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Abstract

Let V be the m x m upper-left corner of an n x n Haar-invariant unitary matrix. Let
A1, -+, Am be the eigenvalues of V. We prove that the empirical distribution of a
normalization of Ay,---, A, goes to the circular law, that is, the uniform distribution
on {z € C; |z| < 1} as m — oo with m/n — 0. We also prove that the empirical
distribution of A1, -+, A, goes to the arc law, that is, the uniform distribution on
{z € C; |2| = 1} as m/n — 1. These explain two observations by Zyczkowski and
Sommers (2000).
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1 Introduction

Random unitary matrices (Dyson, 1962) are used in many physical applications such as
chaotic scattering and conductance in mesoscopic system (Beenakker, 1997) and statistical
properties of periodically driven quantum systems (Haake, 2010). In applications, people
often consider truncations of large dimensional Haar unitary matrices, which are used to
describe quantum systems with absorbing boundaries (Casati, Maspero and Shepelyansky,
1999). Applications of such truncated matrices are found in optical and semiconductor
superlattices (Gliick, Kolovsky and Korsch, 2002), problems of quantum conductance (For-
rester, 2006), distribution of resonances for open quantum maps (Fyodorov and Sommers,
2003; Schomerus and Jacquod, 2005; Nonnenmacher and Zworski, 2007; Pedrosa, Carlo,
Wisniacki and Ermann, 2009).

On the other hand, truncations of Haar-invariant unitary and orthogonal matrices have
application in statistics. In particular, the singular values of such a truncation have the
same distribution as those of a Jacobi matrix (Collins, 2005). In literature, a Jacobi matrix
is also called a MANOVA matrix, which has been used extensively in the multivariate
analysis from the field of Statistics. Some applications of the truncations of Haar-invariant
matrices can be found in, for example, Eaton (1989), Diaconis, Eaton and Lauritzen (1992)
and Jiang (2009).

Certain theoretical work on truncations of Haar invariant matrices were carried out by
several authors. For example, Zyczkowski and Sommers (2000) derived the distributions
of the absolute values of the eigenvalues and simulated the empirical distributions of the
eigenvalues; Petz and Réffy (2004, 2005) analyzed the entries and proved a large deviation
principle for the eigenvalues; Jiang (2006, 2009) used independent normal random variables
to approximate the entries; Khoruzhenko, Sommers and Zyczkowski (2010) studied the
distribution of the eigenvalues of a block of an Haar orthogonal matrices, and Forrester
(2010) further studied the same problem and deduced a formula for the zeros of the Kac
random polynomial.

In this paper, we shall study the spectra of a truncated block of an Haar unitary matrix.
To be precise, for each n > 2, let m = m,, < n be a positive integer. Let {U,; n > 1} be a
sequence of Haar-invariant unitary matrices defined on the same probability space, where
U,, is an n X n matrix for each n > 1. Denote by Uy, ,,,) the m x m upper-left corner of Uy,
and by Ay, -+, Ap, the eigenvalues of Uy, . Since the spectral norm of Uy, ;) is bounded
by that of U, which is one, we know that maxj<;<m, |Ai| < 1. Define

1 m
= — Oy, .

Besides their deep theoretical results, Zyczkowski and Sommers (2000) made several
simulations about p,,. They found that the behavior of p,, is decided by the ratio m/n.
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Figure 1: Arc Law as in Theorem 1 for Uy, m), where the first is Ugago,185), the second is Ujsop,a77),

the third is U[10007968]'

In fact, taking n = 5, m = 2 and m = 4, respectively, and independently generating the

m-~dimensional vector (A1, -, \;,) many times, they observed that

“For Uls 4), there exist several eigenvalues close to the unit circle, while for stronger

truncation Ups 9] the eigenvalues are clustered closer to the origin.” (1)

Through the study of the large deviations for the eigenvalues A1, - - - , A;p,, Petz and Réffy
(2005) obtained the following nice result: If m/n — « € (0,1), then p,, converges weakly
to the distribution vy with the probability density function

(=t =1)r
(1 —1r2)?
on {z € C; |z| < y/a}. The density, as a function defined on the complex plane, does not

depend on the angle ¢. Therefore it is rotation-invariant.

dyy = drdp, —z=re"¥ (2)

In this paper we will study u,, for the other two cases: @« =1 and o = 0.

THEOREM 1 (Arc Law) Assume lim,,_,oo m/n =1, then, with probability one,

1 m
= — O
Hm m; i

converges weakly to the uniform distribution on {z € C; |z| = 1}.

Recall the first part of the observations in (1). Thinking that m = 4 is “very close to”
n = 5, Theorem 1 says that not only “several eigenvalues close to the unit circle”, there are
m—o(m) of the eigenvalues close to the circle evenly, that is, they are uniformly distributed
on the unit circle in the limiting sense. See Figure 1.

Let X,, = (z;;) be an n x n Haar-invariant orthogonal or unitary matrix, that is, X,

generates the Haar probability measure on the classical compact group O(n) or U(n). It is
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Figure 2: Circular Law as in Theorem 2 for Uy, ), where the first is Ujgoo s3], the second is

Ulso0,105), the third is Upgoo,177)-

known that the empirical distribution of the eigenvalues of X,, converges to the arc law as
n — 00. See, for example, Diaconis and Shahshahani (1994) and Diaconis and Evans (2001)
in this direction. Theorem 1 says that the arc law still holds if the size of a truncated block
of an Haar unitary matrix is large enough.

To state the result for « = 0, we need to review some terminology. Denote by M(C) the
Borel probability measures defined on the complex plane C. Let p and v be two probability
measures on C (or R?). Define

p(p,v) = sup (3)

Ifll<1

[ s@ntan) = [ s vin) .

where f is a bounded Lipschitz function defined on C with || f|| = sup,cc |f(z)], and || f||z =
| fll-+sup,z, | f(x)—f(y)|/|z—yl|. This metric generates the topology of the weak convergence
of the probability measures on C (see, e.g., chapter 11 from Dudley (2002)), that is, p,
converges to p weakly as n — oo if and only if lim, o [ f(z) pn(dz) = [ f(z) p(dz) for
every bounded and continuous function f(z) defined on C, and if and only if p(up, ) — 0
as n — oo. We endow M(C) with the standard weak convergence topology, which is, as
explained, the same one generated by p(u,v) in (3).

THEOREM 2 (Circular Law) Suppose m — oo and m/n — 0 as n — oo. Let ug be the
uniform probability measure on {z € C; |z| <1} and
1 m
Hm = mZ;(s\/ZAi, n Z 1.
1=

Then,
(i) p(fem, po) — 0 in probability as n — oo;
(i) With probability one, p, converges weakly to po as n — oo if limy, oo My /+/logn = oco.

In view of the second part of the observation in (1), thinking that m = 2 “is of a small
portion” of n = 5, we indeed see from Theorem 2 that “the eigenvalues are clustered closer



to the origin.” Further, the theorem tells us that by magnifying the eigenvalues with \/%
times, they are asymptotically distributed on the unit disc uniformly. See Figure 2.

Now we make some comments about Theorem 2.

First, by measuring the variation distance between the entries of Uy, ;) and m? in-
dependent and identically distributed complex Gaussian random variables, Jiang (2009)
showed that (i) of Theorem 2 holds when m — oo and m = o(y/n) as n — oco. Theorem 2
improves the order to m = o(n). In fact, the order m = o(n) is the best one to make the
circular law hold since a different limit law in (2) appears when m/n — a € (0,1).

Second, let Y, = (y;;) be an n x n matrix where y;;’s are independent and identically
distributed random variables. Let A1,---, A, be the eigenvalues of Y,,. The circular law
problem, that is, the empirical distribution of A1/y/n,- -, A,/+/n goes to the uniform dis-
tribution on {z € C; |z| < 1} as n — oo, has been studied by some authors including, for
example, Girko (1984a, 1984b), Bai (1997), Pan and Wang (2010), Tao and Vu (2008, 2009,
2010). Theorem 2 presents a circular law when the entries of the matrix, unlike those of
Y ,,, are dependent random variables.

Finally, based on the ratio m/n — « for « =0, a € (0,1) and a = 1, Theorem 1, (2)
and Theorem 2 give a complete characterization of the empirical distributions of Ay, , Amp,
as n — oo.

The proofs of Theorem 1 (o = 1) and Theorem 2 (a = 0) are different from the proof
of (2) (a € (0,1)) by Hiai and Petz (1998). The limiting law in (2) is proved by large
deviations. Now we state our methodology.

Theorem 1 is proved by using a polynomial method. Let g(z) = det(z1, — Up, ) =
2™ 4 bpy_12™ 71 + .-+ 4 by be the characteristic polynomial of Uy, We first study the
coefficients b;’s by using the symmetric functions associated with the partitions of integers,
an identity from Diaconis and Evans (2001), the Selberg integral and the Jacobi ensembles.
Based on the work of Erdés-Turdn (1950), Granville (2007) and Hughes and Nikeghbali
(2008) give the convergence of the empirical distribution of the roots of a polynomial con-
verging to the uniform distribution on {z € C; |z| = 1}. The two steps are then combined
to complete the proof.

The main focus of the proof of Theorem 2 is to estimate P(p(fim, o) > €). By using
an inequality we first transform the original problem to that on the Ginibre ensemble. An
important ingredient of the estimate is a large deviation for the eigenvalues of the Ginibre
ensemble by Hiai and Petz (1998).

REMARK 1.1 In Theorems 1 and 2, we consider blocks of Haar unitary matrices. Similar
results should also be true for Haar orthogonal matrices. In fact, Theorem 5 from Jiang
(2009) shows that Theorem 2 still holds if U,, is replaced by an Haar orthogonal matriz and
m = o(y/n). Further, Khoruzhenko, Sommer and Zyczkowski (2010) and Forrester (2011)
studied the density function of the eigenvalues of a truncated block of an Haar orthogonal



matriz, which is not as explicit or clean as the case for an Haar unitary matriz. We leave

this as a future work.

The rest of the paper is organized as follows: the proof of Theorem 1 is given in Section
2.1; the proof of Theorem 2 is given in Section 2.2.

2 Proofs

From now on, for brevity of notation, we write m = m,, if there is no confusion.

2.1 The Proof of Theorem 1

Let U,, be an n x n Haar-invariant unitary matrix, that is, the entries of the unitary matrix
U,, are random variables having the same joint distribution as that of VU,, and that of

U,V for any n X n unitary matrix V.

LEMMA 2.1 (Theorem 2.1 from Diaconis and Evans (2001)) Consider a = (a1, --- ,ax)
and b = (by,--- ,bg) with a;,b; € {0,1,2,---}. Then for n > Zlejaj V Z?:ﬂbja

k
[H (Tr(U7))% (Tr(U%))® ] = 5aij ia;) (4)

]:
where Oy 1s Kronecker’s delta.

See also Diaconis and Shahshahani (1994) for this. The following well-known formula can
be found in many places, e.g., Mehta (1991) and Forrester (2007).

LEMMA 2.2 (Selberg integral) Let N > 2 be an integer, and «, B and 7y be positive num-
bers. Then

1<j<k<N

/ / / Hma 1 1_xz . H |$j—:l}k|2,yd:l}1d$2"'dl']\[
N—

H (L +v+ (e + )6+ 1)

Lo PA+T(e@+ B+ (N +1-1)y)

Let fq(x) = ag +aix+-- - +agx? where ag, - - - , aq are complex numbers with agag # 0.
Define

L(f) ()

\/WZI%I

The following result comes from Theorem 1.3 from Granville (2007), which is an improve-
ment of Erdos-Turdn (1950). See also Theorem 7 from Hughes and Nikeghbali (2008) in

the same spirit.



LEMMA 2.3 Suppose fi, fo,--- is a sequence of polynomials of complex coefficients where
fa has degree d and f;(0) # 0. Let A1,---,\g be the roots of fq and

d

Sa2
(fa
1}.

:ur—‘

be the empirical measure for d > 1. If Llog L(f4) — 0 as d — oo, then pgq converges weakly

to the uniform distribution on {z € C; |z| =

From Lemma 2.3, it is trivial to see that the empirical distribution of the roots of a Kac
polynomial (the coefficients of the polynomial are independent standard normals) converges
weakly to the uniform distribution on {z € C; |z| = 1} as the degree of the polynomial goes
to infinity. The same is also true for a Littlewood polynomial (the coefficients of the

polynomial are independent symmetric Bernoulli random variables).

LEMMA 2.4 Let I'(x) be the gamma function and a be a real number. Then

. D(z+a)
lim ——=
z—+oo zI'(x)

Proof. By the Stirling formula (see, Gamelin (2001) or from Ahlfors (1979)),

=1

1 1
logl'(z) = zlogz — z — flogz—l—log\/ +E+O <x3>

as * = Re(z) = +00. Then
I'(z + a)
I'(x)

as x — oo. First, use the fact that log(1 +t) ~ ¢+ O(t?) as t — 0 to get

log = (x +a)log(x +a) —xlogx —a — %(log(x—l-a) —logz) + O (;) (6)

1
(x +a)log(x +a) —zlogx = alogx + a+ O <>
x

as r — oo. Evidently, log(x 4+ a) —logz = O(1/z) as © — 4+o00. Thus, we have from (6)
r 1
logmzaloga:—FO —
I'(z) x

as x — 00. The proof is complete. |

For n > 2 and variables x1, - - - , x,, recall the elementary symmetric function and power

symmetric function as follows.

ep = ey, Tp) = Y @y (7)

1<y <--<ip<n

n
pk:pk(xla"’ 7xn)zz$f and Pr =D Prg " (8)
i=1

for any partition A = (A1, Mg, -+ ) with eg = pg = 1.



LEMMA 2.5 Let the characteristic polynomial of an n x n Haar invariant unitary matriz
U,, be denoted by

fu(2) = det(zL, —Up) = 2" + an12""" +--- +ag
for all z € C. Then E(|ag|?) =1 for0 <k <n—1.

Proof. First, let the eigenvalues of U,, be 21, -+, z,. Then we know
an_ = (=1 e(z1, -, zn) 9)

for 1 < k < n. Second, we know the basic formula between e; and pj:
e = Z 6)\Z>T1p)\ (10)
AFE

where the sum runs over all partition A\ = (17122 ...) of k, ey = (—1)* ! with I(\) =
mq + mo + - -+ being the length of the partition A and

Z\N = H]mjm]‘

Jj=1

See Proposition 7.7.6 from Stanley (2001) or (2.14’) from Macdonald (1998). From (9) and
(10) we see that

E(lan—*) = E(lexl®) = Y exepzy 'z, E (pAB,) (11)
Ak, pHk

for all 1 < k < n. Notice px = pr(21,--+,2n) = tr(UE). Thus, for A = (1™12m2...), we
have

DX =DPaPry 0 = H (tr(UZl))mj.

j=>1
It then follows from (4) that
E(|pAl*) = 2x and E (p,\f?p) =0 for A # p.

By (11) we have
1

E(la,) =) —=1
(laxl?) = 3 =
AR
for Kk =0,1,--- ;n — 1, where the last identity holds since the conjugacy class associated
with X in the symmetric group Sy, has k!/z\ permutations, so that >, , k!/z\ = kl. [



LEMMA 2.6 For 1 <m <n, let Uy, be an n X n Haar unitary matriz and Uy, ,,, be the
m x m upper-left corner of Up. Set g(z) = det(zLy, — Up, ) = 2™ + bro12™ L 4 - 4 by.
Then

E(bnif?) = 1E)

forallk=1,2--- m.
Proof. It is known that

(_1)kbm—k = Z det(Ujly“':jk) (12)
1<i<<jp<m
for any 1 < k < m, where Uy, .. j, is the k£ x k principal minor of Uy, ,,}, hence the
k x k principal minor of U, formed by rows ji,--- ,jr and columns ji,--- ,jr of U,. By
the Haar invariant property, exchanging any two different rows or/and exchanging two
different columns do not change the joint distribution of the entries. Thus, det(Uj, ... ;)
and det(Uj ... ) have the same probability distribution. It follows that

B(|det(Uy;.. 3,)1?) = B(|det(Ur,.. 1)) (13)

for any 1 < j3 < -+ < jr < m. On the other hand, any two different & x k£ minors
det(Uj, ... j,) and det(Uj, ... 5, ) are uncorrelated, that is,

B(det(Uj,,.. 5,) - det(Uy, - y,) ) =0 (14)

forany 1 < j1 < - < jr <mand 1 <} < -+ <l < m with {j1, - ,jk} #
{l1,--- ,lx}. In fact, suppose js ¢ {l1,---,lx} for some s € {1,--- ,k}. For any 6 € R,
set A = diag(1,1,---,1,e? 1,---,1) where ¢ appears at the s-th position. Then, by the
Haar invariance, AU,, and U,, have the same distribution. Notice the transform AU,, only
changes the j,-th row of U,, by multiplying each entry in the row with €, and keep all of
the other entries of U, the same. Consequently,

B(det(Uj,,.. 5) - det(Uy, ) = E(det((AUL;; ... ,) - det((AUL )1 1))
= " B(det(Uy,....5,) - det(Up 1))

for any 6 € R, which implies (14). From (12), (13) and (14) we conclude
m
Elbpi]? = <k> - B(ldet(Uy,.. ) (15)
for all 1 < k < m. Now define

det(zI, — Up) = 2" + ap_12" "1 + -+ ap.



Taking m = n in (15) and by Lemma 2.5 we have that

1 = Elan_s|? = (Z) .E(ydet(UL.._,k)P)
for all 1 < k <n. This and (15) yield the desired conclusion. [

LEMMA 2.7 Let m = m,, be an integer with 1 < m < n for each n > 2. Let {U,; n > 1}
be a sequence of Haar unitary matrices defined on the same probability space, where U, is
an n x n matriz for each n > 2. Denote by W, ) the m x m lower-right corner of U,. If
lim,, oo m/n = 0, then

.1
nh_)ngo ﬁlog |det(Wipm)| =0 a.s. (16)
Proof. For any € > 0, we claim that
1
P(E‘ log |det (W[n,m])y) > e) < e (17)

as n is sufficiently large. If this is true, then the sum of the above probabilities over all
n > 2 is finite. Therefore, (16) follows from the Borel-Cantelli lemma.

Let Uy, the m x m upper-left corner of Uy. By the Haar invariance, Uy, ,, and
W{,,,m] have the same distribution. Thus, to prove (17), or to prove the lemma, it suffices
to show, for any € > 0,

P(%‘ log |det (U )| > ) < e (18)

as n is sufficiently large. Now let us prove this.
Set Vi = Uy, ) Uy, 1 for all n. Notice [det (Vm)]l/2 = |det (Upym))| < 1since Uy, 1y is

[n,m]
a contraction map, and hence all of its eigenvalues are inside the unit circle on the complex

plane. Therefore,

1 o 1 2ne
P(ﬁ‘ log |det (U[mm])]‘ > e) = P([det ) > e )
1 1
< —2nte — —2nteE 1
= e et (Vo) © ooy 19

for any t > 0 by the Markov inequality, where 0 < A\; < --- < )\, are the eigenvalues of
V. By (3.6) and (3.15) from Forrester (2004) or (2.5) from Jiang (2009) we know that

A1, , Am actually come from the Jacobi ensemble with probability density function
f()\la e 7)\m)
1 m
= ——JJa-x)~2m. N —ANPI0< A <---<An<1), (20
C’(m,n) E( ) 1<i];[<m( J) ( = Al = — — ) ( )

10



where C(m,n) > 0 is a constant depending on m and n. Since f(A1,- -+ , Ay is a probability
density function,

m

C(m,n) = // [Ta=-xm2m JI i—x)%dn---din
0S>\1§"'§>\m§1i:1 1<i<j<m
1 ! n 2m 2
m!/o---/Hl— I i =27 dn - dan.

1<i<j<m
Now, takinga =1, 6=n—2m+1,v=1and N = m in Lemma 2.2, we obtain

m—1

_ L U420+ )T (n—2m + L+ 1)

m! s rern—m-+1+1)

(21)

On the other hand, for fixed ¢ € (0, 1), by (20),

1
E
(AL Am)?
1
— At I i —A)2dA; - dy,
c<m,n>//H 1L v=nan
0<A < <,\m<11 1 Isi<jsm
= m'C/ / A T = M) dAr - dA.
1<i<j<m
Takea=1—t, =n—-2m+1,vy=1and N =m in Lemma 2.2 to get
1 B 1 T+ 2T(—t+1D0(n—2m+1+1)
AL-—-An)t mlC(m,n) reylrn—m-—-t+1+1)

0
T(l—t+1) T(n—m+1+1)
T(i+1) T(-m+i—t+1)

Rearranging the index [ above, and joint with (19) we conclude
1
P(= |1og |det (Up )l > ¢)

ety D=1 & T(n—m+1)
< =y U= (22)

=1 =1

Now by Lemma 2.4, there exist integer mg > 2 such that

2 T S
for all £ > mg. Thus,
(1 —t) ' 1 o T —t) e
W ey = Cmod) =gy I "rqg = om0y 09



for m > mg, where

mo—1
INU)
t) = — 1Nt 1
Clmo,) = (mo = 10" ] ()
is a constant depending on mg and ¢ only. Therefore, from (23),

m

for all m > mg. It is easy to check that (24) also holds when m < my — 1. Thus, (24) is

true for all m.

On the other hand, from the assumption, we see that n — m — oo as n — oco. By the
same argument as in the above,

n

HFF(n—m+l Un—m+l [T 7'=2"( n! )!)t (25)

poiey (n—m+1-1t) Pt

as n is sufficiently large. Combing (22), (24) and (25), we arrive at

P(%‘ log |det (U[mm])w = 6) < C(myg, t)e 2nteqm <n)t

m

as n is sufficiently large. By the Stirling formula m! = v/27wm m™me 155 with Om € (0,1),
we have that (:;) < (%)m for all 1 < m < n. Consequently,

P (1o |det (U )| > )
< Clmot)-exp { = [(20  log ™ — log(a'/%e)| mt} < Clom. ) - e~

as n is sufficiently large, where we use the inequality (2¢) > —log /> — log(4'/te) > (1.5¢) 1~
in the last step since lim, ;o 7~ = co. Taking ¢ = 3/4, we get (18). The proof is completed.
|

LEMMA 2.8 Letn > 2 and A be an n X n unitary matriz. Write
A
A 1 A
A; Ay
where A1 and Ay are square matrices. Then |det(A1)| = |det(Ay4)|.

Proof. Let A; be p x pand Ay be ¢ X ¢ with p>1, ¢ > 1 and p + ¢ = n. Without loss of
generality, assume p > ¢. Looking at the (1, 1)-block of A*A = I,,, we get ATA; + ALA3 =
I,,. It follows that

det(A)|? = det(ATA;) = det(l, — A3A3) = det(I, — A3Aj (26)
p 3 q 3

12



since the eigenvalues of A3A3 are the same as those of A3Aj plus 0 with p—gq fold. Looking
at the (2,2)-block of AA* = I,,, we have A3Aj + A4A} = I,;. Thus

|det(A4)|* = det(I, — AzA%),
which together with (26) yields the conclusion. ]

REMARK 2.1 Letn > 2 and U,, = (u;j) be an n xn Haar unitary matriz and Uy, ,_q) be
the (n — 1) x (n— 1) upper-left corner of Uy,. According to Lemma 2.8 and the distribution
of the entries of Uy, (see, for example, Jiang 2010), we have

2 2
d +
|det(Upy ) = g ? & SLEE2 (27)

2n
il &
where {&1,- -+ ,&an} are independent and identically distributed random variables with distri-
bution N(0,1), and “ L7 means the last two random variables in (27) have the same proba-
bility distribution. Thus, |det(U[n’n_1])|2 is asymptotically x*(2)/(2n) as n is large. Heuris-
tically, |det(Uy, ,—1))| is close to |det(U,)| = 1. However, (27) shows that det(Uy, ,_1]) is

i fact very small. This seems counterintuitive.

Proof of Theorem 1. Set g(z) = det(zLy, — Up, ) = 2™ + bn-12™"1 4+ - + by. By
Lemma 2.3, to prove the theorem, it is enough to show that

1 1 —
— log (mjzgybﬂ) S0 as. (28)

as n — oo, where b, := 1.
First, for any € > 0,

1 & 1 1 & 2 1 1 & )
Pz ol 29 < g B( W) < o o S BP)
=0 =0 =0

by a convex inequality. From Lemma 2.6 we see that
2 _ (5)
E(|bm—j|") = - <1
(5)
for all 1 < 5 < m. Recalling b, := 1, the above two assertions give that

0o 1 M 00 1
;P(m%;)wj\ > ¢ <n§_:1m2€2 < o0

n

for any € > 0 since m,,/n — 1 as n — oo. By the Borel-Cantelli lemma, we have that

1 m 1 Mn
5D Ibil=—5 D Il =0 as
m = mnjzo



as n — oo. Since b, = 1, it is not hard to see

1 m
—1 bil =0 a.s. 29
w1082l =0 e (29)

as n — o00.
Second, notice [bg| = [det(Up, )| Write

Un _ U[n,m] ES
Wi

where Wy, .,/ 1 is the mj, x mj, lower-right corner of U,, with m;, := n —m. By Lemma 2.8,
|bo| = |det(W p, mr1)|- From Lemma 2.7,

1 1
ﬁlog |bo| = - log |[det(W 1) — 0 a.s. (30)

as n — oo since m),/n =1— (m/n) — 0 by the assumption. Then (29) and (30) yield (28).
The proof is completed. |

2.2 The Proof of Theorem 2

Suppose X,, = (X;;) is an n x n matrix whose n? entries are independent and identically
distributed complex normal random variables with E(X7;) = 0 and E(|X11]?) = 1/n. In
other words, Xi; and (£ + in)/v/2n have the same distribution where £ and 7 are i.i.d.
N (0, 1)-distributed real random variables. In literature, X,, is called a complex Ginibre
ensemble, see Ginibre (1965). Let Aj,---, A\, be the (complex) eigenvalues of X,,. Their
joint probability density function is given by

FOq, - An) = Cp - e 2z Al H IAi = Aj[2dAg -+ dAy, (31)

1<i<j<n

for all Ay, -+, A, € C, where dA; ---d)\, := [[;=; dRe(\;) [[i=; dIm(};) is the Lebesgue
integral in R?" and
nn(n+1)/2
" [Try KV
See, for example, (1.35) and (1.36) from Ginibre (1965) (note the notation dz dz* = 2 dx dy
for z = x + iy in the paper).

Let po be the uniform probability distribution on the complex unit disc {z € C; |z| < 1}.
Given A, -+, Ay, define

n

P, = ;Z&\l (33)

i=1
as the empirical distribution of A1, --- , A,. Recall M(C) above (3) and the associated weak
topology. We need the following large deviation result.
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LEMMA 2.9 (Theorem 9 from Hiai and Petz (1998)). Suppose A1, -+ , Ay, have the joint
density function f(A1, -+, ) as in (31). Then {P,; n > 1} satisfies the large deviation
principle with speed {n*; n > 1} and a good rate function I(u), which takes the unique
minimum at o and I(pp) = 0. In particular,

1
limsup — log P (P, € F') < — inf I(u) <0
n

n—oo HeF

for any closed set ' C M(C) with po ¢ F.

Let 1 <m < n. Recall Uy, ,, is the m x m upper-left corner of an n x n Haar unitary
matrix U,. It is known from Zyczkowski and Sommers (2000) and Petz and Réffy (2005)

that the joint probability density function of Ay, -+, Ay, the eigenvalues of Uy, ), is given
by
g Am) =Clmy [ =N TTA = D A - A, (34)
1<i<j<m i=1
with
m—1 . —1
L (Y
C[n,m] =0 ] n—m-+)
gl m
_ e Mgt (= m— 1] (35)

Hj:n—m j'

LEMMA 2.10 Let {an;; 1 <i<n,n>1} and {ty; n > 1} be complex numbers such that
1 « 1«
Un = ﬁ Z 50«n,i and ,U,;l = E Zé(tnan,i)
=1 =1
for n > 1. If p, converges weakly to a Borel probability measure v on C, then pl, also

converges weakly to v.
Proof. Let f(x) be a real-valued function defined on C with

sup [f(@)] =1 and |f(z) - f(y)] < alz -y (36)

for all z,y € C, where a € (0,00) is a constant. We need to show

1 n
n;f(tnan,i) — /Cf(x) v(dz)

as n — 0o. By the given condition, the above is true with ¢, = 1. So it suffices to show
1 n
H, := E Z ‘f(tnan,i) - f(an,z)| —0 (37)

=1
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as n — oo. For any r > 0, set F,. = {x € C; |z| > r}. Using (36) we have

1o 2
Ezv(tnan,i) = flang)| < EZI{M”’H > r}+arlty = 1| = 2un(Fy) + arft, — 1].
= =1

Then limsup,, ., H, < 2v(F,). We get (37) by letting r — +o0. |

Proof of Theorem 2. Set ¢, = \/(n —m —1)/n and

M;HZEZ% mya (38)

for n > 1. We will first show that, for any € > 0, there exists a constant 7 = 7(¢) > 0 such
that

2

P(p(tm, p0) =€) < e (39)
as n is sufficiently large, where p is as in (3).

(i) If (39) is true, then p(ul,, o) — 0 in probability as n — oo. Recall that random
variable T,, — T in probability as n — oo if and only if for any subsequence {ny} of
{n}, there is a further subsequence {ny;} such that To,, = T almost surely as j — oo.
Notice lim,, o t, = 1 since m = m,, = o(n) as n — oco. By Lemma 2.10, we have that
p(tm, o) — 0 in probability as n — oo.

(i) If (39) is true, by the assumption lim,_,o m,/v/Iogn = oo, we see that

> P(ppng: p10) > €) < 00
n>mi

for any € > 0. It follows from the Borel-Cantelli lemma that, with probability one, p(u.,, o) —
0 as n — oo, equivalently, u/, converges weakly to ug as n — oo. By Lemma 2.10, with
probability one, u,, converges weakly to ug as n — oo.

Now we prove (39). From (34), we have

P p(lu’m’,U/O) )

= C[n m] / ’/\Z. _ /\j‘Q . H<1 _ ‘)\i’2)n7m71 Hd/\i

Pt s110) € 1<Z<]<m i=1 i=1

C[nm]/ ’A—A‘Q —(n—m—1) ZlM‘HdA

(ks ph0)>e€ 1<z<]<m

IN

where [[[2, dA\; = [[;2; dRe(Ni) [[;2; dIm()\;), and Cp, py is as in (35) and the inequality
1—x <e ™ for any x € R is used in the last step. Set y; = sp\; for ¢ =1,2,--- ,m, where
sn = 1/(n —m —1)/m. Then

P(p(piy» 110) > €)

(Sn)_m(m+1)cn,m —m M 12 ik
= Com | ]/pu» e ™ [T loi—wl-em == T dy (10)

1<i<j<m i=1
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where C), is as in (32) and

is the same as the notation in (33). Observe that the integral in (40) is equal to P(P,, € F)
where the underlying probability measure P has density function f(A1,---,Ay) as in (31)
and (32), and where F' := {u € M(C); p(u, t10) > €} is a closed set in the weak convergence
topology and po ¢ F. By Lemma 2.9, there exists a constant 7 = 7(e) > 0 such that

P(Py € F) < 7277
as n is sufficiently large, and hence m = m,, is sufficiently large. This combining with (40)
gives
(Sn)—m(m-l—l)

Cnm —2m?T
P(p(py, 110) > €) < . [rm] —2m? "

as n is sufficiently large. Note that

—m(m n—1 :
(50) " D g _ iy MZnemd' 1 (42)
c. n [(n o 1)'] M mm(m+1)/2°

Observe that j! = (n—m—1)!{(n—m)---j < (n—m—1)InI="*"+ foralln—m < j < n—1.
Recalling s, = \/(n —m — 1)/m, we get from (42) that

- 1
(8) MM+ )C[n,m] < (5)-m0mH) p(m+1)/2
Cm — n mm(m+1)/2
B (1 m+1 ) —m(m+1)/2
N n
which joint with (41) yields
. 1 /
lim sup — log P(p(ity, 10) > €)
n—oo MM
1 1
< limsup (— 2T — mt log (1 — E)) =27
n—00 2m n
since m = m,, = o(n). Consequently,
2
P(p(kms 110) > €) < e
as n is sufficiently large. Thus (39) is obtained. The proof is completed. |
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