Limit Theorems for Beta-Jacobi Ensembles

TIEFENG JIANG !

Abstract For a large beta-Jacobi ensemble determined by several parameters, under certain restric-
tions among them, we obtain both the bulk and the edge scaling limits. In particular, we derive the
asymptotic distributions for the largest and the smallest eigenvalues, the Central Limit Theorems

of the eigenvalues, and the limiting distributions of the empirical distributions of the eigenvalues.

1 Introduction

Let 8 > 0 be a constant and n > 2 be an integer. A beta-Jacobi ensemble, also called in the
literature as the beta-MANOVA ensemble, has density function

foaras(N) =7 T = N7 - A0 P = A, (1.1)

1<i<j<n i=1

where a1, ag > g(n — 1) are parameters, p =1+ g(n —1), and

C?’al’az H 2) (al + az D) (n .7)) (12)

% )D(ar — 5 (n—5))l(az — 5(n—j))

The ensemble is associated with the multivariate analysis of variance (MANOVA). For § = 1,2 and 4,
the function fz()) in (1.1) is the density function of the eigenvalues of Y*Y (Y*Y+Z*Z) ! with a; =
g gmg, where Y = Y, xn and Z = Z,,,, x,, are independent matrices with mq, ma > n,
and the entries of both matrices are independent random variables with the standard real, complex

my and ag =

or quaternion Gaussian distributions. See [14] and [56] for 8 = 1,2. Other references about the
connections between the Jacobi ensembles and statistics are [6, 12, 13, 14, 19, 28, 34, 42, 43, 56].
In statistical mechanics, the model of the log gases can be characterized by the beta-Jacobi
ensembles. A log gas is a system of charged particles on the real line which are subject to a
logarithmic interaction potential and Brownian-like changes. If the particles are contained in the
interval [0, 1] and are also subject to the external potential 32, ("5t —5) log Ai+ (541 —5) log(1-\i),

2
where r = %al —nand s = %(12 —n, and [ is the inverse of the temperature, then it is known that

the stationary distribution of the system of charges in the long term is the Jacobi ensemble as in
(1.1), see, e.g., [9, 27, 32, 67].

1Supported in part by NSF#DMS-0449365, School of Statistics, University of Minnesota, 224 Church Street,
MN55455, tjiang@stat.umn.edu.
Key Words: random matrix, Jacobi ensemble, Laguerre ensemble, beta-ensemble, largest eigenvalue, smallest eigen-
value, empirical distribution, random operator, limiting distribution.
AMS (2000) subject classifications: 60B10, 60B20, 60F05, 60F15, 62H10.



The beta-Jacobi ensembles also have connections to other subjects in mathematics and physics,
for instance, lattice gas theory [32, 34], Selberg integrals [33, 54, 57] and Jack functions [4, 50, 61].

Now we briefly recall some research on the beta-Jacobi ensembles. Lippert [52] gives a model to
generate the beta-Jacobi ensembles (see also [51] for a similar method used in the construction of the
beta-circular ensembles). In studying the largest principal angles between random subspaces, Absil,
Edelman and Koev [1] obtain a formula related to the Jacobi ensembles. Edelman and Sutton [29]
study CS decomposition and singular values about these models. Dumitriu and Koev [22] derive
the exact distributions of the largest eigenvalues for the ensembles. Jiang [42] derives the bulk and
the edge scaling limits for the beta-Jacobi ensembles for § = 1,2 when p and a; in (1.1) are of
small orders of as. Johnstone [49] obtains the asymptotic distribution of the largest eigenvalues for
3 =1,2 when aq,as and p in (1.1) are proportional to each other. Recently, Demni [16] investigates
the beta-Jacobi processes.

In this paper, for the beta-Jacobi ensembles, we study the asymptotic distributions of the largest
and smallest eigenvalues, the limiting empirical distributions of the eigenvalues, the law of large
numbers and the central limit theorems for the eigenvalues. Before stating the main results, we need
some notation.

Let 8 > 0 be a fixed constant, n > 2 be an integer, a; and ay be positive variables. The following
condition will be used several times later.

n — 00, a3 — oo and ag — oo such that a1 = o(y/az2), n = o(y/az) and % —~y€(0,1]. (1.3)

For two Borel probability measures p and v on R¥, recall the metric

[ s

where f(z) is a bounded Lipschitz function defined on R¥ with

1l = sup LEZIW L1 #a)).
z#yY Hf_yH zERk

dv) = sup
IfllB<1

(1.4)

Then, for a sequence of probability measures {y,; n =0,1,2,---} defined on (R*, B(R¥)), we know
Uy converges weakly to po if and only if d(un, po) — 0 as n — oo, see, e.g., [21]. Similarly, we
say that a sequence of random variables {Z,; n > 1} taking values in R* converges weakly (or in
distribution) to a Borel probability measure u on R¥ if Ef(Z ka w(dz) for any bounded
and continuous function f(x) defined on R*. This is also equlvalent to that d(L(Zy), ;) — 0 as
n — oo, where L£(Z,) is the probability distribution of Z,, see also [21].

For v > 0, let vmin = (7 — 1)* and Ymas = (/7 + 1)%. The Marchenko-Pastur law is the
probability distribution with density function

27r1fyr \/<Qj - ’szn)(')/ma;v - aj) ’ Zf WS h/minv ’Ymaz];

fy(x) = (1.5)

0, otherwise.

The following is about the limiting distribution of the empirical eigenvalues of the beta-Jacobi

ensembles.



THEOREM 1 Let Ay, ---, A\, be random variables with density function fg.a, q,(A) asin (1.1). Set
1
fn = — ; Lezy,
for n > 2. Assuming (1.8), then d(pn, o) converges to zero in probability, where py has density

¢ fy(cx) with ¢ = 2v/B and fy(z) is as in (1.5).

The next result gives the weak laws of large numbers of the largest and smallest eigenvalues for the

beta-Jacobi ensembles.

THEOREM 2 Let \q,--- , A\, be random variables with density function fg 4, a,(N) asin (1.1). Set
Amaz(n) = max{A1, -+, A}, and Apin(n) = min{Ay,--- , Ay }. Assuming (1.3), we have that

%./\mw(n) ~3. a+v7)? and %-/\mm(n) ~3. =)

2y 2y
in probability.

Here is the central limit theorem for the eigenvalues for the model in (1.1).

THEOREM 3 Let A1,---, A, be random variables with density function f3.a,,q,(A) as in (1.1).
Given integer k > 1, define

"rcar N o= 1 (i [i—1\,
Xi = — (72)\j) nzr—i—l(r)( T )7

1 r=0

fori > 1, where c = 2v/8 and 7y is as in (1.3). Assuming (1.3), then (X1,---, Xk) converges weakly

to a multivariate normal distribution Ni(u,X) for some p and ¥ given in Theorem 1.5 from [23].

Thanks to the recent results of Ramirez and Rider [59] and Ramirez, Rider and Virag [58], we
are able to investigate the asymptotic distributions of the smallest and largest eigenvalues for the

beta-Jacobi ensembles next. Look at the operator

2 d 2
T3, = —expl(a+ 1)z + ﬁb(x)]% {exp[am — \/Bb(x)]}

where a > —1 and 3 > 0 are constants, and b(z) is a standard Brownian motion on [0, 00). With
probability one, when restricted to the positive half-line with Dirichlet conditions at the origin, 73,
has discrete spectrum comprised of simple eigenvalues 0 < Ag(83,a) < Ag(B,a) < --- T 0o as stated
in Theorem 1 from [59].

For a sequence of pairwise different numbers a1, - - ,an,, let a > a® > ... > (™ be their

order statistic. The following is the limiting distribution of the first k£ smallest eigenvalues.

THEOREM 4 Let Ay, ---, A, be random variables with density function fg a, as(X) as in (1.1). Let

¢ > 0 be a constant, and 28 a1 —n = c. If n — oo and ay — oo such that n = o(y/az), then
(28~ nas) - (\®, -, \"=F4D) converges weakly to (Ao(8,¢), A1(8,),++ - , Ax-1(8,0)).



Now look at another random operator

= L2y (1.6)
# 7 NER '

where b, is a standard Brownian motion on [0, +00). For A € R and function v (z) defined on [0, +00)
with 1(0) = 0 and [;° (/)% + (1 4+ 2)¥?) da < oo, we say (1, ) is an eigenfunction/eigenvalue
pair for —Hg if fo V2 (x dx =1 and

2
VB

holds in the following integration-by-parts sense,

" (z) = ()b, + (z 4+ N)(z)

() — ' (0) = 7 / fyzp()dw/(ym)w()d

Theorem 1.1 from [59] says that, with probability one, for each k > 1, the set of eigenvalues of —Hg
has well-defined k-largest eigenvalues Aj. Recall (1.1), set

- T\’ o = (26" 'nay)"/°
ma = (Vi VI ) and o, = e

Our last result is about the limiting distribution of the first & largest eigenvalues of the beta-Jacobi

ensembles.

THEOREM 5 For each k > 1, let Ay be the k-th largest eigenvalue of —Hg as in (1.6). Let
M, -+, An be random variables with joint density function fgq,,a,(X) as in (1.1). Assuming (1.3),

then oy, ((2a28~H)AD —m,,) converges weakly to (A1, -+, Ag).

=1,k

REMARK 1.1 In [42], Jiang study Theorems 1, 2, 8 and 5 for f = 1 and 2, which are special
cases of the current theorems. The method used in [42] is the approximation of the entries of Haar-
invariant orthogonal or unitary matrices by independent and identically distributed real or complex

Gaussian random variables.

Now, let us state the methodology used in our proofs. In fact, we employ a different approach
than the standard ones in the random matrix theory. Some of the standard tools are the moment
method in [7, 18, 20, 48, 68], the Stieltjes transformations in [53, 55], the analysis to study the
probability density functions of eigenvalues in [2, 8, 46, 47, 64, 65, 66], the large deviation method
for obtaining the law of large numbers in [5, 36, 37], and the application of the free probability
theory in [10, 11]. A technique on refined estimates of the smallest eigenvalues is used in [63].

Another way to study random matrices is using the known conclusions, and connect them with the
target ones by approximation. For example, large sample correlation matrices can be approximated
by the Wishart matrices [45]; a large dimensional, Haar-invariant matrix from the classical compact
groups can be approximated by matrices with independent Gaussian entries [40, 44]. The study of
local statistics of the Wigner matrices with non-Gaussian entries can be approximated by Gaussian
entries [62].



In this paper, we approximate the beta-Jacobi ensembles by the beta-Laguerre ensembles through
measuring the variation distance between the eigenvalues in the two ensembles (Theorem 6 in Section
3). We then use the known results for the beta-Laguerre ensemble to get those in the beta-Jacobi
ensembles.

Now we would like to mention some future problems. Notice that all the theorems above are
based on the restriction (1.3). We think it could be relaxed in some situations. One possible way is
that, instead of using the uniform approximation in (3.1), one can treat case by case for the statistics
concerned in the above theorems. For example, to improve Theorem 1, one could directly evaluate
the moments Y ., )\f for £ > 1 by computing the integration with respect to the density function
f8.a1.,a2(A) in (1.1), and then check what restrictions on a1, a2 and n can make the integral close to
the corresponding quantity in the Laguerre case.

Two other problems are discussed in Remarks 3.1 and 3.2.

Finally we give the outline of this paper. In Section 2, some known conclusions and some
results on the beta-Laguerre ensembles are reviewed and proved, respectively. They will be used in
the proofs for the beta-Jacobi ensembles. In Section 3, an approximation theorem for the Jacobi
ensembles by the Laguerre ensemble is derived. In Section 4, we prove the main results stated in

this section. In Section 5, some known and useful results are collected for our proofs.

2 Some Auxiliary Results on (-Laguerre Ensembles

Let 8 > 0 be a constant, n > 2 be an integer, p = 1 + g(n — 1) and parameter a > g(n —1). The

(B-Laguerre (Wishart) ensembles have the following joint probability density functions:

foaN =TT = nl7 TN ez i, (2.1)
1<i<j<n i=1
for all Ay >0,---, A, >0, where
" ra+4
Cg,a — 9-na H — ( 2)5 — (22)
M TA+ - 2m—j))

One can see [25] for constructions of matrices to generate eigenvalues with such distributions. If
X = (xj;) is an m x n matrix with m > n, where x;;’s are independent and identically distributed
random variables with the standard real normal (6 = 1), complex normal (5 = 2) or quaternion
normal (3 = 4) distribution, then fg()\) is the density function of the eigenvalues A = (A1,--+ , Ay)
of X*X with a = §m for § = 1,2, or 4. See [30, 39, 56] for the cases 3 = 1 and 2, and [54] for
B =4, or (4.5) and (4.6) from [31].

It is easy to see from Theorem A.3 in Appendix that the following is true.

LEMMA 2.1 Let A = (A1, -+, An) be random variables with the density function as in (2.1). If



n — 00, a — o0 and nf3/(2a) — v <1, then

n i i—1 . .
1 ; 1 -1
(i) — g A% converges to <ﬂ) g 1 <Z) <Z )7’” in probability;
n' v =T r T

=1
n i i—1 . .
| i Ié) 1 i\ [i—1\ , 9
(i) ﬁ;:l A — (7) n;) T (r) ( - )7 converges to N(u;,0;)

in distribution for any integer i > 1, where u; and o? are constants depending on vy, 3 and i only.

A large deviation result in [37, 38] implies the following “law of large numbers”.

LEMMA 2.2 Let Ay, -+, A\, be random variables with the density as in (2.1). Assume nfB/(2a) —
v € (0,1], and let Ymin = (V7 — 1)? and Ymar = (V7 + 1)2. Let p, be the empirical distri-
bution of Y; := Nyy/(nB) for i = 1,2,--- ;n. Then u, converges weakly to the distribution (s
with density f.(x) as in (1.5) almost surely. Moreover, liminf, o Yimaz(n) > Ymaes a.s. and

lim SUPy,—o0o Yonin (’I’L) < Ymin @S-, where Y ax (n) = maX{Yh T 7}/n} and Yomin (n) = min{yla t aYn}

The first part of the above theorem is also obtained in [24].
Proof of Lemma 2.2. From (2.1), it is obvious that the joint density function of {Y;, 1 <i <mn}
is
gy yn) = Const - [[ v —yl?® [Jui P e P20 2w

1<i<j<n i=1
for yy > 0, ,y, > 0. Take v(n) = a — p, p(n) = n,Q(t) = PBt/(27) in Theorem A.1. Then
p(n)/n=1and y(n)/n = (a—p)/n — B(y"1 —1)/2 as n — oo since p = 1 + B(n — 1) /2. According
to Theorem A.1, ju, satisfies the large deviation principle with speed {1/n?; n > 1} and rate function

I(v) = —g // log |z — yldv(z)dv(y) +/ (g;ﬂ - w 10gx> dv(z)+ B

B+ % (ﬂj // log [ — ] dv () d(y) + 1 / (z— (1—)logz) dy(:c)>

where B is a finite constant. By Theorem A.2, the unique measure po on [0,00) to achieve the
minimum of I(v) over all probability measures on [0, c0) is the Marchenko-Pastur law with density
function f,(x) as in (1.5).

For ¢ > 0, let F = {v; d(v, iss) > €}, where d is as in (1.4). Then, F is a closed set in the
weak topology. By the large deviation upper bound, there exists a constant C' > 0 such that
P(d(pon, fhoo) > €) < e~"°C as n is large enough. By the Borel-Cantelli lemma, d(tin, proo) — 0 a.s.
as n — 00. The first part of the conclusion is proved.

For any integer k > 1, it is easy to see

Vowal) = ( [ Ooy’“dmy))l/k wd o= (f wy-kdmw)l/k.



Since p,, converges weakly to po, almost surely, by the Fatou lemma,

n—oo

Ymazx 1/k
liminf Y42 (n) > (/ y" £, (y) dy) a.s. and
. 1/k

o 1 Tmaz
hnnlgfm > (/mm Y kf’y(y) dy) a.s.

for any integer k > 1. Letting & — oo, we have

liminf Y02 (n) > Ymae a.s. and limsup Yiuin(n) < Ymin a.s. [ |

n—00 n— oo

In what follows, the notation x?(s) stands for the x? distribution with degrees of freedom s; x(s)

denotes a positive random variables with (x(s))? following the x?(s) distribution.

LEMMA 2.3 Let X have the Gamma distribution with density function

pO—lg—/0

f($|0é,9> _ T(a)0> >
0, otherwise,

if x > 0;

where oo > 0 and 6 > 0 are constants. Given b >0 and § > 0, set g(a) := P(X >b). Then g(«a) is
increasing over (0,00). In particular, P(x*(s) > b) < P(x*(t) > b) for any 0 < s <t and b > 0.

Proof. Since x?(s) has probability density function f(x|a, @) with o = p/2 and § = 2, we only need
to prove the first part of the theorem.
Obviously, X/6 has density function f (x\oz 1), without loss of the generality, we prove the con-

clusion by assuming 6 = 1. First, noticing I'(« fo " te~® dz for a > 0, then

fb %" dx

gi(e) == gla+1)= =T

for a > —1. Use the fact that % = z%logz for any x > 0 and « € R to obtain that

dgi(e) [, a*(logax)e dx - [* a®e " dx — [ % " dx - [T x*(logx)e " dx
doe (fS x*e* dx)?
JoSa%e ™ da - [ a%e " da
= h(b) — h(0)),
b e ) - bio)
where h(b fb *(logx)e " dz/ fboo % % dz for b > 0. Fix o > —1. To show dgéi(ia) > 0 for all
a>—1,itis enough to show that h(b) is strictly increasing on b € [0, 00). In fact,
dh(b)
db
1 o0 oo
= (b "(log b)/ x%e Tdx + bo‘e*b/ z%(logz)e™” d:c)
(fb e~ dx)? < b b
> 0

since [, x*(logx)e~* dz > (logb) [, x“e~* da for all b > 0. [ ]



LEMMA 2.4 Let {a,; n > 1} and B be positive constants with 2a, > (n —1)8 for alln > 1. Set
T, ={(n—i+1)8, 2a,—(i—1)8; 1<i<n} forn > 1. Let {x(t), t € Tp; n > 1} be a set of

random variables defined on the same probability space. Define
_ _ _ 205y _
On = max [x(t) = V| and  py = max|x*(t) — t| (2.3)
forn>1. If n8/(2a,) — v € (0,1], then 6,/v/n — 0 a.s. and p,/n — 0 a.s. as n — oo.

Proof. First, noticing |T,,| < 2n and max{t; t € T,,} < nf+ 2a, for all n > 1. Since nB/(2a,) —
as n — oo, there exists a constant C' > 1 such that max{¢; t € T,,} < Cn for all n > 1. Then, for

any € > 0,
P (6, >+ne) < 2n- ?El%XP (|X(t) — V| > \/ﬁe)
< . — > .
< 2n- max P (|x(t) - Vi 2 Vie) (2.4)
for all n > 1. Now, taking p,, = [n'/3] for n > 1, by Lemma 2.3,
Vne
— > < > — < — >
Jmax P (|X(t) V| > \/ﬁe) < max P (x(t) > Vne — \/pn) < P (Ix(pn) Vinl 2 =5
as n is large enough. This and (2.4) imply that, given € > 0,
/e
> < . — > — .
P (6, > v/ne) < 2n pnrgntaSXCnP (|X(t) Vi > 5 (2.5)

as n is sufficiently large. Now, the last probability is equal to

P<x(t)z\/i+\/§€>+P(x(t)gx/i\/§e)

< P (X([t} +1) > Vi+ ‘/256) +P (x([t]) <Vt- ;16) (by Lemma 2.3)
< P(x([tHl)—\/[t]H >—1+‘/2776> +P(X([t])—\/m<1— \/2776>

Vne
2P P(|x(k) — VK| >
e PO~ VE 2 Y5

as n is sufficiently large, where the inequality /1 + [t] — 1 < v/t <1+ /[t] for all t > 1 is used in
the last step. Since |x(k) — VE| < |x2(k) — k|/Vk for any k > 1, by (2.5),

bR — K| _ /e
o=t 3) (2.6)

> < .
P (5n > \/’716) < 4n pné%%}émp (

as n is sufficiently large. Lemma 2.4 from [41] says that
n 2
P |Zi:1(£i 1) >ec) < 2e—c2/6
vn
for any n > 1 and ¢ € (0, \/n/2), where £1,&a,- -+, &, are i.i.d. random variables with & ~ N(0,1).
Since v/n€e/3 > /P, /3 as n is large enough, the above inequality implies that

2 o 2 _
e p (R KRR~k VP
pn<k<2Cn Vk 3 pn<k<2Cn vk 3
< 2€—n1/3/55



as n is sufficiently large. This and (2.6) tell us that, for any € > 0, P (0, > \/ne) < e=m?/56 as n
is large enough. Therefore, by the Borel-Cantelli lemma, 4,,/v/n — 0 a.s. as n — oo.
Finally, since a? — b? = (a — b)? + 2b(a — b) for any a,b € R, recalling the constant C from (2.4),

we have
Pn Ix(t) = V1I? 2Vt x(t) — V1
m < LA Sad B i AR 14 S A |
no ?el%f n * ?el%f Vn N
< (= 2 +(20) - On 0
< NG n a.s.
as n — o0. |

By following the proof in [60], we have a result below on 8-Laguerre ensemble. It is also reported
in Theorem 10.2.2 from [24] without proof.

LEMMA 2.5 Let A = (A1, ,\,) be random variables with the density function as in (2.1). Set
Amaz () = max{A1, -, A\p} and Ay = min{Aq, -+, A} If n — 00, a — o0 and n3/(2a) — v €
(0,1], then

)\mar /\mzn
# — B+ /v 1)? a.s. and T(n) — B(1 =/ 1? as.
as n — oo.
Proof. By Lemma 2.2, it is enough to show
. )\macr(n) —1\2
limsup ———= < B3(1 + /77 1)® a.s. and (2.7)
n—oo n
. . )\mzn(n) —1\2
liminf ———= > 3(1 — /77 1)* a.s. (2.8)
n—oo n

From Theorem 3.4 in [25], we know the eigenvalues of Bng has the same probability distribution

as in (2.1), where

X2a

By = XB(n—1) X%a—ﬁ

XB  X2a—pB(n—1)

nXxn

where all of the 2n — 1 entries in the matrix are non-negative independent random variables with
(xs)? following the x? distribution with degree of freedom s. It is easy to see that the first and last

rows of Bng are respectively are

(X%aa X2aXB(n—1)» 0,---,0, 0) and (O, 0,0,--- y XBX2a—B(n—2)» X% =+ Xga—ﬁ(n—l))'

Fori=2,--- ,n—1 and n > 3, the i-th row is

(07 Tty 07 Xﬁ(n—i+1)x2a—(i—2)ﬁa X%(n7i+1) + X%af(ifl)ﬁa XB(n—i)XZa—(i—l)ﬁa 07 Ty 0)

ith position



Recall the Gersgorin theorem: each eigenvalue of an n x n matrix A = (a;;) lies in at least one of
the disks {z € C; |2 — a5 < 37, |ai;|} for j =1,2,--- ,n. Then

Amaz(n) < max{UT, VT W 2<i<n-1} (2.9)
where

Ut = X3, + X2aXs(n-1), VT =x3+ Xga_g(n_l) + XBX2a—B(n—2) and
Wit = X%(n—ﬂ-l) + X%a_(i_ng + XB(n—i+1)X2a—(i-2)8 T XB(n—i)X2a—(i—1)8 (2.10)

for2<i<n-—1, and

Amin(n) > min{U~, V", W5 2<i<n-—1} (2.11)
where
U™ = X350 = X2aXB(n—1)> V= X5+ Xoa_p(n_1) — X8X2a—p(n—2) and
Wi = Xbn—is1) T X2a—(i—1)p — XB(n—i+1)X2a—(i-2)8 — XB(n—) X2a—(i~1)5-
Set

Qri=Bm—i+1)+2a—(i—1)8 + /Bn—i+1)2a—(i—2)p)
+ VB —i)(2a—(i-1)p)

for 2 <i<n—1andn > 3. Reviewing the notation §,, in Lemma 2.4, we have that

IXB(n—i+1)X2a—(i—2)5 — VB(n —i+1)(2a — (i — 2)B) |
= | (Xﬁ(n—i+1) —VBn—i+ 1)) (X2a7(i72)ﬁ —V2a—(i— 2)ﬁ)

/B —it1)- (an (-2 2a—(i—2)5>
+v20= (1= 2)B (Xp(ni41) — VB —i + 1)) |
< 82+ (\/Bn+V2a)d, (2.12)

uniformly for all 2 < ¢ <n —1 and n > 3. Moreover,

XGn_it1) —Bn—i+ 1| < pn and |x3, ;15— (2a—(i—1)B)] < pn (2.13)
for all i € T,, and n > 1. Thus,

| max {W;"} - max. {Q A=< max. |Wi+ - Q:,J < K(pn + 65 +6,/n) (2.14)

2<i<n—1 2<i<n 2<i<n

as n is sufficiently large, K is a constant not depending on i or n. Evidently, Q. < fn + 2a +

’I’LZ—

2v/2apn = (v/Bn++v2a)? uniformly for all i € T,, and n > 3. By Lemma 2.4 and the condition that
nB3/(2a) — v, we have

; +
lim sup maxz<icn -1 {Wi'} <BA+H? as. (2.15)
n

n—oo

10



By the same but easier argument, the above is also true when maXQSign,l{Wﬁ} is replaced by U™
and VT, respectively. Therefore, we conclude (2.7) from (2.9) and (2.15).
Now we prove (2.8). Write (2a — (i — 1))8 = =8+ (2a — (i — 2))8. It is easy to see

wii = Bn—i+1)+(2a—(i—1)8—/B(n—i+1)(2a—(i—2)B)
—V/B(n —i)(2a — (i = 1)B)
> —B+pn—i+1)+(2a—(i—2)8) —2VBn—i+1)(2a— (i —2)8)
= B+ (V/Bn—i+1) -2~ (i~-2)p)>

for 2<i<n—1andn > 3. Use the equality /z — /y = (z — y)/(v/z + \/y) to obtain

n—i — /2 — (i — 2 _ (B(n—1) — 2a)?
(VBn—i+1) = v2a—(i-2)B) W/ RS I e IEY

which is increasing in i € {2,3,--- ,n — 1}. Since a > (n —1)/2, we get

min  (/B(n—i+1)—+/2a— (i —2)3)* = (B(n —1) — 2a)? '
(VA1 + V2

for n > 3. Combining all the above steps, and using the condition that ng3/(2a) — =, we arrive at

oL omino<<,—1{Q,,;} B —~71)?
lim inf — 2 =

By (2.12) and (2.13) and the same argument as in (2.14), we obtain

Bl — /v 1? as. (2.16)

| _min {W;}— min I{Q;,iH < ax (W, = Qil <K (pn+ 65 +v/néy)

2<i<n—1 2<i<n— 2<i<n—

as n is sufficiently large. This together with (2.16) and Lemma 2.4 concludes

liminf mina<i<n -1 {Wi} > 0(1— \/'F)2 a.s.
n

n—oo
Similarly,
- 20— 2B 1)
lim v — lim 22 af(n 1) =py =Byt as.
n—oo n n—oo n
- 24— B(n — 1
lim —V = lim cazpn=z ) An ) = ﬁ'y_l — B a.s.
n—oo N n— 00 n

Since v € (0, 1], it is obvious that min{By~! — B\/v~L, By~ — B3} > B(1 — /7y~ 1)%. By (2.11), the
above three assertions imply (2.8). [ |
3 An Approximation Result

Let u and v be probability measures on (R™, B), where m > 1 and B is the Borel o- algebra on R™.
The variation distance ||p — v|| is defined by

e = vll =2 - sup |u(A) = v(A)] =/ |f(x) = g(2)| day - - - d, (3.1)
A€B

Rm
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if p and v have density functions f(x) and g(z) with respect to the Lesbegue measure. For a random
variable Z, we use £(Z) to denote its probability distribution. The following is the key tool to prove

the results stated in Introduction.

THEOREM 6 Let 1 = (p1,- -+, pbn) and A = (A1, -+, \p,) be random variables with density f3.q, (1)
as in (2.1)(taking a = a1) and f3.ay,0,(A) as in (1.1). Assuming (1.3), then || L(2a2A) — L(p)|| — 0.

REMARK 3.1 The condition (1.83) is actually sharp for ||L(2a2)\) — L(u)]] — 0 for S =1 and 2.
In fact, let U be an N x N random unitary matriz with real (8 = 1) and complex (8 = 2), chosen

with Haar measure. Decompose

U= An17”2 Cn1><(N—n2)
B(N—ni)xns D(N—n1)x(N=ns)
Assume ny > ng and ny +ng < N. Set Y = A} A, n,, we see from (8.15) in [34] that the

eigenvalues A1, -+, An, of Y has density

Const- [ |n—=x17- T A" 7P(— )7,
i=1

1<i<j<n
which belongs to the beta-Jacobi ensemble (1.1) with

alzgnl, agzg(N—nl), n=mny and pzl—i—g(n—l).

It is shown in [43] for B = 1 and [42] for 3 = 2 that the variation distance d' between VN A, n,
and X, goes to zero if n1 = o(v/N) and no = o(N/N), where X,, is the joint distribution of ning
independent and identically distributed real Gaussian (8 = 1) or complex Gaussian (8 = 2) random
variables. The orders ni = o(V'N) and ny = o(vV/N), which correspond to that a1 = o(,/a3) and
ni = o(y/az) in (1.3), are also proved to be sharp for both cases in [42, 43]. A further analysis shows
that d — 0 if and only if ||L(2a2)\) — L(w)|| — 0. This tells us that the orders in Theorem 6 are

sharp for B =1 and 2. However, it is not known whether the same remains true for other § > 0.

REMARK 3.2 The condition “nB3/(2a1) — ~” in (1.3) is required in Theorem 6. In the same
contexts as in [43] for B = 1 and [{2] for B = 2, the condition is not imposed. Although the
condition is harmless in proving the main results stated in Introduction, it would be interesting to

see if it can be removed for other 3 > 0.

Now we start to prove the above theorem by developing several lemmas.

LEMMA 3.1 Let n > 2. Let p = (p1,-++ ,ftn) and X = (Ay,--- , \n) be random wvariables with
density functions fgq, (1t) as in (2.1) (taking a = a1) and f3,q, 4, () in (1.1), respectively. Then

1£(2a22) = L(w)l| = E[Kp - Ln(p) — 1]

12



and E(K,, - L,(n)) = 1, where

n—1 B

(ay +az — &
K, =a3""- H %25-22) and (3.2)

=0 Dlaz — 5i)

2w T w )T
— i=1Hi | ? < .
L,(u)=e 1 lj[l ( 2a2) I(lrgix i < 2as). (3.3)
Proof. It is enough to show

1600 = £091 = [ 1o () =11 Fo () . (3.4)

First, since p = (n — 1)+ 1, we have n(n — 1)3/2 4+ n(a; — p) + n = na;. It is easy to see that the

density function of 6 := 2as\ is

gﬁﬂlaaz(g)

5 1 n(n—1)8/24+n(a1—p)+n p 9 as—p
= ,a1,a2 - 9 _9 Hal -p

o (o) [T o ILo (1-42)

1<i<j<n i=1

s 1 nay 5 n 0 as—p
= A (— 0. —6.1°. gor—p i

G (o) T w-or-Ier (1-42)

1<i<j<n =1

for 0 < 6; <ag and 1 <i < n, and is equal to zero, otherwise. Therefore,

[1£(2a2)) — L(p)|

/[0 1950 00) = T ()]

= /[O ) |W - 1| . fﬂ,al (,U) d'u, (3.5)

Now, review fg 4, (1) as in (2.1) to see that

98,1 .08 (,LL) _ C/g,al,az L nai . f[ i az—p . 62;":1 /2
f8,a: (1) e\ 2az , 2az

=1
for 0 < p; < 2as, i=1,2,--- ,n, and is zero, otherwise. It is easy to check that
e <1> . <1> H D(as +as — §(n— )
e\ 2az 2az j=1 Tlaz— Bn—17))

n—1 B
gy Mt 6—.52) — K.
o Tlaz— 519
Thus, 98,a1,a5(1)/ f8,a1 (1) = Kp - Ln(pt), which together with (3.4) and (3.5) yields the first conclu-

sion. Finally,

B, L) = [ BB g dn= [gpon i) dn=1. @
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LEMMA 3.2 Let h(z) = zlogzx for x > 0. For a fized constant § > 0, an integer n > 1 and
variables a1 > 0 and ag > 0, set by = %al and by = %ag. If n — o0, a3 — o0 and as — 00 N a way

that a1 = o(y/az2) and n = o(y/az), then

n b _
> {h(by+by —i+1) = h(by —i+1)} = nby (1+logb2+ 12b n) +o(1).
=1 2

Proof. Note that h'(x) = 1+ logz, h/(z) = 1/z and h®(z) = —1/22. Given x¢ > 0, for any
Ax > —xg, by the Taylor expansion,

h(zo + Az) — h(zo) = h'(z0)Az+ %h”(wo)(Am)Q + éh(fﬂ (€)(Az)?
= (1+logxzo)Az + i(Am)z — é(AmP

where £ is between x¢ and xg + Ax. Now take xg = bs — i+ 1 and Az = by, we have that

hby +bs —i+1)—h(by—i+1)

= b1(1+ log(b —i+1))+ﬁ #—FO ﬁ (3.6)
T o 2 by —it1 b2 '
uniformly for all 1 < ¢ < n. Obviously,
i —1 i —1 2
log(by —i+1) =logby +1log (1 - =) =logby — —— + 0 ( % (3.7)
bo bo b3
uniformly over all 1 <1i<n as
n — 00, a; — o0 and ag — oo such that a; = o(y/az),and n = o(y/az). (3.8)
Now,
S R B S G S
2 be—i+1 2by 2 bo—i+1 b
b2 b i—1

2by 2 ba(by—i+1)

b? nb?
- n0(%)
uniformly for all 1 <14 <mn as (3.8) holds. Therefore, by (3.6) and (3.7),

hby +bs —i+1)—h(by —i+1)
bi(i—1) +ﬁ+0 b?+n2b21+nb%
by 2by b3
uniformly for all 1 <4 < n as (3.8) holds. Thus

= b1 —|—b1 logbg —

> {h(br by —i+1) = h(by —i+1)}
=1
bin(n—1) nb?

b} + n’by + nbt
= nb1+nb110gb2—2b2+2b2+n.0(1nb21711)
2

by —n bin bi’—l—nle —&—nb%
b1 [ 1+1logh _ — . _ .
n1< + log by + T >+2b2+n O( 2

The conclusion follows because the last two terms are all of order o(1) as (3.8) holds. [ ]
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LEMMA 3.3 Let K, be as in (3.2). Assuming (1.3), we then have

(1= 782
Proof. We claim that it suffices to prove
_B
K, = exp {nal(al?n) v 0(1)} (3.10)
2&2

under assumption (3.8). If this is true, under the condition that n3/(2a1) — v < 1, it is easy to
check that

nay(a; — gn) BB, (t, — 1) (1 — )38
2a9 Baz 8azy?

+o(1)

as (3.8) holds, where ¢, := 2a1/(ﬂn) — '7*1 Thus, (3.9) is obtained.
Now we prove (3.10). Set a = 2, by = a1 and by = 5a2. It is easy to see that

N\ B T(alby 4 by — i+ 1))
K‘(ab) § e

Recall the Stirling formula:
1 1 1
logT(2) =zlogz —z — —logz+1logV2n+ — + 0O | —
2 122 a3

as = Re (2) — +00, where ['(z) = [[* t*"'e~! dt with Re (z) > 0, see, e.g., p.368 from [35] or (37)
on p.204 from [3]. It follows that
log K,, (3.11)
= —anb log(aby)

+ " {alby +by —i+ ) loga(by + by —i+1) —a(by —i+1)loga(by —i+1)}  (3.12)

i=1

" b1+b2 i+1 1
— log .1
anby — Z i1 +0 <b2—n> (3.13)

as (3.8) holds.
Now, write (ax)log(ax) = (aloga)z + a(xrlogx) and set h(zx) = xlogx for x > 0. Calculating
the difference between the two terms in the sum of (3.12), we know that the whole sum in (3.12) is

identical to

a(log a)nby + azn:(h(bl +by—i+1)—h(bs—i+1))

i=1

a(log a)nby + anb; (1 + logbs + bn) +0(1)

2b

= anb + (anby) log(abs) + anb; - "y o(1) (3.14)

2b2
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by Lemma 3.2. From the fact that log(1 + z) < z for any = > 0, we have

n

b1+b2775+1 " b1 nb1
0 log————— = 1 1 <
<;°g b — i1 1 ;Og<+b2—i+l>_b2—n

for any by > n. Thus, the term in (3.13) is equal to —anb; +O (%) as (3.8) holds. Combining this
and (3.11)-(3.14), we get

b — _B
log Ky = anby - 22 4 o1y = "0 =51

as (3.8) holds. This gives (3.10). [ |

In the proofs next, we use op(1) to denote a random variable that goes zero in probability as taking

a limit.

LEMMA 3.4 Let = (1, , i) be a random variable with the density function as in (2.1) with
a=ay. Let L,(u) be as in (3.3). If (1.3) holds, then

 NA2.3
exp{(lg;)én} +Ln(p) — 1

in probability as n — oo.

Proof. From (3.3), we see that

n N\ a2—P
L’IL(/’[’) = 6(1/2)2?:1 Hi | H (1 — Hi > . I( max [i; S 2a2).

Pl 2a0 1<i<n
By Lemma 2.5, since 22 — ~ € (0,1] by (1.3),

2(11
MaXi<isn i g1 4 \/-1)2 (3.15)
n

in probability as n — oco. Since n = o(,/az ), choose 6, = (ny/az )'/2, then &, /n — oo and 8, //az —

0 as taking the limit as in (1.3). Therefore, to prove the lemma, it is enough to show

exp {W} Ln(p) — 1 (3.16)
in probability as n — oo, where
- n S\ %2P
Ln(p) = e/ Xz H <1 — 2‘;;) ~I(1r£?§xn i < 0n). (3.17)

This is because, for any two sequences random variables {&,; n > 1} and {n,; n > 1}, if &, — 1 in

probability and P(&,, # n,) — 0 as n — oo, then 1, — 1 in probability as n — oo. Rewrite

Ln(p) = exp {;Zu +(az —p) Y _log(1 — 2‘;;)}
i=1 i=1
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Zlog1—“z = QQQZM 822m+0<;§§u§’> (3.18)

on €2,. Now, on (2, again,

1 < 5 n(d,)? ( On )3 n 1
= 3 < = : L= =0 3.19
% ZMZ - ag \/ a2 /a2 a2 ( )

as taking the limit in (1.3). Recall p =1+ %(n —1). We have from (3.18) and (3.19) that, on €,
n 1L
- log(1 — ——

(@2~ 9) S lonl1 ~ 5)

2 n 2
_ _a—p( pn® ) _ (a2 —p)pn®
B 2a2 ( +Zu2> 2a27y

on Q, = {maxj <<y, ft; < &, }. Noticing log(1 — z) = —z — (22/2) + O(2?) as z — 0,

T
- (igg(l+v)+§u5> -l D) vo (e )
as (1.3) holds. By Lemma 2.1, as n — oo,
;iuiig; iiui—gnﬁN(O,of); (3.20)
;iufgfz(l—k;%y) ﬂQ(l—i—'y z;uz—f(l—ky)néN(O o3) (3.21)

. . P . .
where o1, 09 are constants depending on ~ only, the notation “—” means “converges in probabilit
) )

to” and “=” means “converges weakly to”. Now, write (a2 — p)/2a2 = (1/2) — p/2az, then
az —p pn* -
o guz)
B Bn? 1 pn 1
= 27 221/141+2a2 +ZNJ'L

by (3.20) as (1.3) holds. Also, under the same condition, (az — p)n?/a3 = O(n?/as) = o(1). It
follows from (3.21) that

az —p ﬁQ 3
— 1
s ( +7) +Zuz>

_ 2 2 n
- el (s L) o
=1

8as
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in probability as taking the limit in (1.3). In summary, combining all the computations above,

z ; _ log(1 —
5 ;Zlu + (a2 — p) ;:1 og( 2a2)

_ pn® (aa—p)Bn®  BPn(ag —p)
= T tay salp (1+79)+op(1)

ﬂan B ﬁ2n3 ﬁQn‘gp

= 1
2a07y 8a272( )+ 8a3v?

(1+79)+op(1)

on ,,. Now, since p=1+ g(n —1), n/\/az — 0, we see that

ﬂpnz ﬂQ’ﬂS ﬂ2n3p
= 1 d ——=(1 0
Say7  dag +o(1) an 80272 (1+79)—

as (1.3) holds. Thus, on €,

z ; _ log(1 —
5 ;,1“ + (a2 — p) ;:1 og( 2a2)

BQnS ﬁ2n3 (’Y _ 1)52713
= - 1 )= PR 1
day 8a2’y?( +7) +op(1) Sag? +op(1)
as taking the limit in (1.3). By reviewing (3.17), we conclude (3.16). |

LEMMA 3.5 Let {X,;n > 1} be a sequence of non-negative random variables. If X, — 1 in

probability and EX,, — 1 as n — oo, then E|X,, — 1| - 0 as n — oc.

Proof. By the Skorohod representation theorem (see, e.g., p.85 from [26]), w.l.0.g., assume X,, — 1
almost surely as n — oo. Thus, for any K > 1, we have X,,I(X,, < K) — 1 almost surely as n — oc.
This gives that F| X, I(X, < K)—1| - 0and EX,,I(X,, < K) — 1 as n — oo. The second assertion
and the condition that EX,, — 1 imply EX,I(X, > K) — 0 as n — oo. Therefore,

E|X, — 1| < E|X,I(X, < K)— 1|+ EX,I(X, > K) — 0

as n — oo. |

Proof of Theorem 6. It is known from Lemma 3.1 that
[£(2a27) — L(p)|| = E|K; - Ln(p) — 1.

with E(K,, - L,(p)) = 1 for all n > 2, where p has density f3,q, (1) as in (2.1). By Lemmas 3.3 and
3.4,

(1—~)p%n?
8agy?

(1—v)p*n?

K =
n exp { 80,2’)/2

+0(1)} and exp{ }.Ln(ﬂ) —1

in probability as taking the limit in (1.3). These imply that K, - L,,(1) — 1 in probability as taking

the same limit. Then the desired conclusion follows from Lemma 3.5. |
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4 The Proofs of Main Results

By using Theorem 6 developed in Section 3, we now are ready to prove the results stated in Intro-
duction.
Proof of Theorem 1. Set

n
1 1
vV, — — a
w= 2 ey
i=1

for (Af,---,\,) € [0,+00)™. Then, recall the definition of d in (1.4), by the triangle inequality,

|d(/’5n7/f50) _d(V’ruMON S d(,unal/n)

n

= s 23 (P taan) — f )|

Ifllpe<t ™55
< B max A - N,
n  1<i<n
where the Lipschitz inequality |f(z) — f(y)] < 1 is used in the last step. This says that d(un, to),
as a function of (A1,---\,), is continuous for each n > 2, and is therefore Borel-measurable. From

(3.1) we see that
P(d(pn, o) = €) < P(d(p,, po) = €) + [[£(202) — L{p) (4.1)

for any e > 0, where u], = (1/n) Y21 I, j2n) and g = (pu1,- - -, pin) has density fgq, (1) as in (2.1)
with @ = a; and nf/2a; — v € (0,1]. By Lemma 2.2, with probability one,

1 n
— E I% converges weakly t0 fiso (4.2)
n n

i=1

with density f,(z) as in (1.5). Write u;/(2n) = (uiv/nB)c!, where ¢ = 2v/3. Then, by (4.2),
with probability one, p/, converges weakly to ug, where po has density function ¢ - f, (cz). Equiva-

lently, d(p),, o) — 0 almost surely. This, (4.1) and Theorem 6 in Section 3 prove the theorem. |

Proof of Theorem 2. First, Az (n) and Ay (n) are continuous functions for any n > 1. Then

an 2
Vig (|n/\max(n) - W| 2 5)
2
< P (Iggmantm) - P 2 ) 4 fecan) - £ (43)

for any € > 0, where p = (u1,--- , ftn) has density fg 4, (@) as in (2.1) with a = a1 and n83/2a; —

v € (0,1]. From Lemma 2.5, we know pmax(n)/(2n) — B(1 + /v~ 1)?/2 = (1 + /7)?/(27) in
probability. This together with (4.3) and Theorem 6 in Section 3 yields the desired conclusion. By
the same argument, (a2/n)Amin(n) converges to (1 — /7)?/(27) in probability. |

Proof of Theorem 3. Evidently,

|P((X1,- -, Xg) € A) = P((Y1, -+, Yi) € A)| < [[£(2a20) — L(p)]|
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for any Borel set A € R¥, where

Y;

e N e~ 1 (i [i-1
Z(%MJ) _nngrl(r)( r >7

- PSS (i (i-1
() e () ()

Jj=

for i > 1 (since ¢ = 2v/f), and p = (u1,--- , py) has density fgq, (1) as in (2.1) with @ = a1 and
nf/2a; — v € (0,1]. The conclusion then follows from this, Lemma A.3 and Theorem 6 in Section
3. |

Proof of Theorem 4. The assumption that 23~ *a; —n = c and n = o(y/az) imply that n3/2a; — 1
and a; = o(,/az). Thus the conclusion of Theorem 6 in Section 3 holds.

Let (61, -- ,0,) have density fz o, asin (2.1) with a = a;. Noticing, “GA;” and “a” in Theorem
1 from [59] correspond to “f;” and “c” here, respectively. By Theorem 1 from [59], for fixed integer
E>1,

(;0(”), e ,ZO(”Hl)) converges weakly to  (Ag(B,¢), -, Ap_1(3,¢))
as n — 0o. By Theorem 6 in Section 3,
P ((2a9A1,- -+ ,2a2\,) € B,,) — P((61,--+ ,0,) € B,) — 0
for any Borel set B,, C R™ for n > 1. Combining the above two limits we obtain

2 2
( aén)\(”) an)\(”_kﬂ)) converges weakly to  (Ag(53,¢),- -+, Ax—1(8,¢))

as n — oo and as — oo with n = o(y/az). The proof is complete. [ |

Proof of Theorem 5. Recalling (2.1), let

_ (Vi+vaFTa) and 5, = 20 na " 44
_( n+ 208 a) an Un_(\/ﬁ_k\/g/gfla)ﬂ?f (4.4)

Let (61, -- ,0,) have density fs, asin (2.1). Noticing, “8A;” in Theorem 1.4 from [58] corresponds
to “0;” here; “s” in Theorem 1.4 from [58] is equal to 23 1a, and g(n —1)+1 = p, and the k-th
lowest eigenvalue of Hg is the (n — k + 1)-th largest eigenvalue of —Hg. Then by Theorem 1.4 from
[58],

o)
On (5 — mn> converges weakly to (Aq,---,Ag) (4.5)
I=1,- k

PR

as n — oo and a — oo such that n/a converges to a nonzero, finite constant. In other words,

< P10
P &n(—mn> 6A>—>P((A1,---,Ak)eA)
& =1,k

s
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for any Borel set A C RF. By Theorem 6 in Section 3, assuming (1.3) and a = ay,
P((2CLQ>\1, s 72042)\71) € Bn) — P((Gl, s ,Qn) € Bn) — 0

for any Borel set B,, C R™ for n > 1. Evidently, for z = (z1,--- ,2,,) € R™, the function g(z) := z(®,
the I-th largest one in {z1, -,z }, is a continuous function in . Replacing a by a; in (4.4), the

above two assertions conclude that

2a9 A1)
o < GQB _ mn) converges weakly to (A1, ,Ag) u
=1, .k

5 Appendix

Let Q(z) be a real continuous function on [0, 00) such that for any € > 0

lim ze @@ =, (5.1)
T— 400

For each integer n > 1, let p(n) be an integer depending on n. Assume the joint probability density
of (A1, Ap(ny) is of the form

(n) p(n)
1 g 5" 11 8
Uy 1= Z—nexp -n E Q(t;) 4 t; 1 [ti — tj| (5.2)
i=1 i=1 1<i<j<p(n)

where 3 > 0 is fixed and v(n) > 0 depends on n. Let u, be the empirical probability measure of
A1y, Ap(n)- Under the weak topology, the large deviations for {y, } is given below. For a reference

of general large deviations, one can see, e.g., [15] and [17].

THEOREM A.1 (Theorem 1 in [38]) Assume p(n)/n — « € (0,1] and y(n)/n — 7 > 0 as n — oc.
Then the finite limit B := lim, o n~2log Z, ewists and {u,; n > 1} satisfies the large deviation

principle with speed {n=2; n > 1} and good rate function

42
I(v) = —7ﬁ // log |z — y| dv(z) dv(y) + n/(Q(m) —7logx)dv(x) + B (5.3)

for all probability measure v defined on [0,00). Moreover, there exists a unique probability measure

vy on [0,00) such that I(vy) = 0.

In Theorem 1 from [38] or Theorem 5.5.1 from [37], the limit 7 above is required to be strictly

positive. However, after a check, it is found that the conclusion also holds for 7 = 0.

THEOREM A.2 (part of Theorem 8 from [38]) Let v € (0,1], Ymin = (1 — \7)? and Vimaz =
(1+/A)?. For probability measure v, define

J(v) = —% // log |z — y| dv(z)dv(y) + % / (x — (1 —~)logz)dv(x).

Then the unique minimizer of J(v) over all probability measures on [0, +00) is the Marchenko-Pastur

law with density function f.(z) as in (1.5).
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Proof. Take a in [38] equal to . Notice

VI (@ 1= = /(e — (1= VA + VA2 — 2) = V(@ — Yo Clnae — 2)

for all € [Ymin, Ymaz|. Also, over all probability measure v on [0, c0), taking the minimum for

Iv): = —%/ /log|x —y|dv(z)dv(y) + % /(x — (1 =7)logz)dv(x)
—i (37 =7 logy + (1 —7)*log(1 — 7))

is the same as doing so for J(v). Then the conclusion follows from Theorem 8 from [38]. |

THEOREM A.3 (Theorem 1.5 from [23]) Let \,---, A, be random variables with the density
function as in (2.1). Assume nB3/(2a) — v < 1. Define

nS (3 B

Jj=1 r=0

fori > 1. Then, as n — oo, (X1, -, Xy) converges weakly to a normal distribution Ni(u,X) for

some p and 3.
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