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Let x1, . . . ,xn be points randomly chosen from a set G ⊂ R
N and

f (x) be a function. The Euclidean random matrix is given by
Mn = ( f (‖xi − x j‖2))n×n where ‖ · ‖ is the Euclidean distance.
When N is fixed and n → ∞ we prove that μ̂(Mn), the empirical
distribution of the eigenvalues of Mn , converges to δ0 for a big
class of functions of f (x). Assuming both N and n go to infinity
proportionally, we obtain the explicit limit of μ̂(Mn) when G is the
lp unit ball or sphere with p � 1. As corollaries, we obtain the limit
of μ̂(An) with An = (d(xi,x j))n×n and d being the geodesic distance
on the ordinary unit sphere in R

N . We also obtain the limit of
μ̂(An) for the Euclidean distance matrix An = (‖xi − x j‖)n×n . The
limits are a + bV where a and b are constants and V follows
the Marčenko–Pastur law. The same are also obtained for other
examples appeared in physics literature including (exp(−‖xi −
x j‖γ ))n×n and (exp(−d(xi,x j)

γ ))n×n . Our results partially confirm
a conjecture by Do and Vu [14].

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let x1, . . . ,xn be random points sampled from a set G ⊂ R
N . The n ×n Euclidean random matrix is

defined by (g(xi,x j))n×n , where g is a real function. See, for example, Wun and Loring [39], Cavagna,
Giardina and Parisi [10], Mézard, Parisi and Zee [22], Parisi [27]. In this paper, we will study a special
class of Euclidean random matrices such that

Mn = (
fn

(‖xi − x j‖2))
n×n (1.1)
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where fn(x) is a real function defined on [0,∞) and ‖ · ‖ is the Euclidean distance with

‖x‖ =
√

x2
1 + · · · + x2

N (1.2)

for x = (x1, . . . , xN ). Taking fn(x) = √
x for all n � 2, the matrix Mn becomes

Dn := (‖xi − x j‖
)

n×n, (1.3)

which is referred to as the Euclidean distance matrix in some literature. See, for example, Bogomolny,
Bohigas, and Schmidt [6,5], Penrose [28] and Vershik [38]. When xi ’s are deterministic, the so-called
negative-type property of the matrix (‖xi − x j‖α)n×n with α > 0 was studied in as early as 1937 by
Schoenberg [34,32,33]. See also Reid and Sun [31] for further research in the same direction.

The matrix Mn belongs to a different class of random matrices from those popularly studied where
their entries are independent random variables, see, Bai [2] for a survey. The primary interest in
studying Euclidean random matrices is driven by the physical models including the electronic levels
in amorphous systems, very diluted impurities and the spectrum of vibrations in glasses. See, e.g.,
Mézard, Parisi and Zee [22] and Parisi [27] for further details.

In applications, the matrix Mn is related to Genomics [30], Phylogeny [17,23], the geometric ran-
dom graphs [29] and Statistics [7,13,16]. A relevant study by Koltchinskii and Giné [21] is to use the
matrix (gn(xi,x j))n×n to approximate the spectra of integral operators.

For an n × n symmetric matrix A with eigenvalues λ1, λ2, . . . , λn , let μ̂(A) be the empirical law of
these eigenvalues, that is,

μ̂(A) = 1

n

n∑
i=1

δλi .

In this paper, we will study the limiting behavior of μ̂(Mn) as n goes to infinity with N fixed or N
going to infinity. For fixed N , when xi ’s have a nice moment condition, in particular, G is a compact
set in R

N , we show that μ̂(Mn) converges weakly to δ0, the Dirac measure at 0 as n → ∞. If n/N →
y ∈ (0,∞), we choose G to be the unit lp ball or sphere for all p � 1, we then obtain the limiting
distribution of μ̂(Mn). In particular, when selecting different functions of f (x), the matrix Mn in (1.1)
becomes (‖xi − x j‖γ )n×n , (d(xi,x j)

γ )n×n , (exp(−λ2‖xi − x j‖γ ))n×n or (exp(−λ2d(xi,x j)
γ ))n×n where

d(·, ·) is the geodesic distance on the regular unit ball in R
N . These four matrices were considered

in several literatures. In particular, Schoenberg [34,32,33] and Bogomolny, Bohigas and Schmidt [5]
showed that the first two matrices have the “negative type” property: all eigenvalues, except one, are
non-positive; the last two are non-negative definite. In this paper we will give their explicit limiting
distributions of these matrices and others in Section 2 as corollaries of our general theorems below.
In particular, our results on the four matrices are consistent with their negative type or non-negative
definite property.

All of the limiting distributions we have in this paper are in the form of a linear transformation of
a random variable with the Marčenko–Pastur law: given a constant y > 0, the Marčenko–Pastur law
F y has a density function

p y(x) =
{

1
2πxy

√
(b − x)(x − a), if x ∈ [a,b];

0, otherwise
(1.4)

and has a point mass 1 − y−1 at x = 0 if y > 1, where a = (1 − √
y)2 and b = (1 + √

y)2.
Although we are concerned on random variables taking values on a compact domain, the following

is a result on general domain as N is fixed.

Theorem 1. Let N � 1 be fixed and Mn be as in (1.1). Let {xi; i � 1} be R
N -valued random variables

with maxi�1 Eet0‖xi‖α
< ∞ for some constants α > 2 and t0 > 0. Suppose fn ≡ f ∈ C∞[0,∞) with

ωm := supx�0 | f (m)(x)| satisfying logωm = o(m log m) as m → ∞. Then, with probability one, μ̂(Mn) con-
verges weakly to δ0 as n → ∞.
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Fig. 1. Histograms of the eigenvalues of Dn = (‖xi − x j‖)n×n where x1, . . . ,xn are i.i.d. with uniform distribution on [0,1]2. The
curves of (1), (2), (3), (4) correspond to n = 500,1000,2000,4000, respectively.

Assuming xi ’s are uniformly bounded, that is, xi ’s are sampled in a compact set such that
maxi�1 ‖xi‖ � a, the moment condition in Theorem 1 holds trivially. Recalling Mn = ( f (‖xi −
x j‖2))n×n , the function f (x) only needs to be defined on [0,4a2] instead of [0,∞). Making this slight
change in the proof of Theorem 1, we have the following result (the proof is hence omitted). Since
we do not need any correlation among xi ’s we state it in a deterministic setting.

Theorem 2. Let N � 1 be fixed and Mn be as in (1.1). Let {xi; i � 1} be R
N -valued vectors with

maxi�1 ‖xi‖ � a for some constant a > 0. Suppose fn ≡ f ∈ C∞[0,4a2] with ωm(t) = supx∈[0,t] | f (m)(x)|
for all t > 0 and m � 1. If logωm(4a2) = o(m log m) as m → ∞, then, with probability one, μ̂(Mn) converges
weakly to δ0 as n → ∞.

The assumption “maxi�1 ‖xi‖ � a for some constant a > 0” holds for any points {xi; i � 1} sampled
from a bounded geometric shape G , say, polygons, annuli, ellipses and Yin–Yang graphs.

The condition logωm = o(m log m) in Theorem 1 roughly requires that f (m)(x) be of a small order
of o(m!) or o(1/m!) as m → ∞. For example, take f (x) = (2π)−3/2e−x/2 which appeared in Mézard,
Parisi and Zee [22], then | f (m)(x)| = (2π)−3/22−me−x/2 for any x ∈ R. So, logωm(4a2) = O (m) =
o(m log m) as m → ∞. Hence, Theorem 2 holds for this f (x).

Skipetrov and Goetschy [36] studied the matrix Mn with f (x) = (sin
√

x)/
√

x. Theorem 2 is true
for this function, see the check of the condition “logωm(4a2) = O (m) = o(m log m)” in Section 4.
The condition that logωm(4a2) = o(m log m) is also satisfied if f (x) is a polynomial. However, for
f (x) = √

x, the matrix Mn becomes the Euclidean distance matrix Dn = (‖xi − x j‖)n×n and

lim inf
m→∞

1

m log m
logωm(t) � 1 (1.5)

for any t > 0. See its verification in Section 4. This says that the condition logωm(4a2) = o(m log m) is
violated. We make some simulations on μ̂(Dn) for this case as shown in Fig. 1. It seems that μ̂(Dn)

also converges weakly to δ0 with a very slow convergent speed.
Theorems 1 and 2 study the behavior of eigenvalues of Mn when the sample points {xi} ⊂ G ⊂ R

N

with N fixed regardless of the shape of G . When N = Nn becomes large as n increases, Theorems 1
and 2 are no longer true. In particular, our simulations show that the behavior of μ̂(Mn) depends
on the topology of G . In the following we consider two types of simple but non-trivial geometrical
shapes of G: the lp ball B N,p and its surface SN,p defined by

B N,p = {
x ∈R

N ; ‖x‖p � 1
}

and SN,p = {
x ∈R

N ; ‖x‖p = 1
}

(1.6)

where x = (x1, . . . , xN ) and

‖x‖p = (|x1|p + · · · + |xN |p)1/p
for 1 � p < ∞ and ‖x‖∞ = max

1�i�N
|xi|. (1.7)

In particular, B N,1 is the cross-polytope in R
N ; B N,2 is the ordinary unit ball in R

N ; B N,∞ is the
cube [−1,1]N . To make our notation be consistent with (1.2), we specifically write

‖x‖ = ‖x‖2, S N−1 = SN,2 and B N(0,1) = B N,2 (1.8)
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Fig. 2. Comparison of lp unit balls (surfaces) in R
3 for p = 1,6/5,2 and ∞.

for any x ∈ R
N . We give the shapes of B3,p and S3,p for p = 1,6/5,2 and ∞ in Fig. 2. This reflects

the flavor of their geometries.
We next give methods to sample points from B N,p and SN,p with Lp-norm uniform distributions.

Throughout the rest of the paper, for a set B in a Euclidean space, the notation Unif p(B) denotes the
Lp -norm uniform distribution on B , which is explained below.

(i) Lp-norm uniform distribution on the unit lp-sphere. Let Vn = (v1, . . . ,vn)N×n = (vij)N×n where
{vij; i � 1, j � 1} are i.i.d. random variables with density function

p(x) = p1−(1/p)

2Γ (1/p)
e−|x|p/p, x ∈R. (1.9)

Set xi = vi/‖vi‖p for 1 � i � n. Then, by Theorem 1.1 from [37] (see also page 328 from [4] or Exam-
ple 4 from [35]),

{x1, . . . ,xn} are i.i.d. r.v.’s with Lp-norm uniform distribution

on SN,p = {
x ∈R

N ; ‖x‖p = 1
}
. (1.10)

(ii) Lp-norm uniform distribution on the unit lp-ball. Let {vij; i � 1, j � 1} and vi ’s be as in (i). Take
random variables {Un1, . . . , Unn; n � 1} such that, for each n � 1, {Un1, . . . , Unn} are i.i.d. random
variables taking values in [0,1] with (Un1)

N ∼ U [0,1], and {Un1, . . . , Unn; n � 1} are independent of
{vij; i � 1, j � 1}. Set xi = Univi/‖vi‖p for 1 � i � n. Then, by (2.16) from [4],

{x1, . . . ,xn} are i.i.d. r.v.’s with Lp-norm uniform distribution

in B N,p = {
x ∈R

N ; ‖x‖p � 1
}
. (1.11)

The Lp-norm uniform distribution on SN,p is also called the “cone probability measure”, and the
standard uniform distribution on SN,p , which has a constant probability density function (pdf) equal
to the reciprocal of the area of SN,p , is also called the “surface probability measure”. See, e.g., Naor
and Romik [25], Naor [24] and Barthe et al. [4]. It is known from these papers that

(i) Unif p(B N,p) is the same as the standard uniform distribution on B N,p which has

the pdf equal to the reciprocal of the volume of B N,p for all p � 1; (1.12)

(ii) Unif p(SN,p) is the same as the standard uniform distribution on SN,p which has

the pdf equal to the reciprocal of the area of SN,p for p = 1,2,∞ only. (1.13)

Now, define

Mn =
(

f

(‖xi − x j‖2

aN

))
n×n

with aN = 2p
2
p
Γ ( 3

p )

Γ ( 1
p )

N1− 2
p . (1.14)
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Theorem 3. Let p � 1 and Mn be as in (1.14). Let x1, . . . ,xn be i.i.d. with distribution Unif p(SN,p) or
Unif p(B N,p) as generated in (1.10) and (1.11). Assume that f ′′(1) exists and n/N → y ∈ (0,∞). Then, with
probability one, μ̂(Mn) converges weakly to a + bV , where a = f (0) − f (1) + f ′(1), b = − f ′(1) and V has
distribution F y as in (1.4).

Obviously, if f ′(1) = 0, then the limiting distribution is actually the Dirac measure concentrated
at constant a. The main idea of the proof of Theorem 3 follows El Karoui’s decomposition of large
Euclidean matrices.

By the Brunn–Minkowski inequality, the standard uniform distribution in any convex body has
the log-concave property, see, for example, Gardner [19] and Pajor and Patur [26]. The conjecture
by Do and Vu [14] in their paper is that Theorem 3 is always true if “distribution Unif p(SN,p) or
Unif p(B N,p) as generated in (1.10) and (1.11)” there is replaced by “any probability distribution with
the log-concave property”. Theorem 3 partially supports the conjecture.

The reason that Theorem 3 holds for both lp spheres and lp balls lies in the phenomenon of the
curse-of-dimensionality: when the population dimension N is large, random data tend to be around
its boundary. So, if the conclusion in Theorem 3 is true for one case, it is likely to be true for the
other.

Skipetrov and Goetschy [36] studied the matrix Mn in (1.14) with f (x) = (sin
√

x)/
√

x. At Section 2,
we will give the exact values of a and b in Theorem 3 for this case. In the same section, similar values
will be calculated for f (x) = (2π)−3/2e−x/2 appearing in Mézard, Parisi and Zee [22]. Bogomolny, Bo-
higas and Schmidt [5] showed that the matrix (exp(−λ2‖xi −x j‖γ ))n×n is positive definite. Theorem 3
also holds for this case. We will give the values of a and b in Section 2.

In the deterministic setting, Schoenberg [34,32,33] and Reid and Sun [31] studied the matrix (‖xi −
x j‖α)n×n for α > 0. Also, Bogomolny, Bohigas and Schmidt [5] investigated the same matrix. Taking
f (x) = xα/2, we have the following corollary.

Corollary 1. Given p � 1 and α > 0. Let x1, . . . ,xn be i.i.d. with distribution Unif p(SN,p) or Unif p(B N,p) as
generated in (1.10) and (1.11). Let Bn = (‖xi − x j‖α)n×n. If n/N → y ∈ (0,∞), then, with probability one,

μ̂(N( 2
p −1) α

2 Bn) converges weakly to the distribution of c + dV where V has the distribution F y as in (1.4),

c =
(

α

2
− 1

)(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)α/2

and d = −α

2

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)α/2

.

Now we consider the geodesic distance on the unit sphere S N−1 = SN,2 in the N-dimensional
Euclidean space. Let d(x, y) be the geodesic distance between x and y on the sphere S N−1, i.e., the
shortest distance between x and y on this unit sphere. The following corollary is about the empirical
distribution of a non-Euclidean distance matrix.

Corollary 2. Let x1, . . . ,xn be i.i.d. random vectors with distribution Unif 2(S N−1). Let An = (d(xi,x j))n×n.
If n/N → y ∈ (0,∞), then, with probability one, μ̂(An) converges weakly to (1 − π

2 ) − V , where V has the
distribution F y as in (1.4).

It was proved by Bogomolny, Bohigas and Schmidt [5] that the eigenvalues of An = (d(xi,x j))n×n

are all non-positive except one. The limiting distribution (1 − π
2 ) − V in Corollary 2 is evidently con-

centrated on (−∞,0], which is consistent with their result. Furthermore, one can see that μ̂(An) and
its limiting curve match very well in picture (b) from Fig. 4. The verifications of Corollaries 1 and 2
are given at the end of Section 3.2. In Section 2, we will give the corollaries for Mn = (d(xi,x j)

γ ) and
Mn = (exp(−λ2d(xi,x j)

γ )) appearing in Bogomolny, Bohigas and Schmidt [5].
We simulate in Section 2 the conclusions in Corollaries 1 and 2 for p = 1 and 2. The empirical

distributions of An and Dn and their corresponding limiting distributions match very well. See Figs. 3
and 4.

Now let us make some comments.
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Take fn(x) = I(x � ε) in (1.1) where ε is given. The corresponding Mn is called the adjacency ma-
trix of the geometric random graphs formed by vertices {x1, . . . ,xn}. See, for example, Penrose [28].
Obviously, our theorems above cannot be applied to the matrix Mn = (I(d(xi,x j) � ε))n×n since f (x)
is not a smooth function. There are some studies for the spectral properties of this matrix. For ex-
ample, some understanding is obtained by Preciado and Jadbabaie [29]. The limiting distribution of
μ̂(Mn), however, is still not identified yet.

Another interesting and important problem is the matrix Mn = (mij)n×n considered in Mézard,
Parisi and Zee [22] and Parisi [27] so that

mij = f
(‖xi − x j‖2) − uδi j

∑
k

f
(‖xi − xk‖2)

where u is a constant and δi j = 1 if i = j, and δi j = 0, otherwise. We expect that the limiting distri-
bution of μ̂(Mn) is different from a linear transform of the Marčenko–Pastur law as seen in our main
results. See also some other discussions by Bordenave [7].

The proofs of Theorems 1 and 2 are based on the decomposition method by El Karoui in his
Theorem 2.4: by the Taylor expansion, we write Mn = Un + Vn so that the rank of Un is of order o(n)

(by choosing a suitable number of terms in the Taylor expansion) and the eigenvalues of Vn are very
small. The sketch of the proof of Theorem 3 is as follows. We first write by the Taylor expansion again
that Mn = Un + Vn + Wn + εn so that the rank of Un is at most 2, Vn is proportional to In , Wn = X′

nXn

as in Proposition 1, and εn is negligible, then we prove in Proposition 1 that μ̂(Wn) converges to the
Marčenko–Pastur law.

The organization of this paper is given as follows. In Section 2, we present some corollaries from
Theorems 1, 2, 3 by choosing various functions of f (x) appearing in the physics literature, then con-
duct a simulation study to compare the empirical curves and their limit curves, and end the section
with a literature study in this direction. In Section 3 we prove all the results stated in this section. In
Section 4, we verify rigorously some of the statements in Section 2.

2. Examples, simulations and literature study

In this section we will first present some corollaries from Theorems 1, 2 and 3. They are based on
different choices of f (x) appeared in the physics literature. All of the statements in this part will be
checked in Section 4. We make some simulations to compare the theoretical and the empirical curves.
Finally, we will review the recent progress in the study of Euclidean random matrices.

2.1. Examples

Property of negative type of matrix Bn = (‖xi − x j‖α)n×n . Bogomolny, Bohigas and Schmidt [5] proved
that, for any 0 < α � 2 and for any points x1, . . . ,xn , the matrix Bn = (‖xi − x j‖α)n×n is of negative
type: all eigenvalues of Bn , except one, are non-positive. Schoenberg [34,32,33] showed this for α = 1.
Our Corollary 1 is consistent with this negative-type property. In fact, recall the corollary, if n/N →
y ∈ (0,∞), then, with probability one, μ̂(n

2
p −1Bn) converges weakly to the distribution of c + dV

where V has the distribution F y as in (1.4). Notice that c � 0 and d � 0 for 0 < α � 2 and V � 0. So
the support of c + dV is contained in (−∞,0].

On the other hand, our corollary also implies that Bn does not necessarily have the negative-
type property as α > 2. To see this, take p = 2. Then, for any α > 2, let y > 0 satisfy |√y − 1| <

(1 − 2α−1)1/2, we see that a subinterval in the support of a + bV is a subset of (0,∞).
Now we give some examples below by taking special functions of f (x) in Theorems 1, 2 and 3.

Example 1. Skipetrov and Goetschy [36] discussed Mn = ( f (‖xi − x j‖2))n×n with f (x) = (sin
√

x)/
√

x
for x �= 0 and f (0) = 1. In this case, Theorem 2 is true. Now, consider the normalized matrix ( f (‖xi −
x j‖2/aN ))n×n , where aN is as in (1.14), Theorem 3 holds for this matrix with a = 1 + cos 1−3 sin 1

2 and
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b = sin 1−cos 1
2 . When p = 2, by using Theorem 3 again, we know μ̂(Mn) converges to the law of

c1 + d1 V , where V has the distribution F y as in (1.4) and

c1 = 1 +
√

2 cos
√

2 − 3 sin
√

2

2
√

2
and d1 = sin

√
2 − √

2 cos
√

2

2
√

2
.

Example 2. Mézard, Parisi and Zee [22] discussed Mn = ( f (‖xi − x j‖2))n×n with f (x) = (2π)−3/2e−x/2

for x � 0. In this case, Theorems 1 and 2 hold. Theorem 3 also holds for the normalized matrix
( f (‖xi − x j‖2/aN ))n×n with a = (2π)−3/2(1 − 3

2 e−1/2) and b = 1
2 (2π)−3/2e−1/2.

Example 3. Let {x1, . . . ,xn} be i.i.d. r.v.’s with distribution Unif 2(S N−1). Recall d(x, y) is the geodesic
distance on S N−1. Bogomolny, Bohigas and Schmidt [5] investigated the following three matri-
ces for the signs of their eigenvalues: (d(xi,x j)

γ )n×n is of negative type for all 0 < γ � 1;
(exp(−λ2d(xi,x j)

γ ))n×n is non-negative definite for 0 < γ � 1; (exp(−λ2‖xi − x j‖γ ))n×n is non-
negative definite for 0 < γ � 2 (Mézard, Parisi and Zee [22] also studied this for γ = 2). The parame-
ter λ ∈ R is given. Now we present their limiting spectral distributions as corollaries of Theorem 3.

(i) For Mn = (d(xi,x j)
γ )n×n , μ̂(Mn) converges weakly to the distribution of a + bV , where V has

distribution F y as in (1.4) and

a = 2γ − π

2

(
π

2

)γ −1

and b = −γ

(
π

2

)γ −1

for all 0 < γ � 1. Evidently, a < 0 and b < 0. So the support of the limiting distribution of a + bV is a
subset of (−∞,0) since V � 0. This is consistent with the negative-type property. Also, taking γ = 1,
we recover Corollary 2.

(ii) For Mn = (exp(−λ2d(xi,x j)
γ ))n×n , we have μ̂(Mn) converges weakly to a + bV , where V has

distribution F y as in (1.4) and

a = 1 − e−λ2(π/2)γ − γ λ2
(

π

2

)γ −1

e−λ2(π/2)γ > 0 and b = γ λ2
(

π

2

)γ −1

e−λ2(π/2)γ > 0.

Hence, the support of the limiting distribution of a + bV is contained in (0,∞). This is consistent
with the property that (exp(−λ2‖xi − x j‖γ ))n×n is non-negative definite.

(iii) For Mn = (exp(−λ2‖xi − x j‖γ ))n×n with 0 < γ � 2, we have μ̂(Mn) converges weakly to the
distribution of a + bV , where V has distribution F y as in (1.4) and

a = 1 − e−λ22γ /2 − γ

2

(
λ22γ /2)e−λ22γ /2

> 0 and b = γ

2

(
λ22γ /2)e−λ22γ /2

> 0.

The same is true for the non-negative definite property as discussed at the end of (ii).

Example 4. Let x1, . . . ,xn be i.i.d. random vectors with the Lp-norm uniform distribution on SN,p or
B N,p as generated by (1.10) and (1.11) with p � 1. Consider Mn = ( f (‖xi − x j‖2))n×n with f (x) =
xm + α1xm−1 + · · · + αm for fixed integer m � 1 and coefficients {α1, . . . ,αm}. Easily, ωk(t) = 0 for all
k > m and t � 0. Thus, Theorems 1 and 2 hold.

Further, assume p > 4m/(2m − 1) and n/N → y ∈ (0,∞). Then, with probability one,

μ̂(N( 2
p −1)mMn) converges weakly to c + dV , where V has the law F y as in (1.4) and

c = (m − 1)

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)m

and d = −m

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)m

.
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Fig. 3. Comparisons between limiting and empirical distributions for n = 200, N = 400: (a) and (b) correspond to (2.1) for the
cross-polytope and its surface (p = 1); (c) corresponds to (2.2) for the ordinary sphere (p = 2). The lighter curves are the
smoothed curves by taking 3-point average of the original histograms. The blacker ones are the limiting densities.

Fig. 4. Comparisons between limiting and empirical distributions for n = 200, N = 400: (a) corresponds to (2.2) for the ordinary
ball (p = 2); (b) corresponds to Corollary 2 for the geodesic distance. The lighter and blacker curves are the same as explained
in Fig. 3.

2.2. Simulations

In this section we compare the empirical curves and their limiting curves by simulation for the
Euclidean distance matrix Dn = (‖xi − x j‖)n×n for the two special cases with p = 1 and 2 and for the
geodesic matrix An = (d(xi,x j))n×n . We first state the theoretical results case by case.

(1) Cross-polytope and its surface. Take p = 1 and α = 1 in Corollary 1 to see that c = d = −1.
Recall (1.12) and (1.13). Then we have the following situation: let x1, . . . ,xn be i.i.d. with the standard
uniform distribution on the cross-polytope B N,1 = {(x1, . . . , xN ); |x1| + · · · + |xN | � 1} or its surface
SN,1 = {(x1, . . . , xN); |x1| + · · · + |xN | = 1}. If n/N → y ∈ (0,∞), then, with probability one,

μ̂
(
N1/2Dn

)
converges weakly to the distribution of − (V + 1) (2.1)

where V has the distribution F y as in (1.4).
(2) Ordinary ball and sphere. Take p = 2 and α = 1 in Corollary 1 to see that c = d = −1/

√
2.

Then we have the following situation: let x1, . . . ,xn be i.i.d. with distribution Unif 2(S N−1) or
Unif 2(B N(0,1)). If n/N → y ∈ (0,∞), then, with probability one,

μ̂(Dn) converges weakly to the distribution of − V + 1√
2

(2.2)

where V has the distribution F y as in (1.4).
(3) Ordinary sphere with geodesic distance. The limiting result is stated in Corollary 2.
In Figs. 3 and 4, the results stated in (1)–(3) above are simulated. We take n = 200 and N = 400

for each case. Thus, y = n/N = 1/2. From (1.4), we see that the limiting distribution F y does not have
the point pass at 0. It is easy to see that the empirical curve (the rugged one) and its limiting curve
(the smooth one) match very well in each case.

2.3. Literature study

In this paper, we derive the limiting distributions of various Euclidean random matrices. Theorem 3
is proved by using the spirit of Theorem 2.4 from [16]. Our emphasis is the examples appeared in the
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physics literature. There are several recent research papers related to our study. The common parts
and differences are stated next.

At the time the author writing this paper, Cheng and Singer [11] and other two authors Do and
Vu [14] obtained nice results on Mn in the same context. The differences between their results and
ours are summarized as follows:

(1) Cheng and Singer [11] assume that the distribution of x1 is a Gaussian random vector. Our
assumption is that x1 follows the Lp-norm uniform distribution in the lp ball and sphere for all
p � 1. The two are obviously different.

(2) Do and Vu [14] give a general principle to get the limiting spectral distributions of Mn and
Kn by assuming that the spectral distribution of X′

nXn = (x1, . . . ,xn)′(x1, . . . ,xn) converges to the
Marčenko–Pastur law. In our setting, we spend considerable efforts in Proposition 1 to prove that
X′

nXn = (x1, . . . ,xn)′(x1, . . . ,xn) satisfy the Marčenko–Pastur law asymptotically. However, their results
do not imply ours. In fact, recall the probability measures μ̂(Mn) and F y in Theorem 3. Let mn(z) and
my(z) be their Stieltjes transforms, respectively. Do and Vu showed that limn→∞ E|mn(z) − m(z)| = 0
for all complex z with Im(z) > 0, which is equivalent to that τ (μ̂(Mn), F y) → 0 in probability as
n → ∞, where τ (·, ·) is the Prohorov distance characterizing the weak convergence of probability
measures. Our Theorem 3 says that τ (μ̂(Mn), F y) → 0 almost surely as n → ∞, which is stronger than
the previous convergence in probability. The cost of this and the derivation of the limit law of X′

nXn

is the more subtle concentration inequalities developed in Lemmas 3.1–3.4 and Corollary 3.
(3) All of Cheng and Singer [11], Do and Vu [14] and the author study Mn when x1 has the

standard uniform distribution on the unit sphere S N−1. In this paper we go further in this direction to
obtain the spectral limits of the non-Euclidean matrices (d(xi,x j)

γ )n×n and (exp(−λ2d(xi,x j)
γ ))n×n

appeared in physics literature, where d(x, y) is the geodesic distance on the sphere.
Finally our Theorem 3 partially confirms the conjecture posed by Do and Vu [14] in their paper.

The detail is given below the theorem.

3. Proofs of main results

Let A be an n × n symmetric matrix with eigenvalues λ1, λ2, . . . , λn , let F A(x) be the empirical
cumulative distribution function of these eigenvalues, that is,

F A(x) = 1

n

n∑
i=1

I{λi � x}, x ∈ R. (3.1)

For a sequence of Borel probability measures {μn; n = 0,1,2, . . .} on R, set Fn(x) := μn((−∞, x]) for
n � 0. It is well known that the following are equivalent:

(i) μn converges weakly to μ0 as n → ∞.
(ii) limn→∞ Fn(x) = F0(x) for all continuous point x of F0(x).

(iii) limn→∞
∫
R

g(x)μn(dx) → ∫
R

g(x)μ0(dx) for any bounded continuous function g(x) defined on R.
(iii)′ The limit in (iii) holds for any bounded Liptschitz function g(x) defined on R.
(iv) limn→∞ L(Fn, F0) = 0, where L(·, ·) is the Lévy distance with

L(F1, F2) � ‖F1 − F2‖∞ := sup
x∈R

∣∣F1(x) − F2(x)
∣∣. (3.2)

See, for example, Exercise 2.15 from [15]. In the proofs next, we will use the above equivalences from
time to time.

3.1. The proof of Theorem 1

Proof of Theorem 1. Let η = α/(2α − 4). For n � exp(ee), set log3 n = log log log n and m = mn =
[η(log n)/ log3 n] + 1. Then, for any sequence of numbers {hn; n � 1} with hn = O (m) as n → ∞, it is
trivial to check that
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mn → ∞, mn = o(log n) and
η−1m log m − log n + hn

log n
→ +∞ (3.3)

as n → ∞.
Step 1. By the Taylor expansion

f (x) = f (0) +
m−1∑
k=1

f (k)(0)

k! xk + f (m)(ξ)

m! xm (3.4)

where ξ > 0 is between 0 and x. Note that

Mn = (
f
(‖xi − x j‖2))

n×n

= f (0)ee′ +
m−1∑
k=1

f (k)(0)

k!
(‖xi − x j‖2k)

n×n + En (3.5)

where e = (1, . . . ,1)′ ∈ R
n , En := 1

m! ( f (m)(ξi j)‖xi − x j‖2m)n×n with 0 � ξi j � ‖xi − x j‖ for all 1 �
i, j � n. Write ‖xi − x j‖2 = ‖xi‖2 + ‖x j‖2 − 2x′

ix j for all 1 � i � j � n. Then

Hn := (‖xi − x j‖2)
n×n = (‖xi‖2 + ‖x j‖2)

n×n − 2(x1, . . . ,xn)
′(x1, . . . ,xn).

Since (x1, . . . ,xn) is an N × n matrix, its rank and the rank of (x1, . . . ,xn)′(x1, . . . ,xn) are both less
than or equal to N . Besides, it is easy to check that the rank of (‖xi‖2 + ‖x j‖2)n×n is at most 2. It
follows that rank(Hn) � N + 2 := q. Notice (‖xi − x j‖2k)n×n = Hn ◦ Hn ◦ · · · ◦ Hn , where there are k’s
many Hn in the Hadamard product. Theorem 5.1.7 from [20] says that, if A◦B is the Hadamard product
of A = (aij)m×n and B = (bij)m×n , that is, A ◦ B = (aijbi j)m×n , then rank(A ◦ B) � rank(A) · rank(B). Thus,
the rank of (‖xi − x j‖2k)n×n is at most qk . Therefore, use the inequality rank(U + V) � rank(U) +
rank(V) for any matrices U and V to obtain that

the rank of f (0)ee′ +
m−1∑
k=1

f (k)(0)

k!
(‖xi − x j‖2k)

n×n � 1 +
m−1∑
k=1

qk = qm − 1

q − 1
� qm. (3.6)

Thus, by Lemma 2.2 from [2] we have from (3.5) and (3.6) that

L
(

F Mn , F En
)
�

∥∥F Mn − F En
∥∥∞ � qm

n
→ 0 (3.7)

as n → ∞ since m = o(log n) where ‖v‖∞ = supx∈R |v(x)| for any function v(x) defined on R.
Step 2. We now estimate En . Review En = 1

m! ( f (m)(ξi j)‖xi − x j‖2m)n×n . Let On be an n × n matrix
whose entries are all equal to zero. Then, by Lemma 2.3 from [2] (see also (2.16) from [8]),

L3(F En , F On
)
� 1

n

∑
1�i, j�n

(En)
2
i j

� ω2
m

n(m!)2

∑
1�i< j�n

‖xi − x j‖4m

� Cmω2
m

n(m!)2

∑
1�i< j�n

(‖xi‖4m + ‖x j‖4m)
� Cmω2

m

(m!)2

n∑
i=1

‖xi‖4m

where the constant C is chosen such that (x + y)4m � Cm(x4m + y4m) for all x � 0 and y � 0. For any
ε > 0, by the Markov inequality,

P
(
L3(F En , F On

)
> ε

)
� 1

ε
· ω2

mCm

(m!)2

n∑
E
(‖xi‖4m)

. (3.8)

i=1
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Recall the assumption maxi�1 Eet0‖xi‖α = C ′ < ∞ for constants α > 2 and t0 > 0. Set β = 4m/α. We
claim that there exists a constant C1 � 1 satisfying

n∑
i=1

E
(‖xi‖4m)

� C1(mn)(C1β)β (3.9)

as n is sufficiently large. If so, by (3.8) we get

P
(
L3(F En , F On

)
> ε

)
� C1

ε
· (mn)ω2

mCm(C1β)β

(m!)2
(3.10)

as n is sufficiently large. The Stirling formula (see, for example, Gamelin [18]) says that

logΓ (z) = z log z − z − 1

2
log z + log

√
2π + 1

12z
+ O

(
1

x3

)
(3.11)

as x = Re(z) → +∞. Remember Γ (m + 1) = m!. Take z = m + 1 in (3.11) and use the assumption
logωm = o(m logm) to have that the logarithm of the RHS of (3.10) is equal to

logm + logn + o(m log m) + m(log C) + 4m

α
log

4m

α
− 4m

α
log C1 − 2m log m

+ 2m + log m + O (1)

= log n −
(

2 − 4

α
+ o(1)

)
m log m + O (m) = rn log n

such that rn → −∞ as n → ∞ by (3.3). It follows that P (L3(F En , F On ) > ε) = O (n−2) as n → ∞. By
the Borel–Cantelli lemma, we obtain

L
(

F En , F On
) → 0 a.s.

as n → ∞. This and (3.7) conclude that limn→∞ L(F Mn , F On ) = 0 a.s. Thus, F Mn converges weakly to
δ0 since F On is equal to the cumulative distribution function of δ0.

Step 3. Now we turn to prove (3.9). In fact, set C ′ = maxi�1 Eet0‖xi‖α
. Then

E
(‖xi‖4m) = t−β

0 · E
((

t0‖xi‖α
)β) = βt−β

0

∞∫
0

tβ−1 P
(
t0‖xi‖α � t

)
dt

�
(
βC ′)t−β

0

∞∫
0

tβ−1e−t dt = βC ′t−β

0 · Γ (β), (3.12)

where the formula E(Zβ) = β
∫ ∞

0 tβ−1 P (Z � t)dt for Z � 0 is used above. Recall (3.11). We know
Γ (β) � ββe−β as n is large enough (note β = 4m/α and m = mn defined above (3.3)). This and (3.12)
yield (3.9). �
3.2. The proof of Theorem 3

Lemma 3.1. Let ξ be a random variable with density function p(x) as in (1.9). Then

E
(|ξ |t) = Γ ( t+1

p )

Γ ( 1
p )

pt/p, t > 0.

In particular, E(|ξ |p) = 1.
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Proof. By symmetry,

E
(|ξ |t) = p1−(1/p)

Γ ( 1
p )

∞∫
0

xte−xp/p dx.

Set y = xp/p, then x = p1/p y1/p and dx = p
1
p −1 y

1
p −1 dy. Thus the above integral is equal to

1

Γ ( 1
p )

pt/p

∞∫
0

y
t+1

p −1e−y dy = Γ ( t+1
p )

Γ ( 1
p )

pt/p . �

Lemma 3.2. Let p � 1. Let Uij ’s, vi j ’s and vi ’s be as in (1.10) and (1.11). Assume n/N → y ∈ (0,∞). Then, as
n → ∞,

(i)
N

2
p −2

(log N)2

n∑
i=1

‖vi‖2

‖vi‖2
p

→ 0 a.s.;

(ii)

√
N

log N
max

1�i�n

∣∣∣∣1 − ‖vi‖p

N1/p

∣∣∣∣ → 0 a.s.

The convergence rates given in the lemma, for instance, (log N)2/N
2
p −2 in (i), may not be the

best ones. However, we make them precise enough to prove Theorem 3 rather than pursue the exact
speeds with lengthy arguments.

Proof of Lemma 3.2. (i) Easily,

Hn := N
2
p −2

(log N)2

n∑
i=1

‖vi‖2

‖vi‖2
p

� 2y
N

2
p −1

(log N)2
· max

1�i�n

‖vi‖2

‖vi‖2
p

as n is sufficiently large. Therefore, for any ε > 0,

P (Hn � 2yε) � nP

( ‖v1‖2

‖v1‖2
p

� ε
(log N)2

N
2
p −1

)
� nP

(‖v1‖2 � εN log N
) + nP

(‖v1‖2
p � N2/p(log N)−1) (3.13)

as n is sufficiently large. From (1.9) and Lemma 3.1, we know that

E
(|v11|p) = 1 and Eet0|v11|p

< ∞ (3.14)

where t0 = 1/(2p) > 0. By the Cramér large deviation (see, e.g., Dembo and Zeitouni [12]), there exists
δ > 0 such that

P
(‖v1‖2

p � N2/p(log N)−1) = P

(
1

N

N∑
k=1

|vk1|p � (log N)−p/2

)

� P

(
1

N

N∑
k=1

|vk1|p � 1

2

)
� e−Nδ (3.15)

as n is large enough. By Lemma 6.4 from [9], there exists C > 0 such that

P
(‖v1‖2 � εN log N

)
� P

( |∑N
k=1(v2

k1 − E v2
k1)|√ � 1

)
� e−C(log N)2

(3.16)

N log N
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as n is sufficiently large. Combining the above we see that
∑

n�1 P (Hn � 2yε) < ∞ for any ε > 0.
Then, conclusion (i) follows from the Borel–Cantelli lemma.

(ii) By the inequality |1 − tα | � |1 − t| for all t � 0 and 0 < α � 1, we get
√

N

log N
· max

1�i�n

∣∣∣∣1 − ‖vi‖p

N1/p

∣∣∣∣ � max
1�i�n

|N − ‖vi‖p
p|√

N log N
.

Now, use (3.14) to write ‖vi‖p
p − N = ∑N

k=1(|vki|p − E|vki|p). Then, replace “‖v1‖2” and “|vk1|2” with
“‖v1‖p

p” and “|vk1|p” in (3.16), respectively, the conclusion (ii) is obtained by using the same argument
as in (3.16) and the union bound. �
Lemma 3.3. Assume p � 1. Let x1, . . . ,xn be i.i.d. with distribution Unif p(B N,p) or Unif p(SN,p). Assume
n/N → y ∈ (0,∞). Then, for any t > 0, there exists a constant δ > 0 such that P (max1�i< j�n |x′

ix j | �
tN

1
2 − 2

p log N) � e−δ(log N)2
as n is sufficiently large.

The bound “e−δ(log N)2
” given in the lemma may not be tight. However it is precise enough for the

proof of Proposition 1. The same is true for Lemma 3.4.

Proof of Lemma 3.3. Recall the sampling schemes in (1.10) and (1.11). For both the case of Unif p(B N,p)

and that of Unif p(SN,p), we have that

max
1�i< j�n

∣∣x′
ix j

∣∣ � max
1�i< j�n

|v′
iv j|

‖vi‖p · ‖v j‖p

where v1, . . . ,vn are i.i.d. RN -dimensional random vectors whose nN entries are i.i.d. random vari-
ables with the density function p(x) as in (1.9). Thus,

P
(

max
1�i< j�n

∣∣x′
ix j

∣∣ > tN
1
2 − 2

p log N
)

� n2 P

( |v′
1v2|

‖v1‖p · ‖v2‖p
> tN

1
2 − 2

p log N

)

� 2n2 P

(
‖v1‖p

p � 1

2
N

)
+ P

(∣∣v′
1v2

∣∣ � C p

√
N log N

)
(3.17)

where C p is a constant depending on p only. Note that v′
1v2 = ∑N

i=1 vi1 vi2 where {vij; i � 1, j � 1}
are i.i.d. random variables with density function as in (1.9). Evidently, there is a constant C p > 0
depending on p only such that

|v11v12|p/2 �
(

v2
11 + v2

12

2

)p/2

� C p
(|v11|p + |v12|p)

.

This joint with (3.14) implies that Eet0|v11 v12|p/2
< ∞ for some t0 > 0. By Lemma 6.4 from [9], for

some constant C ′
p > 0, we have P (|v′

1v2| � C p
√

N log N) � e−C ′
p(log N)2

as n is sufficiently large. This
combining with (3.15) and (3.17) leads to the desired conclusion. �
Lemma 3.4. Given p � 1. Let aN be as in (1.14) and x1, . . . ,xn be as in Lemma 3.3. Assume n/N → y ∈ (0,∞).
Then, for any t > 0, there exists a constant δ = δp,t > 0 such that

P

( √
N

log N
· max

1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣ � t

)
� e−δ(log N)2

(3.18)

as n is sufficiently large.
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Proof. First,

P

( √
N

log N
· max

1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣ > t

)
� nP

( √
N

log N
·
∣∣∣∣‖x1‖2

aN
− 1

2

∣∣∣∣ > t

)
(3.19)

where x1 ∈ R
N follows the Lp -norm uniform distribution on SN,p or B N,p .

Case (i): x1 follows the Lp-norm uniform distribution on SN,p . From (1.10), we know x1 = v/‖v‖p for
some v = (v1, . . . , v N ) where vi ’s are i.i.d. with the density function as in (1.9). By (3.14),

‖v‖2
p

N2/p
=

(∑N
i=1 |vi|p

N

)2/p

=
(

1 +
∑N

i=1(|vi|p − E|vi|p)

N

)2/p

.

From Lemma 6.4 from [9], there exists a constant δp > 0 such that, for any s > 0,

P

( |∑N
i=1(|vi|p − E|vi|p)|

N
� s

log N

2
√

N︸ ︷︷ ︸
En,1

)
� e−δp s2(log N)2

(3.20)

as n is sufficiently large. Trivially, there exists a constant C p > 0 such that |(1 + x)2/p − 1| � C p x for
x > 0 small enough. Hence, for any s > 0,∣∣∣∣‖v‖2

p

N2/p
− 1

∣∣∣∣ � (C p s)
log N

2
√

N

on Ec
n,1 as n is sufficiently large. Consequently,∣∣∣∣ N2/p

‖v‖2
p

− 1

∣∣∣∣ � (C p s)
log N√

N
(3.21)

since |1 − x−1| � 2x for all x close to 1 enough. By Lemma 6.4 from [9] again, there exists δ′
p > 0 such

that, for any s > 0,

P

(∣∣∣∣ ‖v‖2

N E(v2
1)

− 1

∣∣∣∣ � s
log N√

N︸ ︷︷ ︸
En,2

)
� e−δ′

p s2(log N)2
(3.22)

as n is sufficiently large. From Lemma 3.1, we know E(v2
1) = (Γ (3/p)/Γ (1/p))p2/p . By the definition

of aN as in (1.14), we see that∣∣∣∣‖x1‖2

aN
− 1

2

∣∣∣∣ = 1

2
·
∣∣∣∣ N2/p

‖v‖2
p

· ‖v‖2

N E(v2
1)

− 1

∣∣∣∣.
Using the fact |ab − 1| � |a − 1| + |b − 1| + |a − 1| · |b − 1| for any a,b ∈ R, we have from (3.21) and
(3.22) that∣∣∣∣‖x1‖2

aN
− 1

2

∣∣∣∣ � (C p s)
log N√

N
+ s

log N√
N

+ C p s2 log N√
N

· log N√
N

� (C p + 2)s
log N√

N

on Ec
n,1 ∩ Ec

n,2 as n is sufficiently large, where En,1 and En,2 are as in (3.20) and (3.22). This gives that

P

( √
N

log N
·
∣∣∣∣‖x1‖2

a
− 1

2

∣∣∣∣ > (C p + 2)s

)
� 2e−δ′′ 2

p s2(log N)2
N
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for any s > 0 as n is large enough, where δ′′
p = min{δp, δ′

p} > 0. Take s = t(C p + 2)−1 in the above
inequality and use (3.19) to yield (3.18).

Case (ii): x1 follows the Lp-norm uniform distribution on B N,p . By (1.11), for some random variable
U N ∈ [0,1] with (U N )N ∼ Unif ([0,1]), x1 = U N v/‖v‖p . Set y = v/‖v‖p . From the conclusion in case (i),
for any t > 0, there exists a constant δ = δp,t > 0 such that

P

( √
N

log N
·
∣∣∣∣‖y‖2

aN
− 1

2

∣∣∣∣ � t

)
� e−δ(log N)2

(3.23)

as n is sufficiently large. On the other hand,

P

(
1 − U N � (log N)2

N

)
=

(
1 − (log N)2

N

)N

� e−(log N)2
(3.24)

as n is large enough. If
√

N
log N · | ‖y‖2

aN
− 1

2 | < t and 1 − U N <
(log N)2

N , then by a similar discussion in the

case (i),
√

N
log N · |U N

‖y‖2

aN
− 1

2 | < 2t as n is sufficiently large. It follows from (3.23) and (3.24) that

P

( √
N

log N
·
∣∣∣∣‖x1‖2

aN
− 1

2

∣∣∣∣ � 2t

)
= P

( √
N

log N
·
∣∣∣∣U N

‖y‖2

aN
− 1

2

∣∣∣∣ � 2t

)
� 2e−K (log N)2

as n is sufficiently large, where K = min{δ,1}. This inequality and (3.19) yield the desired conclu-
sion. �
Corollary 3. Given p � 1. Let aN be as in (1.14) and x1, . . . ,xn be as in Lemma 3.3. Assume n/N → y ∈ (0,∞).
For any δ > 0, the following hold.

(i) Set En = {max1�i< j�n | 1
aN

‖xi − x j‖2 − 1| < δ} for n � 2. Then
∑∞

n=2 P (Ec
n) < ∞;

(ii) As n → ∞,

n∑
i=1

(‖xi‖2

aN
− 1

2

)4

→ 0 a.s. and
1

n

∑
1�i< j�n

(
a−1

N x′
ix j

)4 → 0 a.s.

Proof. (i) Write ‖xi − x j‖2 = ‖xi‖2 + ‖x j‖2 − 2x′
ix j . Then

max
1�i< j�n

∣∣∣∣ 1

aN
‖xi − x j‖2 − 1

∣∣∣∣ � 2 · max
1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣ + 2 · max
1�i< j�n

1

aN

∣∣x′
ix j

∣∣.
Recall aN = 2p

2
p Γ ( 3

p )/Γ ( 1
p )N1− 2

p . It follows that

Ec
n ⊂

{
max

1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣ � δ

4

}
∪

{
max

1�i< j�n

∣∣x′
ix j

∣∣ � δ

4
aN

}
.

Evidently, for any t > 0, the last event is smaller than {max1�i< j�n |x′
ix j | � tN

1
2 − 2

p log N} as n is large
enough. We then get (i) from Lemmas 3.3 and 3.4.

(ii) From the Borel–Cantelli lemma and Lemma 3.4, we see that
√

N

log N
· max

1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣ → 0 a.s.

as n → ∞. Consequently,

n∑(‖xi‖2

aN
− 1

2

)4

�
(

n1/4 max
1�i�n

∣∣∣∣‖xi‖2

aN
− 1

2

∣∣∣∣
)4

= O

(
(log N)4

N

)
→ 0 a.s.
i=1
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as n → ∞. So the first limit in (ii) holds. Furthermore, by the Borel–Cantelli lemma and Lemma 3.3,
we obtain

N
2
p − 1

2

log N
· max

1�i< j�n

∣∣x′
ix j

∣∣ → 0 a.s.

as n → ∞. Thus, we use aN = 2p
2
p Γ ( 3

p )/Γ ( 1
p )N1− 2

p to have

1

n

∑
1�i< j�n

(
a−1

N x′
ix j

)4 � C p

(
N

2
p − 3

4 max
1�i< j�n

∣∣x′
ix j

∣∣)4 = O

(
(log N)4

N

)
→ 0 a.s.

where C p is a constant not depending on n. We then obtain the second limit in (ii). �
For integer p � 1, define

c y = Γ ( 1
p )

Γ ( 3
p )

p−2/p y1− 2
p . (3.25)

One of the important parts in proving Theorem 3 is the following result.

Proposition 1. Let x1, . . . ,xn be i.i.d. random variables with distribution Unif p(SN,p) or Unif p(B N,p) for
p � 1 as generated in (1.10) and (1.11), respectively. Write Xn = (x1, . . . ,xn). If n/N → y ∈ (0,+∞) then,

with probability one, μ̂(c yn
2
p −1X′

nXn) converges weakly to F y as in (1.4), where c y is defined as in (3.25).

The case for Unif p(B N,p) in Proposition 1 is due to Aubrun [1] and Pajor and Patur [26]. The case
for Unif p(SN,p) is new.

Proof of Proposition 1. Recall x1, . . . ,xn are i.i.d. random vectors with the Lp-norm uniform distribu-
tion in SN,p as in (1.10). We have that

Xn = (x1, . . . ,xn)N×n with xi = vi

‖vi‖p

for i = 1, . . . ,n. Define

X̃n = N−1/p(v1, . . . ,vn)N×n.

Set bn = n
2
p −1. By Lemma 2.7 from [2],

L4(F bnX′
nXn , F bnX̃′

nX̃n
)

� 2b2
n

n2
· tr

((
Xn − Vn

N1/p

)′(
Xn − Vn

N1/p

))
tr

(
X′

nXn + V′
nVn

N2/p

)
. (3.26)

Further, by the standard law of large numbers, (nN)−1 ∑n
i=1 ‖vi‖2 → E(v2

11) a.s. Thus, from Lemma 3.2
again, we have that

tr

(
X′

nXn + V′
nVn

N2/p

)
=

n∑
i=1

‖vi‖2

‖vi‖2
p

+ 1

N2/p

n∑
i=1

‖vi‖2 = o

(
(log N)2

N
2
p −2

)
a.s. (3.27)

as n → ∞. Note

Xn − Vn

N1/p
=

((
1 − ‖v1‖p

N1/p

)
v1

‖v ‖ , . . . ,

(
1 − ‖vn‖p

N1/p

)
vn

‖v ‖
)

.

1 p n p
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It follows that

tr

((
Xn − Vn

N1/p

)′(
Xn − Vn

N1/p

))
=

n∑
i=1

(
1 − ‖vi‖p

N1/p

)2 ‖vi‖2

‖vi‖2
p

� max
1�i�n

(
1 − ‖vi‖p

N1/p

)2

·
n∑

i=1

‖vi‖2

‖vi‖2
p

= o

(
(log N)4

N
2
p −1

)
by Lemma 3.2. This joint with (3.26) and (3.27) leads to

L4(F bnX′
nXn , F bnX̃′

nX̃n
) = O

(
2b2

n

n2
· (log N)4

N
2
p −1

· (log N)2

N
2
p −2

)
= O

(
(log N)6

N

)
→ 0 a.s. (3.28)

as n → ∞.
Now let us look at the asymptotic distribution of F bnX̃′

nX̃n . Observe that bnX̃′
nX̃n =

(n/N)2/p−1(V′
nVn/N) with Vn = (v1, . . . ,vn) = (vij)N×n . Since E vij = 0, hσ := E(v2

i j) = Γ ( 3
p )

Γ ( 1
p )

p2/p and

(n/N)2/p−1 → y2/p−1. By Theorem 3.6 from [3], with probability one, F V′
nVn/(Nhσ ) converges weakly

to F y as n → ∞. This implies that, with probability one, F bnX̃′
nX̃n converges weakly to L(c−1

y T ), the

distribution of c−1
y T , where T has law F y . Equivalently, L(F bnX̃′

nX̃n ,L(c−1
y T )) → 0 a.s. This and (3.28)

yield that L(F n
2
p −1

(X′
nXn),L(c−1

y T )) → 0 a.s. We then get the conclusion in the proposition. �
Proof of Theorem 3. By the Taylor expansion, since f ′′(1) exists, there are constants δ ∈ (0,1) and
C > 0 such that∣∣ f (x + 1) − (

f (1) + f ′(1)x
)∣∣ � Cx2 (3.29)

for all |x| < δ. Set En = {max1�i< j�n | 1
aN

‖xi − x j‖2 − 1| < δ} for n � 2. Then, by (i) of Corol-

lary 3, E
∑∞

n=2 I Ec
n

= ∑∞
n=2 P (Ec

n) < ∞, where I Ec
n

is the indicator function of set Ec
n . This implies∑∞

n=2 I Ec
n
< ∞ a.s. Thus, P (Ω1) = 1 where

Ω1 := {
ω: there exists N = N(ω) such that ω ∈ En for all n � N

}
. (3.30)

Define

Zn = f (0)In + (zi j)n×n, where

zii = 0 and zi j = f (1) + f ′(1)
(
a−1

N ‖xi − x j‖2 − 1
)

(3.31)

for all i �= j. Write a−1
N ‖xi − x j‖2 = 1 + (a−1

N ‖xi − x j‖2 − 1). Recall Mn = (mij) = ( f (a−1
N ‖xi − x j‖2))n×n .

Take x = a−1
N ‖xi − x j‖2 − 1 and plug into (3.29) to have∣∣mij − (

f (1) + f ′(1)
(
a−1

N ‖xi − x j‖2 − 1
))∣∣ � C

(
a−1

N ‖xi − x j‖2 − 1
)2

on En for all i �= j. Since a−1
N ‖xi −x j‖2 −1 = (a−1

N ‖xi‖2 −1/2)+ (a−1
N ‖x j‖2 −1/2)−2a−1

N x′
ix j . Applying

the convex inequality on function h(x) = x4 we have

(mij − zi j)
2 � K C2

((‖xi‖2

aN
− 1

2

)4

+
(‖x j‖2

aN
− 1

2

)4

+ (
a−1

N x′
ix j

)4
)

for all 1 � i < j � n, where K is a universal constant. Recalling the definition of Zn in (3.31) and
noticing tr((Mn − Zn)2) = ∑

i �= j(mij − zi j)
2, by the above inequality and Lemma 2.3 from [2] we have
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L3(F Mn , F Zn
)

� 1

n
tr

(
(Mn − Zn)

2)
�

(
2K C2) n∑

i=1

(‖xi‖2

aN
− 1

2

)4

+ 2K C2

n

∑
1�i< j�n

(
a−1

N x′
ix j

)4
(3.32)

→ 0 a.s.

by (ii) of Corollary 3. Denote Ω2 = {limn→∞ the term in (3.32) = 0}. We then know P (Ω2) = 1. Thus,
limn→∞ L(F Mn , F Zn ) → 0 on Ω1 ∩ Ω2. Since P (Ω1 ∩ Ω2) = 1, we obtain

L
(

F Mn , F Zn
) → 0 a.s. (3.33)

as n → ∞. Recall zi j in (3.31) with zii = 0 for all i. Since f (1)+ f ′(1)(a−1
N ‖xi −x j‖2 −1) = f (1)− f ′(1)

for i = j, we have

Zn = f (0)In + f (1)ee′ + f ′(1)

(
1

aN
‖xi − x j‖2 − 1

)
n×n

− (
f (1) − f ′(1)

)
In

= (
f (1) − f ′(1)

)
ee′ + f ′(1)

aN

(‖xi‖2 + ‖x j‖2)
n×n + aIn + κ

aN

(
x′

ix j
)

n×n (3.34)

where

a = f (0) − f (1) + f ′(1) and κ = −2 f ′(1), (3.35)

e = (1, . . . ,1)′ ∈ R
n and the identity ‖xi − x j‖2 = ‖xi‖2 + ‖x j‖2 − 2x′

ix j is used in the last step. Note
that

κ

aN

(
x′

ix j
)

n×n = κ

2

(
N y

n

) 2
p −1

· (c yn
2
p −1X′

nXn
)

where X′
nXn = (x1, . . . ,xn)′(x1, . . . ,xn) = (x′

ix j)n×n and c y is as in (3.25). Let Un = aIn + κ
aN

(x′
ix j)n×n .

By Proposition 1, with probability one,

F Un converges weakly to the distribution of a + bV , (3.36)

where V has the law F y as in (1.4) and b = − f ′(1). It is easy to see that the rank of ee′ is equal to 1
and

rank
(‖xi‖2 + ‖x j‖2)

n×n � rank
(‖xi‖2)

n×n + rank
(‖x j‖2)

n×n � 2. (3.37)

By Lemma 2.2 from [2] and (3.34), L(F Zn , F Un ) → 0 a.s. as n → ∞. This and (3.36) conclude that,
with probability one, F Zn converges weakly to the distribution of a + bV , which and (3.33) imply the
desired conclusion. �
Proof of Corollary 1. Notice Bn = (‖xi − x j‖α)n×n . Write

N( 2
p −1) α

2 Bn =
((‖xi − x j‖2

aN

)α/2)
· N( 2

p −1) α
2 (aN)

α
2 . (3.38)

It is easily seen from (1.14) that

N( 2
p −1) α

2 (aN)
α
2 =

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)α/2

. (3.39)

Now, take f (x) = xα/2. Then, f (0) = 0, f (1) = 1 and f ′(1) = α/2. Review Theorem 3. Then a =
(α/2) − 1 and b = −α/2. We obtain from the theorem that, with probability one, the empirical spec-
tral distribution of ((‖xi − x j‖2/aN )α/2) converges to the law of c + dV where V has the law F y as
in (1.4). This joint with (3.38) and (3.39) gives the conclusion. �
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Proof of Corollary 2. Let aN be as in (1.14). When p = 2, it is easy to see that aN = 2. Let θi j ∈ [0,π ] be
the angle between vectors

−−−→
Oxi and

−−−→
Ox j for any 1 � i, j � n, where O is the origin. Then d(xi,x j) = θi j .

From the fact that cos θi j = x′
ix j , we know

d(xi,x j) = cos−1(x′
ix j

) = cos−1
(

1 − ‖xi − x j‖2

2

)
.

Take f (x) = cos−1(1 − x) for x ∈ [0,1]. It is easy to check that

f ′(x) = 1√
2x − x2

and f ′′(x) = x − 1

(2x − x2)3/2

for x ∈ (0,1). Easily, f (0) = 0, f (1) = π/2 and f ′(1) = 1. Thus,

a = f (0) − f (1) + f ′(1) = 1 − π

2
and b = − f ′(1) = −1.

Then the conclusion follows from Theorem 3. �
4. Verifications of statements

In this section, we will verify some claims and conclusions appeared in Sections 1 and 2.

4.1. Verifications

Verification of (1.5). For f (x) = √
x, it is easy to check that

f (m)(x) = (−1)m−1 1 · 3 · · · (2m − 3)

2m
x−(2m−1)/2

for all m � 2 and x > 0. Write 1 · 3 · · · (2m − 3) = (2m − 2)!/(2 · 4 · · · (2m − 2)) = (2m − 2)!/
(2m−1(m − 1)!). Then, for any t > 0,

wm(t) �
∣∣ f (m)(t)

∣∣ = (2m − 2)!
(m − 1)! · t−(2m−1)/2

22m−1
.

By the Stirling formula, m! = √
2πmmme−m(1 + o(1)) as m → ∞. Then, for any t > 0,

lim inf
m→∞

1

m log m
logωm(t)

� lim inf
m→∞

(2m − 2) log(2m − 2) − (m − 1) log(m − 1)

m log m
= 1. �

Verification of Example 1. Let f (x) = (sin
√

x)/
√

x for x �= 0 and f (0) = 1. It is easy to see from the
Taylor expansion that f (x) = ∑∞

m=0
(−1)m

(2m+1)! xm for all x ∈R. Thus,

f (n)(x) =
∞∑

m=n

(−1)mm!
(2m + 1)!

xm−n

(m − n)! .

Since | (−1)mm!
(2m+1)! | � 1, we have | f (n)(x)| � e|x| for all x ∈ R. So logωn(4a2) = o(n log n) as n → ∞ holds

for any a > 0. Thus, Theorem 2 is true.
Now f (0) = 1 and

f ′(x) =
√

x cos
√

x − sin
√

x

2x3/2
.

Thus, Theorem 3 holds with
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a = f (0) − f (1) + f ′(1) = 1 + cos 1 − 3 sin 1

2
,

b = − f ′(1) = sin 1 − cos 1

2
.

Now, assume p = 2. By using the formula Γ (x + 1) = xΓ (x) for x > 0 we see that aN = 2. Let g(x) =
f (2x) for x � 0. Then

Mn = (
f
(‖xi − x j‖2))

n×n =
(

g

(
1

2
‖xi − x j‖2

))
n×n

.

By Theorem 3, μ̂(Mn) converges weakly to c1 + d1 V where V has distribution F y as in (1.4), and

c1 = g(0) − g(1) + g′(1) = f (0) − f (2) + 2 f ′(2) = 1 +
√

2 cos
√

2 − 3 sin
√

2

2
√

2
,

d1 = −g′(1) = −2 f ′(2) = sin
√

2 − √
2 cos

√
2

2
√

2
. �

Verification of Example 2. Now f (x) = (2π)−3/2e−x/2 for x � 0. Recall the notation in Theorem 2.
Obviously, ωm(t) = (2π)−3/22−m for all t � 0 and m � 1. Thus, logωm = o(m log m) and logωm(4a2) =
o(m log m) as m → ∞. So Theorems 1 and 2 holds. It is easy to see that Theorem 3 holds with

a = f (0) − f (1) + f ′(1) = (2π)−3/2
(

1 − 3

2
e−1/2

)
and

b = − f ′(1) = 1

2
(2π)−3/2e−1/2. �

Verification of Example 3. In this example, p = 2. It follows from (1.14) that aN = 2. Reviewing the
proof of Corollary 2, we know

d(xi,x j) = cos−1
(

1 − ‖xi − x j‖2

2

)
.

Let g(x) = cos−1(1 − x) for x ∈ [0,1]. From the proof of Corollary 2,

g′(x) = 1√
2x − x2

and g′′(x) = x − 1

(2x − x2)3/2

for x ∈ (0,1). Easily, g(0) = 0, g(1) = π/2 and g′(1) = 1.
(i) Set f (x) = g(x)γ for x ∈ [0,1], where γ ∈ (0,1]. According to the notation Mn in (1.14), we have

Mn = (d(xi,x j)
γ )n×n . Trivially, f ′(x) = γ g(x)γ −1 g′(x). So f (0) = g(0)γ = 0, f (1) = g(1)γ = (π/2)γ

and f ′(1) = γ (π/2)γ −1. Thus, Theorem 3 holds for γ ∈ (0,1] with

a = f (0) − f (1) + f ′(1) = 2γ − π

2

(
π

2

)γ −1

< 0 and

b = − f ′(1) = −γ

(
π

2

)γ −1

.

(ii) Take f (x) = e−λ2 g(x)γ for x ∈ [0,1], where γ ∈ (0,1]. According to the notation Mn in (1.14),
we see that Mn = (exp(−λ2d(xi,x j)

γ ))n×n . Now, f ′(x) = −γ λ2 g(x)γ −1 g′(x)e−λ2 g(x)γ so that

f (0) = 1, f (1) = e−λ2(π/2)γ and f ′(1) = −γ λ2
(

π

2

)γ −1

e−λ2(π/2)γ .
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Hence, Theorem 3 holds with

a = f (0) − f (1) + f ′(1) = 1 − e−λ2(π/2)γ − γ λ2
(

π

2

)γ −1

e−λ2(π/2)γ ;

b = − f ′(1) = γ λ2
(

π

2

)γ −1

e−λ2(π/2)γ .

Observe that ex > 1 + x � 1 + tx for all x > 0 and t � 1. Then

a = e−λ2(π/2)γ
[

eλ2(π/2)γ − 1 − 2γ

π
· λ2

(
π

2

)γ ]
> 0. (4.1)

(iii) Now, given 0 < γ � 2, let f (x) = e−λ2(2x)γ /2
for x � 0. Then, by the definition of Mn in (1.14),

we get that Mn = (exp(−λ2‖xi − x j‖γ ))n×n . Note that f ′(x) = −γ λ2(2x)γ /2−1e−λ2(2x)γ /2
for x � 0.

Thus,

f (0) = 1, f (1) = e−λ22γ /2
and f ′(1) = −γ λ22γ /2−1e−λ22γ /2

.

Then Theorem 3 holds with

a = f (0) − f (1) + f ′(1) = 1 − e−λ22γ /2 − γ

2

(
λ22γ /2)e−λ22γ /2;

b = − f ′(1) = γ

2

(
λ22γ /2)e−λ22γ /2

> 0.

By the same argument as in (4.1), we know a > 0 for all 0 < γ � 2. �
Verification of Example 4. Review Mn = ( f (‖xi − x j‖2))n×n where f (x) = xm + α1xm−1 + · · · + αm for
m � 1. Let Bn,k = (‖xi − x j‖2k)n×n with 1 � k � m and Bn,0 be the matrix whose entries are all equal
to 1. Then

U1 := N( 2
p −1)m(

f
(‖xi − x j‖2))

n×n

= N( 2
p −1)m(‖xi − x j‖2m)

n×n︸ ︷︷ ︸
U2

+
m−1∑
k=0

N( 2
p −1)m

(αm−kBn,k)

︸ ︷︷ ︸
U3

. (4.2)

From Corollary 1, with probability one, F U2 converges weakly to the distribution of c + dV where V
has the distribution F y as in (1.4),

c = (m − 1)

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)m

and d = −m

(
2p

2
p
Γ ( 3

p )

Γ ( 1
p )

)m

.

Second, by Lemma 2.3 from [2] we have

L3(F U1 , F U2
)
� 1

n
tr

(
U2

3

)
. (4.3)

Recall the Frobenius norm ‖E‖F = (tr(E2))1/2 = (
∑

1�i, j�n e2
i j)

1/2 for any symmetric matrix E =
(ei j)n×n . Observe that p > 4m/(2m−1) > 2 for all m � 1. Then, ‖v‖ = ‖v‖2 � ‖v‖p � 1 for all v ∈ B N,p .
It follows that ‖x − y‖ � 2 for all x,y ∈ B N,p . This says

K := sup
x,y∈BN,p

max
0�k�m−1

(
1 + αk + ‖x − y‖2k) < ∞.
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Thus, tr((αm−kBn,k)
2) � n2 K 4 for each 0 � k � m − 1. By the triangular inequality, (tr(U2

3))
1/2 =

‖U3‖F � (mK 2)N( 2
p −1)mn. This and (4.3) imply

L3(F U1 , F U2
)
�

(
mK 2)2

N2( 2
p −1)mn → 0

as n → ∞ since n/N → y ∈ (0,∞) and p > 4m/(2m − 1) for all m � 1. By the convergence of F U2 , we

know that, with probability one, F U1 , and hence μ̂(N( 2
p −1)mMn), converges weakly to the distribution

of c + dV . �
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