > 1. Let Ujj's, vij’s and v;’s be as in (1.10) and (1.11). Assume n/N — y € (0, oo). Then, as
n— oo,

[lvi]|?
(i) as.;
(log (logN)? 4 Z ”Vl”p
Vi
(i) max |1 — illp | 0 as.
log N 1<i<n N1/p

2
The convergence rates given in the lemma, for instance, (logN)2/N » 72 in (i), may not be the
best ones. However, we make them precise enough to prove Theorem 3 rather than pursue the exact
speeds with lengthy arguments.

Proof of Lemma 3.2. (i) Easily,

2 2
\" NP Vi

H,:= 3 E lvi 5" max I 1”2

(lOgN) ||V, || (IOgN) 1<isn ||Vi||p

as n is sufficiently large. Therefore, for any € > 0,

va 2 >E(logN)2)
-1

P(Hn22y6)<nl’< 5 = -
villp N

<nP(|lvi]|* = €NlogN) +nP(|lv1]5 < N*P(logN) ™) (313)
as n is sufficiently large. From (1.9) and Lemma 3.1, we know that
E(vinlP) =1 and Ee®l"11’ < oo (3.14)

where tg =1/(2p) > 0. By the Cramér large deviation (see, e.g., Dembo and Zeitouni [12]), there eXists
8 > 0 such that

P(Iv1ll5 < N*/P(log N) ™! ( > 1vialP < (logN)~ P”)

k=1

( Zwm" ><e"“S (3.15)

as n is large enough. By Lemma 6.4 from [9], there exists C > 0 such that

Y Ev
P(Ivi]2 > eNlogN) < ('Z" }kfogN Wl )ge—c“"g”ﬂ (3.16)
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as n is sufficiently large. Combining the above we see that Zn>1 P(Hp > 2y€) < oo for any € > 0.
Then, conclusion (i) follows from the Borel-Cantelli lemma.
(ii) By the inequality |1 —t¥| < |1 —t| forallt >0 and 0 <o < 1, we get

VN

p
IN — |lvillp|
- max _—
logN 1<i<n

1 lvillp
— < mMax .
1<i<n /NlogN

N1/p

Now, use (3.14) to write [[vi[[h — N = Y0 (Ivii|” — E|vki|P). Then, replace “|lv1||?” and “|vj|*” with
“Ilvq ||§" and “|vg1|P” in (3.16), respectively, the conclusion (ii) is obtained by using the same argument
as in (3.16) and the union bound. O

Lemma 3.3. Assume p > 1. Let X1, ..., Xy be iid. with distribution Unif ,(Bn p) or Unif,(Sn,p). Assume
n/N — y € (0,00). Then, for any t > 0, there exists a constant § > 0 such that P(maxigi<j<n |xl’.xj| >

1_2 s(log N)2 . .
tN277 logN) < e—%108N)* g5 1y s sufficiently large.

The bound “e~%1°¢N)*” given in the lemma may not be tight. However it is precise enough for the
proof of Proposition 1. The same is true for Lemma 3.4.

Proof of Lemma 3.3. Recall the sampling schemes in (1.10) and (1.11). For both the case of Unif ,(Bn.p)
and that of Unif ,(Sn,p), we have that

/ |V§Vj|
max x| < max UL
1<i<j<n 1<i<j<n illp - Ivjlip
where vy, ..., v, are iid. RN-dimensional random vectors whose nN entries are i.i.d. random vari-

ables with the density function p(x) as in (1.9). Thus,

1_2
P( max |x§xj|>tN77510gN)
1<i<j<n

5 VA 1.2
<n*P——1= SN2 7 logN
vllp - lIvallp

1
< 2n2P<||v1 15 < EN) + P(|[vjv2| > Cp/NlogN) (317)

where Cj is a constant depending on p only. Note that vjv; = Z,N:] vi1vip where {v;;; i>1, j>1}
are ii.d. random variables with density function as in (1.9). Evidently, there is a constant C, > 0
depending on p only such that

2 2
Vii t Vi

p/2
> ) < Cp(lvirl? + [vazlP).

[vi1vialP/2 < <
This joint with (3.14) implies that Eetolvivizl”? — o for some to > 0. By Lemma 6.4 from [9], for

some constant Cj, > 0, we have P(|v{vz| > Cypv/NlogN) < e=Cr10eN? 55 1 is sufficiently large. This
combining with (3.15) and (3.17) leads to the desired conclusion. O

Lemma 3.4.Given p > 1.Letay beasin(1.14)and X, ..., Xp be asin Lemma 3.3. Assumen/N — y € (0, 00).
Then, for any t > 0, there exists a constant § = &, ¢ > 0 such that
N x| 1
P VN - max Ixifl= 1 >t ge—é(logN)z (3.18)
logN 1<i<n| an 2

as n is sufficiently large.
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Proof. First,
N
p( /N

log N ' 1<i<n

2
i 1 VN
M__ >t gnP - .
an 2 log N

2 1
M__’ >t) (319)

where x; € RN follows the Lp-norm uniform distribution on Sy, or By p.
Case (i): X1 follows the L,-norm uniform distribution on Sy . From (1.10), we know X =v/||v||, for

some V= (vq,...,Vy) Where v;’s are i.i.d. with the density function as in (1.9). By (3.14),
2 2 2
IVIE _ (I il \H () DLl — B\
N2/p N N '

From Lemma 6.4 from [9], there exists a constant §, > 0 such that, for any s > 0,

N
p (1 Vil? — EWilP)l _ 10gNY _ y ciogny (320)
N “T2UN) '

Enn

as n is sufficiently large. Trivially, there exists a constant Cp > 0 such that |(1 +x)?%P —11<C px for
x > 0 small enough. Hence, for any s > 0,

2
I3

N2ip -1 <

on E;,l as n is sufficiently large. Consequently,
N2/p

—
Ivilp

log N
1| < (Cps)—— (3.21)
’ PUN
since |1 —x~1| < 2x for all x close to 1 enough. By Lemma 6.4 from [9] again, there exists 8;, > 0 such
that, for any s > 0,

2
P(‘ Ivi* 1’ > SIOgN) < ey logN)? (3.22)
NE(v?) VN

En2

as n is sufficiently large. From Lemma 3.1, we know E(v¥) = (I"(3/p)/I"(1/p))p*/P. By the definition
of ay as in (1.14), we see that

I ]| 1‘_1

NP v?
an 2 o

Ivii; NEW?)

2
Using the fact |[ab — 1| <|a—1|+|b—1|+|a—1]|-|b—1] for any a,b € R, we have from (3.21) and
(3.22) that

Ix12 1 ‘ logN  logN ,logN logN
— | < (Cps) +s Cps .
av 2N TN TN N
<(C +2)SlogN
on E; ;N quz as n is sufficiently large, where E, 1 and E,» are as in (3.20) and (3.22). This gives that
2
P YNl 1) (Cp+2)s ) < 2005200 N2

log N an 2
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for any s > 0 as n is large enough, where 8;,’ = min{8p, 81/,} > 0. Take s =t(Cp + 2)"! in the above
inequality and use (3.19) to yield (3.18).

Case (ii): X1 follows the L,-norm uniform distribution on By p. By (1.11), for some random variable
Uy €10, 1] with (Uy)N ~ Unif ([0, 1]), x; = Unv/|Iv]lp. Set y =v/|v||p. From the conclusion in case (i),
for any t > 0, there exists a constant § =&, > 0 such that

N 21
P VN . M ——|>t)< 3—5(10gN)2 (3.23)
log N ay 2
as n is sufficiently large. On the other hand,
log N)? log N)2\ N
P(1-Uy> ﬁ (1= ﬁ < e*(logN)2 (3.24)
N N
as n is large enough. If ﬁ |% - %| <tand 1-Uy < %, then by a similar discussion in the
case (i), % . |UN% — %l < 2t as n is sufficiently large. It follows from (3.23) and (3.24) that
N 2 1 N 2 1
P L M__>2t =P L-UNM——>2t gze—K(logN)z
log N an 2 log N an 2

as n is sufficiently large, where K = min{§, 1}. This inequality and (3.19) yield the desired conclu-
sion. O

Corollary 3. Given p > 1. Letay beasin(1.14) and X1, ..., X, be asin Lemma 3.3. Assumen/N — y € (0, 00).
For any § > 0, the following hold.

(i) Set En = {max1gi<jgn |$||xi —xj||2 — 1] <8} forn >2.Then > o2, P(ES) < oo;
(ii) Asn — oo,

"2 1\ 1 4
Z(; - —) -0 as and - Y (ay'xx;)" >0 as.
, an 2 n_ _“~

i=1 1<i<j<n

Proof. (i) Write ||x; — ;|12 = ;[ + [Ix;[|*> — 2x/x;. Then

[1xi|> 1

1
| +2- max —I[xxj].
ay 2 1<i<j<n ay

max
1<i<j<n

1
— |Ix; — %[> — 1| <2 - max
an 1<isn

Recall ay = 2p7 I'(3)/I'(5)N'75. It follows that

Ixil2 1 >5 ) ,>5
-3|23 Ul max |xix]|/ZaN )

1<i<n

E; Cc{ max
ay 2 1<i<j<n

1_2
Evidently, for any t > 0, the last event is smaller than {max;g;<j<n [X{Xj| > tN2" ? log N} as n is large
enough. We then get (i) from Lemmas 3.3 and 3.4.
(ii) From the Borel-Cantelli lemma and Lemma 3.4, we see that

VN

. x> 1
logN 1<i<n

—‘ — 0 as.
an 2

as n — oo. Consequently,

n 2 4
Xi 1

3 %12 1\ (1174 oy
ay 2 1<i<n

i=1

Ixil? 1

4 4
_) :O(M)_)O a.s.
N

an 2
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as n — oo. So the first limit in (ii) holds. Furthermore, by the Borel-Cantelli lemma and Lemma 3.3,
we obtain

1
2

=N

N
- max
logN 1<i<j<n

[xxj| -0 as.
as n — oco. Thus, we use ay :2p%1"(%)/1"(%)N1_% to have
1 2_3 4 log N)*
" > (ay'xxj)* < Cp<NP 4 max |x; xj|) = O(%) —0 as.

1<i<j<n
1<i<j<n IS

where Cp is a constant not depending on n. We then obtain the second limit in (ii). O

For integer p > 1, define

rd 2
__ p o -2/p,1-%
oy = ) p2p 13 (3.25)
y F(%)

One of the important parts in proving Theorem 3 is the following result.

Proposition 1. Let X1, ..., X be iid. random variables with distribution Unif ,(Sn.p) or Unif,(Bn p) for
p > 1 as generated in (1.10) and (1.11), respectively. Write X, = (X1, ...,Xp). [f n/N — y € (0, +00) then,

2
with probability one, fi(cyn F_1X,’1Xn) converges weakly to Fy, as in (1.4), where cy is defined as in (3.25).

The case for Unif,(Bn,p) in Proposition 1 is due to Aubrun [1] and Pajor and Patur [26]. The case
for Unif,(Sn.p) is new.

Proof of Proposition 1. Recall X1, ..., X, are ii.d. random vectors with the L,-norm uniform distribu-
tion in Sy p as in (1.10). We have that

. Vi
Xn=(X1,...,Xp)Nxn Withx; =
villp
fori=1,...,n. Define
Xp = Nil/p(vh o s V) Nxn-

2
Set b, = np 1, By Lemma 2.7 from [2],

L4 (anX,’TX,, , anf(/"f(n)

2b? Vo \ Vy , V/V,
< =3 -tr((Xn - W) (Xn N1/p>)"(x Xn + N2/ ) (3.26)

Further, by the standard law of large numbers, (nN)~! Z?:] Ivill> — E(v%) a.s. Thus, from Lemma 3.2
again, we have that

V'V, gyl
! n¥n\ 1
tr<Xan + N2/P> = E

~ |vill3

&

lo
Nz/pZn vil? = <( %8 )) as. (327)

as n — oo. Note

X Vi _ 1 villp Vi 1 vallp Vn
nTONUD T T N1/p e\ TN :
N N villp N IVnllp
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It follows that

2
o((x - VY (x vl ) vl
nON1/p n Nl/p T N1/p ||v,-||f,

i=1
2 n
Ivillp [\
<max | 1-— .
\1<z<n< N1/p IZ:

< lvill3
log N)*
=()((og ) )
N7

by Lemma 3.2. This joint with (3.26) and (3.27) leads to

, & % 2b2  (logN)* (logN)? log N)®
L4 (DX phoin) — ( " (O% )" (logN) > _ O(( OgN ) ) 50 as. (328)
NP

2
l

as n— oo. . o
Now let us look at the asymptotic distribution of FPXXn —OQObserve that b,X! nXn =
(n/N)?/P=1(V/\Vp/N) with Vi = (V1,...,Vn) = (Vij)Nxn. Since Evij =0, hy := E(vfj) = FE ;pz/p and
(n/N)*/P=1 — y2/P=1. By Theorem 3.6 from [3], with probability one, FVaVn/(Nhs) converges weakly
to Fy as n — oo. This implies that, with probability one, F?»*iX: converges weakly to L(c,'T), the

distribution of ¢;'T, where T has law F. Equivalently, L(Fbn¥Xn L(c,'T)) — 0 as. This and (3.28)
2.1,
yield that L(F"? *aXa), L(cy‘1T)) — 0 a.s. We then get the conclusion in the proposition. O

Proof of Theorem 3. By the Taylor expansion, since f”(1) exists, there are constants § € (0, 1) and
C > 0 such that

[fx+1) = (fFD)+ f(Dx)|<Cx? (3.29)

for all |x| < §. Set E, = {max]<l<]<n| Ix; — x,||2 — 1] < 8} for n > 2. Then, by (i) of Corol-
lary 3, EY 02, Ige = S e, P(ES) < oo, Where Ige is the indicator function of set Ej. This implies
Y mea Igc < o0 as. Thus, P(£21) =1 where

21 := {w: there exists N = N(w) such that w € E,, foralln > N}. (3.30)
Define

Zy = f(O)lh + (Zij)nxn, where

zi=0 and zj=f()+ f'(D(ay"lIxi —x;|I* — 1) (3.31)
for all i # j. Wr1te aN IX; —X; I2=1+ (aN IX; —X; 2 —1). Recall M, = (mjj) = (f(aN [IX; —Xj||2))n><n.
Take x =ay ix; —Xj 2 =1 and plug into (3.29) to have

. ’ —1)iy. 112 —1y. 112 2
|m1] - (f(l) +f (U(aN lI%; —x;|I“ — 1))| < C(aN lI%; — x;|“ — 1)

on Ey, for all i # j. Since ay'IIx; — ;11> — 1 = (ay' 1xi[1> — 1/2) + (ay ' 1x;11> — 1/2) — 2a " x/x;. Applying
the convex inequality on function h(x) = x* we have

2 4 2 4
2 2f (1Xill 1 l1%;l 1 -1 4
(mjj — z;j)* < KC (( w2 + w2 +(aN x’x])

for all 1 <i< j<n, where K is a universal constant. Recalling the definition of Z; in (3.31) and
noticing tr((M, — Zn)z) = Z#j(m,'j - Z,~j)2, by the above inequality and Lemma 2.3 from [2] we have
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3 (M Z 1 2
L (FMn, For) < —tr((My — Zy)?)
n

n 12 4 2
< (ZKCZ) Z(M — %) + ZKnC Z (a;,lx;xj)4 (3.32)

a
i=1 N

— 0 as.

by (ii) of Corollary 3. Denote §2; = {lim;_, o, the term in (3.32) = 0}. We then know P(£2;) = 1. Thus,
limp— o0 L(FMn, FZn) — 0 on £21 N §2,. Since P(£21 N §2;) =1, we obtain

L(FM F&) >0 as. (333)

as n — oo. Recall z;; in (3.31) with z; = 0 for all i. Since f(1)+f’(l)(a,§1 ||x,'7xj||271) =f(—-f'(1)
for i = j, we have

1
Z, = f(Ol + f(Dee + f’(l)(—NIIXi —x;l* - 1) ~(fD~= f D)y

nxn
=(f)-fa f() A2+ 1112 I+ - (xx; (3.34)
=( ))ee’ + ——(IIxill* + [1Xj11%) .., +aln + a(xix])nxn :
where
a=f0) - f(O)+f'(1) and «=-2f(1), (3.35)
e=(1,...,1) e R" and the identity [x; — X;[|> = [Ix;[|> + [Ixj]|> — 2x;X; is used in the last step. Note
that
Ny\? !
K K (Ny\? 2 1y
a(xixj)nxn =5 (7) (eyn? T X Xn)
where X/ Xp = (X1,...,Xn) (X1, ..., Xn) = (XXj)nxn and cy is as in (3.25). Let Uy =al; + = (x Xj)nxn-
By Proposition 1, with probabillty one,
FYr converges weakly to the distribution of a + bV, (3.36)

where V has the law Fy as in (1.4) and b = — f’(1). It is easy to see that the rank of ee’ is equal to 1
and
< rank(||x;[1%), ., + rank([Ix;|?)

rank(||x; 12 + Ix;1I%) <2. (3.37)

nxn nxn X

By Lemma 2.2 from [2] and (3.34), L(F%, FUn) — 0 as. as n — oo. This and (3.36) conclude that,
with probability one, FZ» converges weakly to the distribution of a + bV, which and (3.33) imply the
desired conclusion. O

nxn

Proof of Corollary 1. Notice B; = (||X; — X;[|“)nxn. Write

2\ o/2
2 o Xi — X 2 o o

NG Vg, = <(7” =Xl ) ) N® V2@, (3.38)

an

It is easily seen from (1.14) that

O ["( ) /2
NG an)? = <2pv ) . (3.39)
rdy

Now, take f(x) =x*/2. Then, f(0) =0, f(1) =1 and f’(1) = a/2. Review Theorem 3. Then a =
(@/2) —1 and b = —« /2. We obtain from the theorem that, with probability one, the empirical spec-
tral distribution of ((|x; — X;I?/an)®/?) converges to the law of ¢ +dV where V has the law F, as
n (1.4). This joint with (3.38) and (3.39) gives the conclusion. O
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Proof of Corollary 2. Let an_be be as in (1 14). When p =2, it is easy to see that ay = 2. Let 6;; € [0, 7r] be
the angle between vectors Oxl and Ox, for any 1 <i, j <n, where O is the origin. Then d(x;, X;) = 6j;.
From the fact that cos6;; =X iXj, we know

2
Xi — X
d(xi, xj) = cos™ ! (x/x;) = cos™! (1 — M)

Take f(x) =cos~1(1 —x) for x € [0, 1]. It is easy to check that

Flx) = 1 d f'eo = x—1
W= M T g

for x € (0, 1). Easily, f(0)=0, f(1)=mx/2 and f’(1) = 1. Thus,
=f(0)—f(1)+f’(1)=1—% and b=—f'(1)=—1.

Then the conclusion follows from Theorem 3. O

4. Verifications of statements
In this section, we will verify some claims and conclusions appeared in Sections 1 and 2.

4.1. Verifications

Verification of (1.5). For f(x) = /x, it is easy to check that

41:3...2m—-3) _,._
(M) 4y — (_ 122 EM—3) _om-1)/2
fm(x) ( l)m 2m X m

for all m > 2 and x > 0. Write 1-3---2m —3) =Q2m —2)!/2 -4---2m — 2)) = 2m — 2)!/
@m1(m— 1)!). Then, for any t > 0,
(zm z)y t—(2m—1)/2

—1)! © T am-1

wn(®) = | f™@0)] =

By the Stirling formula, m! = +/2rmm™e~"™(1 4+ 0(1)) as m — oo. Then, for any t > 0,

liminf log wm (t)

m—oco mlogm
> lim (Zm 2)log2m —2) — (m — 1) log(m — 1) _q -
m—>oo mlogm o

Verification of Example 1. Let f(x) = (sin JX)//% for x#£0 and f(0) = 1. It is easy to see from the
Taylor expansion that f(x) =) o (2m+1)'x for all x € R. Thus,

. (=1D)Mm! xmn
n) _
f (X)_n;(zmﬂ)!(m—n)!'

Since |((;%L";f| <1, we have |f®(x)| < el for all x € R. So logwy(4a?) =o(nlogn) as n — oo holds
for any a > 0. Thus, Theorem 2 is true.

Now f(0)=1 and

, /X €OS /X — sin f
)= 372

Thus, Theorem 3 holds with
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cos1 —3sin1
a=f(0)—f(1)+f’(1)=1+f,
sin1 —cos1
2

Now, assume p = 2. By using the formula I'(x + 1) = xI"(x) for x > 0 we see that ay = 2. Let g(x) =
f(2x) for x > 0. Then

1
M, = (£ (% = X}11%)) 1,00 = (g<5||xi —xjnz))
By Theorem 3, [t(M;) converges weakly to c; +d;V where V has distribution Fy as in (1.4), and

V2 cos+/2 — 3sin~/2
272 '

b=—f(1)=

nxn

=g0)—gM+gM=f0)—-fO)+2f =1+

sinv/2 — v/2cos /2
2V2 '

di=-g(H=-2f'2)=

Verification of Example 2. Now f(x) = (2m)~3/2e=*/2 for x > 0. Recall the notation in Theorem 2.
Obviously, wm (t) = 27)~3/22~™ for all t >0 and m > 1. Thus, log w, = o(mlogm) and log wm (4a%) =
o(mlogm) as m — oo. So Theorems 1 and 2 holds. It is easy to see that Theorem 3 holds with

a=fO) - fM+f 1= (271)_3/2(1 - ;e_l/z> and
b=—f)=1em e o

Verification of Example 3. In this example, p = 2. It follows from (1.14) that ay = 2. Reviewing the
proof of Corollary 2, we know

X — xilI2
d(x;,Xj) = cos™! (1 - M)

Let g(x) = cos~!(1 — x) for x € [0, 1]. From the proof of Corollary 2,

1 x—1
/ _ /” _
g (X) = X — X2 and g (X) - (2X _ X2)3/2

for x € (0, 1). Easily, g(0) =0, g(1)=m/2 and g'(1) =1.

(i) Set f(x) = g(x)¥ for x € [0, 1], where y € (0, 1]. According to the notation M, in (1.14), we have
M, = (d(Xi, X;j)? Jnxn. Trivially, f'(x) =yg®)?"'g'(x). So f(0) =g(0)” =0, f(1) =g = (/2)Y
and f’(1) = y(r/2)Y~'. Thus, Theorem 3 holds for y € (0, 1] with

_ y-1
a=f(0)—f(1)+f/(1)=2y n(z) <0 and

2 2
y—1
b=—f(1)= —y(%) -

(ii) Take f(x) = e=+’8™” for x € [0, 1], where y € (0, 1]. According to the notation M, in (1.14),
we see that M, = (exp(—A2d(Xi, Xj)” ))nxn. Now, f'(x) = —y22g(x)Y g/ (x)e 8" 5o that

y—1
f0)=1, f(1)=e—A2(ﬂ/2)V and f/(1)=_)/)\2<%) e_kz(n/Z)V.
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Hence, Theorem 3 holds with

y—1
a=fO) = f()+ /(1) =1—e 2 _ V*2<g> e,

y—1
b=—f’(1)=yk2(%> M/

Observe that e* > 1+x>1+tx for all x> 0 and t < 1. Then

14
omernr oy 12 (7Y ] an

(iii) Now, given 0 <y <2, let f(x) =e~**@"" for x > 0. Then, by the definition of My in (1.14),
we get that M, = (exp(—A2[|X; — X;||”))nxn. Note that f'(x) = —yR22x)Y /271072 for x > 0.
Thus,

f(O) — 1’ f(-l) — e*)uzzy/z and f/(l) — _y)\zzy/Zflef)Lzzy/Z.
Then Theorem 3 holds with

a= O~ F)+ f(1)=1-e 2" L(2r/2)e2 ",

b=—f'(1)= %(1227’/2)(“2”2 > 0.
By the same argument as in (4.1), we know a>0forall 0 <y <2. O

Verification of Example 4. Review M, = (f([|x; — xj||2))nxn where f(x) =x™ +a1x" 1 4+ ... + oy, for
m > 1. Let By x = (|Ix; —xj||2k)nxn with 1 <k <m and By o be the matrix whose entries are all equal
to 1. Then

Ur = N (I — x41%))

nxn

m—1
2_q Z_q
= NG (s = X51P™) oy + D N @B - (42)
k=0

U
Us

From Corollary 1, with probability one, FU2 converges weakly to the distribution of ¢ +dV where V
has the distribution Fy as in (1.4),

( 1)(2 zr(%)>m d d <2 zr(%))m
= - p n = — p .
c=(m PP a m(2p F(%)

p

Second, by Lemma 2.3 from [2] we have
1
L*(FU, F%) < Etr(U%). (4.3)
Recall the Frobenius norm |[E|F = (tr(E2))!/2 = Ci<ijsn eizj)‘/2 for any symmetric matrix E =
(€ij)nxn. Observe that p > 4m/(2m—1) > 2 for all m > 1. Then, ||v|| = |[v[2 < |lv], <1 forall ve By p.

It follows that ||x —y|| < 2 for all X,y € By . This says

K:= sup max (1+a+]x —y||2k) < 0.
x,yeBy, p 0<ksm—1



T. Jiang / Linear Algebra and its Applications 473 (2015) 14-36 35

Thus, tr((em—iBn)?) < n?K* for each 0 <k <m — 1. By the triangular inequality, (tr(U))!/? =
2
[UsllF < KN ~"™n. This and (4.3) imply

L3(FU1, F%) < (mk?)*N?G " 0

as n — oo since n/N — y € (0, 00) and p > 4m/(2m — 1) for all m > 1. By the convergence of FU2, we

2
know that, with probability one, FU1, and hence ;l(N(F_UmMn), converges weakly to the distribution
of c+dV. O
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