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Abstract

Motivated by DNA and protein matching problems, the author studies maxima of partial
sums indexed by binary trees, squares and rectangles over lattice points and random cubes in
the three dimensional unit cube. Results on comparisons of two protein structures and two
collections of data sitting at lattice points are also obtained. For some of these problems, the
dimension (d = 1,d = 2 and d > 3) significantly affects the limit behavior of the maxima
(because of the so called “curse of dimensionality”). However, for some other problems,
the maxima behave almost the same as their one dimensional counterparts. The tools of
proving these results are refined large deviations, the Chen-Stein method, number theory

and inequalities of empirical processes.
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Chapter 1

Introduction

1.1 Motivation

In the 80’s to 90’s, Arratia and Waterman in [5], Arratia, Morris and Waterman in [4],
Karlin and Ost in [20], Arratia, Gordon and Waterman in [2] and [3], Karlin and Altschul
in [19], Karlin in [18], Dembo, Karlin and Zeitouni in [10] and [11] have studied bimolecular
comparison problems. Based on these works, the BLAST program was established and has
been used widely in the industry of bioinformatics. To see the motivation of our current
work clearly, we next review a piece of bimolecular background.

A protein is a polymer with a linear single chain called backbone composed of peptide
bonds. Amino acids are the building blocks of protein. An amino acid has three functional
ends: an amino end, a carboxyl end, and a side chain. There are 20 different amino acids
and they differ only in their side chain composition in either charge, hydrophobic or chemical
properties. The amino backbone of one amino acid links to the carboxyl backbone end of
another amino acid to form the peptide bond that is the backbone of a protein chain. This
single chain protein folds into a stable complex three dimensional structure in solution.
Although certain secondary structures (alpha helixes and beta sheets) can be predicted
from the primary linear sequence, the overall three dimensional structure is still beyond the
ability of even the best structural prediction algorithms available today.

Suppose the letters of amino acids in a primary linear sequence are Xi, Xo, -, X,.

The positions of these amino acids in the three dimensional space are Uy, Us,--- ,U,. We
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usually call {U;; ¢ = 1,2--- ,n} the folding of the protein chain. The letter-position pairs
of another protein chain are {(Y;,V;); i = 1,2--- ,m}. Biologists want to know if there are
some local similarities between the two chains, namely, if there exist two neighborhoods By
and By such that the alphabets of those amino acids with positions U; in By and V; in By
are similar. For example, they may be completely the same or partially matched.

All previous work mentioned so far essentially use the following paradigm. For a given
real score function F(z,y), which primarily has negative mean and an essential positive
part, they constructed a statistic by taking the maximum of all ZlA: 1 F(Xi44,Yj41) over all
possible ¢ and j running in sequences X and Y, respectively. The asymptotic distribution of
the statistic is derived. In their work, however, one important feature is lost, which is the
foldings of protein structures. Some obvious problems immediately arise. For instance, for
two amino acid chains which are very close(far) to each other in space, their corresponding
letters appearing in the sequence X7, Xo, -, X,,, could be far(close) from each other. So
the statistic portrayed above is not accurate in this sense, but people have not taken this
into account because the folding is very complicated.

In our present work, a statistic involved with folding is studied. In addition, we work on
the distribution of clusters of charged residues in protein structures. Moreover, the method

used in the analysis of the above two problems enables us to study change point problems.

1.2 Problems we solved

The first problem we deal with is a change point problem. We acquired results about the
maxima, of partial sums indexed by squares and rectangles, which enable us to know that
there is a change point area. Siegmund and Yakir in [26] studied this problem recently by

using likelihood ratio test. We briefly review our change point problem as follows. Suppose
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we have independent observation on two dimensional lattice points:

-14 —-33 —-18 —28 —-02 —-23 —-3.0
-24 -31 —-12 —-25 —-23 —-27 —-1.6
—-06 —-11 —-03 —41 —-09 —-15 —-0.5
-28 -19 —-30 —-07 —28 —-12 —1.5
-12 —-14 —-26 1.2 1.4 1.3 —-0.7
-18 —-19 —25 1.6 1.3 14 —4.2
-15 -16 —-11 —-15 —-01 —-29 —1.2

Figure 1.1

One immediately notices that there is some zone where data are significantly different from
those in the other parts( The above data are actually sampled from a N(—2, 1) distribution,
and data in the area enclosed by the fifth and sixth rows, and the fourth and sixth columns
are later changed manually to the current ones). This is an exaggerated typical setting in
change point problems. The goal is to detect whether there is a zone from which data are
different from others. See more details in Sections 2.5 and 2.4.

We will use the same method of pursuing limiting distribution of statistics in the above
problem to study the maxima of partial sums indexed by binary trees proposed by Karlin.
The problem comes as follows. Because the folding of protein structure is complicated, we
consider a simple folding, i.e., all the amino acids in a protein structure are sitting on the

roots of binary trees:

Xn,l X’n,Qa tty Xn,?’hl—la Xn,Qn*1

Figure 1.2
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Biologists are interested in finding the biggest cluster of charged residues emerging in the
tree. In terms of the binary tree in Figure 1.2, the problem is studying the maxima of
partial sums indexed by subtrees.

Motivated by Karlin and Zhu [21], which studied clusters of charged residues in protein
structures, we constructed in section 3.2 a model as follows: Let {X;;4 = 1,2,---} and
{Ui; i =1,2,---} be two sequences of i.i.d. random variables. X; is bounded with negative
mean and has an essential positive part. Our statistics is maximum of > 7' | X;I{U; €
subcube} over a certain class of sub-cubes of [0, 1]3.

For comparison problems, the first one we dealt with in Chapter 4 is the comparison
of two collections of data sitting on lattice points. Statistically, the null hypothesis is that
the two collections of data are independent. We construct a statistic and get its asymptotic
distribution for the testing.

The last problem, which is also our initial motivation for this work, is the comparison
of two protein structures stated in Section 1.1. We analyze the procedure(or statistics)
proposed by Karlin. The procedure is briefly described as follows: We use the notation
{X;,Us,i=1,2--- )} and {Y;,V;,i =1,2--- |} in Section 1.1 to represent the two protein
structures with foldings. From the structure {X;,U;,s = 1,2--- ,}, pick any Uj,, and list
U; in an order such that the distance of U; and Uj, is increasing. Call the random variables
{X;} ordered in this fashion X; 1, X139, -+, X1. Then repeat this procedure to X;,---,
etc. Also, apply this procedure to {Y;}. We then finally obtain two collections of new data

generated from X and Y, respectively:

X1,17 Xl,?a'” ) Xl,n Yl,].a Yl,?a"' ’ Yl,’n
Xo1, Xog,+, Xon You, Yoo, -+, Yo
X’n17 XnQa"'aXnn Yn,la YnZa"'aynn

) ’

Figure 1.3
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By comparing each row of X-matrix with that of the Y-matrix, we end up with the statistic

m

max E F(X;,,Y:0).

151,],7715771 ‘ ( %,p .75p)
p:

The asymptotic distribution of the above statistics is given in Chapter 5. In the real protein
structure, the amino acids are not uniformly distributed in some cube. However, the proof
of our main result indicates that it does not depend on the specific geometry of a cube but
will apply any regular geometric shape on which {U;; i = 1,2,--- } are uniformly or close
to being uniformly distributed. We did not make a statistic on such non-cubic geometry
but rather used the above indication. The reason is obvious because we have to go to more

rigorous mathematics once we make that kind of statistic. It may not be worth doing that.

1.3 Methodology of proofs

We found that the so-called curse of dimensionality phenomenon appeared critically in the
analysis of our statistics. It is well known that the phenomenon generally occurs in two or
higher dimensional spaces. Now we use a simple example to illustrate this.

Let X7 be a bounded random variable with negative mean and an essential positive part.
Sy = Zle X; are the partial sums. One part of our analysis is involved in investigating
the asymptotic behavior of maxg>1 Sga,d > 1. It is well known that when X7 is non-lattice,

one has

P(rl?;ii( Sp>2)~Ke ™% asz— +oo (1.1)

for some positive constants K and 0 (see Lemma 2.2.4). (1.1) is obtained by using renewal
and fluctuation theories. In our problems, we are concerned with the case d > 2. We obtain

that

P(I]Iclgic Sp2 > 2) ~ f(2)e7% as z — +oo, (1.2)

2

where f(z) is an explicit function with order roughly of z=1/? as z — 400 (see Theorem
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2.4). For the case d > 3, see Theorem 2.3. (1.2) is proved based on the observation that
the distribution of the index set in (1.2) is so sparse compared to that in (1.1) that it
allows us to examine (1.2) directly by using inclusion-exclusion formula and refined large
deviations of Sy. The renewal and fluctuation theories used in the one-dimensional case
are completely irrelevant to statistics on change point problems for the dimension d > 2.
The key observation is as follows: The worst case of dependency of two different blocks
of rv.’s X, Xi41,--- , Xjqya and X, Xj11, -, X A is that they are almost a common
sequence except two new variables either X; and X; A or X; and X;A. However, in two
dimensional cases, the worst dependency of two different squares of r.v.’s with size A? is
that there are 2A? new variables. Such a difference in the two cases is reflected strongly
in Lemma 2.2.8, which allows us to pursue the Chen-Stein Poisson approximation method.

" e.g. in charged residue model, we do use some

On the other hand, in the ”continuous case,’
results obtained from renewal and fluctuation theories for the local area, and the Chen-Stein
method globally with the help of the curse of dimensionality phenomenon.

We use number theory to estimate certain parameters. For example, in Lemma 2.4.2,

we estimate the order of the following quantity precisely:

_(k—)?
> qlk)e v ~ayylogy asy — +oo
lk—y|<vylogy

for some constant a > 0, where g(k) = #{(r,s) € N?;rs = k}. In Section 2.4, an inequality

on empirical processes is obtained, which seems to be of interest in itself.



Chapter 2

Maxima on Lattice Structures

2.1 Notations

Throughout this thesis, we use the following notations.

N : The set of all positive integers.

R := (—o00, +00).

[a] : The biggest integer no larger than z.

I4o0r I(A) or 14 or 1(A) are the same function of z := 1 if z € A, = 0 otherwise.
ap ~ byt ap/by, = 1 asn — oco.

an = O(by,) : limsup,,_, |an/bn| < co.

an = o(by) : lim, o a, /by, = 0.

2.2 Some auxiliary lemmas.

In this section, we accumulate some tools which will be frequently used in this and later
chapters. Some of those tools are quoted directly from literatures, while the others need
proofs.

The following inequality provides us with bounds for tails of sums of independent and

bounded random variables, see Exercise 14 in [8] or page 193 in [23].

Lemma 2.2.1 (Bernstein’s Inequality). Let {X;; 1 <1i < n} be a sequence of independent
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random variables with EX; =0, EX? = 02 and |X;| < 1. Denote s2 =Y, o2. Then

i=17;
P(S, > z) <exp{—2%/2(s% +z)}, z>0.

Let A be a finite set. Throughout, |A| denotes the cardinality of A.
Lemma 2.2.2 Let {X,;a € A} be a collection of i.i.d random variables, where A is a

finite set. A;, B;, i = 1,2 are subsets of A satisfying |A| = |A1|, |B| = |Bi| and |[ANB| <

|A1 N By|. ®(z) is a measurable function on R. If |A| = |B| or ® is monotone, then
E®(54)®(SB) < E®(54,)2(5B,);

where Sc =) cc Xa for any set C.

Proof. We prove this lemma according to the two cases.
(i) Suppose |A| = |B|. Take a subset D C A; N By for which |D| = |A; N B;| —|ANB|. In
what follows, we use notation E4 for expectations with respect to {X,;a € A}. Then from

the invariance property of the joint distribution of {X,;a € A}, it follows that

E®(S4,)8(Sp,) = BA"PH(EAMVL9(S,,))? = BUNPO\PED(BANPIG(S,,))?

> E(AlﬂBl)\D(E(Al\Bl)UD(p(SAl))2 — EAOB(EA\B@(SA))Q — E(I)(SA)Q(SB)

where the only ”<” appear in the above argument is the Cauchy-Schwartz inequality.
(ii) Suppose that ® is monotone. Likewise, take a subset D C A; N B; so that |D| =
|A1 N By| — |AN BJ. It follows that

E®(S4,)®(Sp,) = BN PYEA\P & (5,4, ) EP VI B(Sp,)}
— E(A1 ﬂBl)\DED{EAl \B1 @(SAI )EBI \A1 (P(SB1)}

> pANBO\D pANB)UD g (g, YEBNADUD GG 1} = BB (S4)P(Sp)

where we use the easy fact that Ef(Y)g(Y) > Ef(Y)Eg(Y) for any two increasing functions
f, g and random variable Y in the only inequality appear above. M

The following Poission approximation theorem is a straightforwad application of Theorem
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1 in [1], which is a special case of the Chen-Stein method. The lemma is used quite often

in analyzing maxima of random variables.

Lemma 2.2.3 Let (2 be a finite set and A is a collection of some subsets of Q. {X,, a € Q}
is a collection of random variables. Denote Sq =Y s Xo and A= 4. 4 P(Sa > t) for

some t € R'. Then

|P(rjlgj(5,4 <t)—e N < (LAXN D) (by + by + b3),

where
=3 > P(Sa>t)P(Sp>1), =3 > P(Sa>t, Sp>t),
A€A B:BNA#£0D A€EA B:BNA#D
by = Y E|P(Sa > tlo{Sp;BNA=0}) — P(Sa > ),
AcA

where o{Sp; BN A = 0} is the o-algebra generated by the collection of random variables
{Sp; BN A = 0}. Particularly, if {X., a € Q} is a set of independent random variables,
then bg = 0.

Proof Let Y4 = 1(S4 > t), and By, the neighborhood of A be the set of all B so that
BN A# (. Then the result follows from Theorem 1 in [1]. W

In our context, a random variable Z is typically assumed to satisfy the following condi-

tion:
E(Z) <0, P(Z>0)>0and Eexp(tZ) < oo Vt€ R. (2.1)
Under condition (2.1), there is an unique constant 6 > 0 so that
Eexp(X) = 1. (2.2)

The following lemma was first proved probably by Spitzer(E4 in page 217 from [27]). See
also (5.13) from [15].
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Lemma 2.2.4 If X is non-lattice random variable satisfying (2.1), then

— T ot —
K= lime P(II?;L{(S;C >1t)=C/86.

t—00

When X is a lattice variable of span 0, then

— 1; no —
K —nlgroloe P(Il?gf(Sk > nd) = T

where

Co Aexp{—23 72, 1 (Elexp(0Sk); Sk < 0] + P(Sk > 0)}
N E[X exp(0X)]

and A = exp{d> 72, P(Sk > 0)/k}. The expression of C above is due to i.i.d. fluctuation
sum identities(Chapter 12, [15]).

Lemma 2.2.4 is important for i.i.d. partial sums. Iglehart([17]) used this result in
the continuous i.i.d. case in the course of characterizing the asymptotic maximal waiting
time among the first n customers in a standard GI/G/1 queue For more information on
oscillation phenomena for partial sums of i.i.d. variables see Deheuvels and Devroye([9]),
Rootzen([24]), Siegmund([25]) and the references therein.

Given a random variable X, the corresponding log moment generating function and its

conjugate which is also called rate function are

Ax(t) =logEexp(tX), AX(z):= feu}%)l{t:z; —Ax(t)}.

When there is no confusion, we may for the sake of convenience, write A(t) for Ax(¢) and
A*(z) for A% (z), respectively.
The next lemma whose proof may be found in Remark (a) below Theorem 3.7.4 in [12],

collects useful properties of A(t) and A*(x).

Lemma 2.2.5 Suppose Eexp(tX) < oo for all t € R' and X is non-degenerate. Then
(i) A"(t) > 0 for allt € R,
(ii) A*(x) is infinitely differentiable on the interior of the convex hull of the support of X.
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(iii) If condition (2.1) holds, then A*(A'(0)) = OA'(0), (A*)'(A'(8)) =6 and (A*)"(A'(0))
= 1/A"(0), where 6 is as in (2.2).

Lemma 2.2.6 Suppose condition (2.1) holds. Denote Dy» = {z € R;A*(z) < oo}. Then
I(z) := A*(z)/z is strictly decreasing on (0,A'(0)] and strictly increasing on [A'(0),+00) N
Dpx.

Proof. Obviously, the condition (2.1) implies that [0,+00) C {A(t); t € R'}. Moreover,
A(t) is a strictly convex function. Thus, for any zo > z1 > A’(6) such that A*(z;) < oo for
i = 1,2, there exist to > t; > 6 such that z; = A'(¢;),7 = 1,2. It follows from t; > 6 that
A(t;) > 0. It is easy to see that A*(A'(t)) = tA'(t) — A(t). Consequently,

A*(z1) . Alt) . Alt) _ A(z2)

2.3
1 1 To X9 ( )

If 0 < 21 < 2o < A'(0), then there exist 0 < t; < to < 0 such that z; = A'(¢;) and
A(t;) < 0,4 =1,2. By using the same argument as (2.3), we have A*(z1)/z1 > A*(z2)/z2.
|

Throughout the rest of this section, we assume {X, X;;n > 1} is a sequence of i.i.d. ran-
dom variables with mean p. S, = )i ;| X; are partial sums. We always assume that X
is non-degenerate. The following proposition, which is slightly stronger than the usual
Bahadur-Rao theorem (see [6]), provides us uniform estimates of tail probabilities. It is a

pivotal tool in our proofs.

Proposition 2.1 Suppose X is non-lattice and A(t) < oo for all t € R'. Then

sup |Cn(n)P(Sp >nAN'(n)) —1] =0 asn— oo
a<n<b

for any two constants b > a > 0, where Cy(n) = n+/2xnA"(n) e (VM)

Proof. Obviously, A*(A'(n)) = supjy<qts{tA'(n) — A(t)} for any 7 € [a,b]. Since X is non-
lattice, the random variable Z := X /Ee!™ is also non-lattice. Denote the characteristic

function of Z by ¢z(s). Then ¢z(s) = Eeltt$)X /EetX and |¢,(s)| < 1 for any s # 0. By
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continuity, we have that

Ee(t—l—is)X
sup |———| <1
(51S‘8|<(52 EetX
[t|<a+b

for any constants ¢; > 0,7 = 1,2. It follows from Theorem 3.3 and Remark 3.6 in [7] that
P(S, > nN(n,)) ~ Cn(n,)~! as n — oo for any {n,;n > 1} C [a,b], which implies our

desired result. W

An immediate consequence of the above proposition is as follows, which is served as a

tool for accurate estimates.

Corollary 2.1 Suppose the condition in Proposition 2.1 holds. Then, for any given § > 0,

sup sup  |Cu(z,n)P(Sp >nA'(n) +2)—1] =0 asn— oo,
a<n<b |z|<dy/nlogn

where Cp(z,m) = Cpn(n) exp{nz + (£2/2A" (n)n)}, and Cy(n) is as in Proposition 2.1.

Proof of Corollary 2.1. For any |z| < dv/nlogn, a < n < b, there always exists an
unique 7y, 5 for which A’'(ny, z) = A’(n) + z/n. This is because z/n — 0 and A'(:) is strictly
increasing. By the same reason, there exist a; and by satisfying p < a1 < a <b < b <

B and {nz; |z| < dv/nlogn} C (a1,b1) for n large enough. Therefore

Cn(z,n)P (S, > nA'(??) +z) = Cp(z,n)P(Sn > nA'(nn,x))

=~ [Cn(nn,x)(P(Sn > nAI(T]n,w)] :

uniformly in = and 7. By Taylor expansion and Lemma 2.2.5,

Cn(z,n)  1y/A"(n) 3

= exX —5
Cn (77n,w) M,z \/ A”(nn,m) P [ 672

(AH)®) <5n)] (2.5)
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where &, is between A’(n) and A’(n) +n~'z. Obviously, we have that |(z%/6n2)(A*)®3)(¢,)| <
n~12(logn)3/? SUDy, <z<by |A*3)(z)|. On the other hand, let h = infne[al,bl]A"(n), then
h € (0,00) and by the Mean-value theorem d+/logn/n > |A'(n) — A'(nnz)| > hin — Nzl

Apply the Mean-value theorem again to the function z+/A”(z), we obtain from (2.5)

) 2

4]
sup

(lar] + 1611k oy <n<n;

— 1| <
Cn(nn,z) ‘ N

Therefore, (2.4) is true. W

The following easy fact is called Chernoff bound(see e.g. p.p. 31 in [12]). It is weaker

than Proposition 2.1, but it is a simple and non-asymptotic bound.

Lemma 2.2.7 (Chernoff bound) For any © > EX,
P(S,/n > z) < exp(—nA*(z)), Vn>1.

The following lemma is frequently applied when proving theorems on maxima of partial

sums via the Chen-Stein method.

Lemma 2.2.8 Suppose A, B, and C are disjoint sets of indices. {X,Xy;0 € AUBUC}
are i.i.d. random variables with X satisfying condition (2.1) with u = EX. For any subset
D c AUBUC, we use the notation Sp := ), Xa. Then,

P(SAUB Z Z,SBUC Z z) S e_az_mlg S e—Bz—ng’

where ( = sup, ., o{A*(z) N8|z} >0, my = |A|V[C| and ma = |[AU C|/2.

Proof Assume that, without loss of generality, |A| > |C|. Then
P(SAuB > z,SBuc > z) < P(SA > .’B|A|)P(SBU0 > Z) +P(SB >z —.’L‘|A|).

By Chernoff bound, P(S4 > z|A|) < exp(—|A|A*(z)). Also, by using that Eexp(6X) =1
and Markov inequality, we have P(Spuc > 2) < e7%% and P(Sp > z — z|A|) < exp(—0z —
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0|z||A|). Therefore,
P(SauB > z,SBuc > z) < 2exp{—0z — |A|(A*(z) A O|z]|)}.

The lemma follows by choosing the best bound over z € (11,0). W

Lemma 2.2.9 Assume X satisfies condition (2.1). Let d > 1 be a constant and S, =

Yoiy Xi. Then there exist constants r > 1 and to > 6 such that

Z P(Spa > z) + Z P(Sia > 2z) = o(e %) as z — oo.
k>rzl/d k<r—1zl/d

Proof. Let r; = (3A’(8)/2)'/%. Recall the definition of I(z) in Lemma 2.2.6, it follows that

A =:infy>371(9)/2 I(%) > 6. Then by the Chernoff bound and Lemma 2.2.6,

Z P(Spa > 2) < Z o kA" (2/k?) < Tflzl/d exp(—\z) = 0(6*)\12«’)
k<r]t21/d k<ryt1/d

as z — 0o, where A1 = (@ + \)/2. On the other hand, for any ¢ > 0

Z P(Spa > 2) < Z kAT (0) < e_CdA*(O)Z/(l _ e A0)) = (e M)

k>cz1/d k>czl/d
for any given ¢ > ro = (A /A*(0))Y/?. Take r = max{ri,ro +1}. W

Lemma 2.2.10 Suppose condition (2.1) holds. For any two positive functions a(z) and
b(z) such that (a(z) + b(2))/2"/% = 0, and two positive numbers r,s such that s < cy <,
where co = (A'(0))~%, we have that

22~ d el Z P(Spa>2)=0 (6_0(2)22172/61) zZ — 00,

kel,

where T, = {k € N; sz'/% < k < ¢oz'/% — b(2) or coz"/* + a(z) < k < rz'/%} and
c(z) = a(z) Nb(z), z>0.
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Proof. Let T, = {k € N;cpz"/¢ +a(z) < k < rz'/?}. Then, By Proposition 2.1 and Lemma
2.2.6
£

S PS5 <O Y —Lep{-KA(Z) < 0l emp{-haA"(;

keT, ker, (2)

where h(z) = (coz'/® + a(z))%. Here constants C' dependent on A(-) and d may vary from
line to line. Denote A = z/h(z) — A’(#). By Taylor expansion A = —dc;'a(z)z~/4 +

O(a(z)%2~%%). By Taylor expansion again and Lemma 2.2.5
1
A" (zh(z) 1) = ON'(0) + A0 + SA%(A"(0) + o(1)) = L2 Olalz)2e 2.
Therefore, h(z)A*(z/h(z)) = 6z + O(a(z)?z'~2/%). In conclusion

P P Z P(Spa > 2) =0 (efa(z)zzl—Z/d) .
kel

By the same arguments, the above estimate is also true if I, and a(z) are replaced by I',\T",

and b(z), respectively. W

2.3 Maxima on squares.

As usual, N is the set of all positive integers. N? is the d-fold Cartesian product, namely,

Nt = {I = (iy,42,--- ,4q); ix € Nk = 1,2,--- ,d}. So capital letters such as I, J, L, etc.

are used to denote points in N¢. The notation (i1,i9,--- ,iq) = I < J = (j1,52, " » Jd)
means that 4; < j; for alll =1,2,--- ,d, and I < J when all inequalities are strict. Also,
as convention, I +J = (i1 + j1,92 + jo, - ,iq + jq) and m = (m,m,--- ,m) € N¢. Let

A=A(I,J)={LeN; I<L<J}, Ro={A=A,J); 1 <I<J<n}. Assuming

that {X7; I € N*} are i.i.d. non-lattice random variables, we denote Sa = Y., o X1, and

U,, = max Sh.
"7 ARy A
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For the cube case, we denote ’Hg as the set of all the sub-cubes of {1,2,--- ,n}?. More

precisely, He = {A = A(I,T +k) CN%; 1 <T<T+k<n}. Also,

W, = max Sa.
AeHE

For A = A(I,J), where I = (i1,42,--- ,iq) and J = (41,72, - ,Jd), we use |A| = (j1 — i1 +
1)+ (jg — iq + 1) to denote the number of points in A. Hereafter, we state main results

first and then prove them later on. The following are strong laws for the two statistics W,

and U,.
Theorem 2.1 Suppose condition (2.1) holds, then for any d € N,

(i) nli)r& Togn = g s and (ii) nli)r& Tog = g G-

Although we give the strong law of maxima indexed by rectangles, we will not analyze
this object in detail here. The strong laws of both the square and rectangle cases are proved
at same time tightly. The asymptotic law of U, will be given in the next section. To prove

the following Theorems 2.4 and 2.5, we first study two one-dimensional problems on Sja.

Theorem 2.2 Suppose condition (2.1) holds. For z > 0, let v(z) = (z/A'(6))"/? and
8(z) = 4 exp{—0(i + 2)2}, where 8 = 2A'(6)%/A" (9). Then

. Jze?”? 1/ AB)
> = -/ —F.
A Sy TS 2 2) = G\ [ 5am )

When d > 3, we have the following result.

Theorem 2.3 Suppose condition (2.1) holds. Let Gy(2) = exp(—nA*(z/n?)), where n :=
[(z/A'(0))Y4 (recall [x] is the biggest integer no larger than x). Then for any integer d > 3

lim V/z(Gn(2) + Gn+1(z))*1P(HkI§;<5kd > z) = % % '

With the help of above Theorems 2.2 and 2.3, we are now able to analyze the asymptotic

behavior of W,,. The results are as follows.
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Theorem 2.4 Suppose that d = 2 and condition (2.1) holds. Let t, = logd(y(2logn/h)),
where functions 6(-) and (-) are as in Theorem 2.2. Define log, n = log(logn). Then

1 1
lim P (Wn > 7] {ZIOgn —-3 logy n —I—tn} + m) =1—exp (—Kle_ew)

n—o0

for all z € R, where Ky = 271/A'(0)/(x0A" (9)).

Theorem 2.5 Suppose d > 3 and condition (2.1) holds. Let k, = inf{k € N;(logk)/2 +
ak? > logn}, where o = OA'(9)/d, and r,, = exp {dlogn — d(log k,)/2 — k30A'(9)} . Then

P (Wn < A'(H)kz + a:) — exp (—Kzrnefe‘”) — 0,

where Ko = (04/27A"(6))7L.

It is easy to see that r,, of Theorem 2.5 does not converge. So also P(W,, < A’(9)k% + )
does not converge, but Theorem 2.5 gives the first degree of approximation for the latter
probability.

We turn to proving the above theorems. To prove Theorem 2.1, we need the following

two lemmas.

Lemma 2.3.1 Define qq(k) = #{(i1,---iq) € N¥; iyig---ig = k}. Then
m
> qa(k) < m (log(em))™*.
k=1

form >2 and d > 2.

Proof. When d = 2, it is easy to see that

Note that
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for any two positive integers p < g. Thus

(]
5
In
3

S| =
IA
2
&
)
2

(2.6)

> aa@) =" qa1(k).

=1 i=1 k=1

Now we prove the lemma by induction. Suppose the lemma, is true for d = [ > 2. Then it

is easy to check that

S =33 at <> [7] (oge [7])
i—1 i=1 k=1 i=1
< m(log(em))'~* Z % < m(log(em))",

where the last inequality is from (2.6). The proof is done. W

Lemma 2.3.2 Suppose that condition (2.1) holds. For any given € > 0, there ezists ¢ > 0
such that ¢ < A'(0) < 1/c and

ké(cz,z/c)

as z — +oo.

Proof. First, by Chebyshev’s inequality and Lemmas 2.2.6 and 2.3.1, for any ¢ < A’(6),

we have

k<cz

Z qa(k)P(Sy, > z) < (max e kAT (2/k) ) Z qa(k) < cz(4logcz)dte 11/0)z
0]
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for sufficiently large ¢ > 0. By Lemma 2.3.1, we have that gq(k) < k(4log k)41 < A" (0)k/2

for all £ large enough. It follows that for given ¢ > 0

Y aa(R)P(Sk > 2) < Y qa(k) exp(—kA*(0)) < e MO/ /(1 — = AON2),
k>z/c k>z/c

Then choose ¢ appropriately the result follows. B

Proof of Theorem 2.1. To prove (i) and (ii) at same time, it suffices to prove the

following two inequalities:

d
lim sup Un < -
n—oo logn — 0

We first prove the limsup in (2.7)
Given 1 > 0, set z, = (1 + n)d(logn)/6. Choose € in Lemma 2.3.2 big enough so that

d

ne~¢n < n~2. Note that the number of rectangles with the same upper-left corner and

area k is at most gq(k). By Lemma 2.3.2, there exists ¢ > 0 so that

1+ n)dlogn 1
P (Un > %) <t Y PS> )
czn<k<zn/c

1 _ log n)?

czn<k<zn/c

where we use Fexp(#X) =1 in the second inequality and Lemma 2.3.1 in the only equality

above. Define [,, = [n?/"%], then the above inequality implies that

= O((logn)?/n?). (2.8)

P (Ul S (1 —l—n)dlogln)
" 0

The Borel-Cantelli Lemma implies that lim sup, U;, /logl, < (1+7)d/0 a.s. for any n > 0.
Observe that U, is increasing on n, and l,4+1/l, — 1, then limsup in (2.7) follows.

Now, we turn to prove liminf in (2.7). Denote k, = [(c1dlogn)'/%] and m, = [n/k,]%,
where ¢; = (OA'(0)) L. Let {Y;;1 <4 < my,} bei.i.d. random variables with the same law of

Sia- We break the cube {1,2,--- ,n}¢ into m, many disjoint sub-cubes. Then, the partial
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sums of X;’s over the disjoint sub-cubes are i.i.d. Therefore, for any given n € (0,1),

1-— I 1—1n)dl
P (Wn < (”)#) <P (1 max Y, < W%) < exp(—mnP(Sg > tn)),

where t, = (1—n)dlogn/6. For any n < 1/2, we find § > 0 such that A’(§) = (1—n/2)A'(0).
Note that t,/kd — (1 —n)A’(#), then, by Proposition 2.1,

Skd C()  _pape(ar
P(Spa >ty) > P =22 > A ~ L g kAT (A(9))
(S 2 tn) 2 (kg = (5)) Vlogn*

A*(z) is strictly increasing on [0, A’(0)], hence A*(A'(5)) < A*(A'(8)) = OA'(0) resulting
with m, P(Spa > tn) > n" for some i’ = n(6)’ > 0 and all n large enough. Combining all

the above inequalities, we obtain

P (Wn < (1- nédlogn) < e‘"‘sl

?

for all n large enough. It follows from the Borel-Cantelli Lemma that

n

lim inf >(1— 77)%Z a.s.

n—oo logn

for any 1 > 0 small enough. Then the liminf in (2.7) is proved. W

Proof of Theorem 2.2. Let a(z) = ny/logz, n > 1,and A, ={k €N, [k —y(z)] <
a(z)}. Then by Lemmas 2.2.9 and 2.2.10, we know that

Vzeb? Z P(Sy2 > 2) = 0(21/2_"2).

ke Ag

Therefore, to prove this theorem, we just need to prove the following two asymptotic for-

Vze??§(y(z)) 7! kg P(Sy2 > 2) ~ %’ / %, (2.9)

\/EeHZP(IIchl}E Sp2 > z) ~ \/ze” k§ P(S)2 > z). (2.10)

mulas:
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By Corollary 2.1

1 (= — N(0)k2)? }
PS> 2) ~ ——expd—z— LR
e = )~ N ) Xp{ 577 (6)R?

uniformly for all k& € A,. Note that for these k’s we also have that 1/k? = 1/ckz +
O(a(2)/2%%), 1/VE2 = 1/\/z + O(a(z)/z) and (z — N'(0)k)? = O(2~/%a(2)?). Thus, it

follows that

Vzeb? Z P(Sy2 > 2)

keA,
5 - () CEOREY (o).

By the definition of y(z), we have that

(z = N'(O)K?)* _ N (6)? (k + Z(Z))2 (

p, k—(2)* = 40 (0)(k — 7(2))* + O((log 2)** /)

uniformly for all £ € A,. Therefore

S e {- (gt ) EEROEEY L 5 et 1 0((10g 272,

k€A, kEA,

Obviously, ¥ jpisaz) € X <2 ksar) € P2PF = O(z7#7°), which together with the above
equality and (2.11) yield (2.9).
Now, we turn to prove (2.10).

For any (i,7) € A, := {(4,7) € N : cpv/z —a(z) < i < j < cov/z + a(2)}, set C;; =
(42 = i%)|ul/2. Then, min; jea, Ci; ~ colul/z as z = co. Obviously,

P(Sp > z, Sj2 >2) < P(Sp>2z+C;;)+P(Sp > Z)P(Sj2,i2 > —Ci,j).

Since Eexp(#X) = 1, by Markov inequality, P(S;z2 > z + C; j) < exp{—0z — 6C; ;}. By
Chernoff bound, P(Sj2 ;2 > —C; ;) < exp{—(j?—i*)A*(1/2)}. Thus, there exists a constant
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C > 0, so that
P(Si2 > 2,852 > z) < Cz Y2 exp{—0z — C~*\/log 2} (2.12)

uniformly for all 7,5 € A,. Therefore, by union-intersection formula,

N (Z P(Sj2 > 7) — P(max S > z’) <Vze Y P(Sp22,8p > 2)

kEA,
k€A (1,4)€A:

O(exp(—C~1/log 2)).

Then, (2.10) follows. W

Proof of Theorem 2.3. Take a(z) = b(z) = 1/3, note that {k € N; |k — (/A ())"/¢] <
1/3} € {n,n + 1}. Then by Lemmas 2.2.9 and 2.2.10, we obtain

|P(max Sya > 2) = P(max{Sya, Su i1y} > 2)| = Ofe —0z—97 g1y (2.13)

By the same arguments as obtaining (2.12), we have that P(Spe > z,Sp410 > 2) =
O(exp(—0z — Cz'1/%)) for some C > 0. Therefore

P(Spa 2 2) + P(S(ni1)e 2 2) — P(max{S,4, S 11)a} 2 2) = O(e 070271,

Also, by Proposition 2.1, P(S,,a > z) ~ 0~1\/N(0)/20A"(0) 2z ?Gpn(2), m = n,n + 1.
Moreover, G,,(z) < 0z for m = n,n + 1 by Lemma 2.2.6. It follows that

Vz(Gr(z) +Gn+1(2))_1P(maxSkd > z) = A'(6) O(y/ze —Czl- 2/d) -

k>1 0 2w A" (6) )
Proof of Theorem 2.4 Let a, = 2h(logyn)'/?,h > 1 and fo = (8A’(6)/2)~'/2. Denote
E,, as the set of all the subsquares in {1,2,--- ,n}? with side length between fy/Iogn — a,

and fov/logn + a,. Precisely, E, = {A € Sp;|v/|A| — fovIogn| < a,}. Define

W, = max Sa, and z, =

1
max (2logn — 3 logon +tp) +

S
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Through all this thesis, when we do computation on W, or its counterparts, we always
view it as two maxima. The first maximum is that of Sa over all sub-cubes A with fixed
up-left corner, then W,, is the maximum of the former ones over all n? corners. Based on

this observation, by Lemmas 2.2.9 and 2.2.10
P(W,, > z,) — P(W,, > z,) = e %20((logn)~3). (2.14)

Now we use Chen-Stein method Lemma 2.2.3 to get the asymptotic distribution. First, we

need a lemma as follows.
Lemma 2.3.3 §((t + O(logt))/?)/6(t'/?) = 1 as t — oo.

Proof. Just note that 6(¢) is a positive, continuous and periodic function with the period
1. Also, inf,cg1 6(t) > 0. Obviously, (t + O(logt))'/? = t1/2 + O((logt)t '/?), then we get
the conclusion from the uniform continuity of §(¢). W

Let us continue the proof of Theorem 2.4. Let Q, = {k € N; |k — fov/logn| < a,}, by
(2.9) and Lemma 2.3.3, we have that

Ai= Y P(Sa>z)= Y (n—k+1)>P(S2>2,) =n> Y P(Sk2 > 2z,) +o(1)
A€E, ke, kEQy,

~ 227267 §(y(2,)) (1/0) 1/ A (0) /27 A" (6) ~ K1e™ %, (2.15)

where K; = (1/2)\/A'(0)/mn0A" (). By Lemma 2.2.3, to complete the proof, we just need
to show b; and bs go to zero. Actually, for any particular A € E,, the number of other
squares which intersect A is at most 4|Ala,. Moreover, P(Sy2 > 2,) = e %20(n=2y/logn)
by using the fact E exp(6X) = 1. Consequently,

by <n®-4|Alay - [Q]*  max P(S > z,)P(Sj2 > 2,) = O(n?(logn)?).
- ~ < (i,§)€(n)?

O(n?(logn)?)

Likewise,

by < O(nQ(logn)Q) P(SA, > 2z, SAy, > 21).

max
A1¢A27A11A2€En
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For any two Aq,As € E,, Ay # Ag, the symmetric difference of them, i.e., (A1\Ag) U
(A2\A1) is at least fopv/logn — a,. This is the key observation in handling such kind of

high dimensional problems in this thesis. By Lemma 2.2.8, P(SA;, > zn,SA, > 2,) <
n~ 2 exp(—(fo/2)v/Iogn) for all n large enough. Thus, by = O((logn)? exp(—(fo/2)v/Iogn)).

Proof of Theorem 2.5 Obviously, k, = [((logn)/a)/4] or [((logn)/a)'/?] + 1. De-
fine E,, as the set of all subcubes in {1,2,--- ,n}? with side length k,, i.e., E, = {A €
Sp; | AV =k, }. Also,

W, = max Sa.

A€EE,

Apply a(z) = b(z) = 1/4, z = 2z, := N'(0)k} + = to Lemma 2.2.10, and then by Lemma
2.2.10,

P(W, > 2,) — P(Wp, > 2,) = O(n™)
for some € > 0. Hence, to prove our theorem, it is enough to show that
P (Wn < N(9)k2 + m) — exp (—Kgrne_0$> — 0. (2.16)
Note that

Ani= D P(Spa > 2n) = (n—kn + 1) P(Sgg > z0).
A€EE,

But, by Corollary 2.1,

P(Sga > zn)

e—H:c
N II()

exp {dlogn —(d/2) log ky — kgaA'(a)} — Korpe 02,
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Now we prove the theorem by Proposition 2.2.3, i.e., the Chen-Stein method. It is easy to
check

by <nt. (2kn)dP(Skg > 2n)? = O(log n/n?).

For any two different sub-cubes with side lengths k, for which they are overlapped, the

symmetric difference of them is at least 2k¢~!. By Lemma 2.2.8,

by < n?(2k,)%? P(SA, > 2n, Sa, > zn) = O(kS exp{—0A’(9)k2 — Ckd™1Y})

max
A1,A2€E,A1#A2
for some ¢ > 0. By definition, §A’(9)kd > dlogn — (d/2) log ky,. Tt follows that,

1-1/d

by = e—@zo((log n)d/2)e—((logn)

Therefore, (2.16) follows. N

2.4 Maxima on rectangles.

Like the notations in Section 2.2, {X, X; ;; ¢ > 1,j > 1} are i.i.d. random variables, and R,,
is the set of all the rectangles in {1,2,--- ;n}2 ie., R, = {A=A{,J); 1<I<J<n}.
Let Spq=>" Zgzl X; ;. In this section, we will study the following two statistics:

U= max Sp,4, and U, = max Sa.
p>1,q>1 AERR

The first theorem below is about the local maximum of sums indexed by rectangles with
fixed up-left corner, which is the first-hand information for studying maxima over moving

rectangles.

Theorem 2.6 Suppose condition (2.1) holds, then

1
lim e’ (logz)'P(U > 2) = ———.
z—400 0 A’(g)
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Compare Theorem 2.4 in section 2.3, which is on the maxima over squares, we now have

limit law of U,,.

Theorem 2.7 Suppose condition (2.1) holds, for any © € R!,

P (Un < 21(;gn N log;n —|—x> Ly ket

where K = 1/6/A'(6).

From Theorem 2.1, we know that both U,, and W, have the same scale. But obviously,
Up > W,,. Theorem 2.4 tells us, loosely speaking, that W, ~ (2logn — (1/2)log,n)/6 when
d=2. The above theorem says roughly that U, ~ (2logn + logsn)/6. This comparison
makes sense.

Now we begin to prove the two theorems. Denote E, = {(p,q) € N?; |pg — A'(0) 2| <

ay/zlog z }, and

Ul= max S
z Dsq
(p9)€EE,

Lemma 2.4.1 Suppose condition (2.1) holds. Then
P(U > z)—P(U! >2)=0(1/z2), z— .
Proof. Recall g(k) = #{(r,s) € N?; rs = k}. Obviously, ¢(k) < Vk. Therefore

PU>2)—PU!>2)< Y P(Sp>2) < > VEP(S,>2),
(p,Q)EE: kg,
where 2, = {k € N; |[k—A'(6) 12| < ay/zlogz} and Sk = >, X1, Compare the quantity
> ongo, VnP(S, > z) with Lemmas 2.2.9 and 2.2.10( d = 1), we see that the only difference
between them is that \/n appears in the form term. But this term does not dominate the

sum. So by checking the proofs of Lemmas 2.2.9 and 2.2.10(d = 1), we have that

Z\/ﬁp(snzz)gng%.

2
po
n¢Q,
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for some constant C >0. W

Lemma 2.4.2 Recall E, = {(p,q) € N?; |pg—A'(0) 2| < a/zlogz }. Then for any a > 0

1

lim e’ *(log z)~ Z P(S OT’(H)

2—400
(p,9)EE;

Proof. We write z = A’'(0)pg + A'(0)(z/A’(0) — pq). Then by Corollary 2.1, we have

P(Spq>2) ~ L exp | — A'(0) ( i —pq)2 (2.17)
P 0+/27A"(0)pg 2pgA”(6) \ A'(6) .

uniformly for all p, ¢ € E,. For simplicity, denote y = z/A’(8), then E, = {(p,q) € N?; |pg—

y| < av/zlog z }. Thus,

0/2xA"(0) /A (0)e’* (log )™ >~ P(Spq > 2)

(p9)EE:

R )

(p,9)€EE. keQ,

where K7 = A'(9)2/2A"(0) and Q, = {k € N; |k —y| < av/zlogz}. To finish the proof, we

need to show that

1 (k —y)? ;
mkgz q(k) exp (—KlT) — /7K 1N (6). (2.18)

Given any v € (0,1), let A =v4/y/logy and
Ai={keN y+iA<k<y+(i+1)A}, i=—iy,,—iy+1,--- iy,

where i, = [ay/zlog z/A] ~ ay /N (0) logy. Since, maxyeq, q(k) = O(v/2),

> ayexp (0, > Y oo (-x D) L ova, @

ke, > 1=—1, k€EA;
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Now we estimate ) ;. ,. of (2.19). Note that for any k € 4;,

bl

e KAy _ o Kilh—y)’/y — o~ K1(i8)’/y(1 _ ¢#k(v))

where ¢y (y) := Ki(k—y+iA)(k—y—iA)/y. It is easy to check that p; := maxgea, |pr(y)| <
K1(2|i]+1)A? /y < C, where C here and through all this proof is a constant which depends
on X and « only, and may vary from line to line. Therefore, since |¢® — 1| < |z]el®! for any

T € R, we have that

(k — ’!/)2 K1(iA)?
> q(k)exp (—K17> = (1+ pi)e MR N " g (k). (2.20)
keA; Y kEA;

By Theorem 320 on p. 264 of [16]

> qli) = nlogn+cn+ O(v),
=1

where ¢ here is an universal positive constant. Therefore, for any m = m, ~ n,

n

Z q(k) = (n —m)logn + (c+ 1)(n —m) + O(v/n). (2.21)
i=m+1
As a consequence,
[y+(i+1)A]
doaky= Y qk) =7Vylogy+ O(Vy). (2:22)
kEA; [y+iA]+1

By (2.19), (2.20), and (2.22), we obtain

1 (k—y)z) g = I\ =K1 ()21
. k -K ~ 1+ pl)e K1) /logy (2 93
s X e (xS T 0 A (229

keQ,

where p! = p+ O(1/log z) < C. Because of the monotonicity of e % on 0,+00), it is not
Pi=p g g

difficult to see that

i ‘ 00 ‘
7 E e~ K1)/ logy _, / e K gt = l, Vv € (0,00). (2.24)
0gY = —o0 Ky
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It follows that

i,—1
i i —K1(iv)?/logy
lim sup pie 1 < C. (2.25)
y—+oo V0ogy %; '

Thus, combining (2.23), (2.24) and (2.25), we obtain that

1 )2 ™
limsup |—— ke Ki(7)*/logy _ <C
g \/Elogz%; a(k) KA@)| =7

for arbitrary given v > 0. Let v | 0, then (2.18) follows. W

Lemma 2.4.3 Given a > 0 and any function p,, let

E={(p,q) e N?; |pg— N'(6)"'2| < a/zlogz , pAq>p.}.

Then

lo
e’*(log z) E P(Spq>2)=0 ( logz> .

(p,q)€E-\E}

Proof. Set 8 = z/A'(6) £ ay/zlog z. Then by Corollary 2.1, we know that P(S,, > z) <
Cyz~1/2¢79% where Cy is a constant relying on 6. Set B, = {g€eN; B; <pqg<p;}. Then

P
Z P(Spq>2) <2 Z P(Spq>2) < 20z~ 20 Z Z 1

) EZ E;f’ IS S Zy =1 EBz
PEEA ()€ b, e
Dz
1
< Cpz e P(BF - ;) ZZ—, = O(\/log ze™% logp,). ™
p=1

Proof of Theorem 2.6. Combining Lemmas 2.4.1, 2.4.2 and 2.4.3 we have that for

any € > 0 there is @ > 0 so that

lim sup e? (log z) ~* (P(U > 2) — P(U? > 2)) <&, (2.26)

Z—00



CHAPTER 2. MAXIMA ON LATTICE STRUCTURES 30

where U2 = maxp g)e 5 Sp,q and ES is as in Lemma 2.4.3 with p, = exp(ey/log z). We claim

D,q)
that

lim e’*(logz)~! | P(U? > 2) — P(Sy,>2)| =0, VYa>0. (2.27)
z D,q

Z2—>00
(p,9)EES

If the claim is true, then by Lemmas 2.4.2, 2.4.3 and (2.26), then

limsup |P(U > z) — _ 1 <e
200 6\/A'(0)

for any € > 0. Then the Theorem follows by letting € | 0. Now we prove the claim. Observe
that

P(Fné% St>2)> Y P(Sr>z—- Y P(Sr, >z05n, > 2).
reEs D1 #D2€ES

To prove claim (2.27), it suffices to show that

e’ (log z) ™! Z P(Sp, > 2,81, >2) =0 (2.28)
T1#T2€ES

as z — +oo. By definition of E?, |T'1ATs| > exp(ey/logz) for any 'y, Ty € E2. Thus, by
Lemma 2.2.8, there is a ¢ > 0, so that

P(SI‘l > 2, SFz > z) < 2€Xp(—92 - Cee logZ)’ (229)
as z is large enough. Therefore

Z P(Sr, > 2,5, > 2) < 2\EZ|2 exp(—0z — 5e”1°gz),
Fl;ﬁFQEEE
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where E, = {(p,q) € N?; |pq — A'(0)7'2| < ay/zlogz } is as before. By (2.21), we have
that

B
Bl < ) ali) = O(V/zlog2),
i=p:

where 8, and (3, are those as in the proof of lemma 2.4.3. It follows that

Z P(Sr, > 2,8r, > 2) =0 (z(log z) exp(—0z — 6efvl°gz)) ,
1 #T2€E3

which implies (2.28). W

Proof of Theorem 2.7. Denote z, = (2logn + logzn)/0 + x. Take p,, = el 2n)!/4
in the the definition of E? in Lemma 2.4.3. Of course E?n is the corresponding subsequence
of EJ. Let RL be the set of all the rectangles in {1,2,--- ,n}? whose length and width, say,
p, ¢, satisfying (p,q) € EZ . Accordingly, W} := maxaery Sa. By Lemmas 2.4.1, 2.4.2 and
2.4.3, there is a > 0 such that

e’ (log2)™ Y P(Spq>2) = O((logz) ") (2.30)
(p,q)EN?\E2

for large z, where E? is that in Lemma 2.4.3 corresponding to p, = exp((logy z)'/*). Still,
like we did before, we view R,, as the union of rectangles with fixed up-left corners for all

such possible corners. It follows by (2.30) that

Y. P(Sa>m)=0 (nQe_”z“ (log 2,)*/ 4) =0 ((10g2 n)~/ 4) :
AeRL\RL

Thus, to finish the proof, we just need to prove that

—fz

PW!>z,)—1—e K, (2.31)
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First, it is easy to see that

(n— Ln)2 Z P(Sp,q 2 zn) < Z P(Sa > zn) < n? Z P(Sp,q > 2n), (2.32)
(p,0)€E:, A€R;, (p,9)€EE:,
where L, is the longest length and width of any rectangles in Egn Obviously, L, < A'(0)z,—

ay/zp log z, = O(logn). By Lemmas (2.4.2) and (2.4.3),

n2e %% log z, e 07

n? P(Spq > 2n) ~ ~ .
(p,q)%f?zn 0/A\'(0) 0/A\'(6)

(2.33)

Thus, (2.32) and (2.33) imply that Ap := > Acr1 P(Sa = 2n) — e /0,/N'(0) as n — oo.
Now we use Chen-Stein method to end the proof.

For any A € R., define Apn = {A’ € RL; ANA’" # 0}. It is easy to count that
|AA| = O((logn) logy n). By lemma 2.2.3, to prove (2.31), we need to verify that b; and be

go to zero. Recall P(Sa > z,) ~ e %% log 2, ~ n~2 uniformly for all A € R.. Then

log n) logy, 1
b < MAa| max P (S > 2) dn = O (%) _

By (2.29)
P (5a 2 zn, Sar 2 2n) = 0O (nﬂ(logz n) "t exp(—¢ellos2 ")1/4)) .

for some ¢ > 0 uniformly for all A, A’ € RL. Since |RL| = O(n?(logn)logyn), it follows
that

by < [Ry|lAa| max P (Sa > za, Sa > ) = O ((logn)*(logy n)? exp(~¢e®*= ")) . m

2.5 Maxima on binary trees.

We first introduce the definition of binary trees, then analyze maxima of partial sums
indexed by subtrees. We call (1, 1) the origin, this origin has immediate two children: (2,1)
and (2,2). Then each of the above two children has immediate two children: (3,1), (3,2),
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and (3,3),(3,4), respectively. And each of the four children has exact two children, ---.

Precisely, we define A,, as the tree starting from (1,1) and having n generations:
Ap = {(kal);l =1, 72k_1,k =1,2,-- ,n}'

A subtree A = AT is a tree starting from the origin at (4, j) and has m generations in the

tree Ay, ie.,
AP ={(k,1);l=(G—1)2F 41, 2" k=i 41, i+ m)

Let {X, X, ;; (i,5) € An} be a family of i.i.d. real-valued random variables. In this section,

we concern on the following statistics

W, = max Sam ,
(igsm)NT A,

As before, SA = ) ,c A Xo. Our main theorem in this section is as follows.

Theorem 2.8 Suppose condition (2.1) holds for X. Let k, = inf{i € N; 2¢ + ai > fBn},
where a = 3(log2)/20A'(0) and B = (log2)/0A'(6). Let r,, = 4exp{(log 2)n — 1.5(log 2)k,, —
2k QA (0)}. Then

6z

P (Wn < N'(9)2F + x) e Pme ™ Ly,

where p = 4(6+/ 2wA"(6))~L.

Proof. Let z, = A'(6)2%» + z. First note that k, is either [logy(8n)] or [logy(Bn)] + 1,

therefore

En ~logen and OA'(8)2% + 1.5(log 2)k, > (log2)n. (2.34)
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Let A; be the set of all subtrees in A, which has exactly i generations, i = 1,2, --- ,n.

Then |A;| = 27270 Set

W)= max Sa.
A€Ag, —1

We now show that W, is approximated by W,!. Actually,

|P(Wy > 2) = P(Wy > 20)| < Y 227 P(Si_q > z,). (2.35)
1<i<n
i2kn

By Chernoff bound,

P(Sqi 1 > 2z) < exp{—2z,1(2,/(2" — 1))} (2.36)

where I(z) = A*(z)/z. It is easy to check that

. Zn ! —k Zn 4. —k
: > 20N (0) (1 + 27 Fng); . < A (0)(1 +27Fng).
1<il<r}g£1{21 _1} > 20(0)(1 4 27" z); knfggﬂ{% — 1} < SA(O)(1 +27 )

for all k,, > 3. Therefore, by Lemma 2.2.6, there exists § > 0 such that

inf  I(z,/(2" — 1)) > _
1 <i<nnifhn—1 (2n/( ) >0+6

It follows from (2.34), (2.35) and (2.36) that
P(Wy > 20) — PW) > 2,)] < n2le™ 049 = O(neloDin/4)
So it is enough to show that
6z

P (W) < N(B)2" +z) e e 0.

We now prove this by appealing the Chen-Stein method. Let {A;; i = 1,2,--- 2727}
be a list of {Afg_l C A, for all possible i and j}. For any i = 1,2,--- ,2""27kn et B; =
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{j; AjNA; #£¢, i=1,2,... 2027k} By Corollary 2.1

2n+2—kn
M= Y P(Sa;>z)=2"FP(Sh, > z,)
=1
4 - 2n—1.5k:n —anGA’(H)—G;c B 47,”6—93:

~N — =

0+/27A” (0) 0/27A" (9)

By Lemma 2.2.3, we only need to prove the following two terms go to zero:

2n+27kn 2n+27kn
biy = Z Z P(Sa; > zn)P(Sa; > 2n); bopn = Z Z P(Sa; > 2n,Sa; > 2n)-
i—1  jeB; i=1  i£jeB;

First, notice that |B;| < 2%, then by, = A2 - 22k»="=2 _ (). Second,
ban < 2"t2 max P(Sa; > 2, Sa; > 2n)-

i£jEA;

Observe that the difference between A; and A is at least 28> 1 for any 4, j. Then by Lemma
2.2.8, there is ( > 0 so that

P(Sa; > zn,Sn; > 2n) < exp(—0z, — 2kn ().
Therefore, by (2.34)
bon < 2" 2 exp(—02, — 2kn¢)y = O(a™),

where a = 2¢/3. ®



Chapter 3

Maxima on Random Cubes

3.1 An inequality on empirical processes.

We will prove an inequality which will be used in the next section. First, we review some
basic definitions and facts of empirical processes. Given a class of F of subsets of S, define

AF (51, y85) = #F{F N {s1,--+ ,8,}; F € F} for any {s1,--- ,s,} C S, and

m” (n) = max{A% (s1,--- ,sn), 5i €S}, V(F)=inf{n:m” (n) < 2"},

V(F) = +oo if m” (n) = 2™ for all n.

Dudley([14]) calls F a Vapnik-Cervonenkis(VC for short) class of sets if V(F) < co. V(F)
is called the exponent of the VC class F. One remarkable result of VC class given by

Vapnik-Cervonenkis is the following VC lemma, from [28]:
m”(n) <V, vn>2 (3.1)

For any = = (z1,72,23) € R?, ||z|| = max{|z1], |z2|,|z3|} is the maximum norm. A ball
centered at z and with radius 7 under this norm is denoted as B(z,r). We denote by F
the set of all subcubes inside of [0,1]® such that their six faces parallel to those of [0, 1]3.

Specifically,
F ={B(z,r) C[0,1)* z €[0,1]?,0 < r < 1/2}.

36
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Lemma 3.1.1 F is a VC class with exponent no greater than 6. Therefore, for any

(yl,"' ayn)ERn andn227 #{(y11y21"' ayn)nF; FEf}Sn6

Proof. Take any six points z; = (z},2?,2?) € (0,1)3,i = 1,--- ,6. Define = min{xf; 1<
i <6} and :I:ﬂ_ = max{a:g; 1< <6}, j=1,2,3. Denote by B the rectangular solid whose
six faces parallel to z-y, y-z and z-z axes respectively and pass through xﬂ_, 7 , 7 =1,2,3.
Then B contains all the six points z1,::+ ,zg. To show F is a VC class, we need to show
that m” (6) < 2. We will prove this by considering two mutually exclusive cases.

Case (i). If a point, say, z1, is in the interior of B, then any cube which covers {z2,--- ,z6}
must cover 1 too. Therefore, no cube separates {z1} from the other five points {z;,i =
2,---,6}.

Case (ii). If case (i) is not true, then all the six points lie on the six faces. So, suppose
there are two points in one face, say, z1, T2, then any cube covers {9, - ,z6} also covers
z1. Consequently, no cube separate {z1} from {zg,---,zg}. Then the only left possibility
is that each face contains exactly one point. Let [ be the shortest of B’s eight edge lengths.
Without loss of generality, assume z1,z2, 23,24 are on the faces of B in which two edges
of the face have length [. Then any cube which covers {z1,z2, 3,24} also covers at least
one of the two points x5 and xg(otherwise, it contradicts the definition of /). Thus, no cube
separates {z1, T2, %3, 24} from {z5,z¢}.

In summary, m” (6) < 25. Therefore, V(F) < 6. By (3.1), m7™ <nb forn>2. MW

Suppose that {Y,Y;;7 > 1} is a sequence of i.i.d.random variables with uniform distri-

bution on [0, 1]3. Define
Fin={B(z,e) € F, z€[0,1]®, e < C(logn/n)'/3}, C>o0.
Lemma 3.1.2 For any C > 0, there is a constant D > 0 such that

P(#Ts,, > Dn(logn)®) = O(n"3).
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Proof. For any class of subsets C, T¢ := #{{Y1,--- ,Y,}NF; F € C}. Let r, = (logn/n)/3
and G; = {B(Y;,r,) N F;F € F} for i =1,2,--- . Since F is a VC class with exponent no
greater than 6, so is G;. By (3.1),

n 6
#T'g, < {Z IBm,c,«n)(m} : (3.2)
1=1

Therefore, for ¢t > 0, by (3.2)

P(#T,, > 1) <nP(#Tg, >t/n) <nP (Z Ipi,or) (Vi) 2 (t/n)1/6> :

=1

Apply t = Dbn(logn)® to the above inequality, we have that

P(#T,, > D®n(logn)®) < nP (Z Ini,or)(Yi) > Dlogn — 1) . (33)
1=2

By Lemma 2.2.1, for any D > 2002,

n
P (Z Iy, ,crn)(Yi) > Dlogn — 1) < 2exp(—KDlogn)
=2

for large n, where K is a constant depends only on C. The above inequality and (3.3) yields
the desired inequality by choosing D sufficiently large. B
Let {X, X;; i > 1} be a sequence of i.i.d. R¢-valued random variables with law P. P, is

the empirical law of {X,}, i.e.,

1 n
=1

We assume that H, a class of subsets of R?, is a VC class with exponent v. Let {H, C

H; n > 1} be a sequence of subclass of sets. Denote p, := supy ¢4, P(V) and

[1Pn = Plln = sup [Po(V) — P(V)].
VeHn
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We assume that there is a countable H! C H,, such that

sup |Pp(V) — P(V)| = sup |P,(V)—P(V)| a.s.
Ve, VeH,

for all n > 1. Therefore, ||P, — P||, is measurable.

Lemma 3.1.3 Suppose a sequence of constants {tn;n > 1} satisfy that limsup,, (un/tn) =

C < . Then, for n very large,
P(|Pn — Plln 2 tn) < n"tpn exp(—Ant,),

where P, = 44V 11(t,) " %820/ X\ =1/27C", and C' = max{1,C}.

Proof. Let {¢;; ¢ > 1} be a sequence of i.i.d. Bernoulli sequence. By (11) in p.15 of [23],

1 & t
P(|Py = Plln > ta) < 4P | sup [~ elp(X)| > 7 (3.4)
FeM, T —

for all n so that nt2 > 8, where Ir(-) is the indicator function of F. Set

A, = { sup P,(F) < 4C'tn}.
FcHn

By Hoeffding’s inequality(see, e.g. Appendix B in p.191 of [23]),

P (| S lp(X)| > %) < 2exp {—nt2 /(32 (F))} . (3.5)
=1

Since lim sup,, (pn /tn) = C, there exists Ny such that u, < 2C't, for all n > N;. Note that
by (3.1), #{{X1,"+ , Xu}NF; F € H,} < n? for n > 2. It follows from (3.4) and (3.5)
that

n
t
P(|Py — P|ln > t) < 4nYEX s;{lpr (| ZeiIF(XZ-)\ > Z") I, +4P(AS)
n i=1
< 8nY exp(—Agnty) + 4P(|| Py — Plln > 2C'ty,) (3.6)



CHAPTER 3. MAXIMA ON RANDOM CUBES 40

for n > max{ Ny, 8t,,2}. Repeat (3.6) to obtain

P(| Py = Plln = tn)

k
< Y80 - 4l exp(—(2C") Danty) + 45 P(| P, — Pl > (2C0)5 ). (3.7)
=0
Let ko = [—logyc tn] V 1, then (2C)*0*1t, > 1, consequently, the probability on the RHS of

(3.7) is zero because || P, — P||, < 1. Then by (3.7),

ko
P(HPn - PHH > tn) < 8n" eXp(—intn) Z4l < 1177'U¢n exp(—/\gntn),
=0

where 1, = 44V 11(t,) " %2c' 4. W

3.2 Maxima on random cubes

Throughout this section, we assume that {Y;;i > 1} is a sequence of i.i.d random variables

with uniform distribution on [0, 1. Let {X,,;n > 1} be a sequence of i.i.d. random variables.
For any B C [0,1]?, define S,,(B) = Y7, X;I{Y; € B}. We consider the following two

statistics in this section:
W, = max S, (B), and U, = max S,(B),
BeB BEF
where B = {B = B(Y;,r) C [0,1]3; 1 <i<mn, 0 <r < 1/2} and F is the same as that in
Lemma 3.1.1. Apparently, W, 1 < W, 2.

Theorem 3.1 Suppose condition 2.1 holds, then

. Wh, 1 . U, 1
lim = — a.s. and lim =
n—oo logn 0 n—oo logn 0

a.s.

The following gives the asymptotic law of W,,.
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Theorem 3.2 Suppose condition 2.1 holds, then

logn

lim P (Wn >

n—oQ

+ :1:) =1 —exp(—Ke %)
for any z € R', where K is as in Lemma 2.2.4
Before we prove Theorem 3.1, we need the following two lemmas.
Lemma 3.2.1 Let F and F,1 be the same as those in Lemma 3.1.1 and Lemma 3.1.2,

respectively. Then there exists C > 0 so that

P S, (B) > 0) = O(n?).
(Begg;n,l n(B) > 0) (n™%)

Proof. Set A, = {3 1L Ipn(Yi) > 4r3n} for any B(z,r) € F. Since F is a VC class

with exponent 6,

P >0) <nSEY PX(Sn(B) > 0)(Ta, + Iag) ¢ -
(s $.(5) 2 0) <8 { max PX(S,(5) 2 0)(a, + Las)}

For any B = B(z,r) € F\Fyn1, we have r > r, = C(logn/n)'/3, it follows that

PX(S4(B) > )L, < max P(S; > 0)I4, < e 1A Okn
T k>ar3

by Chernoff bound. Therefore

6pY PX(S.(B) > 0)I4 &< nb—4C°A*(0) < 1/p2 3.8
T adB, OB 2 O SR <1 0

if C > (2A*(0)~1)/3. On the other hand, note P(B(z,r,)) = 8C3logn/n,

EY {BEI?%,I PX(S,(B) > O)IAn} <P ( inf Z Iz (¥:) < 4C%log n)

B(z,r)C[0,1]3,r>7, i1

< ~ N
<P (B(x,rl)ncf[ojl]s Z IB(%M)(YZ) <4C log fn,)

=1

n
<P sup I 3" I (Y) = P(B(z, )| > 403250 logn ) _ yq8-610° (3.9)
B(z,r)C[0,1]3 1 i—1 n
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for large n, where we use Lemma 3.1.3 in the last step(C’ = 2). The last term in (3.9) is

no greater than n=2 for C > 1/2. This fact and (3.8) prove the lemma. W

Proof of Theorem 3.1 We only need to prove that

1 1
< g a5 and linIr_1>ioréf I(I)/[gfriz > g o (3.10)

lim sup
n—oo l0gn

By Lemma 3.2.1, choose C' so that

P(max max Si(B)>0)<nP( max Si(B)>0)=0(n?). (3.11)

1<k<n BEF\Fn 1 BEF\Fn,1

Now define

Vo = max max Si(B).
1<k<n BEF, 1

By Lemma 3.1.2, take D for which B, := {#T, > Dn(logn)®} has probability less than

O(1/n?). Therefore, for any € € (0,1),

P(Va/logn > (1 +¢€)/6) = BV P*(Va/logn > (1 + €)/0)Ip, +O(1/n?).
Gn

But,

k
< 6pY X C > < 6/,€
Gpn < Dn(logn)°E Brg%)l(,l P (fg/g};{n 2 Xi> 1+ e)/9) < D(logn)®/n",

where we use the fact Fexp(fX) = 1 and submartingale inequality in the last inequality.

Consequently, by (3.11)

P(lgllggn Uy/logn > (1+¢€)/0) = O(n™).

Observe that max;<y<p Uy is non-decreasing, by the same arguments as (2.8), we obtain

the lim sup of (3.10).
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Now we turn to prove lim inf of (3.10). Let s, = (logn/8n0A’(8))'/? and B; = B(Y;, s,,).
For any integer p(will be chosen specifically after given ), define
(n+1)?
Ln= |J B(Y:2s) and J, ={1<j <nP; Yj € [sp,1— sp°\Ln}- (3.12)
i=nP+1
note that L, may not be necessarily a subset of [0, 1]® although with a big probability it is.
Evidently,

inf B)} > B)).
np<klgn(n+1)p{31?%fl S )} _;g%fSn( )

By Borel-Cantelli lemma, (3.11) implies that maxpcr\ 7, , Sn(B) < 0 eventually. So to
prove the liminf in (3.10), it is enough to show that

n—00 log n?

v
D=

a.s. (3.13)
Define
N,, = max {k; 34y, -+ ,ik € J, such that inf ||V, —Y,,| > 23n} .
1<s<t<k
We claim that
P(N,, <nP/logn) = O(n"?) (3.14)

for big p. Actually, list all subcubes [T2_, [(3ki +1)sn, (3k; +2)s,], 0 < ki < [s,1]/3—1, i =
1,2,3 as Ay, Ag, -+ , Am,,. It is easy to check that inf,c 4, yea,; d(z,y) > 25, a.s. for all pairs
i # j. Obviously, m, = CnP(logn)~! 4+ O(1) for some constant C' > 0. Pick all those A4;
such that Y; ¢ A; for alll = nP +1,--- ,(n+ 1)P, and list them again as Ay, Ay, - ,Aln.
Then I, > my — ((n+1)P — nP) = CnP(logn)~! + O(nP~1). So, by Chbyshev’s inequality,

ln

P (ZI(at least one of {Y;,1 < j <nf} € B;) < np/logn>
i=1

< b

= I, —nP(logn)—

-(1—8s2)"=0(n"?) (3.15)
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for p > 20A’(0). Thus claim (3.14) follows.
For any given € € (0,1/4), set z, = (1 — €) logn?/6. Then, by (3.14)

P(max S,(B;)/logn? < z,) < EY HPX(Sn(fL) < zp)
J€Jn i=1

Nn
< EY exp{— Z PX(S,(A;) > ) YI(N,, > nP/logn) +0(n™2).

~ J
e

Fn

Let Ty = {{Y1, -+, Yur} N[sn, 1 —5,]> = {Y1,--- , Y% }}. For any random variable ¢ and any
set B such that P(B) > 0, define E(¢(|B) = E&Ig/P(B). Then, by symmetry,

k
F. < P I Y;) > nP/1 <
n < np/lolélrfgksﬂ Ck (; [sn,1—s,]3 (Yd) > 1P/ log n) < np/lorgnr?g%np Ck»

where

Therefore,

P(max S, (B;)/logn? < z,) < max (r + O(n2). (3.16)

Jj€Jn n? /log n<k<n?

Lemma 3.2.2 below will prove that max,s /1o n<k<nr Ck = O(n—2) for some p. So

E P(Iréz}xSn(Bj)/lognp < zp) <oo, VYee (0,1/4).
J€JIn
n>1

By Borel-Cantelli Lemma, we have (3.13). W
Lemma 3.2.2 Denote Q, = {k € N; n?/logn < k <n}. For any given € € (0,1/4), there

exists p > 3 such that

_ -2
max Gy = O(n™)
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Proof. Let N; = #{1 < j < nP; Y; € B;}, i = 1,2,--- ,k. By Bernstein’s inequal-

ity(Lemma 2.2.1), for any given z € (0,1),

Povs (“ra s ) S e bat N @) ogn) @17

J

'

Oz

for large n. It follows from Chbyshev’s inequality(similar to (3.15)) that,

k
sup P (Z Io, (N;) < nP/log n> =0(n7?) (3.18)
=1

kEQ,

for p > 120A'(9)/z>. If N; € O,, by Proposition 2.1, there is C' depending on z such that

ZIA% (2 /1)
PX(Sy(B) > z) > min 20

min ————— (3.19)

NS/l _ 4
logn?

By Taylor’s expansion at (1 — €)A’(0), we see that lim,_,q+ — € uniformly on

[ € Oy. So, for the given € € (0,1/4), choose suitable zy € (0,1) in the definition of O, we
then have that

jnf PX(Sp(B;) > zn) > Cn05< P/ /logn
1N €04
for some constant C depends only on p and X. Consequently, by (3.18), we have that

max (r < exp{—CnP/%(logn)~3/2} + O(n72).

The desired equality follows from taking any p > max{3, 2¢~!, 120A’(9)/z%}. W

1/3
lle logn 1+ logy n ’
2 \ON'(0)n logn

and Q, = {(r,3) € [I,,,11] x {1,2,--- ,n}; B(Y;,,}) €]0,1]*}, and

Denote

Wn = Fhax Sn(B(Y:,7))-
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Lemma 3.2.3 Let z, =logn/0 + x. Then, Ya > 0, there ezists > 0 such that
P(W,, > by) — P(Wp1 > 2zp) = O((logn) 9).
Proof. By Lemma 3.2.1, it is enough to show that

P((r%ga Sn(B(Y;,7)) > zn) = O((logn)™)
for some 8 > 0, where Q! = {(0,Cr,)\(I,,1;})} for some C > (20A’()) /3. Recall r,, =
(logn/n)'/3 in Lemma 3.1.2. Set D, = {BN{Y1,Ys,---,Y,};B = B(Y;,7),1 <i<n,0<
r < Cry}. By Lemma 3.1.2, #D,, < n(logn)® with probability 1 —O(n~2). Then there exist
kn < n(logn)% and By, ,Bkn as the representatives of those B’s in D,, which may depend
on Y;’s such that max ;)cqr Sn(B(Yi, 7)) = maxi<i<, S, (B;) with probability 1 —O(n~2).
Therefore,

EY {PX (( max S,(B(Y;,r)) > zn) }

r,i) e,
< n(logn)*EY {( Ir;a)é PX(S,(B(Y;, 7)) > zn)} +0(n7?). (3.20)
r,3)EQ,

Set co = (BA’(9))~1/3. Note that |n-vol(B(Y;,r)) — g logn| > 38c3((log n) logy n)/? for any
(r,3) € Q!,. Thus

1> Ipn(Y;) —n-vol(B(Yi,r))| < (36¢3/2)/(logn) logy n)
j=1

C 1D Tp,n (Y5) — cilogn| > (36cf/2)\/(logn) logyn) o := G
j=1

So, by Bernstein’s inequality, P(G¢) < 2e~¢0A’logan for large. It follows that for any
(r,i) € Q.

PX(Su(B(Yi,r) > 2) < PX(Sn(B(Yi,r)) > 2a) s, + 20—

Tge, (3.21)
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where we obtain the second term of above by using the Chernoff bound for PX(S,,(B(Y;,r)) >

zn)- By Corollary 2.1, there exists a constant C; depending only on X so that

efaw

n(logn)C18*+1/2

PX(Su(B(Y;;1)) > 2n)lg, <
uniformly on (r,i) € Q. Combining this with (3.20) and (3.20), we finally get

e_em 46_z
P Sp(B(Y;,7)) > <
L M i

for n large. The proof is completed by choosing ( sufficiently large. W

Lemma 3.2.4 Let T, = {1 <i<mn; Y; € [}, 1 —IT]3}. Then,

Ap 1= Z PX( max S,(B(Y;,r)) > z,) — Ke % in probability,
ier,  n<r<tl

where K is as that in Lemma 2.2.4.

Proof. First, by Lemma 2.2.4,
A < nP(I?Zalx Sn > zn) — Ke %% q.s. (3.22)
By Bernstein’s inequality (Lemma 2.2.1),
P(|T, —n(1 —215)3 > logn) <n~¢ (3.23)

for some constant & > 0. Define h,, = (8n(l;})? logy n/0A'(6))'/? and

n
A= I TN =Yl <) =80 < hnpy i=1,2,00 0
i=1

It is easy to check that

P(AS) < 2exp{—hL/3/3}. (3.24)
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for n large. Consequently, by Chebyshev’s inequality(like the argument used in obtaining
(3.15)),

(ZI <n-— nP(AC)1/2> — O(P(49)/?) = 0 (exp(—(log n)1/6)) . (3.25)
Also, 8n{(I;7)* — (I,;)3} ~ (68/0A'(6))+/(log n) log, n. Set h!, = ((logn)logy n)%3 and
_ {Enjmn < ¥~ Yill < 1) — 8n((1)° — (7)) < h;}, =12,

j=1

By Bernstein’s inequality again,
P(L{) < 2exp{~(0A'(60) /49)h; "} (3.26)
for n large. Thus

(ZI <n- nP(LC)I/Z) O(P(L$)'?) = O(exp(—(log n)'/?)). (3.27)

From (3.23), (3.25) and (3.27), it follows that with probability approaching to 1, at least
n —n3/* —nP(A$)Y? —nP(L$)/2 =n —o(n) of {Y;;1 <i < n}

a) fall into [I7,1 —[F]3;

b) Every box centered at every such Y; and with radius /;” contains at least 8n(l;7)3—h,, ~
(ON'(9))(log .+ 8/ (Tog W) Togy ) elements of (Y3, Y3, -+, Ya}:

c) For every such such Y;, B(Y;, ;1)\ B(Y;,1,,) contains at least (6/0A’(0))3+/(logn) logy n
elements of {Y1,Ys,---,Y,}.
By Lemmas 2.2.4, 2.2.9 and 2.2.10, there exists v > 0 for which

nP(lgrelgxn S > zn) = Ke %%, (3.28)
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where @, = NN {k; |k —logn/0A'(0)] < v+/(logn)log, n}. Therefore, by (3.28), and b)

and c) above,
PY (A > (n— o(m)(1/n){Ke ™% + o(1)}) =0,
which together with (3.22) proves the Lemma. N

Proof of Theorem 3.2. Define V;,; = max; ..+ Sp(B(Yi,r)), i =1,2,--- ,n. Then
W1 = maxer, Voi, where T, = {1 <4 <n;Y; € [I;F,1 113} as before. By Lemma 3.2.3,

to prove the theorem, it is enough to show that

P (maTx Vi > zn> -1 exp(—K*e‘aw). (3.29)
€Ty,

By Lemma 2.2.3, we have
|P (Irel%an,i > zn) -1+ EYef)‘"| < by + by,
1Cin

where EYe * — exp(—Ke %) by Lemma 3.2.4 and Dominated Convergence Theorem.

Also,

bri=E"$ >N PX (Vo > 20) PX (Vi > 20)1(d(Y5,Y;) < 20,7)
€Ty JET,
e—20z
<

- -n?. P(d(Y1,Ys) < 2IF) = e 20 (log n/n)

since PX(V,,; > z,) < e~ %% In. Moreover,

boi=EY {3 N PX (Vi > 2y Vi > 2)1(d(Y5, Vi) < 207
€T, jET,

= n2EY {PX(VTL,I > ZnaVn,Q > z’n)(I‘I’n + I‘I"n)} ’
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where

v, =1 (nil(logn)f‘s <d(Y1,Ys) <2%, V1, € [l7,1— l:]3> )

W, =1 (d(¥1,Y) <0~ P(logn) ™, ¥i,% € i, 1- 1)
for some § € (0,1/6). Obviously,
n’EY {PX (Va1 > 2, Voo > zn)Iw } < e (logn) ™. (3.30)
It is easy to check that B(Ys,l,;)\B(Y1,[,) has volume
0n > (207){ (073 (log )~ — (i — 1)} ~ On~(log n)?2/3~9

for some constant C' > 0, because that I — I~ <« n~'/3(logn)~? with § € (0,1/6). By

Bernstein’s inequality, conditionally on Y3,Ys € [I7,1 — I.F]3,

Z Bt B (Y) < nvn — V/logn) < exp(=C(logn)'/**0).  (3.31)

>

~~

En

By (3.26),
TLZEY {PX(Vn,l > Zn, Vn,g > Zn)I\pn}

< Cn®(logn) logy nEY { max  PX(Sn(B(Y;,7i)) > zn, i = 1,2)Iq,nanL2}
Iy <ri,ra<lf

+ 2PV () (nLe 07) . 4o (og )™ (3.32)

o~

~~

O((log n)e—(log ")0'1)

For any r1,7r9 € (I,,1;}), B(Ya,71)\B(Y1,7m2) D B(Ys,1;;)\B(Y1,[;7) on ¥,,. Thus, by Lemma
2.2.8 and (3.31), there exists ¢ > 0 such that

PX(S,(B(Yi,1i)) > 2n, i = 1,2) e < n e ¢Uogn)?/°™
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for any fixed Y7,Ys € [I;},1 — [;}]3. Consequently, the first term of the RHS of (3.32) is less

than

Cn?(logn)(log, n) - PYHY2 (0, . n~le=CUogn)*/*=¢ | 4 —1,-ba -exp(—C(logn)'/3t9
2

=0 ((log n)? exp{—¢(log n)2/3_‘5}) .

Combining the above equality, (3.32) and (3.30), we conclude that b — 0. B



Chapter 4

The Comparison of Two Pictures

4.1 Some auxiliary lemmas.

Let {X, X;, i = 1,2,---} and {Y, Y;,i = 1,2,---} be two sequences of i.i.d. random
vectors taking values in some space X (not necessary RY). X and Y may not necessarily
have the same distribution. F(-,-) : X x X — R!, is usually called score function in
terms of protein matching problems. Throughout all this chapter, we assume that F(-,-)
is non-lattice. Denote A(t) = Ap(t) = log EetfXY) ¢ € R'. Tf condition (2.1) holds for
Z = F(X,Y), then there exists unique § = 0p > 0 so that Ee®FXY) = 1. Set pup =
EF(X,Y), ¢x(z) = log{EYePT@Y)} and hx = E {!FXY) (log EY e?F(4Y)) 1| Define

¢y (y) and hy by symmetry.

Lemma 4.1.1 Suppose condition (2.1) holds for Z = F(X,Y). Then, for any a € (0,1),€ >

0 and sequence {y,; n > 1} so that v, — v € R, there exists § > 0 such that

P F(X:,Yi) > vn = o(e~ (0o
Jmax ( Z i 7,‘ Zcby ) ofe )

=1

Proof. For any sequence {k,,n > 1}, define

(ZFX,,Y Z¢y )eRQ.

52
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To prove this lemma, it is enough to show that for the given ¢ > 0 and € > 0, there exists

6 > 0 such that
P = P (Zn € [yn,0) x (hy — €, hy + €)¢) = o(e @1+In) (4.1)

for all subsequences ky, so that k,/n — a' € [a,1]. Let F, = [y —n,00) x {y; |y — hy| > €}
Then F;, is a closed set in R2. Tt is easy to see that p, < P (Z, € Fy) for n large enough.

For any (u,v) € R?

1 log Eenwo)Zn — = kn, log EetF(XY) 4 kn log EetF (XY )+(n0/kn)gy ()
n n n

— (1—a')log Ee"T&Y) 4 g/ log {Ee“F(X’Y)(EXeaF(X’Y))”/a’} = g(u,v).

Clearly, g(u,v) is finite and differentiable for any (u,v) € R?. For any 5 > 0, by the Gatner-
Ellis Theorem(cf. Theorem 2.3.6 of [12]),

limsup(logpn)/n < — inf  I((z,y)),

n—00 (z,y)€Fy

where I((z,y)) = sup(yy)er2{u® + vy — g(u,v)}. Note that F;, | Fp as n | 0. Therefore, by
taking n | 0, we obtain

limsup(logpp)/n < — inf I((z,y)). (4.2)
n—00 (z,y)€Fo

It is easy to see that g(0,v) < alog { Ee/F(XY)(EXF(XY))v/a} gince EOF(XY) = 1 and

a' > a. Therefore, for any x > v and y < hy — ¢,

£(v)
e e
I((z,y)) — 0y > a - sup{vhy — ve — log(Ee?F OV (EX IFOY)yo)1 (4.3)
’USO ~ D ~

¥(v)

Obviously, 1(0) = 0, and observe that E(e?TXY)¢(v)) — hy as v 1 0. It then follows that

W'(v) = hy — e — (EeOF(X,Y)g(U)) -1 B (eaF(x,Y)éf(,U)) <0
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for v < 0 and |v| small enough. Therefore, by (4.3), there exists § > 0 such that I((z,y)) >
0y + 2§ for all z > v and y < hy — €. By the same arguments, it is also true for x > v and
y > hy + €. Thus, inf(, yep I((z,y)) > 0y + 26 for some § > 0, which together with (4.2)
yields (4.1). W

Lemma 4.1.2 Suppose condition (2.1) holds for Z = F(X,Y). Then, Ye > 0,

1 n
i (‘ﬁii_;qby(m—hy S6> < 2e7nlhv =),

Proof. By the Chernoff bound(see e.g. p.p. 31 in [12])

1
p(_
n| 4

> ¢y (Yi) —nhy
=1

—ninfyea J
S€> < 2¢ ninfaea (.’1;)’

where J(z) = supycgi {tz —log E (EXeeF(X’Y))t} and A = {z € R'; |z — hy| < €}. For any

x € A, we have £ > hy — e. Note that EefP(X.Y) — 1. We then have
J(z) > hy — e —log B(EX /P X)) = by — ¢

foranyz € A. N

Lemma 4.1.3 Suppose E{F(X1,Y)e?"X2Y)} < 0, where X, and Xy are i.i.d. Let M(t) =
Eexp(tF(X1,Y) + 0F(X,,Y)) and to = sup{t > 0; M (t) < 1}. Then

(i) to € (0,0).

(ii) There exists 6 € (up,0) such that 1 := supg sy {0t — log Ap(t)} > 0 and v :=
SUPg<t<,{0t — log M(t)} > 0.

Proof. (i) Note that M(0) = 1 and M'(0) = EF(X;,Y)e?PX2Y) < 0, so there exists some
t > 0 such that M(t) < 1. Since Ee?F(X:Y) = 1, by Holder’s inequality, M (t) > M()!/? =
(EY (EXIF(XYN2)0 & (EeIF(XY))2/0 — 1 for all t > 6. Thus, ty < 6.

(ii) By (i), log A(to/2) < 0 and log M (to/2) < 0. Define

6= %ma.x {EF(X,Y), 2t; log A(to/2). 2t;  log M (to/2)}, M
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4.2 Main results and their proofs

In this section, capital letters such as I, J, K etc. are indices taking values in N?. We follow
the convention that (i1,i2) = I < J = (j1,72) if and only if 41 < j; and 45 < jo. We say
I < J if at least one of the previous two inequalities is strict. For convenience, sometimes
we write I < m € N to denote that I < (m,m).

Let {X,X; T € N?} and {Y,Y7; I € N*} be two sets of i.i.d. random elements taking
values in the space X with o-algebra B. A map F(-,-) : (X, B) — R is a measurable function.

Define T'a = {1,2,--- , A}2. In this section we consider

W, = max Z F X[ K Y K
n 0<I,J<n—A ( +Ky tJ+ )
ASO KeTa

In one of the following theorems, the following condition is needed:
EF(X,,Y)efFX2Y) <0 EF(X,7;)efFEY2) <, (4.4)
We also assume that condition (2.1) holds for the random variable F(X,Y’). Therefore,

there exists § = 6 > 0 such that Ee?P(5Y) = 1. Define a measure o on (X2, 5%) by

da* oF
— =
d(px x py)

where px and py are the distributions of X and Y, respectively. For any two probability

measures 4, v on (X2, B?), recall the definition of relative entropy H (v|u) :

I <log g—Z) dv, if v < p,

400, otherwise.

H(v|p) =

The following assumption will be used later.

H(a" |ux X py) > 2max(H (o |pux), H(oy |py))- (4.5)
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A detailed discussion about (4.5) is given in [10] and [11]. To understand the above condi-

tion, we give the following easy lemma without proof.

Lemma 4.2.1 Denote £x = EY e/FXY) and &y = EXIFOY) | Then, hy = EX(éx1logéx),

and hy = EY (&y log&y), and (4.5) is equivalent to
1
591\'(9) > max{ EX (£x logéx), EY (§y logéy)}.

We will use the following function:

—+o0

8(z) = Y exp{—B(i+ )}, z€R,

1=—00

where 8 = 2A’(0)%/A"(6), where all A(-) in this section is Ap(x,y). The main results are the

following.
Theorem 4.1 Suppose conditions (2.1) and (4.5) hold. Then,

. Wa 4
lim = — a.s.
n—00 logn 0

Theorem 4.2 Suppose condition (2.1) holds for Z = F(X,Y). Also, assume conditions
logn
(4.4) and (4.5) hold. Denote t,, = logé (2 QX,L@) . Then

1 1 =0z
P(an5{4logn—ilog2n+tn}+m) e K ,

where K* = /A (0)/(870A" (9)).

As shown in [11], condition (4.4) is not required in the one-dimensional counterpart of
Theorem 4.2. We need this condition here because we don’t have one-dimensional structure
as in [11].

The following example is motivated by the analysis of protein sequences. See [10]
Example. On some space ¥ with 1 < || < oo, define F(z,z) = 1 and F(z,y) = —m+/2
for z # y, z,y € ¥ with m € N. Then, F(-,-) is non-lattice. It is easy to check that
conditions (2.1) and (4.4) hold for sufficiently large m. Furthermore, condition (4.5) holds
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for sufficiently large m provided the following condition((1.7) in [10]) is true:

max {Z px (i) py (6) log py (i), Y px (i) py (4) log px (i)} < —%96_9-

1€ 1€EX

Proof of Theorem 4.1. First, we prove the upper bound, i.e.

. n 4
lim sup < - a.s.
n—oo logn — 6

Note that W), is non-decreasing in n. By the same arguments as (2.7), it is enough to show
that for any given € > 0, there exists § > 0 such that
< 1

(4.6)

P (Wn > 4(1 +2) logn)

for n is sufficiently large. By Lemma 2.2.9, there exist v > 1 and §; > 0 such that

4(1 +€)logn 1
Z P Z F(X14k,Yr4k) > — 5 | S
(I,J,A)eB, \Kela
for n sufficiently large, where B, = {(I,J,A) € N°; (IV J)+ A < n, ﬁ ¢ (v L)}
Obviously, the cardinality of B, =: {(I,J,A) e N°; I+ A,J + A <n, \/léégn € (v L)} is
at most (y —y~1)?n*(logn). We then have

4(1 +€)logn
P| max Z F(Xrix,YriK) > 41+ ¢)logn

(I,J,A)eB!, Keba 0
4(1+¢)]l —y7H2(1
v~ 1V/Togn<A<~vy/logn Kela 0 n=¢

where we use the Chebyshev inequality in the last inequality and the fact that E exp(0F (X,Y))
= 1. Therefore, (4.6) follows.

Now we prove the lower bound. By subsequence arguments as in the proof of liminf in
(2.7), we need to show that for any given v € (0, 1), there exists § > 0 such that

P(W, < z,) <n~°, (4.7)
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where 2z, = 4ylogn/6. Let I, = [2\/logn/0A'(0)], T,, = {1,2,--- ,1,}2,

n

W, = max F(X14k,Yi4K),
(u)ee £t

where C2 = C,, x Cy,. Obviously, W,, > W}, for all n > 1. Define Er 1v(e) = Exr(€) X Ey,r(e),

where

Exr(e) = {|ZLQZ¢X(XI) —hx| < 6}, and

n jer

1
EY,I‘I(T’) = {'l—2 Z ¢y(Y[) —hYl < 6}, P, PI ECn, €> 0,

n IEF’

and ¢x(z) and hx etc. are those as in section 4.1. Note that z,/I2 — yA'(6), by Lemma

4.1.1, there exists positive § depends only on € such that

|PWo > 2z) —P( | {Y F(X11k,Y11K) > 2y Brir,,s4r.(6)}) |
(IJ)ecz Kely

~”

Hn
< e (ON O+ < =o'

where §' = §/6A'(0) by taking v > 1—§'.
Now we use Chen-Stein method to estimate H,. Observe that for any (Iy, Jy) € Ca,
there are at most 2[n/l,]? pairs of (I,J) + T, € C2 + I';, which may intersect (I, Jo) + T'.

So by Theorem 1 from [1], we have

n

POE) < expl(-Tn/11'6) + 1 ey i (1), (49)
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where én =P (EKEFn F(X[, YI) > Zp, Epn,rn (6))

M =P (Z F(X1,Y7) > za, » F(X1,Y141,) > 20, Br, 0, (€) N Ern,rn+ln(6)> ;
IeT, IeT,

M =P (Z F(X1,Y1) > 2y ) F(X141,,Y1) 2 2n, Br,r,(€) N Ern+ln,rn(6)> -
IeTy, IeTy,

Since Eef’(X:Y) = 1, by Chebyshev’s inequality, we have that
nl6
Mgt L L w0
n

for v > 9/10. Now we estimate £, more precisely. By Lemma 4.1.1, §, ~ P(Spz > z,) for
« < 1 but sufficiently close to 1, where S, is the sum of n i.i.d. random variables having the
same distribution as F(X,Y’). By Proposition 2.1, P(S;z > zn) ~ Cl,," exp(—I3A* (20 /13))-
By Taylor expansion, I2A*(z,/12) = 0z, + O((y — 1)?)I2 as vy 1 1. Therefore,

exp(—[n/l,]*&,) ~ exp (—Cn4(10g n)_1‘5e_‘z"+o((7_1)2)l%) < gm0 (4.11)

for v < 1 but sufficiently close to 1, where C' is a constant that may vary even in the
same line. Now we turn to estimate 7,. Note that Er, r,(¢) N Er, r,41,(€) C Exr,(€), by

independence and Chebyshev’s inequality

2
nn = EXPY (Z F(X1,Y7) > zn) gy,

Iel'y
w1
< EX exp (-217% sup {tj—% 2 > ¢(XI)}) 1Bx 1,
Iely,
< exp {—212 ({ytA'(0) — hx} — €+ 0,(1)) } P(Exr,)
< 2exp (=12 {20A"(0) — hx — 2e — 2(1 — )0A'(0) + 0,(1)}), (4.12)

where we use Lemma 4.1.2 in the last inequality for P(Exr,). By Lemma 4.2.1, there
is ¢ > 0 such that ¢¢ = 6A'(6)/2 — hx(#). Choose € and v sufficiently small so that
2¢ + 2(1 — 9)0A'(8) < €y/2. Therefore 5, = O(n 5 (€0/9). Similarly, we also get 7}, =
O(n~=6(</4)). Consequently, by (4.8), (4.9), (4.10), and (4.11), we have (4.7). H
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Proof Theorem 4.2 Let 2, = (4logn —logyn/2 + t,)/0 + =,

En={A€N;IA—\/zn/A’(9)I Sn\/logzn}, and
O, ={I,J,A) e N xN’* x E,; I+Ta,J+Ta C{1,2,---,n}*}, and

Wl = F(X Y )
n = max > F(Xrik,Yiik)
KeT A

By arguments similar to (2.14), we have
P(Wy > 2,) — P(W! > 2,) =0 (4.13)

for some 7 > 0 as n — oo. Like the proof of the lower bound in Theorem 4.1, define

Grr(e) = Gx,r(e) N Gy (e), where

Gxr(e) = {|%Z¢X(XI) —hx| < e},

Ier

1

Gyr(n) = {|W Z oy (Y1) — hy| < e} , €>0,
Ier’

and ¢x (z) and hx etc. are the same as in Lemma 4.2.1. In particular, denote G(; s )(€) =

G(1+a,7+4)(€). By Lemma 4.1.1, there exists positive § that depends only on € such that

IPW, >2.) =P | D F(Xr4k,Yrek) > 2ny Gi1,70)(6)}) |
(IJ,A)€0, Ker

J

v

Hn

< O(y/logn) - nt max e~ (ONO)+0)A L = (4.14)
SV

for some ¢’ > 0. By (2.9), Lemma 2.3.3 and the same arguments as in (2.15), we obtain

Y P(Y F(Xiik,Yiik) > 2n) ~% % ez, (4.15)

(I,J,A)€®,  KeTa

>

~~

S(1,7,0)
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Since P(S(1,5,a) > #n) > Czn 1/2¢=620 for some constant C' > 0 by Corollary 2.1, we have
from Lemma 4.1.1 that P(S(; sa) > 2n) ~ P(S(1,5,0) > #n, G(1,7,a)(€)}). Thus, by (4.15),

1 [ Ne) L,
M= Y P(Suaa)y> zns Gruay(€) ~ 0 %T(”()o) ™. (4.16)
(I,J,A)E@n

Therefore, by (4.13), (4.14) and (4.16), it sufficies to show that
P(H,) — e = 0. (4.17)
Actually, by Lemma 2.2.3 and the Chen-Stein method, we have

|P(Hn) — ™| < by + by,

where
b= ) Y P(Sgga)>z)P(Srra > ),
(I,J,A)EO, (I',J'AT)EA,
b2 = Z Z P(S(I,J,A) > Zn, S(I’,J’,A’) >znaG(I,J,A)(€) ﬂG(I’,J’,A’)(e))a

(1,0,0)€0, (I',J' AYEAn
and A, = {(I',J',A") € Oy;either I+ TANI'+Tar #Qor J+TaNJ +Tar # 0}. Note

that | A,| = O((logn)?) and E exp(F(X,Y)) = 1. Therefore

3
by < An|Anle ™ = O (M) .

n

Next, we need to show that by — 0. If (I, J', A") € A(1 5 ), there are two possibilities:

Case (i): both two X-squares and both two Y-squares have intersections; Case (ii): only
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X-squares or Y-squares have intersections. Therefore

by < O(n'(logn)?) max P(S(1,7,0) > 20, S(rr,5,a1) > 2ns G(1,5,0)(€) N G ey ary(€))
+0(n’(logn)?) max P(S(1,5,0) > 20, S(rr,0,a7) > 20, G(1,5,0)(€) N G111 ar)(€))
+O(n6(10g n)3) mlgx P(S(I,J,A) > Zn, S(I’,J’,A’) > Zp, G(I,J,A)(f) N G(I’,J’,A’)(e))
—: A, + By + Cp,

where

L={(IJ,A) €0nI+Ta)N{I"+Ta) #0, (J+Ta)N(J +Ta) # 0},

L={(I'J,A") €0n; I+Ta)N{I'+Ta) #0, (J+Ta)N(J' +Ta) =0},

and I3 is defined obviously by the similar way to Is.
Now we first bound B,,. On I, suppose A > A/,

P(S(1,5,8) > 20, S(11,01,a1) > 20> G(1,5,0)(€) N Gpr_pr Ary(€))

= EXPY ( Z F(Xryx,Yi4K) 2 Zn) P ( Z F(Xpyx,Yrik) 2 Zn>

KeT A KeT pr
(G x,r4ra(€) NGx 1141, (€))

< e X exp ( Z ¢x (Xk) + Z ¢X(XK)>

Ke(I4T p) Ke(I'+T A1)
‘UGx,r1414(€) N Gx, 141, (€))
< o202 +A2(hx (6)+3¢) (4.18)
for large n, where we use Chebyshev’s inequality in the first inequality above, and the
definition of Gx 111, (¢) and Lemma 4.1.2 in the second one. By Lemma 4.2.1, there exists

€ > 0 such that

OA'(0)
2

> max{hx, hy} + €p.-

Therefore, take € small enough in (4.18), we have 20z, — A%(hx (0) +¢€) > (3+ €)2n /2, and
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therefore

n?eo

L=0 <(1°g”)3> . (4.19)

Similarly, Is = O((logn)3/n2%) too. The desired conclusion then follows from Lemma 4.2.2

below. W
Lemma 4.2.2 A, — 0.

Proof. For any (I,J,A),(I',J',A") € ©,, there exist two squares R, R’ with areas A? and

A and two vectors Ko, Lo (possibly negative) such that

P(S(I’J,A) > Zn,S(p,J/A/) > Zn)
= P(Z F(XKaYK-i—Ko) > Zn, Z F(XL7YL+L0) > Zﬂ)
kER LeR'
By the definition of E,, the cardinality of R; := R\R' is larger than agy/logn for some

constant ag > 0 for large n. Consequently, the above term is equal to

EYPX ( Z + Z )F(XKaYK—}—Ko) > Zns Z F(XLaYL+L0) > Zn
KeR;1 KeRNR LeR'

< EYPX ( Y FP(Xk,Yiikg) > #n — 5’|R1|>
KeRNR!

+EY { PX( Y F(Xk,Yiiko) > 8| Ral) - PX(D . F(Xp,Y41o) > 2n)
KERy LeR'
= Dn + Fn, say,

where ¢’ = 26 and § € (up,0) chosen in (ii) of Lemma 4.1.3. By Chebyshev’s inequality,
D,, < e foztdlRal — O(n~%exp(—byy/Togn)) for some positive constant by which depends
on @ only. So we just need to show that Fj, vanishes as n — oo. Let a, and b, be the

cardinalities of (R; + Ko)\(R' + Lo) and (R; + Kj) N (R'+ Ly). By Chebyshev’s inequality
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and Fubini’s theorem, we have

anefazne*(qul‘tEY H EX otF(X,Yk) H EXHF(X,Y1)
KeRi+Ko LER'+Lg

_ e—Gzne—6’|R1\t(EetF(X,Y))an (EY(EXetF(X,Y))EXeaF(X,y))bn

_ efazne*é”Rl‘tAF(t)anM(t)bn (4.20)
for any t € (0,%9), where we use the fact Fexp(0F(X,Y)) = 1 in the last equality. Note
that a, + b, = |Ry1|, Ap(t) < 1 and M(t) < 1 for all t € (0,%p) by Lemma 4.1.3, so if

ap > |R1|/2, then minimizing the term in (4.20) over all ¢t € (0,%p), we obtain by Lemma
4.1.3 again that

F, < e ¥ne=IBilmn/2 — O(n~%e=cVlosn) (4.21)

for some constant ¢y > 0, since |Ri| > agy/logn. By the same arguments, we prove that
inequality (4.21) is also true when b, > |R;|/2. Therefore A, — 0. W



Chapter 5

The Comparison of Two Protein

Chains

5.1 Main results and their proofs

Let {X, X;, i =1,2,---} be a sequence of i.i.d. random variables on ¥(not necessarily on
R?) and let the same be true of {Y,Y;, i = 1,2,---}, {U,U;, i = 1,2,---} and {V, V}, i =
1,2,---}. We assume that both U and V have the uniform distribution on [0,1]3. For
{Ug, £ = 1,2,--+ n} and any fixed i € {1,2,--- ,n}, let {u;p, p = 1,2,--- ,n} be a
permutation of {1,2,--- ,n} such that

0= U, = Uill <[lUu;p = Uill < Uu; 5 = Uil < --- < Uy, = Uil

So {u;p} is well defined with probability one. By the same way, we obtain {v;,} from

{Vk, k= 1,2,--- ,n}. For simplicity, denote U;, = Uy, ,, Vip = V, Xip =X

Vi,p? P Ui,p and

Yip =Yy, forall 1 <i <mnand1<p < n. Based upon {u;p} and {v; p}, we construct

the statistic

= max EF i
1<z,g,m<n P ],p

65
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where F(-,-) : ¥2 — R is a given real-valued function and is assumed to be non-lattice
throughout all this chapter. Denote Ap(t) = log Eexp(tF(X,Y)) and A}.(-) the corre-
sponding rate function of F(X,Y"). If condition 2.1 holds for Z = F(X,Y’), then by Lemma
2.2.4, there is a positive constant K depends on F(X,Y’) so that

T—+00 n>1 4
- =1

lim eP (max F(X;,Y:) > a:) - K. (5.1)
Our main theorem in this section is as follows.
Theorem 5.1 Suppose condition (2.1) holds for Z = F(X,Y). Also, assume conditions
(4.4) and (4.5) hold. Then

P (W, >2logn/0+z)—>1-— e~ Ke '

for any z € R', where K is as in (5.1)

As shown in [11], condition (4.4) is not required in the one dimensional counterpart of
Theorem 5.1 here and Theorem 4.2 in the previous chapter. We need this condition here
because we don’t have one dimensional structure as in [11].

Before we prove this theorem, we need some lemmas. In what follows, we will use B(z, r)
to stand for the box with center z and side length 7. Thus the volume of such a box is 873.

Let By, c = B(U;,C(logn/n)'/3). By, ¢ is defined by the same way. Also,

n n
Tij = Z lBUi,c(Up) A Z 1BVi,C (Vp)
p=1 p=1

Based on these 7; ;, we construct the statistic

m
Wp,i1 = max F(Xip, Yip)-
1<m<r; ;
<ij<n P=1

For convenience, through all this section, we set z, = 2logn/0 + z.

Lemma 5.1.1 Suppose condition (2.1) holds for Z = F(X,Y). Then, there exists C >
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14+ 2/0A'(6) such that
P(Wp>2zp)—P(Wp1>2,) =0

for any € R".

Proof. Take C such that a := 4C® > 3/A%(0). The difference between the above two

probabilities is less than

m
n2PXY | max F(X1p,Y1p) > 2 PU’V(71_1 < alogn)
1<m<n
<m<n =
m
+n®  max  PXVNTF(X1,,Y1,) >z | - (5.2)
alogn<m<n P

Note that Eexp(F(X,Y)) = 1, by Doob’s submartingale inequality, the first probability
in (5.2) is less than e~97n=2. By Cramer’s large deviation theorem, the second probability

of (5.2) is less than exp(—aA3},(0) logn). By Bernstein’s inequality, we have that

P(71,1 ¢ (4C®logn, 12C%logn)
<2P | |3 1p, o(Up) —8C*logn| > 4C%logn
p=1

S 46_20310g”/3. (53)

Consequently, the sum of two terms in (5.2) is less than

4e—0 1
n2C3/3 + ot (0)—2

foralln>1. 1
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Define
Qn={n>1; |m—2logn/0A ()| < C+/(logn)logyn }, (5.4)
Qij={m; 1 <m <7} NQy,
WH;Z = max F(Xzap’ }/.Ijap)'
mEQi,j
1<i,j<n P=1

Then we have another approximation of W,.
Lemma 5.1.2 Suppose condition (2.1) holds for Z = F(X,Y). Then there exists a constant
C > 0 such that

P(Wy > zn) — P (Wna > 2) = 0

for any = € R!.

Proof. By Lemma 5.1.1, it is enough to prove that
P (Wn,l > Zn) —P (Wn,z > Z”) — 0.

Actually, by (5.3), the LHS of above is less than

m

n?P max F(X1p,Y1p) > 2
mg,1 —
1<m<ry P™

m
< 1203 (n? logn) EVY max PXY | N F(X,,Y,) > 2, | +n?72C%/3,
mes, =1

By Corollary 2.1 we know that the maximum in the right hand side of the above inequality
is less than e *n=2exp(—C'C?logyn), where C' > 0 is also a constant depending on

F(X,Y). Taking C big enough gives the desired conclusion. H
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Define

li—l 2logn 1/3 140 logy 1
m 2 \ 0N (0)n logn |’
Z]. U“li) /\ ElB(Vy ,li)

”_{m T/ <m<T+}ﬂQn,

Wn3 = max F(Xip,Y}p)-
meW; ;
1<z,]<np 1

69

In the definition of /X above, we use the notation C' rather than C. The reason is that

we want to distinguish from this C from C appearing in €.

Lemma 5.1.3 Suppose condition (2.1) holds for Z = F(X,Y). Then for any fixed C ap-

peared in (5.4) and C in the definition of I,
P(Wy > 2zp) =P (Wp3>2,) = 0.

Proof. The above difference is less than

max ZF ip Yip) >t +n?P | max ZF i Yip)

T <m, Ty >m ),
mEQn meQn

By symmetry, we only need to estimate the first term of above. Actually

n?pXY max E F(X;p,Yjp) >ty
T1 1<m p=1

mGQn

<n® Y P> F(X,,Y,) >z | PPV(T{ <m).

meQy, p=1

By Corollary 2.1, we have

m 0 In
Cie™ 7% - ~ N
PN F(X,,Y,) > 20 | ~ rz?i/TE exp(— Co(mA'(0) — z,)2/ log ),

p=1
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where C1,Cy,--- appeared here and hereinafter are constants depend on the function

F(X,Y). By Bernstein’s inequality,

n
P(Tjf; <m) < 2P (Z Lpwn i) < m)

i=1
< 2exp(— C3(mA'(0) — 2, — 040\/ (logn)logyn ) /logn

‘I’L

By considering m such that |mA’(6) — z,| > (logn)'/?(logyn)'/*, we have that I,, + I’ >
Cs(log, n)'/2. Therefore,

m

2P D F(XY) 2 | (T <m)
p=1

meQ,

0567015 I 7 —
< E et < 205Ce™ %\ /logyn - e~ C5VI82" W
~ Vlogn -
meQ,

Let’s recall some definitions in section 4.1. We defined ¢x (z) = log{ EY exp(0F(z,Y))}
and hx = E {e’FX.Y) (log EY /P XY)) 1. And ¢y (y) and hy are defined similarly. Now

we define

1 & 1 &
Gigomy(€) = {1 D dx(Xip) —hx| <e () I D ¢v(Yp) —hy| <e
p=1 p=1

Lemma 5.1.4 Suppose condition (2.1) holds for Z = F(X,Y). Then for any € > 0 small
enough, there exist C > 0 and C > 0 such that

bin = Z Y U ZF ip> Yip) 2 Zns G(ijm)(€) — Ke %
1<%,j<n mev; ; | p=1

in probability for any x € R, where K is as in (5.1).

Proof. It is easy to see that

b1y < n’P mz;}lc F(X,,Y,) > 2z | — Ke %
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by (5.1). We also know that from Lemmas 2.2.9 and 2.2.10 and (5.1)

meQ,

m
n?P%Y | max ZF(Xl,p,YLp) >zn | = Ke™ a.s. (5.5)
p=1
if C is bigger than a positive constant Cj, where €, is as in (5.4). By Lemma 4.1.1
m
BV Z prY U ZF(Xi,pan,p) 2 Zn, G(i,j,m)(6)c

1<i,j<n mev;; | p=1

m
< n?|Qy| Inax P E:IF(Xl,payl,p) > Zn, G1,1,m)(€)° ] = O(n™")
p:
for some positive ¢y depending only on F(X,Y) and e appearing in the definition of

G (1,1,m)(€). Therefore, to prove the lemma, it is enough to prove that

m
Yo PO max Y F(Xip,Vip) >z | - Ke (5.6)
1<ij<n meVii

Recall the definitions of €2, and Tz,i] Take C > Cy + OA'()C/6. Then by Bernstein’s

inequality,
6C ?
P(Tf’L1 > J or Ty, < J,) <4exp {—05 (01\'(0) — C) log, n} . (5.7)
Thus
m
n?PXY | max Y F(X1,Y1p) > 2, (5.8)
m¢Qy,
p=1
m
<n?PXY | max Y F(X15,Y15) > 20 | —bin
meQ,
p=1
m
< Y PV max Y F(Xip,Yjp) 2z | UTiy; < Ji or Ty > J;)). (5.9)

meQ
1<i,j<n " p=1
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The term in (5.8) goes to zero because of (5.1) and (5.5). The expectation on U,V of the
term in equality (5.9) vanishes because of (5.5) and (5.7). Thus, (5.6) follows. B

Proof of Theorem 5.1. By Lemma 5.1.3, it is enough to show that

—6z

P(Wpz>zp) = 1— e Ke

Define

m

Aij= | (Y F(Xip Vi) > 20, Gy (6) 3, 1<i,5 <n.
meW¥; ; p=1

Evidently, |2,| = O(4/(logn)logy n). By Lemma 4.1.1, we have

P (Wn,3 > zp) — P (UmE‘I’i,in,j)

m
< || max P | Y F(X1p,Yip) 2 20, Guam)(e)° | = O(n™%)
1,7 p:1

for some constant §y > 0. Hereafter, when we say that some number is constant, it always
mean that it depends on F'(X,Y’) and € only. Recalling by, defined in Lemma 5.1.4, we

have

P (Unew,, Aig) — e 57"

_ _ _ —6x
S EU,V PX,Y (UmE\I/i,in,j) —e bi,n +EU’V e b1, e Ke .

By Lemma 5.1.4 and the Dominated Convergence Theorem, the second term of the RHS in
the above inequality goes to 0. It is enough to show the first term goes to 0. Actually, by
Lemma 2.2.3,

EUY|pXY (Wn,3 < zp) — e bm < EU’VbQ,n + EU’Vb3,na
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where

b2n—z Z Akl b3n—z Z AzgmAlcl) and

1,5=1 (k,0)€T; ; 6,J=1 (k,)€T; ;
Tij={(k,1) € {1,2,--- ,n}* B(Uy, L}) N B(Us, 1[}) # 0 or B(V;,1}) N B(Vj, 1}) # 0}

It is easy to see by Doob’s submartingale inequality that P(A4; ;) < e~ 97n=2 g.s. for each

n > 1. Tt follows that EV by, < e 202 2EUV (#T1,) < e 22n"1EUV4E, where E =

{1 < k < n; B(Uy,l;}) N B(Uy,l;) # 0}. But note that = = >0 , 1{d(U;,U1) < '}, so
= = O(logn), and thus E¥Vby ,, = O(e ?**n~1logn).

On the other hand, by using symmetry, we see that

EU7Vb3,n

= ’rL2EU’V Z P(Ak,l N A1,1)
(k,l)€T1,1
< 7’L3EU’VP(A2,1 n Al,l) -+ TL3EU’VP(A1,2 n Al,l) + 77,4P(A2,2 n Al,l)l{d(Ul, UQ) < 2l:}

We will provide two lemmas in the following to estimate the three terms of the RHS in the
above inequality. With them, our proof is complete. B
Lemma 5.1.5 EVV P(Ay2 N A11)1{d(U1,Us) < 215} = o(n™?).
Proof. Let ¢, = (logn)%n"'/3,§ € (1/3,2/3). Recall in the previous proof that P(Ags N
A171) < P(Al,l) < n=2. AISO,

P(d(U1,Us) < 21F) < 8C3(logn)/n, P(d(Uy,Us) < ¢,) < 8/n(logn)

Then

EYYV P(Ags N Ay )1I{d(U1,Us) <207}

< EU’VP(AZ,Q N Al,l)(lEU,lﬂEV,1 + 1EU,20EV,2) + O(n_4(108 n)l_Sé)a (5-10)
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where Eyy = {d(U1,U2) € (cn,27)}, Bvy = {d(V1,V2) € (cn,207)}, By = {d(U1,Uz) <
217} and Eyy = {d(V1,V2) > 2i}}. By independence, on Eys N Eyg,

P(AQ,Q N Al,l) = EXPY(AZ,Z)PY(ALI)
my

2
< (4C%(logn)logyn) BV max  EX S [[PY [ Y F(Xkp,Y1p) > 20, Gir1me) | ¢ -
k=1

m1,m2€0,
p=1

where Q,, is as in (5.4). Fix mqi, mgy € Q,. By the same argument as deriving (4.19) via

using condition (4.5), we have that

2 mg
€1 = EX H pY ZF(Xk,p,Yi,p) > Zn, G(k,l,mk) = O(n—S—'y)
k=1 p=1

for some v > 0, which depend on € but not my, k = 1,2. Consequently,
n* - BV {P(A32 N A11)1E, 0By, } = 0 ((logn)®n™7). (5.11)

Now let’s estimate the rest term EU’VP(AQ,Q N A1,1)1EU,10EV,1111 (5.10).
Define

n

7ig(r) = Z 1w ) (Up) A Z 1w r) (Vo)
p=1

p=1

Then, ¥, ; = {7 ;(r); I, <r <, 7(r) € Q,}. Conditional on U and V,

P(A171 N Ag’z)
71,1 () T2,2(s)
< C*(logn)(logy n) max P( Z F(X1p,Y1,p) 2 2, Z F(Xap, Yop) 2 2n),
p=1 p=1

Ax(r) A;ZS)

where the maximum is taken over all r, s so that r,s € (I;;,1) and 71,1(r), 72,2(s) € Q. For
any such pair r, s, w.l.o.g., we assume r > s, it is easy to check(moving parallel or verti-

cally without changing the biggest distance d(V1, V») between two faces) that the volume of
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B(Vi,r)\B(Va,s) is greater than or equal to 4s2d(V1, Va) > k(logn)?/3=% /n for some con-
stant £ > 0, and the same is true for B(Uy,r)\B(Uz, s). Recalling the definition of 7 1(r),

by symmetry, we assume w.l.o.g. that
n n
Z Lpvi,n (Vi) < Z 1w, ) (Ui)- (5.12)
1=1 i=1

By Bernstein inequality

n

K - —
PY U (3 1\ s(v,0) (Vi) < 5 (logm)?/277) < exp(=C/logn)*/*)
1=1

~ S
~~

Hy

for some C > 0. Define

I' ={1<p<n;Uip € B(Uy,r)\B(Us,s) and Vi, € B(V1,r)\B(V,s)},

Iy ={1<p<n;Uiy € B(Ui,r)NB(Us,s) and Vi, € B(Vi,r)\B(V2,s)}.

Remember (5.12), on H, there are only two possibilities: either #T'; > (r/4)(logn)?/3~°
or #T'y > (k/4)(logn)?/3=9. Now we deal with these two cases separately.

Case 1. #T'; > (r/4)(logn)?/3~% on HE.

On Ey N By, N HE,

PYY(A(r) N Az(s))

P (T Y R 5 e Y FC ) > 5
peQ\I'1  p€Ty PEQn
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Observe that 3 .., F(X1,p,Y1,) is independent of random variables 3 . \r, F(X1,p, Y1)
and Epeﬂn F(Xg,p, Yz,p) conditional on Ey N Ey,; N Hf. Then, on Ey N Ey,; N HY,

PAY(Ay(r) N Ax(s))

S PYY AN F(Xip,Yig) > Talp/2 | - PYY | Y F(Xap,Yop) > 2
pEF1 pEQn

+PX,Y Z F(lep’yl,P) > Zp — |P1|HF/2 ,
pEQn\PI

where up = EF(X,Y) as before. On Ey N Ey;; NT'1, by Cramer’s large deviation theorem

and the submartingale inequality, we have that

PYY N F(X1p,Yip) > [Tilp/2 < ¢~ Cllogn)*/S A% (u/2).
pelL

pxY Z F(XZ,p>Y2,p) >zn | <

1
=.
n
pEQ,

By Markov’s inequality and using the fact that Eexp(0F(X,Y)) = 1, we obtain

2/3-6

1 _
pXy Z F(X1,,Y1p) > 2, — |T1lp/2 | < e C(log n)
peQn\Fl

But

EVY PXY (M350 A1)y nByinH,
< POY (A ) PUU e (|, ) PU UnVer s Ve (B 0 By

<0 (n—4(1og n)2e~(ogm)*/ ”) . (5.13)
Combining all the above arguments, we finally get

EU’VPX’Y(AZQ n Al,l)l(EU n EV,l N {#Pl > (K;/4)(10g n)2/3_‘5})

)2/3—5

= O(n~*(log n)2e~Closm)™"™% (5.14)
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for some constant C' > 0.
Case 2. #T > (k/4)(logn)?/3~% on HE.

On Ey N Ey N HY, the same arguments as those in case 1 can be applied to show that

PXY(Ay(r) 0 Ag(s))

72,2(8)
<P Z F(X1p,Y1p) = Al Z F(Xap,Yop) > 2n | Hr22(s) € Q)
pEls p=1

0 (26~ tosn™ ™)

for any fixed A € (ur,0). Recalling the definitions of I'y and 7 2(s), we know that not all the
essential U;’s corresponding to {Ui p, p € I'2} necessarily belong to {Va4; 1 < g < 792(s)}.
Define

Ay ={1<i<n; U; =U;, = Uy, for some p € T'y and some 1 < g < 1p9(s)},

By ={1<i<n; Uj=Up # Uy, for some p € I'y and for all 1 < g < m(s)}.

Consequently, Ay N By = () and Ay U By = I's. Then, by Markov’s inequality,

T2,2(8)
Tn = P Z F(Xl’P7Y15P) Z >\|1—‘2|7 Z F(XQ,P’Y'Z,IJ) Z Zn 1(7—2;2(5) € Qn)
pEls p=1
S n—2€—)\t|F2|EX{ H EYGtF(Xl’p’Y) i H EYeeF(Xg,p,Y)}.
pEAyUBy 1<p<m,2(s)
72,2(8)EQn

= n~2e M2 A (4)|Bul pg (1)l Av]

for all ¢ > 0, where A(t) = Eetf5Y) and M(t) = EtF(XYDHOFXY) 1f | By | > |Ty|/2,
then by Lemma 4.1.3, T, < n~2(e 2MA(t))/Bv! for all t € (0,(). By Lemma 4.1.3 again
and choosing A = ty/2, T;, < n 2exp(—|Tz|y1) for some y; > 0. If [Ayy| > |T'2|/2, note that
A(t) < 1 for all t € (0,%p), and repeat the same arguments as above to get the same bound

for T}, up to another number ~o. Consequently, T, = O(n 2 exp(—C(logn)?/3~)) for some
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C > 0. Therefore, by computations similar to those in (5.13), we obtain

EVVPXY (A5 N A11)1(Ey N Byy N {#T2 > (5/4)(log n)*/*~°})
= O(n*(logn)2e~Clogm)*/*~%) (5.15)
which together with (5.14) implies that

2/3-6

EU’VPX’Y(AQ’Q N Al’l)l(EU N EV,I) = O(n_4(log n)2e—C(logn) )

Combining this with (5.10) and (5.11) yields the desired inequality. W
Lemma 5.1.6 EU’VP(Al’l N Al,g) = 0(n’3).

Proof. Set ¢, = (logn)"n"1/3 h € (0,1/6). Recall in the previous proof that P(A;,; N
A1) < P(A11) <n 2 Also, P(d(V1,Va) < ¢,) < 8/n(logn)3". Therefore

EU’VP(Al,l N Al,g)

< EYVP(A1 N AL ){I(d(V1, Vo) > 21,) + (e, < d(Vi, Vo) < 21,)} + 8(logn) 3",
Similar to the estimate of EU’VP(AQ,Q N Al,l)IEU’QQEV,Z, in (5.11), we get
EU’VP(ALl N Al,g)I(d(Vl, VvQ) Z 2ln) = o((log n)?’n_'y)

for some v > 0. So our reasoning task is to estimate EU’VP(AM NAi2)I(c, < d(Vh,Vo) <
2l,). Recall that

7ii(r) =Y 1pw,nUp) A s 0(Ve),
p=1 p=1

U= {m;(r); Iy <r <t 7 (r) € Q).
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Then, if d(Vi,‘/Q) € (Cna2ln)7

EU’VP(Al,l N A1 2)
71,1 () T1,2(s)
< C%(logn)(logyn) E"Y max P( Y F(X1p,Y1p) > 2zn, »_ F(X1p,Vap) > ),
p=1 p=1
where the maximum is taken over all r, s so that r,s € (I,,;,1) and 71,1(r), 71,2(s) € Q. For
any such pair r, s, w.l.o.g., we assume r > s, it is easy to check(moving parallel or vertically
without changing the biggest distance d(V1,V2) between two faces) that the volume of
B(Vi,r)\B(Va,s) > 4s2d(V1, Va) > C(logn)?/3~" /n for some constant C' > 0. It is also easy
to check by Bernstein inequality that
(i) with probability at least 1 — exp(—+/logn),

#{3 <p<n; Vi € B(V;,r)\B(Va,8)} 2 Cllogn)”/*~",
(ii) with probability at least 1 — exp(—+/logn),
#{3 <p <n; Vi€ B(U,m)\B(Uy,5)} < Cy/(logn)logyn .

The above two facts imply that there exists a set I's C {1,2,--- ,n} such that [T's| >
C(logn)?/3=", Uy, € B(Uy,s) and Vi, € B(Vi,7)\B(Va,s) for all p € T'3. Then by using

the same argument as that in getting (5.14) and (5.15) , we obtain that

T1,1 T) 7'1,2(5)
P> F(XipYip) 220 . F(X1p,Yey) > 2 | = o(n~2 exp{—(logn)**~"}).
p=1 p=1

Combining all above arguments, we have
EU’VP(AM NAip) =0 (n_?’e_V 1987 (Jog n) log, n) ,

Completing the proof. B



Chapter 6

Future Projects and Open

Problems

In this short chapter, we will comment on some results obtained in the previous chapters,
and list some conjectures and future projects.

Problem 6.1 The one-dimensional setting of Theorem 2.4 originally arose from studying
GI/G/I queue in [17] and was latter applied to the CUSUM method and the BLAST
program. It is natural to investigate possible applications of Theorem 2.5 to queuing theory.

Problem 6.2 Let {X;;i > 1} be a sequence of i.i.d. random variables and Sy =
Zle X;. Let f: N — N be an increasing function. We studied in Theorems 2.2 and 2.3 the
asymptotic behavior of maxy>; Sg) when f(z) = 2P,p=2,3,--- , and the case F(z) = z
is treated in Lemma 2.2.4. It is interesting to see what may happen for general f(z),
particularly, the case when f(z)/z — oo and whether the fluctuation theory still works.

Problem 6.3 We impose the condition Ee!X < oo for any ¢ € R in Theorems 2.2 and
2.3. Tt is interesting to see what happens in the case that the moment generating function
does not exist but E|X1|P < oo for some p > 1.

Problem 6.4 Theorem 2.7 is a result on d = 2. It is interesting to ask what hap-
pens when d > 3. The key is to address the following number theoretic question: Denote

qa(k) = #{(p1,+++ ,pg) € N¢; py---py = k}. What is the asymptotic behavior of g4(k)?

80
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Comment 1 We dealt with the maximum indexed by squares and rectangles in Theo-
rems 2.4 and 2.7. One should not have much difficulty in handling general convex sets by
understanding the local behavior as in Theorems 2.2 and 2.6 and then using the Chen-Stein
method globally.

Problem 6.5 We obtain results for binary trees in Section 2.5. It is more interesting
and potentially more useful to extend the results to Galton-Watson tree. For example, each
offspring has a random number of offsprings rather than two decendents in the binary tree
case.

Open problem 1 Let U, be as in Section 3.2. It is interesting to know the limit law
of U,. The author is not able to do this at this moment. So he poses the following open
problem: Suppose condition 2.1 holds. Does there exist a constant K’ > 0 and a sequence

of numbers {a,;n > 1} so that 0 < a, = o(logn) and

1
lim P (Un > 08" +a, + a:) =1- exp(—K'e‘gm)

n—00 0

for all z € R'?

Problem 6.6 Recall that in Theorem 4.2 we did not consider rotated squares in the
definition of W, i.e., we just considered one way of comparison for the two given squares.
There are actually four ways to compare. So what happens if rotations are allowed in the
definition of W,,?

Problem 6.7 An astronomer suggested to the author that a generalized form of Theo-
rem 4.2 can be applied to the comparison of two galaxies in the universe. The generalized
setting in 4.2 has the following form: Random variables X are not independent, but instead
are related in a Gaussian manner. However, X; and X ; become asymptotically independent
as the distance between I and J goes to infinity.

Problem 6.8 As shown in [11], condition (4.4) is not required in the one-dimensional
counterpart of Theorem 4.2, so it would be nice if one can remove condition (4.4) from

Theorems 4.2 and 5.1.
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