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Abstract

We study the eigenvalues of a Laplace—Beltrami operator defined on the set of the
symmetric polynomials, where the eigenvalues are expressed in terms of partitions of
integers. To study the behaviors of these eigenvalues, we assign partitions with the
restricted uniform measure, the restricted Jack measure, the uniform measure, or the
Plancherel measure. We first obtain a new limit theorem on the restricted uniform mea-
sure. Then, by using it together with known results on other three measures, we prove
that the global distribution of the eigenvalues is asymptotically a new distribution p,
the Gamma distribution, the Gumbel distribution, and the Tracy—Widom distribution,
respectively. The Tracy—Widom distribution is obtained for a special case only due
to a technical constraint. An explicit representation of x is obtained by a function of
independent random variables. Two open problems are also asked.
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1 Introduction

Consider the Laplace—Beltrami operator

Z Vot D i (1.1)
i l<17$] <m yj yl
defined on the set of symmetric and homogeneous polynomial u(xy, ..., x,) of all

degrees. There are two important quantities associated with the operator: its eigen-
functions and eigenvalues. The eigenfunctions are the «-Jack polynomials and the
eigenvalues are given by

A =nm—1 +aka —ak) (1.2)

where k = (k1, k2, ... ky) with k,, > 0is a partition of integer n, thatis, Y ;- k; =n
and k; > -+ > ky,, and «’ is the transpose of « and

ak) = Z(z—l)k _Z< ) (1.3)

i>1

see, for example, Theorem 3.1 from Stanley [39] or pp. 320 and 327 from [26].

The Jack polynomials are multivariate orthogonal polynomials ([26]). They consist
of three special cases: the zonal polynomials with « = 2 which appear frequently in
multivariate analysis of statistics (e.g., [30]); the Schur polynomials with ¢ = 1 and
the zonal spherical functions with o = % which have rich applications in the group
representation theory, algebraic combinatorics, statistics and random matrix theory
(e.g., [12,18,26]).

In this paper, we consider the statistical behaviors of the eigenvalues A, given in
(1.2). That is, how does A, look like if « is picked randomly? For example, what are
the sample mean and the sample variance of A, ’s, respectively? In fact, even though
the expression of A, is explicit, it is non-trivial to answer the question. In particular, it
is hard to use a software to analyze them because the size of {«x; « is a partition of n}
is of order %ecﬁ for some constant C; see (2.57).

The same question was asked for the eigenvalues of random matrices and the
eigenvalues of Laplace operators defined on compact Riemannian manifolds. For
instance, the typical behavior of the eigenvalues of a large Wigner matrix is the Wigner
semicircle law [44], and that of a Wishart matrix is the Marchenko-Pastur law [27].
The Weyl law is obtained for the eigenvalues of a Laplace—Beltrami operator acting
on functions with the Dirichlet condition which vanish at the boundary of a bounded
domam in the Euclidean space [43]. For example, the Weyl asymptotic formula says

that - oz ~ @)~ d/2 lf?l(fl)) as k — oo, where d is the dimension of M and vol(M)

is the volume of M. It is proved by analyzing the trace of a heat kernel; see, e.g., p. 13
from Borthwick [6]. Let Ag be the spherical Laplacian operator on the unit sphere in
R+ Ttis known that the eigenvalues of —Agarek(k+n—1)fork =0, 1,2, ... with
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multiplicity of ("/*) — (**%72); see, e.g., ch. 2 from Shubin [38]. Some other types
of Laplace—Beltrami operators appear in the Riemannian symmetric spaces; see, e.g.,
Méliot [29]. Their eigenvalues are also expressed in terms of partitions of integers.
Similar to this paper, those eigenvalues can also be analyzed.

To study a typical property of A, in (1.2), how do we pick a partition randomly?
We will sample « by using four popular probability measures: the restricted uniform
measure, the restricted Jack measure, the uniform measure and the Plancherel measure.
While studying X, for fixed operator A, with m variables, the two restricted measures
are adopted to investigate A, by letting n become large. Look at the infinite version of
the operator Ay:

A, 92 1 9
Ado0 :=52y,-28—2+ ) e (et (1.4)
i=1 i d<igj<co YT T Y Yi
which acts on the set of symmetric and homogeneous polynomial u(xy, ..., x,) of

degree m > 0 being arbitrary; see, for example, page 327 from Macdonald [26]. Recall
(1.2). At “level” n, the set of eigenvalues of Ay 1S {A¢; k € P,}. In this situation,
the partition length m depends on 7, and this is the reason that we employ the uniform
measure and the Plancherel measure.

Under the four measures, we prove in this paper that the limiting distribution of
random variable A, is a new distribution p, the Gamma distribution, the Gumbel distri-
bution and the Tracy—Widom distribution, respectively. Due to a technical constraint,
the Tracy—Widom distribution is obtained for the case @ = 1 only. For other « > 0,
see a less precise result in Theorem 5 and Conjecture 1. The distribution p is char-
acterized by a function of independent random variables. More specifically, u is the

_ A
push-forward of 5 E T T

e *I(x > 0). In the following, we will present these results in this order. We will
see, in addition to a tool on random partitions developed in this paper (Theorem 6), a
fruitful of work along this direction has been used: the approximation result on ran-
dom partitions under the uniform measure by Pittel [34]; the largest part of a random
partition asymptotically following the Tracy—Widom law by Baik et al. [1], Borodin
et al. [5], Okounkov [31] and Johannson [21]; Kerov’s central limit theorem [19]; the
Stein method on random partitions by Fulman [17]; the limit law of random partitions
under restricted Jack measure by Matsumoto [28].

A consequence of our theory provides an answer at (1.6) for the size of the sample
mean and sample variance of A, aforementioned.

We do not pursue applications of our results in this paper. They may be useful
in Migdal’s formula for the partition functions of the 2D Yang—Mills theory (e.g.,
[45,46]). Further possibilities can be seen, e.g., in the papers by Okounkov [32] and
Borodin and Gorin [4].

We study the eigenvalues of the Laplace—Beltrami operator in terms of four differ-
ent measures. This can also be continued by other probability measures on random
partitions, for example, the g-analog of the Plancherel measure (e.g., [11,22]), the
multiplicative measures (e.g., [41]), the B-Plancherel measure [2], the Jack measure
and the Schur measure (e.g.,[32]).

where &;’s are i.i.d. random variables with the density

@ Springer



1064 Journal of Theoretical Probability (2021) 34:1061-1109

Organization of the Paper We present our limit laws by using the four measures
in Sects. 1.1, 1.2, 1.3 and 1.4, respectively. Four figures corresponding to the four
theorems are provided to show that curves based on data and the limiting curves
match very well. In Sect. 1.5, we state a new result on random partitions. In Sect. 2,
we prove all of the results. In Sect. 1 (Appendix), we compute the sample mean and
sample variance of A, mentioned in (1.6), calculate a non-trivial integral used earlier
and derive the density function in Theorem 1 for two cases.

Notation f(n) ~ g(n) if lim, .~ f(n)/g(n) = 1. We assume that n is large and
asymptotic notation such as o(-), O(-) will be used under the assumption thatn — ooc.
Let {X,,; n > 1} be random variables and {w,; n > 1} be non-zero constants. If
{X,,/wy; n > 1} is bounded in probability, i.e., im g o0 SUp,~1 P(| X, /wpl = K) =
0, we then write X,, = Op(w,) asn — oo. If X, /w, conver_ges to 0 in probability,
we write X, = 0,(w,). We write “cdf” for “cumulative distribution function” and
“pdf” for “probability density function.” We use « F n if k is a partition of n. The
notation [x] stands for the largest integer less than or equal to x.

Graphs The convergence in Theorems 1, 2, 3 and 4 are illustrated in Figs. 1, 2, 3
and 4: we compare the empirical pdfs, also called histograms in statistics literature,
with their limiting pdfs in the left columns. The right columns compare the empirical
cdfs with their limiting cdfs. These graphs suggest that the empirical ones and their
limits match very well.

1.1 Limit Under Restricted Uniform Distribution

Let P, denote the set of all partitions of n. Now we consider a subset of P,,. Let P,,(m)
and P;, (m) be the sets of partitions of n with lengths at most m and with lengths exactly
equal to m, respectively. Note that P, (n) = P,. Our limiting laws of A, under the two
measures are derived as follows. A simulation is shown in Fig. 1.

Theorem 1 Let k - n and A be as in (1.2) witha > 0. Letm > 2, {&;; 1 <i < m}

be i.i.d. random variables with density e 1 (x > 0) and p be the measure induced
2., 2

by § - (;II% Then, under the uniform measure on P,(m) or P, (), ﬁ—g

weakly as n — oo.

- 1

By the definition of P}, (m), the above theorem gives the typical behavior of the
eigenvalues of the Laplace—Beltrami operator for fixed m. We will prove this theorem

in Sect. 2.2. In Sect. 2, we compute the pdf f(r) of i 7
T T (El+"'+§»1)2’

from p by a multiplicative scalar, for m = 2, 3. It shows that f (1) = ﬁll 1 ](t)

which is different

for m = 2; for m = 3, the support of u is [%, 1] and

£ = %n, if%§t<%;
%(n—3arocos¢6ij), if%frgl.

From our computation, it does not seem easy to derive an explicit formula for the
density function as m > 4. It would be interesting to explore this. The proof of
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m=2,a=2 m=2,a=2

o
©
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Fig. 1 The histogram/empirical cdf of A/ n?fora =m=2is compared with pdf/cdf of p in Theorem 1
at n = 2000. We independently sampled 1000 points according to p

Theorem 1 relies on a new result on random partitions from P, (m) and P, (m) with the
uniform distributions, which is of independent interest. We postpone it until Sect. 1.5.

Given numbers xi, ..., x,, the average and dispersion/fluctuation of the data are
usually measured by the sample mean X and the sample variance s, respectively,
where

I - _
x:;Zx,‘ and S2::Z(xi—x)2. (1.5)

i=1 i=1

Replacing x;’s by A,’s as in (1.2) for all k € P,(m)’, then r = |P,(m)’|. We will
prove in Section 3.1 that, by Theorem 1 and the bounded convergence theorem, we
have

o 52 (m — l)oz2

mrl ™M T mr D mEm 13 (16)

—

X
n2

as n — oo. The proof is given in Sect. 1. The moment (1/r) > ;_, xij with x;’s
replaced by A, ’s can be analyzed similarly for other j > 3.

Comments. By a standard characterization of spacings of i.i.d. random variables with
the uniform distribution on [0, 1] through exponential random variables (see, e.g., Sec
2.5.3 from Rubinstein and Kroese [37] and Chapter 5 from Devroye [7]), the limiting
distribution p in Theorem 1 is identical to any of the following:

(i) $->M, v} wherey := (y1, ..., y) uniformly sits on {y € [0, 11"; Y7L, y; =
1}.

(i) 7 - Y Uy — U(i,l))z where U1y < ... < Ugpn—1) are the order statistics of
i.i.d. random variables {U;; 1 < i < m} with uniform distribution on [0, 1] and
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1.2 Limit Under Restricted Jack Distribution

The Jack measure with parameter o chooses a partition x € P, with probability

o'*n!

PO = @@

(1.7)

where

(@) = H <a(/ci—j)+</c}—i)+1) and

(i, ))ex

(o) = H ((X(Ki—j)—i—(K}—i)—i-(M).

(i, ))ex

The Jack measure naturally appears in the Atiyah—Bott formula from the algebraic
geometry; see an elaboration in the notes by Okounkov [33].

In this section, we consider the random restricted Jack measure studied by Mat-
sumoto [28]. Let m be a fixed positive integer. Recall P, (m) is the set of integer
partitions of n with at most m parts. The induced restricted Jack distribution with
parameter o on P, (m) is defined by (we follow the notation by Matsumoto [28])

1 1

P ) = o @ @@

Kk € P,(m), (1.8)

with the normalizing constant

Com(@) = >

}LEP,, (m

1

L eul@, @

Similarly, replacing P, (m) above with “P (m),” we get the restricted Jack measure

on P, (m). We call it Qj; . The following is our result under the two measures.

Theorem 2 Let k - n and Ay be as in (1.2) with parameter o > 0. Set B = 2/a. Then,
for given m > 2, if k is chosen according to P, or Qy ,, then

A — 1
L NN Gamma distribution with pdf h(x) = —x”flefﬂx/zforx >0

by, I'(v) (2/B)*

weakly as n — oo, where
o 1
ap=———-n+—n", by=—, v=-(m—1)-(mpB + 2).
m 4

By the definition of P}, (mm), the above theorem gives the typical behavior of the
eigenvalues of the Laplace—Beltrami operator for fixed m under the restricted Jack
measure.
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Fig. 2 Top row compares histogram/empirical cdf of (A, — a;)/b, in Theorem 2 form = 2, o = 1 with
Gamma pdf/cdf at n = 1000. The quantity “(A, —ay)/by,” is independently sampled for 800 times. Similar
interpretation applies to the bottom row form = o« = 2.

Write v = % . %(m — 1)(mpB + 2). Then the limiting distribution becomes a X2
distribution with (integer) degree of freedom %(m — D(mpB+2)forB =1,2o0r4.
See Fig. 2 for numerical simulation.

We will prove Theorem 2 in Sect. 2.3. Indeed, since P, (n) and P/, (n) have asymp-
totically the same size, and neither the uniform measure nor the restricted Jack measure
is concentrated on any set in P, (n) or P,, (n), for the proofs of Theorems 1 and 2, it

suffices to prove the results on Py, (n).

1.3 Limit Under Uniform Distribution

Let P, denote the set of all partitions of n and p(n) the number of such partitions.
Recall the operator A, o in (1.4) and the eigenvalues in (1.2). At “level” n, the set
of eigenvalues is {A; k € P,}. The parameter “m” appearing in Theorems 1 and 2 is
irrelevant here. Now we choose « according to the uniform distribution on P,,. The
limiting distribution of X, is given below. ¢ (x) denotes the Riemman’s zeta function.

Theorem 3 Let k - n and A be as in (1.2) with parameter a > 0. If k is chosen
uniformly from the set P, then

i

en3 2 — log LALEIN Gumbel distribution with cdf G (x) = exp (—ef(”K))
c

weakly as n — oo, where ¢ = % and K = %(1 — o).
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Fig.3 Toprow compares histogram/empirical cdf of “en™3/2) —log 4” fora = 1 with the pdf G (x)/cdf

G (x) in Theorem 3 at n = 4000. The quantity “en™3/ 2 — log @ is independently sampled for 1000
times. Similar interpretation applies to the bottom row for o = 2.

In Fig. 3, we simulate the distribution of A, at n = 4000 and compare with the
Gumbel distribution G (x) as in Theorem 3. Its proof will be given at Sect. 2.4. Com-
paring Figs. 1 and 3, we see the limiting behaviors of A, differ significantly under
uniform measures on P, (m) with m fixed and P, (n) with m = n — oo respectively.

1.4 Limit Under Plancherel Distribution

Review the operator A, « in (1.4) and the eigenvalues in (1.2). At “level” n, the set
of eigenvalues is {A; k € P,}. There is no parameter “m” appearing in Theorems 1
and 2. We now apply the Plancherel measure to understand this set of eigenvalues.

A random partition « of n has the Plancherel measure if it is chosen from P, with
probability
dim (k)2

) (1.9
n!

P) =

where dim (k) is the dimension of irreducible representations of the symmetric group
Sy associated with «. It is given by

n!
H(i,j)ex(ki —-J ~|—k} —i+ 1

dim(k) =
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Fig.4 The histogram/empirical cdf of T := (A, — 2 - 3270 fora = 1is compared with pdf/cdf of
F> in Theorem 4 at n = 5000. The value of 7 is independently sampled for 800 times

See, e.g., Frame et al. [13]. This measure is a special case of the a-Jack measure
defined in (1.7) with ¢ = 1. The Tracy—Widom distribution is defined by

Fr(s) = exp (— /Oo(x — s)q(x)2 dx) , s € R, (1.10)

where g (x) is the solution to the Painléve II differential equation

q"(x) = xq(x) + 2¢(x)> with boundary condition

q(x) ~ Ai(x) as x — 400

and Ai(x) denotes the Airy function. Replacing the uniform measure in Theorem 3
with the Plancherel measure, we get the following result.

Theorem 4 Let k = n and A, be as in (1.2) with parameter o = 1. If k follows the
Plancherel measure, then

M — 2032

776 e )

weakly as n — oo, where F; is as in (1.10).

The proof of this theorem will be presented in Sect. 2.5. In Fig. 4, we simulate the
limiting distribution of A, with « = 1 and compare it with F5. For any o # 1, we
prove a weak result as follows.

Theorem5 Let k = n and i be as in (1.2) with parameter a > 0. If k follows
the Plancherel measure, then for any sequence of real numbers {a, > 0} with
lim,, o ap = 00,

2772

n34 . a,

.- (2+ 128 (o — 1)) 0302

-0
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in probability as n — oo.

The proof of Theorem 5 will be given in Sect. 2.6. We provide a conjecture on the
limiting distribution for A, with arbitrary o > 0 under Plancherel measure.

Conjecture 1 Let k - n and A be as in (1.2). If k has the Plancherel measure, then

e — (2 + 228 (- 1)) 32

1 7/6

- (B3 -20)F

weakly as n — oo, where F; is as in (1.10).

The quantities “3 — 2™ and “n”/%” can be seen from the proofs of Theorems 4

and 5. The conjecture will be confirmed if there is a stronger version of the central
limit theorem by Kerov (Theorem 5.5 by Ivanov and Olshanski [19]): The central limit
theorem still holds if the Chebyshev polynomials are replaced by smooth functions.

One can also consider the same quantity under the «-Jack measure as in (1.7), a
generalization of the Plancherel measure. However, under this measure, the limiting
distribution of the largest part of a random partition is not known. There is only a
conjecture made by Dolega and Féray [8]. In virtue of this and our proof of Theorem 4,
we give a conjecture on A, studied in this paper.

Conjecture 2 Let k + n and , be as in (1.2) with parameter o > 0. If k follows the
a-Jack measure [the “a” here is the same as that in (1.2)], then

Ao — 20112372

76 — Fy

weakly as n — 00, and Fy is the a-analogue of the Tracy—Widom distribution F; in
(1.10). The law F, is equal to A stated in Theorem 1.1 from Ramirez et al. [36].

1.5 A New Result on Random Partitions

At the same time as proving Theorem 1, we find the following result on the restricted
random partitions, which is also interesting on its own merits.

Theorem 6 Given m > 2. Let P,(m) and P,(m) be as in Theorem 1. Let
(k1,...,kn) & n follow the uniform distribution on P,(m) or P,(m)’. Then, as
n— oo, %(k], ..., k) converges weakly to the uniform distribution on the ordered
simplex

m
A= (x1,...,xm)€[0,1]m;x1>~-~>xmand2xi=1 . (1.11)
i=1
J

m!(m—1)!"
m!(m—1)!
—

It is known from Rabinowitz [35] that the volume of A = So the density

function of the uniform distribution on A is equal to
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Fig.5 The “zigzag” curve is the y
graph of y = g, (x) and the y
smooth one is y = Q(x). Facts: r
A=(—1%, ),
NZMNE
— (kL kL
D = (ﬁ, ﬁ), and
8ic(x) = Qk(x) if
ki
x> max{ﬁ, 2} or
x < —max{-Z2,2}

Vn’

If one picks a random partition « = (k, k2, ...) = n under the uniform measure,
that is, under the uniform measure on P,, put the Young diagram of « in the first
quadrant, and shrink the curve by a factor of n~'/2, Vershik [41] proves that the new
random curve converges to the curve e +¢~< = 1 forx, y > 0, where ¢ = 7//6.
For the Plancherel measure, Logan and Shepp [25] and Vershik and Kerov [42] prove
that, for a rotated and shrunk Young diagram «, its boundary curve (see the “zigzag”
curve in Fig. 5) converges to 2 (x), where

2 . .
Q) = ;(xarcsm§+«/4—x2), x| < 2; (1.12)
|x], x| > 2.

As m is no longer fixed but equal to n, the above law differs from the one presented
in Theorem 6. We will prove this result in Sect. 2.1.

2 Proofs

In this section, we will prove the theorems stated earlier. Theorem 6 will be proved
first because it will be used later.

2.1 Proof of Theorem 6

The following conclusion is based on the fact that P, (m) and P, (m)" have asymptot-
ically the same size, and is not difficult to prove. We skip its proof.

Lemma 2.1 Review the notation in Theorem 6. Assume, under P,,(m), %(kl, e ki)
converges weakly to the uniform distribution on A as n — 0o. Then the same conver-
gence also holds true under P, (m)’.

We now introduce the equivalence of two uniform distributions.
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Lemma22 Letm >2and X| > --- > X, > 0 be random variables. Recall (1.11).
Set

m
W=, xme1) €[0, 17" Xy >+ > x, > 0and in =1}.2.1

i=1

Then (X1, ..., Xm)follows the uniform distribution on A ifand only if (X1, ..., Xm—1)
Jfollows the uniform distribution on W.

Proof of Lemma 2.2 First, assume that (X, ..., X,,) follows the uniform distribution
on A. Then (Xq, ..., Xm,])T =AXy,..., Xm)T where A is the projection matrix
with A = (I,,—1,0) where 0 is a (m — 1)-dimensional zero vector. Since a linear
transform sends a uniform distribution to another uniform distribution (see p. 158
from Fristedt and Gray [15]), and since AA = W, we get that (X1, ..., X;—1) 1s
uniformly distributed on W.

Now, assume (X1, ..., X;,—1) is uniform on W. First, it is well known that
m
Jm
the vol f e [0, 17" =1y = ———; 2.2
e volume of { (x; xm) € [0, 1] ;x, } Y 2.2)

see, e.g., Rabinowitz [35]. Thus, by symmetry,

the volume of A = L 2.3)
m!(m — 1)!
Therefore, to show that (X1, ..., X,,) has the uniform distribution on A, it suffices to
prove that, for any bounded measurable function ¢ defined on [0, 1]™,
m!(m — 1)!
Efp(Xu-.-,Xm):T A<p(xl,--.,xm)d5 2.4
where the right hand side is a surface integral. Seeing that A : (x1,...,x,-1) € W —
X1, eee, Xme1, 1 — Z?;l X;) € Ais aone-to-one and onto map, then by a change of

variables formula (see, e.g., Proposition 6.6.1 from Berger and Gostiaux [3](,

/ o1, ..., xp)dS
A

m—1
=/ % (xl,...,xm_l, 1-— Zx,) ~det(BTB)1/2dx1-~-dxm_1
w i=1
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where
10 0
. 01 0
B': 8(x1"'°7xm71’1_2i:1 -xi) — .
(X1, ..., Xm— :
(x1 m—1) 00 ... 1
-1-1ee-1-1 mx(m—1)
Trivially, BT B = I, +ee” ,wheree = (1, ..., 1)T € R”~!, which has eigenvalues

1 with m — 2 folds and eigenvalue m with one fold. Hence, det(BT B) = m. Thus, the
right-hand side of (2.4) is identical to

m—1
m!(m — 1)!/ ® <x1,...,xm1, 1— Zx,-) dxy - dxp_1. (2.5)
W i=1

It is well known that

m—1
1
the volume of {()q, e Xm_1) € [0, 17771 ;xi < 1} plr—t
see, e.g., Stein [40]. Thus, by symmetry,
1
the volume of W = ——. (2.6)
m!(m — 1)!

This says that the density of the uniform distribution on W is identical to m!(m — 1)!.
Consequently, the left-hand side of (2.4) is equal to

m—1
m!(m — 1)!/ @ (xl,...,xm_l, 1— Zx,-) dxp -+ dxp1,
W i=1
which together with (2.5) leads to (2.4). O

Fix m > 2. Let P,,(m) be the set of partitions of n with lengths at most m. It is
known from Erdos and Lehner [10] that

B |~ ) " -
Pa L~ = ™ lm =11 2.7)

asn — o0o.

Let us comment on the proof of Theorem 6 first. To show the weak convergence,
for any bounded continuous function f defined on W, the closure of W, it suffices to
prove
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1 ki kim—1 1

(k... km)n

as n — oo. At first sight, it seems (2.8) can be obtained easily by using the conver-
gence of a multi-dimensional Riemann sum to the corresponding integral. However,
the interaction among the parts k1, . . ., k,, are complicated. The difficulty lies in con-
trolling the LHS of (2.8) on the boundary of P, (m) (that is, either two parts are equal
or a certain part is zero), together with the restriction Z:": | ki = n. Therefore, we
need to make extra efforts. The main proof of this section is given below.

Proof of Theorem6 By Lemma 2.1, it is enough to prove that, under P,(m),
%(k 1, -, ky) converges weakly to the uniform distribution on A as n — o0.

We first prove the case for m = 2. In fact, since k1 + k> = n and k| > k>, we have
%n < ki < n.Recall Win (2.1). We know W is the interval (%, 1). So it is enough to
check that k; has the uniform distribution on (%, 1). Indeed, for any x € (%, 1), the
distribution function of % is given by

((kl n—kp): —<x> =P((k,n—k);

1
nx —sn+ O(1
_mont 0,
sn+ O(1)

< ki < [nx])

NI

as n — 0o, which is exactly the cdf of the uniform distribution on (1/2,1).

As per (2.6), the volume of W in (2.1) equals m Thus the density of the
uniform distribution on W has the constant value of m!(m — 1)! on W. To prove the
conclusion, it suffices to show the convergence of their moment generating functions,
that is,

Eettkitttmkm)/n _ p 01+ +tmém (2.9)

asn — oo forall (71, ...,t,) € R, where (&1, ..., &,—1) has the uniform distribu-
tion on W by Lemma 2.2. We prove this by several steps.

Step 1: Estimate of LHS of (2.9). From (2.9), we know that the left hand side of
(2.9) is identical to

1
Z (ki +-Atmky) /n
e
|Pn(m)| (kl -vkm)
1

_ (t1ki++tmky) /n (t1ky 4tk /1
= e + e (2.10)

[P ()] k1>Z~>km |7>n<m)| Z

where all of the sums above are taken over P, (m) with the corresponding restrictions,
and

On:=1{k=(ki,....km) b n; ki = kj forsome 1 <i < j <m}.
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Let us first estimate the size of Q,,. Observe
p=UM k= Gk k) s k= ki)

For any « = (k1, ..., kyn) F n with k; = ki1, we know k1 + - -+ + 2k; + kiyo +
-+ + k;, = n, which is a non-negative integer solutions of j; 4+ --- + j,—1 = n.
It is easily seen that the number of non-negative integer solutions of the equation
. . . n+m—2

ji+ -+ jm—1 =nisequal to ("1"3). Therefore,

m—

n+m—2 nm=2
< -1 ~ —1)— 2.11
[Onl = (m )( m—2 ) (m )(m—2)! 2.11)
as n — 00. Also, by (2.7), |P,(m)| ~ #ﬂl), For e(ttkit+timkn)/n < pltil+-+ltn]

for all k;’s, we see that the last term in (2.10) is of order O (n~!). Furthermore, we can
assume all the k;’s are positive since [P, (m — 1)| = o(|P,(m)|). Consequently,

I(m — 1)!
(k4 Ftmkn) /n T Z (k4 Ftmk) /1
Ee P e (2.12)
where (ki,...,k,) F n in the last sum runs over all positive integers such that

k1>~~>km>().

Step 2: Estimate of RHS of (2.9). For a set A, let I 4 or I(A) denote the indicator
function of .4 which takes value 1 on the set A and O otherwise. Review that the density
function on W is equal to the constant m!(m — 1)!. For &, + --- + &, = 1, we have

Eet1§1+"'+tm§m

— my(m _ 1)!etm / e(tl_tm)xl+"'+(tmfl_tm)xmfl I.A dxl . .dxm71
[0,1]m—1

=m!(m — l)!e””/ et XD dxy ..o dxy, 1, (2.13)
[O,l]m’l

where

m—1
A= {(xls---,xm—l)e[oa 0" x> > x> I—in ZO};
i=1

fX o Xpet) 1= T =tm) X144t —1 =t Xm—1 (2.14)

Step 3: Difference between LHS and RHS of (2.9). Denote

k km— ki
A, = :(kl,...,km_l)e{l,...,n}m1; —1>-~-> m—1 >1—Z—l>0};
n e p

fn (kl e, kmfl) = e(tl_tm)kl/n+"'+(tmfl_tm)kmfl/n
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for all (ky, ..., ky—1) € A,. From (2.12), we obtain

Eettkit+tmkn)/n

| — !
g M = D! S el =
nm—1
ky1>->kp>0

km—1

_m!(m—l)!efmz Z /" ﬁ fn(kl,...,km)IA” dxy...dxp,—1.

k=1 km—1=1

Writing the integral in (2.13) similar to the above, we get that

Ee[1§l+"'+tmgm Ee([lkl+"'+tmkm)/"

km—1
l )l n
<= e 33 / ﬁ
.
k=1 km—1=1 n

(f(xl, ces XA — fo k1, oo k) I.An) dxy...dx,_1
which again is identical to
k-1

mv(m—1)vefmz Z/ "'ﬁm_n.—l

ki=1 km—1=1 n

fxXt, .oy Xm—1) (IA — 1y, ) dxy...dx,—1 (2.15)
ki km—1
t"l n n
+m!(m — 1)le Z Z / ---/km_l
ki=1 m—1=1 n
(f(x1y ooy Xm—1) — fn(kh cooskm—1)) L4, dxi .. dxp—y
=ml(m — Dle™ (S; + 1), (2.16)

where S stands for the sum in (2.15) and S; stands for the sum in (2.16). The next
step is to show both S; — 0 and S, — 0 as n — oo and this completes the proof.
Step 4: Proof of that S, — 0. First, for the term S;, given that

=1 _ ki K1 — 1 K1
X< = ...,
n n n n

we have

1 m—1 m—1
1 Ot Xm=t) = fu Gkt ) | < ;exp{z i —rm|} > It — .
i=1

i=1
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Indeed, the above follows from the mean value theorem by considering |g(1) — g(0)],
where

m—1
ki
g(s) :=exp { Z (t; — tm) [sx,' + (1 - s);i” .

i=1

Thus

— 0

1\ leXP{Z?SI It — tml} S
[S2] < (—) n""

n

asn — oo.
Step 5. Proof of that §; — 0. From (2.14), we immediately see that

I flloo := sup |f (X1 ey X)) < el imbtlima=inl =2 17)
(X1, e Xm—1)€[0,117~1

By definition, as k; ranges from 1 ton fori =1, ..., m — 1, the function I 4, equals
1 only when the followings hold

ki ko km—a  km—1 k14 km—2 4+ 2kpn_1 ki + -+ kpo
— > =, ..., > , > 1, < 1.

n n n n n n

Similarly, /4 equals 1 only when
X1 > X2y ooy X2 > Xy, X1+ F X2 +2xm-1 > Lx1+--+xn_1 < 1. (2.19)

Let B, be a subset of A,, such that

ky— — k;
By=An N i) € (1,2, e 3T R
n = n n
Given (ky, ..., kyn—1) € B,, for any
ki — 1 k k1 —1 ki —
! <x1<—1,...,L<xm_1< ~ 1, (2.20)
n n n n

it is easy to verify from (2.18) and (2.19) that / 4 = 1. Hence,
LA, = I, + 14,8,

SI_A+I (klsakm—l)e{lvsn}M7111<_+ _<_+1
n :
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n+m
j=n+1
where

Ej:= i(kl,m,km—l)6{1,-~-,n}m_1; ki + -+ kp—a + 2kp—1 =j}

forn 4+ 1 < j < m + n. Similar to the argument as in Step 1,

max |E;| = O0n""?) (2.22)
n<j<m-+n
asn — 00. On the other hand, consider a subset of AS := {1, ..., n}’”_1 \A,, defined
by
C, = {(kl,...,km_l) c{l,2,..., n)™" 1 either k; < kjyq — 1 forsomel <i <m —2,

orky +---+kn—2+2ky—1 <n,ork;+---+ky_1>m+n-—1}.

Set A€ = [0, 17"\ A. Given (ki, ..., kyn_1) € Cy, for any k;’s and x;’s satisfying
(2.20), it is not difficult to check that 7 4c = 1. Consequently,

I =Ig, +1{(ki.....kn—1) € Ag: ki > kiyy — 1 forall 1 <i <m—2,
ki+--+kno+2ky_1>n,andky +---+ky_1 <m+n—1}
< IAC +I(Dn,1)+I(Dn,2)»

or equivalently,
Ig4, 214 —=1(Dy1) =1 (Dy2), (2.23)

where

-
Do = {tb k) e (120l = ki
i=
n+m—2
1

2
1
m
Diz:= | {(kl,...,km_l)e{l,2,...,n}’”—1; k1+~--+km_1:i}.

n

By the same argument as in (2.11), we have max<;<2 | D, ;| = O(n"2)asn — oo.
Joining (2.21) and (2.23), and assuming (2.20) holds, we arrive at

n+m
1A, = 1Al <1 (Daa) +1 (D) + Y. Ig,

i=n+1
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and Y7_, Dyl + X010 IEil = O™ %) as n — oo by (2.22). Review S in

(2.15). Observe that D, ;’s and E;’s do not depend on x, we obtain from (2.17) that

ki kp—1

n+m
S <l 3 3 [Z Zlgl/vl~~/km_nllldxl...dxml

k=1 km—1=1 n
n+m
||f||oo~<2 1Duil+ Y |Ei |>
i=n
=0 <n_1)

as n — 00. The proof is completed. O

2.2 Proof of Theorem 1

We first rewrite the eigenvalues of the Laplace—Beltrami operator given in (1.2) in
terms of « instead of a mixing of ¥ and «’. A similar expression, which is essentially
the same as ours, can be found on p. 596 from Dumitriu et al. [9]. So we skip the
proof.

Lemma2.3 Leta > 0. Let . be as in (1.2). For k = (ky, ..., ky) F n, we have
a "«
A = (m - 5) n4 X}:(Eki — k. (2.24)
=

Let n follow the Chi-square distribution x2(v) with density function
-1 v
(2”/2F(v/2)> Tl 2 xS (2.25)

The following lemma is on p. 486 from Kotz et al. [24].

Lemma24 Let m > 2 and ny, ..., nm be independent random variables with n; ~
Xz(vi)for eachi.Set X; = n;i/(m +---+nm) foreachi. Then (X1, ..., X;n—1) has
density

1 _ B (m/2)—1
r <§ ZY;L:I vj) mol w;/2)—1 m-l
" F(lv‘) l_[xj 1_fo

Jj=1 27 j:l j=1

S, xmm) =

on the set U = {(x1, ..., xm—1) € [0, 17" Z?;] x <1}
Proof of Theorem 1 By Lemma 2.3, for m is fixed and k| < n, we have
m

Z( ) +o(1)

A
n? 2
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asn — 00. By Theorem 6, under the uniform distribution on either P, (m) or P, (m)’,
%(kl, ..., ki) converges weakly to (Z1, ..., Z,), which has the uniform measure on
A. Note that A is the ordered simplex, and hence we cannot get the desired conclusion
by directly applying (i) or (ii) from the Comments after the statement of Theorem 1.
We will resolve this issue next.

Let &1,...,&, be independent random variables with the common density
e “I(x > 0). Set

Spw =& +---+&r and X_&’), l<i<m

m

where £y > - -+ > &) are the order statistics. By the continuous mapping theorem
and the fact ) ", s(zl.) = Y™, &, we only need to show that (Zy, ..., Z,) has the
same distribution as that of (X1, ..., X;;). Review W in Lemma 2.2. Recall that the
volume of the convex body W (as per (2.6)) is (m!(m — 1)!)~!. Therefore, by Lemma
2.2, it suffices to prove that

Ep(X1,..., Xpu—1) =ml(m — 1)!/ O X1y ey X)) dxy - - dxy—1 (2.26)
w

for any bounded and measurable function ¢ defined on [0, l]"”l. Recalling (2.25),
we know x2(2)/2 has the exponential density function e *I(x > 0). Taking V] =
vy = -+ = vy = 2in Lemma 2.4, we see that the density function of ( S S’g L)

onU is equal to the constant I'(m) = (m — 1)!. Furthermore,

E@(X1, .., Xp 1)_2E[ (5”“) .,E”(S’;”>1(gn(1)>...>gn(m))],

where the sum is taken over every permutation 7w of m. Write S, = &z 1)+ - - +Ex(m)-
By the i.i.d. property of &;’s, we get

E(/J (le ey Xm—l)
m—1 &
. E (5(1) S(mfl)>1 ke o Xt S
Sm S S S Sim

m—1
=m!(m — 1)!/ o1, xme] <x1 > > Xy > 1 — Zx,) dxy -+ dxp_i
U

i=1

m—1 g
for (E(” s(’g Do1— 2 + S@) is a function of( e, g,g -1 which has a constant
den51ty (m—1)!on U as shown earlier. Easily, the last term above is equal to the right-
hand side of (2.26). The proof is then completed. O

2.3 Proof of Theorem 2

We start with a result on the restricted Jack probability measure P, as in (1.8).
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Lemma 2.5 [28] Let « > 0 and B = 2/a. For a given integer m > 2, let k =
(kn.1, - .-, knm) = n be chosen with probability P,ﬁm(K). Then, as n — o0,

(\/? (kn,i B %)>1si§m

converges weakly to a limiting distribution with density function

B m
g (X1s ..., Xp) = const - e 2 Li=1 x 1_[ lxj — xi|P (2.27)

1<j<k<m

forall x1 > xp > --- > xp, such that x; + - - - + x, = 0.

The idea of the proof of Theorem 2 below lies in that, by virtue of Lemma 2.5, we
are able to write A, in (1.2) in terms of the trace of a Wishart matrix. Due to this, we
get the Gamma density by evaluating the moment generating function (or the Laplace
transform) of the trace through (2.27).

om n
Yn,i = ‘l - <kn,i - _)
n m

for | < i < m. By Lemma 2.5, under P,‘l’fm, we know (Yy.1, ..., Yn.m) converges
weakly to a random vector (X1, ..., X,,) with density function g(x1, ..., x;) as in
(2.27). Checking the proof of Lemma 2.5, it is easy to see that its conclusion still holds
for Q5 ,, without changing its proof. Solve for &, ;’s to have

Proof of Theorem 2 Let
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since Z;"zl Y, i = 0. According to the notation of a,, and by,

A a “ 2 m <
Kk — Un 2 .
= E Y: - —./— E iYyi.
bn P n,t ﬁ n P n,i

Since (Yp,1, ..., Yn,m) converges weakly to the random vector (X1, ..., X,,), taking

m

m
hi(ie-oym) =Y iyi and hy(yi.....ym) = Y _ ¥},
i=1 i=1

respectively, by the continuous mapping theorem,
m m m m
iy~ Y iX; and Y Y - Y X}
i=1 i=1 i=1 i=1

weakly as n — 00. By the Slutsky lemma,

)\' —a m m
OS24 0, () > Yo
n i=1 i=1

weakly as n — 0o. Now let us calculate the moment generating function of ) ;" | X 12
Recall (2.27). Let C,, be the normalizing constant such that

_Bym 42
g (X1, .uXm) = Cpy e 2 2= ]_[ lxj — x|

1<j<k<m

is a probability density function on the subset of R” such that x; > xp > -+ > x,
and x; + - - - + x;,;, = 0. We then have

m 2 m 2
Ee! i1 Xi — Cm/ lelz"zlxig(xl,...,xm) dxq, ..., dx,—1
Rm—=

_Bm (2,2
=Cm/ K ZZ’=1( ﬁ>x’ 1_[ |xj—xk|ﬂdx1,...,dxm_1
Rm=

1<j<k<m

1 (m(m—l)

( 2t>‘2‘ 2
= 1——
B

2 —Lm-1)-mp+2)
= (1 — E) (2.28)

B+m=1))
'/R71g()’l»-'-s)’m)dYI»-'-sd)’m—l

fort < g, where a transform y; = (1 — 2)1/ 2x; is taken in the third step for i =

1,...,m —1.Itis easy to check that the term in (2.28) is also the generating function
of the Gamma distribution with density function 4 (x) = wa”_le_ﬂx /2 for all
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x > 0, where v = é—lt(m — 1) - (mB + 2). By the uniqueness theorem, we know the
conclusion holds. O

2.4 Proof of Theorem 3

The following lemma is Theorem 2 from Pittel [34].

Lemma 2.6 Letk = (ky, ..., ky) be a partition of n chosen according to the uniform
measure on P(n). Then

(1 + 0y ((logm™")) E(j) if 1<j<logn;
6 = JEGD+0p (1 togm) if logn < j <n'/?;
P EG) + 0 P n P logm) 2 if n'? < j < ks
(14 0,(ah) EG) if Ko < J < ke

uniformly as n — 0o, where ¢ = 11/+/6,

Ex) = ﬁ log forx > 0,
c

1 — e—CXn71/2

Kp = [:{—ﬁ logn] and  ky = [g—% (logn — 2loglogn — an)}
C C

with a, — 00 and a,, = o(loglogn) as n — .

Based on Lemma 2.6, we get the following law of large numbers. This is a key
estimate in the proof of Theorem 3.

Lemma 2.7 Letk = (ky, ..., k) be a partition of n chosen according to the uniform
measure on P (n). Then n—>/? Z'};l k? — a in probability as n — oo, where
M og?(1 — ¢
a=c3 / % dr (2.29)
0

and ¢ = w/\6. The above conclusion also holds if “Z?:l kf 7 is replaced by
“2 ZT:] jk]' N

Proof of Lemma 2.7 Define

F(x) = log

1 — e—CXn71/2

for x > 0. Note that both E(x) and F(x) are decreasing in x € (0, 00).
Step 1. We first claim that

k.
max |- -1/—>0 (2.30)
lijféﬁlogn E())
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in probability as n — o0o. (The choice of 1/6 is rather arbitrary here. Actually, any
number strictly less than 1/2¢ would work). We prove this next.
Notice

max E(x) = E(1) = _‘/_ﬁ log <1 - e_C"_l/2>
x>1 c
1
o (cn’”z) ~ —/nlogn
¢ 2c

asn — oosince 1 —e ™ ~ x asx — 0. Observe

E()) log (1 — e=in™'?)
Therefore,
1]
max Y .ognf c2 -0
logn<j<(ogn)?®  E(J) F (log* n)
and

Vnj~llogn _ (logn)~1/? 0

max c
log2n<j<nl’2  E(]) ~ F(n'R2)

asn — oco. By Lemma 2.6,

kj
ma __ 1‘ —0,(1) 2.31)
logn<j<mn ! E(j) b
asn — 0o. Now we consider the case forn!/2 < J < k, where K, is as in Lemma 2.6.

Trivially, i > é. Notice that

. 1/2
(efcjn P12 10g n) (en'2log n)l/z

max . <
n1/2<j=<(1/6) /i logn E()) E ((1/6)+/nlogn)
(ce=</2) =114 (log ) /2
~ F((1/6)y/nlogn)
Evidently,
1 1
_ _ —(c/Ologn
F<6ﬁlogn>_ log(l PG Og”) —7% (2.32)
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as n — oo. This says

A ] =0,
E())

max
nl/2<j<(1/6)/nlogn

as n — oo by Lemma 2.6. This together with (2.31) and the first expression of k; in
Lemma 2.6 concludes (2.30), which is equivalent to that

ki =E(j)+ e ;E()) (2.33)
uniformly forall 1 < j < (1/6)/nlogn, where €, ;s satisfy

H, = sup l€n, j| = 0 (2.34)
1<j=(1/6)/nlogn

in probability as n — oo.
Step 2. We approximate the two sums in (2.35) and (2.36) below by integrals in this
step. The assertions (2.33) and (2.34) imply that

Y. k= Y. E@ | d+op): (235
1<j<(1/6)/nlogn 1<j<(1/6)/nlogn

Z jkj = Z JEG) | (1+0,(D)  (2.36)
1<j<(1/6)/nlogn 1<j<(1/6)/nlogn

as n — oo. For E(x) is decreasing in x we have

m m—1 j+1 m—1
f E@)’dr =) f E@)*dx <) E(j)
: j=1" j=1
for any m > 2. Consequently,

> ez [ Ewia
1

1<j=(1/6)/nlogn
with m = [#/nlogn]. Similarly,

m+1

m+1 m j+1
[ Eera=Y [T Eerez Y pG2
0 j=0 J j=1
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for any m > 1. The two inequalities imply

" B dx E(j)? fooE 2dx. 2.37
/1 (x)*dx < > U= | EG)dx (2.37)

1<j<(1/6)/nlogn

By the same argument,

fml E()dx < > EG)s< /oo E(x)dx. (2.38)
1 0

1<j<(1/6)/nlogn
Now we estimate Zlgjg(l/@ﬁlogn JE(j). Use the inequality
j+1
JEG+) < / YE@)dr < (j + DEG)
J
to have
j+1
G+ DEG+D) —EG+1) < / YE()dx < JE() + E()
J

for all j > 0. Sum the inequalities over j and use (2.38) to get

/mle(x)dx—/ooE(x)de Z JE()
1 0

1=j=(1/6)/nlogn

= /OOJCE()c)dx+/OO E(x)dx. (2.39)
0 0

Step 3. In this step, we evaluate integrals [ E(x)dx, [ E(x)?dx and [ xE(x) dx.
First,

—cxn—1/2

o0 o0
1
/ E(x)M:LE/ log ———dx.
0 c Jo 1—e

Set
o I
t=e " then x = ﬂlog— and dx = — Y g1, (2.40)
c t ct
Hence
00 Uog(1 —¢
/ E(x)dx = %/ gl =0y om (2.41)
0 ¢ Jo —t
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as n — oo considering the second integral above is finite. Using the same discussion,
we have

3

00 3/2 l] 2 1—1¢
/ E(x)zdx = Mdl;
0 ¢ Jo t

[ee] n3/2 1 1 1
/ XxE(x)dx = — —log — log dt.
0 A ot t 1—¢

By the two identities above (3.44) from Pittel [34], we have

Uog?(1 —1) L 1
=~ Zdr=2] =log-1 dt. 242
/0 t /o t Ogt Ogl—t (2.42)

From the same calculation as in (2.40), we see that

12
mi 3/2 pe " 1 21—1 3/2 11 21_t
/ E(x)zdxzn Mdtwn Mdt
1

C3 efcmln_l/2 1 C3 0 t

asn — oo since my = [%ﬁlog n] By the same reasoning,

mi n3/2 1 10g2(1 —1)
XE)de ~ —— | 222"V
1 2¢3 0 t

The above two integrals and that in (2.41) join (2.37), (2.38), and (2.39) to conclude

3/2 1 1 2(1 _ [)
) n 0
> B~ f el = dr: (2.43)
1=j=(1/6)/logn 0
3/2 1 2(1 _
. n 0
> JEG) ~ 2—3/ 22V (2.44)
c’ Jo t

1=j=(1/6)y/nlogn

asn — oo.
Step 4. We will get the desired conclusion in this step. Now connecting (2.43) and
(2.44) with (2.35) and (2.36) we obtain

Z k5 =an’? (14 0,(1)): (2.45)
1<j<(1/6)/nlogn
3 jk; = gn3/2 (140, (1)) (2.46)

1<j=<(1/6)/nlogn

as n — 00, where “a” is as in (2.29). For the number of parts of k = (k1, ..., kp),
Erdos and Lehner [10] obtain that

V6
Lm — log vor —> i 2.47)
b4

Von
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—v

weakly as n — oo where p is a probability measure with cdf Fj,(v) = e™¢  for
every v € R. See also Fristedt [14]. This implies that

1
P <m > —\/ﬁlogn> -0 (2.48)
C

as n — 00. Now, for any € > 0, by (2.45),
’ (’“ SAOWE )
j=1

S [P D SR O] P TR S
1<j<lynlogn L mlogn<j<m

1 1
§P<m> 7\/7110gn>+P n=3? Z kfze/Z,me\/ﬁlogn +o(1)
c c
tmlogn<j<m

<P |n3? > k5> €/2 | +o(l) (2.49)
t/mlogn<j<t /nlogn

as n — oo. Denote by [, the least integer greater than or equal to %ﬁ logn. Seeing
that k; is decreasing in j, it is seen from (2.33) and then (2.32) that

kj <k, = E () (1+0p(1)
1
<E <6\/Zlogn) (1+0p,(1)
~ 128 (1 4 0,(1)) (2.50)
for all %ﬁlogn <j< %ﬁlogn as n — oo. This implies
2
n=3? Z k5 < C-n 2 n(logn) (”1/2_6/6) (1+0p(D)

éﬁlognfjf%\/ﬁlogn
~ Cn~Pogn) (14 0,(1)) = 0,(1)

asn — oo, where C is a constant. This together with (2.49) yields the first conclusion
of the lemma. Similarly, by (2.46) and (2.48), for any € > 0,
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m
a _ .
P |§—n 3/2]§=1]k1‘|2€

<p |§—n_3/2 S ki zen

I<j<i/nlogn
1
+p |32 Z Jkj > ¢€/2 +P<m>—ﬁlogn>—>0
c
§v/nlogn<j<lynlogn
as n — oo considering
n=3/2 Z jkj < € -n732 pWD=EO (frlogn)? (14 0p(1))

tnlogn<j<l /nlogn
= Cn~®(logn)? (1 + 0,(1)) = 0

in probability as n — oo by (2.50) again. We then get the second conclusion of the
lemma. o

Finally, we are ready to prove Theorem 3.

Proof of Theorem 3 Let a be as in (2.29). Set

U b4 ) /6n
=——m-—1o ;
n Cn g p
m a m
Vnza—n73/22k2~; W,lzz—n73/22jkj.
j=1 j=1

By (2.47) and Lemma 2.7, U, converges weakly to cdf F,,(v) = e " asn — oo,
and both V;, and W, converge to 0 in probability. Solving m, 3 ""_, k% and 7, jk;
in terms of U,, V,, and W,,, respectively, and substituting them for the corresponding
terms of A, in Lemma 3, we get

m
)LK:—%n—I—nm—G—Z(%kj—j)kj

V6 V6
:—gn+n Un+10g n . n +g(a_vn)n3/2_(g_wn)n3/2_
2 T T 2 2
Therefore,
A —1
e g Yy (® ac— Vv, W+ o) (251)
n3/2 c 2 2
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as n — oo. We finally evaluate a in (2.29). Indeed, by (2.42), the Taylor expansion
and integration by parts,

Tog?(1 — ¢
(ac)~02=/ g7 =1) )dt
0 t
Il
=2/ ;logtlog(l—t)dt
0

11 o "
—2/ —logt —dr =-2
o !t ’; n

1
22 = 2¢(3).
n=1

Z—f " logt dr
nJo

n=1

This and (2.51) prove the theorem by the Slutsky lemma. O

2.5 Proof of Theorem 4

Proof of Theorem 4 For a partition « and its conjugate «’, Frobenius [16] shows that

a(c) —a(e) X2

() - dim(x)

where x 52 1n-2) is the value of x, the irreducible character of S, associated to «, on

the conjugacy class indexed by (2, 1"2) I n.
By Theorem 6.1 from Ivanov and Olshanski [19] for the special case

K
X(2,1”_2)

#) o -
py (k):=nn-—1) dim (o)

or Theorem 1.2 from Fulman [17], we have

a(k’) —a(k) Y (0 l)
n 2

weakly as n — oo. It is known from Baik et al. [1], Borodin et al. [5], Johannson [21]
and Okounkov [31] that

k1—2\/ﬁ

11/6

m—2/n

— F» and 176

o3 (2.52)

weakly as n — oo, where F; is as in (1.10). The k; and m have the same limiting
distribution in (2.52), since k1 and m are duals under transposition, and the distribution
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stays the same under transposition. Therefore, by using (1.2) for the case « = 1,

e — 2n3/2 _n(m—1) +ak) —a(x) — 2n3/?

a6 11/6
-2 n—
_m ﬁ_n_l/6+a(x) a(k)
n1/6 11/6
converges weakly to F, as n — oo, where F» is as in (1.10). O

2.6 Proof of Theorem 5

The proof of Theorem 5 is involved. The reason is that, when o = 1, the term a (") —
a(k) is negligible as shown in the proof of Theorem 4 . When o # 1, reviewing (1.2),
it will be seen next that the term a (k") — a(«), under the Plancherel measure, is much
larger and contributes to A, essentially.

We first recall some notation. Let « = (k1, k2, ..., k) with k;,; > 1 be a partition
of n. Set coordinates u and v by
i = 7’ and v = % (2.53)

This is the same as flipping and then rotating the diagram of « counter clockwise 135°
and scaling it by a factor of 4/n/2 so that the area of the new diagram is equal to 2.
Denote by g, (x) the boundary curve of the new Young diagram. See such a graph as
in Fig. 5. It follows that g, (x) is a Lipschitz function for all x € R.

For a piecewise smooth and compactly supported function /(x) defined on R, its
Sobolev norm is given by

”h”g—// (h(sz_f(t)) dsdt. (2.54)

Let k = (k1, k2, ..., k;) with k,,, > 1 be a partition of n. For x > 0, the notation
[x7 stands for the least positive integer greater than or equal to x. Define

1
Jielx) = ﬁkmﬂ, x> 0. (2.55)

Recall from (1.12) that Q(x) = %(x arcsin 5 + /4 — x2) for |x| < 2 and |x|
otherwise. The following is a large deviation bound on a rare event under the Plancherel
measure.

Lemma 2.8 Define L,(x) = %g,( (2x) and Q(x) = %Q(Zx)forx € R. Then for any
n > 2 and any subset F of the partitions of n,

P(F) <exp{Cy/n—n ing:l(/c)},
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where C > 0 is an absolute constant and

I(k) = ||Le — QU7 — 4/ (Le(s) — Q(s)) cosh™" |s| ds. (2.56)

[s|>1

Proof of Lemma 2.8 For any non-increasing function F'(x) defined on (0, co) such that
Jg F(x)dx =1, define

[ee) F(x)
9p=1+2/ f 1og<F(x)+F—1(y)—x—y) dy dx
0 0

where F~!(y) = inf{x € R; F(x) < y}. According to (1.8) from Logan and
Shepp [25], P(k) < C/n -exp{ — nby} for all n > 2, where C is a numerical
constant and f;. is defined as in (2.55). By the Euler-Hardy—Ramanujan formula,
p(n), the total number of partitions of n, satisfies that

(M)~ —ex {2—”

as n — oo. Thus, for any subset F of the partitions of n, we have

ﬁ} (2.57)

P(F) <Cpn)- ﬁexp {—n inf Ofk}
keF
< C'exp {C’ﬁ—n inf efk}
keF
where C’ is another numerical constant independent of n. For the curve y = f,(x) in
(2.55), consider the following transform

X —y X+y

X = and Y =
2

We name the new curveby y = L (x). By (2.53) and the definition L, (x) = %g,( 2x),
we have L, (x) = L,(—x) forall x € R. By Lemmas 2, 3 and 4 from Kerov [23],

0p = IILs, — QI3 +4/ (L (s)— s'z(s))cosh*‘ |s| ds

[s|>1

=|Lc — QI - 4/ (Li(s) — Q(s)) cosh™ ! |s] ds

[s|>1
considering €2(x) is an even function. We then get the desired result. O

The next lemma says that the second term on the right-hand side of (2.56) is small
for almost all partitions.
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Lemma2.9 Let L, (x) and Q(x) be as in Lemma 2.8. Let {t, > 0; n > 1} satisfy
t, > ooandt, = 0(n1/3) asn — o0. Set H, = {k = (ky, ..., ky) b n; ky, >
1, 2/n —t,n'/% < m, ky <2/n + t,n'/). Then, as n — oo, P(H,) — 1 and

/ (Le(s) — Q(s)) cosh™! |s|ds - Iy, = O (n*2/3t3). (2.58)
[s|>1

Proof of Lemma 2.9 Since m and k; have the same probability distribution under the
lzlancherel measure, by (2.52), lim, ., P(H,) = 1. Review the definitions of L, and
2 in Lemma 2.8. Trivially,

LHS of (2.58) = i/ (ge(x) — Q(x)) cosh™! % x - Ip,.

|x]|>2

By definition, g, (x) = Q(x) if x > % v2orx < —(Z v 2). It follows that

NG
LHS of (2.58)
2+n_]/3t,, -2
<Cp- f |gk(x>—sz(x>|dx+/ | g (x) — Q(x)] dx
2 —2—n—1/3g,
(2.59)
where
C, = sup cosh™! m; —(i\/Z) <x< k—l\/2 - Iy
2 Jn - T Jn "

< sup {cosh_1 %; -3 <x< 3} < 00

as n is sufficiently large. Now

24n~ 13,
/ g (x) — Q(x)| dx - I,
2

= P, max {[ge () - )

2<x< 2+n*1/3t,l] Iy, (2.60)

By the triangle inequality, the Lipschitz property of g, (x) and the fact Q(x) = |x| for
|x| > 2, we see

@) = Q)| = [ge () — ge@+207 1)+ [gi (24 20711,) — Q)|
<l|x- (2 + 2n*1/3tn) |+ |2 +2n7 13, — x|

<2 [(2 + 2n_1/3tn> - x] < dan~ 134,
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for2 < x <24 n""31, and k € H, whence g2 +2n~131,) = 2 + 2n=1/3s,.
This and (2.60) imply that the first integral in (2.59) is dominated by O (n~%/ 3t,%). By
the same argument, the second integral in (2.59) has the same upper bound. Then the
conclusion follows. O

To prove Lemma 2.10, we need to examine g, (x) more closely. For (k1, k2, .. ., kn)
F n, assume

klz"zkll>k11+]='=k12>'>klp71+1=.=kmleith
O=lp<li<-<lp=m (2.61)
for some p > 1. To ease notation, let ki = kj fori =1,2,..., pand ]Ep+1 =0.So

the partition « is determined by {k;, [;}’s. It is easy to see that the corners (see, e.g.,
points A, B, C, D in Fig. 5) sitting on the curve of y = g, (x) listed from the leftmost
to the rightmost in order are

<_%,%)’”-’(]Ei\/—ﬁli’l;ijﬁli)’<ki+\l/%—li’ki+\l/;'li>,...’(%’%)

fori =1,2,..., p. As a consequence,
2];; . 1;,' —1; Igi_li—l .
e R S <y <
) = N 1f7\/Z =x =S (2.62)
gK X 21 o ki —I: ki —1: N
Al +X lf i+1—4 < x < =i
NG ’ NN

forall 1 <i < p, and g, (x) = |x| for other x € R. In particular, taking i = 1 and p,
respectively, we get

2ky e k1=l ki .
ge(x) = {ﬁ * lfﬁ SXS{E’
K 2m : m m—m

ptx i - sx = s

forlg = 0,1, =m, ki = ki, and k,, = ky,.

We need to estimate Y ;- , ik; in the proof of Theorem 5. The following lemma
links it to g, (x). We will then be able to evaluate the sum through Kerov’s central
limit theorem [19].

Lemma 2.10 Let k = (ki, ko, ..., ky) F nwith k, > 1 and g, (x) be as in (2.62).
Then

ki/n

E iki = -n (ge(x) — x)“dx — =m” + —n.
i=1 8 —m//n 6 2

Proof of Lemma 2.10 Edasily,
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ki//n
/ (g () — )2 dx

—m/\/n

4 (ki—li—1)//n L
=Z/_ (8 (x) — x)° dx+Z/ (ge(x) —x)* dx. (2.63)
(ki=li)/v/n

By (2.62), the slopes of g, (x) in the first sum of (2.63) are equal to —1. Hence, it is

equal to
4Xp:/(kili')/ﬁ( ki )2 dx 42p:/li/ﬁ 2dr
—_ X —
= J-i) v \Vn R RN

/lp/ﬁ 4m3
If

2
t°dt = ——=
o/v/n 3n3/2

because /o = 0 and [, = m. In the second sum in (2.63), g, (x) has slopes equal to 1.
As a consequence, it is identical to

k=l

4 ﬁ’ 412 4 p
Z Fiv1—; 7 Y Z ki)
i=1Y " izl

In summary,

ky//n 3 4 p B )
/ (8 (1) — x)? dx—3 o —/Z k)2 (264

—m//n

Now, let us evaluate the sum. Setk; = Ofor j > m for convenience and A; = k; —k; 11
fori =1,2,....Then A; =Ounlessi =14, ..., [p. Observe

[\”18

2 iliAJ‘ Ajit

i=1 j=i j=1 i=1

A+ = Z,Aj.

I
N =
Mg

Furthermore,
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The above two assertions say that Z;’il J2A; = —n+23F iki. Now,

by the fact kj, 11 = ki, = IEiH from (2.61). This together with (2.64) shows

ki//n 4m3
2
/ (8c(x) —x)7dx = =77 + ( n+2§ zk)

—m//n

Solve this equation to get

o ki//n
1 1 1 1
E 3/2/ (ge(x) — x)2 dx — —m> + —n.

The proof is complete. O

Under the Plancherel measure, both m/\/n and ki /+/n go to 2 in probability. In
lieu of this fact, the next lemma writes the integral in Lemma 2.10 in a slightly cleaner
form. The main tools of the proof are the Tracy—Widom law of the largest part of a
random partition, the large deviations and Kerov’s central limit theorem.

Lemma 2.11 Let g, (x) be as in (2.62) and set

ki//n 2
Zn = / (g () — )2 dx — / Q) — 1) da
)

—m//n

where 2(x) is as in (1.12). Then, for any {a, > 0; n > 1} with lim,,_, 5, a, = 00, we
have

n1/4

Z, —> 0

()
in probability as n — oo.

Proof of Lemma 2.11 Without loss of generality, we assume

a, = o <n1/4> (2.65)

asn — 00. Set

2 2
-~ / (ge(x) — x)? dx —f (Q(x) — x)? dx.
-2 -2
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Write
1/4 nl/4 1
_ !
o Z, = —an Z,+ —nl/lzan Ru1+

n

———Ru2, (2.66)

where
-2
Ry = n‘”/ (g () — )2 dx;
-y
ki//n
Rus: = n1/3/ (g (x) — x)? dx.
2

We will show the three terms on the right hand side of (2.66) go to zero in probability.

Step 1. We will prove a stronger result that both R, 1 and R), > are of order of O, (1)
as n — oo. We start with R, 1. The proof essentially bounds the integrand of R,, ; for
—m/+/n < x < —2, which can be achieved via (2.52) and the following result. By
Theorem 5.5 from [19],

Op = sup|ge(x) — 2(x)| — 0 (2.67)

xeR

in probability as n — 0o, where €2(x) is defined in (1.12). Observe that
1
518c(0) =1 < 87+ (@) —0)?

for each x € R. Denote C = sup_j3, o(£2(x) — x)? and

C,= sup (2 —x)>.
—m/n<x<-2

Then P(C, > 2C) < P(% > 3) — 0by (2.52). Therefore, C;, = O, (1). It follows
that

IRy 52n1/3|%—2| (B+a)=0,0 (2.68)

by (2.52) again. Similarly, R, > = O, (1) as n — oo.

In the rest of the proof, we only need to show %Zﬁz goes to zero in probability.
This again takes several steps.

Step 2. In this step, we will reduce Z/, to a workable form. By the same argument
as the one used in proving (2.68), we have
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2
z,= /2 (8ic (x) = (x)) (8 (x) — (x) +2(€2(x) — x)) dx

2 2 2
< /2|gK(x)—Q(x)lzder\//zfl(x)dx-\//2|g,((x)—§2(x)|2dx

where f1(x) :=2(Q2(x) —x) for all x € R, and the last inequality above follows from

2 2
=/ZIgK(X)—Q(X)IZdX+/2f1(X) (8 (x) = (x)) dx

the Cauchy—Schwartz inequality. To show %Z{l goes to zero in probability, since
f1(x) is a bounded function on R, it suffices to prove

nli2 2
zZ! = — /zlg,((x)—Q(x)lzdx—>O (2.69)

n —

in probability by (2.65). Set
H, = {K = (kis e k) F s 20— VO logn < m, ky < 24/m +n'/0logn and

2
|n1/3/2(gx(x) — Q) ds| < 1}. (2.70)

Step 3 . We prove in this step that

lim P(HS) = 0. @2.71)

n—oQo

Notethat g, (s) = Q(s) = |s|ifs > max{%, 2}ors < — max{%, 2}. Also, the areas
encircled by t = |s| and t = g, (s) and that by ¢ = |s| and t = Q2 (s) are both equal to
2; see Fig. 5. It s trivial to see that fah(gK () = Q(s) du = [(gc(s) —Q(s))du =0
fora ;= — max{%, 2} and b := max{%, 2}. Define

hie(s) = gic(s) — Q(s).

We see

2 -2 b
—/ he(s)ds = / he(s)ds +/ he(s)ds.
-2 a 2

Thus,

2 -2 b
n1/3f he(s)ds| < |n1/3/ hK(s)ds|+|nl/3/ By (s)ds|
-2 a 2

< 2n'Bmax |he(s)] - (la+2|+1b—2]).
seR
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From (2.67), maxer |hy(s)| — O in probability. Further |a + 2| < |% — 2| and

b—2| < |% —2|. By (2.52) again, we obtain n'/3 f_22 he(s)du — 0 in probability.
This and the first conclusion of Lemma 2.9 imply that lim,, ., P(H}) = 0.

Step 4. Review H,, in (2.70) and the limit in (2.71). From the bound P(Z] > €) <
P(H, N{Z] > €}) + P(HY), we apply Lemma 2.8 for the set ¥ = H, N {Z] > €}
for the first term on the RHS of the bound. It is seen from Lemma 2.8 that there exists
an absolute constant C > 0 such that

P (Z;l/ > 6) < eC\/ﬁfndan(/c) + P (H’i)
— eC\/ﬁ—n'ian(K) +0(1)

where I (k) is as in Lemma 2.8 and the infimum is taken over all k € H, N {Z]] > €}.
We claim

a2 inf  I(k) > oo (2.72)

keHy; Z)/>e

as n — oo. If this is true, we then obtain (2.69), and the proof is completed. Review

I(k) = ||L, — Q|7 — 4/ (Lye(s) — S2(5)) cosh™" [s|ds.

[s]>1

Lemma 2.9 says that the last term above is of order om=213 (log n)?) ask € H, by
taking #, = logn. To get (2.72), it suffices to show

2. inf L, — Q3 — oo (2.73)

keHy; Z)/>¢

as n — oo. By the definitions of L, and Q, we see from (2.54) that

ILe —QI2 > - / / (h e(s) = b m) dsdr
s —1
> — / / (hie (s) — hye (1))* dsdt

—E(h (U) = he(V))?

where U and V are independent random variables with the uniform distribution on
[—2, 2]. By the Jensen inequality, the last integral is bounded below by E (h,(U) —
Eh(V))? = E[h,(U)*] — [Eh(V)]?. Consequently,

2

- 1 1 2
e -03 2 o [ h W) du—a(LhK(u)du)

1
_nfl/z a2 — 23

16 "ood

v
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for k € H, N{Z)] > €}. This implies (2.73). O
With the above preparation, we proceed to prove Theorem 5.

Proof of Theorem 5 By Lemma 2.3,

Thus

Ae — 213/2 _ (@—1) (128 ) n3/2
nd/4 .4
m—2.n o | XiLGk-dki—@-1 (a2 n?

nl/4.aq, 2nl/4.q, nd/4 . q,

We claim

it (ki =)k — (@ =1 (FFa %) n®l2

nd/4 . q,

—~0 (2.74)

in probability as n — oo. If this is true, by (2.52), we finish the proof. Now let us

show (2.74).
(st i) (5)
—Z — ki—>N|—-=,0 (2.75)
ni— 2 2’

We first claim
for some o2 € (0, 00). To see why this is true, we get from (1.3) and Lemma 2.3 that

ak) —alk) = —n—l—Z( ki —l)

By Theorem 1.2 from Fulman [17], there is ote (0, 00) such that

ah =ato)  yo.6?)

weakly as n — oo. Then (2.75) follows.
Second, from (2.52), we know &, := (m — 2«/ﬁ)n_l/6 converges weakly to F; as
n — oo. Write

3
- (2ﬁ + nl/6é,,> = n'2E3 4 6n5/062 + 12n7/5, + 832,
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This implies that
m3 — 8n3/2

P — 0

in probability as n — oo. Let Z,, be as in Lemma 2.11 and Q(x) as in (1.12). It is
seen from Lemmas 2.10 and 2.11 that

mn ki//n

1 1 1 1
E ik; = —n3/2f (e (x) — x)2 dx — —m> + =n
i=1 8 —m//n 6 2

1 2 1 1
= §n3/2 <Z,, +/;2 (Q(x) —x)? dx> — gm?’ + ik

with ” Z — 0 in probability as n — oo. The last two assertions imply

L o 13 2 4 3
w3+ ay, Z’ki—g 2/ (@) —x)7de + 202

i=1
nl/4 1 m3—8n/? 1

— Z o — . 0 2.76
8a, " 6ay, nd>/4 +2ann1/4 - (2.76)

in probability as n — oo. It is trivial and yet a bit tedious to verify

2 ) 32 1024
3 (@) =0 dr = = + . (2.77)

The calculation of (2.77) is included in “‘Appendix 2.” Plug this into (2.76) to see

3/2
Z =1 ki — 27712” /
nd/4 . q,

—- 0 (2.78)

in probability as n — oo.
Third, observe

i( Shi—i)ki = i( i)ki-i-(oz—l)iiki.

i=1 i=1

Therefore

YL (§ki —i) ki — @ =1 (Fa?)n??
n34 . a,
S (S — i)k

= — +0£—1
n5/4,an ( )

. 128 32
Doy ik — (T” ) /
n54 . a,

— 0
in probability by (2.75) and (2.78). We finally arrive at (2.74). O
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Appendix

In this section we will prove (1.6), verify (2.77) and derive the density functions of
the random variable appearing in Theorem 1 for two cases. They are placed in three
subsections.

Proof of (1.6)

Recall 2s — H)!! =1-3-.-(2s — 1) for integer s > 1. Set (—1)!! = 1. The following
is Lemma 2.4 from Jiang [20].

Lemma 3.1 Suppose p > 2 and Z,, ..., Z, are i.i.d. random variables with Z; ~
2

N(0, 1). Define U; = 7 for1 < i < p. Let ay,...,a, be non-negative
P

Zi
224t
integers and a = y_1_, a;. Then

[T, (2a; — DU
H;‘l:](P +2i —2) .

E(U{”~-~U§”)=

Proof of (1.6). Recall (1.5). Write (r — 1)s2 = Yy x2 — rx2. In our case,

; —

1
X = Ae = EA,:
5T Pam))| 2, M= Eh

KEPy, (m)
1 _
P= e Y WD ~E (A,%) — (Ex)?
[Pn(m)| — 1
K €Py(m)

as n — 00, where E is the expectation about the uniform measure on P, (m)’. There-
fore,

i Eh 52 M\ (Ere)
EZ n2 and FNE ﬁ - }12 . (31)

From Lemma 2.3, we see a trivial bound that 0 < X, /n2 <1+ %m for each partition
k = (ki, ..., ky) Fnwith k,, > 1. By Theorem 1, under P}, (m),

A 24 ... 2
X 5 .Y and Y := TR T

ad SETT T Om
n? o2 €+ )
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asn — oo, where {£;; 1 <i < m} are i.i.d. random variables with density e™* I (x >
0). By bounded convergence theorem and (3.1),

— 2EY and fi-»»gi[E(Y%-—(EYﬁ] (3.2)
2 n4 4

X
n2

as n — 0o. Now we evaluate EY and E(Y2). Easily,

2
EY =m - Es—lz;
G+ +E&m)
2 & T
E¥Y)=m-E————+mm—-1)-E————— (3.3)
G+ +E&m) G+ +En)
2
Let Zy, ..., Zy, be ii.d. random variables with N(0, 1) and U; = ﬁ for
17 2m
1 <i < 2m. Evidently, (Z]2 + Z%) /2 has density function e=* I (x > 0). Then,
(E—Z) and (Uzi—1 4+ U2i)1<j<m
$l++$m 1<i<m -
have the same distribution. Consequently, by taking p = 2m in Lemma 3.1,
EY =m- E (U + Uy)?
=2mP%UQ+Eahwﬂ
3 1 2
=2m + = . (3.4
dm(m +1) 4dm(m+1) m+1
Similarly,
& 4
E——— = E| (U + U
E A+t En) [+ 0]
=2£ (Ut) +8E (Ui2) + 6E (UPU3)
_ 105 ! N !
8 mm+Dm+2)(m+3) 2 m(m+1)(m+2)(m +3)
8 m(m + 1)(m + 2)(m + 3)
24

~ m(m 4 1)(m +2)(m + 3)
and

£7&7

@?TZ?FzEUm+%W%+wﬂ
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= 4E (UFU3) + 8E (URU>Us ) +4E (U U2UsUs)
9 1 L3 1
S dmm+Dm+2)(m+3)  2m(m+ D(m +2)(m + 3)
1 1

4m(m+ 1)(m +2)(m +3)
4
T mm+ D(m+2)(m +3)

It follows from (3.3) and (3.4) that
4m + 20
)2

2y .
EW)_w+quwww’
4m + 20 2
<m+1

(m+ )(m+2)(m+3)

E(Y?) — (EY)? =

. dm — 4
T m+D2m+2)(m+3)’

This and (3.2) say that
2 (m — a2

il —
n* (m+D2m+2)(m+3)

and —

Verification of (2.77)
Verification of (2.77) Trivially, (x) in (1.12) is an even function and Q(x) =

2 arcsin 5 for |x| < 2. Then

T

2 2 2
/(Q(x)—x)zdxzf sz(x)de+/ x2 dx
2 -2 -2
x32
7L,

2
—=x- sz(x)z(z_2 — /zx.zsz(x) SQ(x) dx +

64 16 [?
= — - — xarcsin£~(xarcsin§+ 4—x2)dx

_3 Tt’zo

T

5 the above integral becomes

Now, set x = 2sinf for0 <0 <

%
/ 260 sinf (20 sin6 + 2 cos 0) 2 cos 6 d6
0
(3.5

_ 2/2 (9 sin6 + 0 sin(36) + 6% cos 6 — chos(39)) d6
0
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by trigonometric identities. It is easy to verify that
0 sinf = (sin@ —Hcosh); 6Osin(30) = é (sin(39) — 36 cos(36))’;
6% cosf = (92 sin@ + 26 cos @ — 25in9)/ ;
62 cos(36) = % (992 sin(36) + 66 cos(36) — 2 sin(39)>/ )
Thus, the term in (3.5) is equal to
() (5 )5 en) -2
It follows that
/ Q) — x)? dx—@—l—i@#—ﬁ) L
w2 \3 27 3 27n?
This completes the verification. O

Derivation of Density Functions in Theorem 1

In this section, we will derive explicit formulas for the limiting distribution in Theo-

rem 1. For convenience, we rewrite the conclusion as

Mla

-V,

[SE )
IS | >

where v is different from p in Theorem 1 by a factor of 5 We will only evaluate the

cases m = 2, 3. We first state the conclusions and prove them
Case 1. For m = 2, the support of v is [%, 1] and the cdf of v is

F(t) =2t —1

fort e [%, 1]. Hence the density function is given by

1 1
f(t)zﬁ’ l€|:§,1:|.

Case 2. For m = 3, the support of v is [%, 1], and the cdf of v is

F(t) =

2
V3
2 1 1 6 1 e 1
7§<(t—§)(n—3arccosm)+% t—j), if 5

(3.6)
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By differentiation, we get the density function

2 el 1.
f(t)z 757'[, 1f§ <tr< b
%(n—Sarccos\/ﬁ), if%gtfl.

The above are the two density functions claimed below the statement of Theorem 1.
Now we prove them.
From a comment below Theorem 1, the limiting law of = 2 . % is the same as the

distribution of lel Y i2, where (Y1, ..., Y,) has uniform dlstrlbutlon over the set

= {(ylv"'vym) € [01 1]1”1’ Zy, - 1}

i=1

By (2.2) the volume of H is Therefore, the cdf of ) 7", Y; 2 is

i

m=D'"
2 — D! - 2

F@) = Yo <t - volume of yi<t;NH, t >0. (3.8)
(L) -5 2

Denote By, (1) := {) 1", yl.2 <t} C R™. Let V(t) be the volume of B, (t) N H.

We start with some facts for any m > 2.
First, V(t) = O for t < - In fact, if (y1, ..., ym) € B (t) N'H, then

1 (Zl lyl)2 i y

3 |

Further, for + > 1, H is inscribed in B,,(¢) and thus V () = F‘/ﬁl), Now assume
1/m <t <1.
Theproofof(3 6). Assumem = 2.1f1/2 <t < 1,then {(y1, y2) € [0, 11* : y1+y>» =
13N { y1 + y2 < t}is a line segment. Easily, the endpoints of the line segment are

(1+¢2t—1 1—¢2z—1> . (1—«/2z—1 1+«/2r—1)
, an , )
2 2 2 2

respectively. Thus V(t) = /22t — 1). Therefore the conclusion follows directly

from (3.8).

The proof of (3.7). We first observe that as ¢ increases from 4 3 to 1, the intersection

B3(t) N'H expands and passes through H as ¢ exceeds some crmcal value #(; see Fig. 6.
We claim that 15 = 5. Indeed, the center C of the intersection of B3(¢) and the

hyperplane T = (11, y2.35) € R yi + y2 + 33 = 1) > His C = (33 3)-

Thus, the distance from the origin to Z is d = ((3)* + (3)> + (%)2)1/2 = % By

@ Springer
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AN

(a) (b)

Fig.6 Shaded region indicates volume V (¢) of intersection as ¢ changes from 1/3to 1 asm =3

Pythagorean’s theorem, the radius of the intersection (disc) on Z is

R(t) =Vt —d* =]t — %

Let 7y be the value such that the intersection B3(¢) N H exactly inscribes H. By
symmetry, the intersection point at the (x, y)-plane is M = (%, %, 0); see Fig. 6b.

Therefore |CM| = \/g. Solving ty from |CM| = R(tp), we have ty) = %

When % <t< %, the intersection locates entirely in 7; see Fig. 6a. Then

= (i-5)
Vt)=aRt)"=mn t—g .

When % <t < 1, the volume of the intersection part (see Fig. 6¢) is given by
V() = nR(1)? =3 Ves(h(1), R(1)),

where Ves(h(t), R(t)) is the area of circular segment with radius R(¢) and height

1 1
h) = RO~ 1CMI = 1~ 1 _\fg,

Therefore, it is easy to check

1 1 1 1 1
V(t):n(t—§>—3<t—§)arccosm+3 E(t_§>

This and (3.8) yield the desired conclusion.
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