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Abstract By using the independence structure of points following a determinantal
point process, we study the radii of the spherical ensemble, the truncation of the circular
unitary ensemble and the product ensemble with parameters n and k. The limiting
distributions of the three radii are obtained. They are not the Tracy—Widom distribution.
In particular, for the product ensemble, we show that the limiting distribution has a
transition phenomenon: When k/n — 0, k/n — a € (0,00) and k/n — o0, the
liming distribution is the Gumbel distribution, a new distribution x and the logarithmic
normal distribution, respectively. The cumulative distribution function (cdf) of w is
the infinite product of some normal distribution functions. Another new distribution v
is also obtained for the spherical ensemble such that the cdf of v is the infinite product
of the cdfs of some Poisson-distributed random variables.
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1 Introduction

The largest eigenvalues of the three Hermitian matrices (Gaussian orthogonal ensem-
ble, Gaussian unitary ensemble and Gaussian symplectic ensemble) are proved to
converge to the Tracy—Widom laws by [49,50]. Since then, there have been very
active researches in this direction. For example, [6] established a connection between
the longest increasing subsequence problem and the Tracy—Widom law. The rela-
tionships between the largest eigenvalues, combinatorics, growth processes, random
tilings and the determinantal point processes are found (see, e.g., [S1] and [29] and the
references therein). In the studies of the high-dimensional statistics [27,31,32] prove
that the largest eigenvalues of Wishart and Jacobi matrices converge to the Tracy—
Widom law. Ramirez et al. [42] obtained the asymptotic distribution of the largest
eigenvalues of beta-Hermite ensemble. Recently, a research interest is the universality
of the largest eigenvalues of matrices with non-Gaussian entries; see, for example,
[20,48] and the references therein.

In this paper, we will study the largest absolute values of the eigenvalues of some
non-Hermitian matrices. Initiated by Ginibre [23] for the study of Gaussian random
matrices (real, complex and symplectic), the interest has continued and theoretical
results are found to have many applications in quantum chromodynamics, chaotic
quantum systems and growth processes; see more descriptions from the paper by
Akemann et al. [2]. The applications also include dissipative quantum maps [25] and
fractional quantum Hall effect [15]. We refer the readers to [33] for more details.

For a matrix M with eigenvalues z1, . . ., z,, the quantity max <<, |z ;| is refereed
to as the spectral radius of M. In the pioneer work by Rider [45,46] and Rider and
Sinclair [47], the spectral radii of the real, complex and symplectic Ginibre ensembles
are studied. For the complex Ginibre ensemble, it is shown that the spectral radius
converges to the Gumbel distribution. This phenomenon is very different from the
Tracy—Widom distribution. The key observation is that the absolute values of the
eigenvalues of the complex Ginibre ensemble are independent random variables with
the Gamma distributions; see [34]. Later, it is found that the independence phenomenon
is true not only for the complex Ginibre ensemble, but also for other complex-valued
determinantal point processes; see, for example, [26] for further details.

In this paper, we will study the largest radii of three rotation-invariant and non-
Hermitian random matrices: the spherical ensemble A_IB, where A and B are
independent complex Ginibre ensembles, the truncation of circular unitary ensem-
ble, and the product ensemble H];Z 1 Xj, where X1, ..., Xk are independent n x n
complex Ginibre ensembles. The spectral radius of the first one converges to a new
distribution v, that of the second one converges to the Gumbel distribution, and that
of the third one, depending on the ratio « := lim,,_, » k;, /1, converges to the Gumbel
distribution when o = 0, a new distribution x4 when o € (0, 00), and the logarithmic
normal distribution when o = co.

Our analysis of the spectral radius is based on the following result. It is a special
case of Theorem 1.2 from [11] which is another version of Theorem 4.7.1 from [26].

Lemma 1.1 (Independence of radius) Assume that the density function of (Z1,. . ., Zy)
€ C" is proportional to Hl§j<k§n lzj — )% H;l':l @(|z 1), where ¢(x) = 0 for all
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Plots of density curves for limiting spectral radii

<
p
© o
o o4 ©
S ]
2 2 20
@ @ N | Qo
6 % 59 5
T o ° )
51 -
o Q] o
O T T T T © T T T T © T T T T
0 1 2 3 4 -2 0 2 4 6 00 05 10 15 20
H A by,
a o |
- ° -
] o]
©4
> 24 > 1 >
8° 2 2°]
s g 2 o
T ¢ I T ¥
34
] o4
e o 4
O T T T T T © T T T T °h T T T T T
0 1 2 3 4 5 00 05 1.0 15 20 00 01 02 03 04 05
&, (3 [

Fig. 1 Distribution H (x) is given in Theorem 1, Gumbel distribution A(x) = exp(—e™*) is given in
Theorems 2 and 3, and distributions @y (x) := @a(%al/z +2a71/2 logx) fora = 0.1, 1,5, 10 are given
in Theorem 3

x > 0.LetYy, ..., Y, beindependent r.v.’s such that the density of Y j is proportional to
2= lo(y)I(y = 0) foreach 1 < j < n. Then, g(|1Z1|, ..., |Z,|) and g(Y1, ..., Yy)
have the same distribution for any symmetric function g(¥1, ..., Yn)-

In this paper, we will study the limiting distributions of maxi< ;< |z;| for three spe-
cific ¢’s. In addition to Lemma 1.1, [11] also proves that the limiting distribution of
maxi<;<, |zj| is the Gumbel distribution under certain assumptions on ¢(x). How-
ever, their results do not apply to our three ensembles because their assumptions are
not satisfied. See further elaborations in the section “strategy of the proofs.”

Now, we present our results on the three ensembles in Sects. 1.1, 1.2 and 1.3,
respectively. After this, the strategy of the proofs and some comments are given. We
compare the limiting curves appearing in this paper in Fig. 1.

1.1 Spherical Ensemble

Let A and B be two n x n matrices, and all of the 21 entries of the matrices are i.i.d.
CN (0, 1)-distributed random variables. Then, A71B is called a spherical ensemble
[26]. It has a connection to the matrix F distribution in the statistics literature; see,
for instance, p. 331 from [18]. Let z1, . . ., z, be the eigenvalues of A-1B. Then, their
joint probability density function is given by
z 1
C. zi—zulr ]| —m——— 1.1
H' J Kl H(1+|Zk|2)n+1 (L.1)

j<k k=1

where C is a normalizing constant; see, for example, [35]. The joint density of
Z1,...,2n of the real analogue of the spherical ensemble A~1B, where A and B
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are i.i.d. real Ginibre ensembles, is given by Forrester and Mays [21], Forrester and
Nagao [22].

The empirical distribution of the eigenvalues has an asymptotic distribution p with
density m [8]. When mapping the eigenvalues on the complex plane to the Rie-
mann sphere through the stereographic projection, the induced (pushforward) measure
of w is the uniform distribution on the sphere. The spectral distribution of the singular
values of A~1B, which is the same as the eigenvalues of the F-matrix (AA")"1(BB"),
converges weakly to a non-random distribution; see, for instance, [5,52].

In this paper, we say

X, converges weakly to the cdf F(x) or a random variable X

if the probability distribution of X,, converges weakly to that generated by the cumu-
lative distribution function (cdf) F(x) or X. Now, we study the spectral radius.

Theorem 1 Letzy, ..., z, have the density as in (1.1). Define Hi(x) = e=* ZI;;(I) );—J,
fork > 1. Then, \/LZ maxi<;<, |2j| converges weakly to probability distribution func-
tion H(x) = H,fil Hk(x_z)forx > 0and H(x) = 0forx <0.

Observe that Hy (x) is the cdf P(Poi(x) < k — 1) for each k > 1, where Poi(x) is a
Poisson random variable with parameter x > 0. So, H (x) is the product of those cdfs
evaluated at x 2. Moreover, we have

1
L= Hm~ (1.2)

as x — +o00. So, H (x) is heavy-tailed. This property will be verified in Sect. 2.4. It
will be very helpful to provide some other descriptions of H (x) in terms of, say, its
Taylor expansion or a differential equation.

Johnstone [31] proves that, under a trivial transformation, the largest singular value
of the F matrix (AA*)~1(BB*) asymptotically follows a Tracy—Widom distribution.
Here, the spectral radius converges weakly to the new distribution H (x).

1.2 Truncation of Circular Unitary Ensemble

Now, we consider the truncation of the circular unitary ensemble. Let U be ann x n
Haar-invariant unitary matrix (see, e.g., [16,27,28]). Forn > p > 1, write

A C*
v %)
where A, as a truncation of U, is a p x p submatrix. Let z1, ..., z,, be the eigenvalues
of A. It is known from [53] that their density function is

p
c 1 l—alP]Ja-1zA—r! (1.3)

l=<j<k=p j=1
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where C is a normalizing constant. Assuming ¢ = lim f, Zyczkowski and Sommers
[53] show that the empirical distribution of z;’s converges to the distribution with
density proportional to m for |z] < cif ¢ € (0, 1). Dong et al. [17] prove that
the empirical distribution goes to the circular law and the arc law asc =0 and c = 1,
respectively.

Collins [13] proves that A*A forms a Jacobi ensemble. Jiang [27] and Johansson
[30] show that a transform of the largest eigenvalue of A*A converges weakly to the
Tracy—Widom distribution. For the spectral radius max < j<p |z ;| of A itself, we obtain
the following result.

Theorem 2 Assume that z1, . . ., 2 have density as in (1.3) and there exist constants
hi,hy € (0, 1) suchthath| < % < hyforalln > 2. Then, (max<j<p |zj| — Ay) /By
converges weakly to the cdf A(x) = exp(—e™™), x € R, where A, = ¢, + %(1 —
Cﬁ)l/z(}’l _ 1)_1/26111; B, = %(1 _ Cg)l/Z(n _ 1)_1/2bn;

p—1\1/2 ne? ne?
C"Z(n—l) ’ bn:b(l—cz)’ an:a(l—c,%)

n

with
a(y) = (log )'/? — (log y)™'/* log(v/27 log y) and b(y) = (logy)~'/?

fory > 3.

Trivially, in the above theorem, {A,; n > 3} is bounded and B,, has the scale of
(nlogn)~1/2.

1.3 Product Ensemble
Given integer k > 1. Assume that Xy, ..., Xk are i.i.d. n X n random matrices and the

n? entries of X are i.i.d. with distribution CN(0, 1).Letzy, ..., z, be the eigenvalues
of the product H]j: 1 Xj. It is known that their joint density function is

c 1 tlzi—alP[]wedzD (1.4)

I1<j<l<n j=1

where C is a normalizing constant and wy (z) has a recursive formula given by w1 (z) =
exp(—|z|?) and

wi(z) = 21 / w1 () exp(—r2) "
0 r r

for all integer k > 2; see, e.g., [3]. The function wi(z) also has a representation in
terms of the so-called Meijer G-function; see the previous reference.
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Gotze and Tikhomirov [24] prove that the mean of the empirical distribution of
{zj/nk/z, 1 < j < n} converges to a distribution with density %|z|%_2 for |z| < 1.
Later, Bordenave [8], O’Rourke and Soshnikov [38] and O’Rourke et al. [39] further
generalize this result to the almost sure convergence. The Gaussian case was first
considered by Burda [9] and Burda et al. [10] through investigating the limit of the
kernel of a determinantal point process. Second, the empirical distribution of the
singular values of X1X»5/n converges weakly to a non-random distribution, see, for
instance, Theorem 2.10 from [4].

Now, we consider the largest radius, and the result is given below. We allow k
changes with n in this paper. First, we need some notation. Let @ denote the cumulative
distribution function of N (0, 1). For o € (0, 00), define

2u0 =] o (x + ja'”).

J=0

and @, (x) = @ (x). The digamma function i is defined by

d r’
V@) = log () = @ (1.5)

z I'(z)
where I'(z) is the Gamma function.

Theorem 3 Let k = k;, be a sequence of positive integers. The following holds.
(a). If lim,,_, o0 k,, /0 = O, particularly for k,, = k, then oy, (n_k"/2 maxi<j<u |2j| —
1) — B, converges weakly to the cdf exp(—e™), where

n n\1/2 n
oy = (E log E) and B, =log E — loglog

n 1
— — —log(2m).
s 2og(ﬂ)

(b). Iflim,_, o kn /1 = & € (0, 00), then

maxi<;<n |z;]

1
) converges weakly to the cdf @ (Eal/z + 20712 log x), x > 0.
n n

(©). If limyy—s 00 kn /n = 00, then

maxi<j<plog|z;| — ky ¥ (n)/2
Vkn/n/2

Taking k = 1 in (a) of Theorem 3, the corresponding limiting result is obtained
by [45]. Here, we get the result not only for finite &, but for all possible range of k,,,
which leads to the three transition zones: k,/n — o with @ = 0, @ € (0, 00) and
o = 00.

It is not known to the authors whether Theorem 3 still holds if the entries of
matrices Xj’s are not Gaussian. In fact, it is not clear even for the largest radius
of Xj.

converges weakly to N (0, 1).
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Theorem 3 gives the asymptotic distribution of the largest radius of the product
of independent (non-Hermitian) Ginibre ensembles. A natural question is what if the
Ginibre ensembles X ;’s are replaced by (Hermitian) Wigner matrices Y¥; := (X; +
X*)/27? As stated in the Introduction, the largest eigenvalue of each Y; asymptotically
follows the Tracy—Widom law.

Second, let 7max (Xj) be the largest singular value of Xj for each i. It is proved
that 7max (X1)/+4/M — 2 in probability (see, e.g., [4]). Let A1 (Xj), ..., An(Xj) be the
eigenvalues of Xj for each i. Obviously, maxi<;<, [A;(Xi)| < nmax(Xj) for each i.
From [45] or (a) of Theorem 3, we know max <<, |A; (Xj)|/ +/n — 1 in probability
for each i. It is interesting to see that the first limit is 2 and the second is 1. Now, the
assertion (b) of Theorem 3 says that, though max<j<, [A;(Xj)|/ /n — 1foreachi,
the radius of Hf;l (Xj/+/m) goes to a distribution with support [0, 00).

Finally, let us look at the tail behavior of the distribution in (b) of Theorem 3. In
fact, we have

1 _(pa(lal/z-l—ZO[il/zlogy) ~ LG*Z(logx)z/o{ (1.6)
2 x log x
as x — +o00, where C = ‘/2&5;/8 It is different from that of eV ©1) the standard

logarithmic normal distribution: P(e¥ (D > x) ~ We_(log)‘)z/ 2asx — +o0.

This will be verified in Sect. 2.4.

Plots of the density curves of the limiting spectral radii To visually compare the
limiting distributions of the spectral radii, we plot the density curves in Fig. 1 for
the following distributions: distribution H(x) in Theorem 1, Gumbel distribution

A(x) = exp(—e™) in Theorems 2 and 3 and distributions Dy (x) 1= Dy (%al/ L
20~ 12 10g x) in Theorem 3.

Strategy of the proofs By using Lemma 1.1, the absolute values of eigenvalues
|zi|s are “independent.” So, we are dealing with the maxima of independent random
variables with different distributions. The first step is to identify these distributions. In
fact, we show that the largest radii in Theorems 1, 2 and 3 are essentially the maximum
of independent random variables of density v =1 14y2) =+t Dfor1 < j < nin(2.2),
the maximum of independent random variables with beta distributions in (2.18), and
the maximum of products of i.i.d. Gamma-distributed random variables in Lemma 2.4,
respectively. The next step is the analysis of their tail probabilities through moderate
deviations. This procedure costs the major efforts.

Assuming that the function ¢(¢) in Lemma 1.1 has the form of e ™V ® (V (¢) not
depending on n) with V(t) = t* for some o« > 1 or V(¢) being a special type of
convex functions, [11] show that the limiting distribution of max<;<y |z is always
the Gumbel distribution. In our Theorems 1, 2 and 3, V (¢) either depends on n or is
not the type of special convex functions required in their theorems. In particular, we
see different limiting distributions in Theorems 1 and 3.
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Comments

1. It is noteworthy to mention that, though the main idea is analyzing the maxima of
independent random variables, the proofs are not trivial. In the classical study of
the maxima of i.i.d. random variables, the limiting distributions are only of three
types: Fréchet distribution, Gumbel distribution and Weibull distribution; (see, for
example, [44]). However, the limiting distributions appeared in Theorems 1 and
(b) of Theorem 3 are new.

2. Theeigenvalues of the three random matrices investigated in this paper are rotation-
invariant. This special property gives us the advantage of independence by Lemma
1.1. When the eigenvalues are not of the invariant property, it seems there have
no good understanding on the largest radii. For example, there is no invariance

property for z1, ..., z, if they have the joint density
(Rez (Imz ;)2
S ) =€ H e~ eXp{_”Z(H}z T )}
1<j<k<n =1

where 7 € (—1, 1) is a parameter and C is a normalizing constant (Lemma 4 from
[41]). See also similar examples on page 3403 from [45] and (1.1) from [36].

3. Inthis paper, we work on matrices with complex Gaussian entries. A similar study
may be done for matrices with real and symplectic Gaussian random variables.
For example, we know from [19,23,37] that the densities of the eigenvalues of
real and symplectic Ginibre ensembles are also explicit. Rider [45] and Rider and
Sinclair [47] obtain the limiting distributions of the largest radii for the real and
symplectic cases. It is possible that our current work can be carried out to the three
real and symplectic analogues: the spherical ensemble A~!B, where A and B are
real or symplectic Ginibre ensembles (further information can be seen from [22]
and [21]), the truncation of Haar-invariant orthogonal or symplectic matrices (see,
e.g., [28]) and H];:1 X, where Xj, ..., Xk are i.i.d. real or symplectic Ginibre
ensembles.

4. Tracy and Widom [49,50] prove that the largest eigenvalues of the Gaussian
orthogonal, unitary and symplectic ensembles converge to the Tracy—Widom laws.
Recently, there has been an active research on the universality of the eigenvalues
of non-Gaussian matrices; (see, for example, [20,48] and the references therein).
In particular, Erdés et al. generalize the results by Tracy—Widom to the matrices
with non-Gaussian entries. Our Theorems 1, 2 and 3 consider the eigenvalues of
matrices with Gaussian entries. It will be interesting to study the universality of
the three results for the matrices with non-Gaussian entries.

Finally, the organization of the rest of paper is as follows. We will prove Theorems
1, 2 and 3 in Sects. 2.1, 2.2 and 2.3, respectively. The verifications of (1.2) and (1.6)
are given in Sect. 2.4.

2 Proofs

In this section, we will prove Theorems 1, 2 and 3 in each subsection.
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2.1 The Proof of Theorem 1

We start with a lemma.

Lemma 2.1 Let a,; € [0, 1) be constants fori > 1,n > 1 and sup,~ ;> ani < L.
Foreachi > 1, a; := lim,,_, o a,;. Assume ¢, == Z?il ani < oo foreachn > 1 and
c:= >0 a; < 00, and lim,_, oo ¢, = c. Then,

o0 o
Tim [Ta —aw) =[] —an.
i=1 i=1
Proof Notethat [ [72, (1—ay;) and [ ]2, (1—a;) are well defined, and [ 72 (1—ay;) >
0 foreachn > 1 and H;ﬁl (1 —a;) > 0. It suffices to show that
lim Zlog(l — api) = Zlog(l —ap). 2.1)

i=1

Note that for each fixed k > 1,

lim sup2|am a;| < hm supz |ani — ai| + lim sup Z layi — a;
n—oo

n—o00

i=k+1
o0
= lim sup Z lani — ail
0 o
< lim sup Z ani + Z a;
"0 k41 i=k+1
_hmsup(cn Zam)—i—c—zg,
n—0oo

— 2(c—§a,),

which goes to zero as k — oo. Therefore, we have

o0
lim E layi —a;] = 0.
n—00 4 .

1=

Seta = SUP,>1 i>1 dni- Then, 0 < a < 1. It follows that

@ Springer



J Theor Probab (2017) 30:326-364 335

o o0 o
> log(l — ani) — D _log(1 —a;)| < > [log(l — ay;) —log(1 — a;)|
i=1 i=1 i

as n — oo, proving (2.1). O

Proof of Theorem 1 By Lemma 1.1 and (1.1), max <<, |z;| and max; <<, Y,; have
the same distribution, where Y1, ..., Yy, are independent such that Y,; has the
probability density function (pdf) proportional to y2/ =1 (1 + y>)~*+D(y > 0) for
1 < j < n. Thus, to prove the theorem, it suffices to show

1
lim P(— max Y,; < x) = H(x) (2.2)
n—oo

nl<j<n

for each x > 0.

Let X;, i > 1 be a sequence of i.i.d. random variables with cumulative distrib-
ution function (cdf) F. Let X1, < X»,, < --- < X,., be the order statistics of
X1, X2, ..., X, foreachn > 1. Then, from page 14 on the book by Balakrishnan and
Cohen [7], we know that the cdf of X;., is given by

N n r n—r n! Feo i—1 n—i
F;. = F 1-F = (=) dre
=3 (r) W (1= P = e [ i
(2.3)
for each 1 <i < n.If F has a probability density function f, then the pdf of X;., is

given by

i) = SF)' A= FOo)"™ £ (). (2.4)

n!
(i—Dln—1i)

The monotonicity of the order statistics implies that F;.,(x) is non-increasing in i
for each x, that is,
Fi(x) = Fop(x) > - > Fp(x). (2.5)

Let {u,,, n > 1} be a sequence of constants such thatlim;_, oo n(1 — F(u,)) =: 7 €
(0, 00). Write 1,, = n(1 — F(uy)). Then, it follows from the first equality in equation
(2.3) that
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Facistnn) = . (’:)Fwn)’(l—F(un))"—r

—e T z — = Hi(7) (2.6)

as n — oo for each fixed integer i > 1.

Now, we take F(y) = % fory > 0. Fix x > 0, set u, = u,(x) = /nx. Then,
lim,,— o0 n(1 — F(u,)) = x 2. Then, from (2.6)

WM Fyj i (un) = H;(x™%) 2.7)
n—0oo
for each fixed integer i > 1. For each n > 1, define

o l = Fy—ivtn(un), if 1=<i=<n;
Oni = 0, if i>n.

Then, it follows from (2.5) that sup,,~; ;> dni = Sup,> @n1. By the first identity in
(2.3),

I (P
a = — = — P
nl 1+ nx? n

is increasing in n. Hence,

sup au; = lim a, =1— exp(—xfz) € (0, 1).
n>1,i>1 n—00

From (2.7), we have lim,,_, o0 an; = 1 — H; (x %) =: a; for each i > 1. Moreover, we
have

iani = E[i I(Xy—ivin > Mn)]
i=1 i=1
- E[anl(xi > un) |

i=1

=n(l — F(up)) — x>
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and

>ai= Z(I—H(x ) = exp(—x Z)Zz(x_z)k.
i=1

i=1 k=i

By exchanging the ordering of the sums, we know > oo, >, (x];ﬁ
—2\k —2\k

= >R, >k ) = =, % = x2exp{x~2}. It follows that > 2, a;

=x"2, By Lemma 2.1, we have

ILII;OH Fin(3/nx) = hm H(l —api) = H H; (x_2) = H(x) forx > 0.
i=1

i=1

From (2.4), we obtain the pdf of X ;., given by

2n!

2j-1¢1 2\—(n+1) 0
G-Dim— (T+y7) » y>0,

fj:n(Y) =

which is also the pdf of Y,;. Therefore, we have

lim P(% max Y,; fx) = lim HP(Y,U < /nx)

n—00 nl<j<n n—00
= lim H Fjan(V/nx) = H(x)
j=1
for x > 0. This completes the proof of Theorem 1. O

2.2 The Proof of Theorem 2

In the rest of the paper, we will need the following notation. The symbol C,, ~ Dj, as
n — oo means that lim,,_, o g—: = 1. Similarly, C,, (t) ~ D, (¢) uniformly overt € T,

if 1imy— oo SUP, 7, |% — 1] = 0. Also, C,(t) = O(D,(¢)) uniformly over 7 € T,

if sup,c7, |g’:l—$))| is bounded. We write C, (t) = o(D,(t)) uniformly over ¢t € T, if

Cu(0)
Super, |#(0| converges to zero as n — 0Q.

For random variables {X,; n > 1} and constants {a,; n > 1}, we write X,, =
Op(ay) if limy_, o lim,— P(|§—:| > x) = 0. In particular, if X, = Op(a,) and
{b,; n > 1} is a sequence of constants with lim,_, o b, = 00, then afgn — 0 in
probability as n — oo

e—¥7/2 L =122
Recall ¢(x) = ﬁ and @(x) = Wer f_ooe dr for x € R. Let also

a(x) and b(x) be as in Theorem 2.

@ Springer



338 J Theor Probab (2017) 30:326-364

Lemma 2.2 Let {j,,n > 1} and {x,, n > 1} be positive numbers with lim,_, o X,
oo and 1im,,_ 5o j,1)c,,_1/2(log)cn)l/2 = 00. Forfixedy € R, if {cp,j, 1 < j < ju,n =

. 1/2
1} are real numbers such that lim, _, oo maxi<j<j, |c,,h,'xn/ — 1] =0, then

Jn

Tim > (1= @((j = Dewj +ale) +b0n)y) = ¢ (2.8)
j=1

li S ! i — Dcp., b =e”

"Ln;‘)jz_;(j—ncn,,- Faton Gy U 7 Dewg el +bln)y) =7

(2.9)

Proof From the definition, it is easy to see that lim,_ca(x;,) = +oo and

lim, 500 b(xy) = 0 and mini<j<j, cp,; > 0 as n is large enough. Thus,

min;<;<;,[(j—Decp, j+a(x,)+b(x,)y] — +00asn — oo. By using the integration
by parts, we see that | — @ (x) ~ @(1 + O(x’z)) as x — 00. Therefore, (2.8)
follows from (2.9). Now, let us prove (2.9).

It is easy to verify that for y € R,

1 V2mlogx, _
exp (—E(a(xn) + b(xn>y)2) ~ %e y (2.10)
as n — oo. For large n, define
172 174 1/2
. . Jn Xn Xn
I, = the integer part of min [ (og ) 1/2 (logx,,)l/“] .
Then, as n — oo,
Jn > 1, — o0, lnxn_l/z(logxn)l/2 — oo and l,,x,,_l/2 — 0. 2.11)
Fix y € R, and set
upj = (j — Den,j +alxp) +b(xn)y, 1= j = ja.
Then, we conclude the following facts:
Fact 1: Uniformly over 1 < j <1,
R 1/2
unj = (logx,) /(1 +o0(1)) (2.12)

by using the third assertion in (2.11) and

(log x,)'/?

tn; = (@Con) +b(n)y)* +2( = D) ——75—

nj (I+o(1)) +o(1); (2.13)
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Fact 2: Uniformly over/,, < j < j,, which is different from the assumption on (2.12)
and (2.13),
unj = (logx)'?(1 +o(1) 2.14)

and

(log x,)'/?

iy 2 (@) + b)) +20 = D= —

(I+o(1) +o(l).  (2.15)

It then follows from (2.12), (2.13) and (2.10) that

In

1 2
Z%qﬁ(unj)'ve)(p( 5@@(xn) 4+ b(xn)y)?)
nj

1/2
P 2m log x,) Y/
/
n lo 1/2
Zexp (—(j — 1)%(1 +0(1)))
Xn
j=1
_exp (= (@) +bGx)y)?) 1 (2.16)
(27 log x,)1/2 I —exp(— %(1 +o(1)))
1 2 1/2
N exp( Z(G(Xn) + b(x,)y) ) Xn / ~e Y, (2.17)
(27 log x,)1/2 (log x,)!/2

where the middle limit in (2.11) is used in the second step. Similarly, it follows from
(2.14), (2.15) and (2.10) that

Jn

1
> —¢u)
j=l+1 Unj
exp (— $@xy) +b(x)y)?) < ( _(logxy)'? )
= (27 log x,) /2 j§+1 exp|—( — 1)—x"1/2 (14 o(1))
_oxp (= 3(at) +b0w)y)?) 1
ST e o (B o)

log x,)'/2
X exp (—ln(ofx—l/;(l + 0(1)))

172
—0 (eXp (—zn%(l +0(1)))) ~0
Xn

by using (2.16) and (2.17) in the equality and the middle assertion in (2.11) in the last
step. By adding up the above equation and (2.17), we obtain (2.9). O

Let {U;; i > 1} be a sequence of i.i.d. random variables uniformly distributed over
0, 1),and let Uy., < Up.y < --- < Up:y be the order statistics of Uy, Us, ..., U, for
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each n > 1. Recall B is the collection of all Borel sets on R. The following lemma is
a special case of Proposition 2.10 from [43].

Lemma 2.3 There exists a constant C > 0 such that for allr > k > 1,

sup

F32 r—k
P(————(wkﬂm——r)eB)—Aa+hm+hmwmm

BeB V(r —kk
c r 3/2
<C - (———
- ((r — k)k)

where for i = 1,2, [;(t) is a polynomial in t of degree < 3i, depending on r and k,
and all of its coefficients are of order O(((r_r—k)k)l/2).

Proof of Theorem 2 Review the density formula in (1.3). Set m, = n — p. For ease
of notation, we sometimes write m for m,. By assumption, h’2 < % < h’1 for
all n > 2, where h; = 1 —h; € (0,1) for i = 1,2. Then, we need to prove
(maxi<;<plzj| — Au)/ B, converges weakly to the cdf exp(—e™), where A, =

cn + %(1 - C,%)]/z(n - 1)71/251}1’ B, = %(1 - C,%)]/z(n - 1)71/2bm

p—1\1/2 nc,zl nc,zl
cn:(n—l) ’ bn:b(l—c2)’ an:a(l—c2)

n n

with
a(x) = (logx)'/? — (logx)""?1log(+~/27 log x) and b(x) = (logx)~'/?

for x > 3. We proceed this through several steps.
Step 1 Reducing the problem to the maximum of independent random variables with
beta distributions. Let U;, i > 1, be a sequence of i.i.d. random variables uniformly

distributed over (0, 1) and Uy, < Uy, < --- < Uy, be the order statistics of
Ui, Us, ..., U, foreachn > 1. From (2.4), the density function of U, + -1 is
(my, +j — D! j—1 -1
- i—1(x) = 1—x)"=", xe€(0,]1).
Fimim1(0) = e T = ©.1)

Denote the corresponding cdf as F;., + j—1(x). Notice that the pdf of (Uj;anrj_l)l/2
is proportional to xzj_l(l — xz)m"_l. For eachn > 2, let {Y,;; 1 < j < p} be
independent random variables such that Y,,; and (U, + j_l)l/ 2 have the same dis-
tribution. By Lemma 1.1 and (1.1), max; <<, |z;| and maxj<;<p Yy; have the same
distribution. We claim that, to prove the theorem, it suffices to show

lim P( max Ynzj < ﬂ,,(x)) = exp(—e™™) (2.18)

n—00 (15/‘51)
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for every x € R, where 8,(x) = c,zl + ¢, (1 — c,zl)l/z(n — 1)~Y2(a, + b,x). In fact,
(2.18) implies that

1
W, = P (c;1(1 — c’%)—l/Z(n — 1)1/2 (lrfjafp Yn2j — cﬁ) — a,,) —d> A, (2.19)
n =J=

where A is a probability distribution with cdf exp(—e™), x € R. From Taylor’s
expansion

172
max Y,; = (cﬁ Fen(l— A2 — 1)V (a, + ann))
1<j=<p

_ an + bWy \'?

1, 2.1/2an + ba Wy a?
(1—¢) —(n_1)1/2+0p n_”l

1 B 1 _
=cy + 5(1 — A" - 1)V, + 5(1 —AH"2n - 172, w,

1
+op(*2")
n

logn
=An+Ban+0p n ’

Il
o
3
/4N
—
+
N |
o
=

where we use the facts a, — 00, b, — 0 and ¢,, € (0, 1) in the above. Since B, has
the scale of (n log n)~1/2, by (2.19),

) C_ 3/2
maxi<j<p Ynj — Ay B (logn)
B, =Wt O\ e ) A

weakly, which leads to the desired conclusion. Now, we proceed to show (2.18).
Step 2 A preparation. We claim that

1 - Fl:m,, x)=<1- F2:m,,+l x)<---=<1- Fp:m,,+p—l(x) (2.20)
for x € (0, 1). In fact, since foreach 1 < j < p,

U. = Uj—t:mp+j-2- if Unp+j-1 S Uj—1um,+j-25
muy+j—1 — : :
S min(Ujm,+j—2, Uny+j—1), i Uppyjo1 > Uj—tum,+j—2,

which implies that U 1,4 j—2 < Ujun,+j—1 for 1 < j < p. This yields (2.20).

Foreachn > 2,setanj =1 — Fpii—jumy+p—j (Bu (X)) = 1 — Fpi1—jin—j(Bn(x))
for I < j < p. From (2.20), for each n, ay; is non-increasing in i. Since Yn2j and
Uj.m,+j—1 are identically distributed, we have
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I<j=<p

p p
P max v% <p,) = [[ PO < puon =[J0—ap. @2
j=1

Jj=1
It is easy to check that the following holds: Suppose {l,; n > 1} is a sequence of

positive integers. Let z,; € [0, 1) be constants forall 1 <i </, withmaxj<;<;, Zp; —
0 and Zf"zl Zni — Z € [0, 00). Then,

In
lim_ H(l —zpi) =€ %, (2.22)
i=1
Next, we will use (2.21) and (2.22) to prove (2.18). In fact, we only need to verify that
p
Z anj — e " (2.23)
j=1

and

max auj = ap; —> 0.
1<j=p

Step 3 The analysis of dominated terms in the maximum from (2.18). Fix § € (%, %).
Let j, = [n‘s], the integer part of nd.Forl < Jj < jn,define

=) p—J
M = ma) (ﬁ"(x) T on —j)'

Meanwhile, we rewrite

Cp—1 ., (p—Dmy'?
Pn(x) = n—1 * (n—1)3/2

(an + byx).

Then, we see that uniformly over 1 < j < j,,

u':(p—l p—j). (n—))*?
" ((p — yma)'/?
— j\3/2 — 1,172
() (22 P, 4
n—1 p—J
:(P;J')—”Z.(”—1)1/2.("—P)”?("—l)—”z.u
p—1 n—1 p—1 n nl/2

=

n—l_n—j

@ Springer



J Theor Probab (2017) 30:326-364 343

2 N\ T . AN\T
Now, ';;’17 = 1;2[6". Also, given T € R, trivially (Z%’) =1+ 0(%) and (%)
=1+ O(ril) uniformly forall 1 < j < j,. Since a, ~ (logn)l/2 and b, = o(1), we

have

(1 =c)Hl/z jlogn
unj:W(}—l)(l+o(l))+an+bnx+0( )
(1 —62)1/2
= —7"—G — D +0(1) +ay + byx (2.24)
n'/2¢,

uniformly forall 1 < j < jj,.
In Lemma 2.3, take r = n — j and k = n — p to have

sup | P(Vp—j41m—j € B) — / (+0L@) +L@)¢@)dt| = 0
BeB B

uniformly over 1 < j < j, asn — 0o, where

(n— j)*? p—J
Vp—j—H:n_j = ((n — ])(n — p))1/2 (Up—j+1:n—j - n— ])

and where, fori = 1,2,/;(t)isa polynomial in ¢ of degree < 3i, depending on n, and
all of its coefficients are of order O (n~'/?) by the assumption 7| < % < hy for all
n > 2. Now, by taking B = (u,;, 00), we obtain

anj = P(Vp—jsrn—j > un)) = [ (L+ 1) +L@)$@)dt + 002

Upj

uniformly for 1 < j < j, as n — oo. From L’Hospital’s rule, we have that for any
r >0,

/Oo re@)dr ~ x " p(x) asx — oo. (2.25)

X

Since minj<j<j, Upj — 00 asn — o0 by (2.24), it follows from (2.25) that

/Oo "Gl ~ () B un) S it r=0
' d()dr ~ (uy; Upj) = " .
g h " O((maxi<je, un) ) 2, if 7 >0
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holds uniformly over 1 < j. < jn. Furthermore, since the coefficients of [; () are
uniformly bounded by O (n~/?) fori = 1, 2, we have

/ (I +4L(@) +L()g(t)de
= [1 +0 (w) Lo ((maxlfjsjn ”nj)é)] ¢ (unj)

n Upj
(1 + O( )) ¢(un])

Unj

uniformly over 1 < j < j, and thus obtain that
.3 .
tnj = (1 +0 (’—2)) PUn) 4 (w37 (2.26)
n Unj

uniformly over 1 < j < j,. Therefore, we have

Zan,—(1+ (1))Z¢( %) 1 o1),

j=1 tnj

In Lemma 2.2, by taking x,, = nc; /(1 — cz) and ¢,; = xn (1 +o0(1)), where “o(1)”
is as indicated in (2.24), we then get

Z’" ¢ (1))

lim I =e*. (2.27)

n—00 4 Upj

j=1

Step 4 Some terms in the maximum from (2.18) are negligible. From (2.24) again,
we see

w2 >2e (1 —cAHV2(ay, + by, x)

njn +o(1)) > 610gn

/2 (1

for all large n. Hence,

exp(—3logn) =

1 1
¢(unjn) = \/T_T[ «/El’ﬁ

for all large n. Then, it follows from (2.26) that a,,;, = O(n_3/ 2), and hence

> anj < (0= ju)anj, = 0(n~'7?).
Jj=int1

This together with (2.27) yields (2.23). The proof is then completed. O
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2.3 The Proof of Theorem 3

We begin with some preparation. The notation k = k,, appears in the statement of
Theorem 3. In the proof next we will write “k,,” if there is a danger of confusion, for
example, a limit is taken for “n — 00.” We write “k” in other occasions for clarity of
formulas.

The following result characterizes the structure of the radius of the eigenvalues
from the product ensemble.

Lemma 2.4 Letkandz,...,z, beasin(1.4). Let {s;,, 1 =r= k, j > 1} be inde-
pendent randomvariables and s j , have the Gamma density yiTle ™I (y > 0)/(j—1)!
for each j and r. Then, maxi<j<y |2 ? and maxi<j<p Hle sj.r have the same dis-
tribution.

Proof Let{sj,; 1 <r <k,j>1}be independen_t random variables and s , follow
a Gamma( ) distribution with density function y/~le™>I(y > 0)/I'(j) for all 1 <
r <kand j > 1. Define vi(y) = exp(—y), y > 0, and set for j > 2,

—S

€ ds. (2.28)
S

vj(y)=/0 vi—1(y/s)

One can easily verify that for each j > 1, v;(y) is proportional to w; (y'/?), i.e., for
some constants d; > 0,

wj(yl/z) =d;vi(y), y>0. (2.29)
Let z be any complex number with Re(z) > 0, and define for j > 1,
(o0}
yi(@) = /O ¥ (y)dy.

Note that y;(z) = I'(z) = [~ y*~'e™>dy. For j > 2, by using (2.28),

' B 00 g—s 00 1 y
V{/(Z)—‘/0 s |:‘/0 Yy ovi— (S)dyj|ds

=/0 siles [/0 yz_lvj_l(y)dy} ds = I'(@)yj-1(2).

Thus, we have _
yi@ =T/, j=1 (2.30)

Assume Y,;, 1 < j < n, are independent random variables, and for each 1 <
J = n, the density of Y,; is proportional to y2 =l (y). By Lemma 1.1 and (1.1),
maxi <<y |z;|* and max<;<, Ynz/. are identically distributed. Furthermore, since the

density function C_)f Ynzj, denoted by f;(y), is proportional to v/~ Lwr(y1/2), and thus
proportional to y/ v (y) from (2.29), we have from (2.30) that
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Y e (y) Zyj‘lvk(y)
Jo© yi~lue(y)dy r(jk

fiy) = , y>0,

for 1 < j < n. Let the characteristic function of log Ynzj be denoted by g;(¢). Then,
we have

1 <l i1 1 i+t
= Tj)k/o e %Yy Ty (y)dy = Tj)"/o ¥/ T e (v)dy

3 (r( Jj+ it))k
"(j)
from (2.30). Since I"(j +it)/I"(j) is the characteristic function of log s ,, it follows
that log Ynzj has the same distribution as that of Zf: 1 logs; ,, or equivalently, Yr%j

g ()

has the same distribution as that of ]_[1,‘:1 sjr for j > 1. This implies the desired
conclusion. m|

Lemma 2.5 Let k be as in (1.4)' and {sj,, 1 < r < k,j > 1} be independent
rv.’s such that s » has density yiTle™I(y > 0)/(j — D! for all j,r. Set n(x) =
x —1 —logx and

M,(i) = max
n—i+1<j<n

3 (o) - eo()

Set W (x) = 1;’((;) forx > 0.Then, for1 <i <n

n—i+1<j<n n—i+1<j<n

k k
max logHsj,,— max (% Z(Sj,r—j)-l-kl/f(j))‘ < M,i).
r=1 r=1

Proof SetY; = Hle sj,r for j = 1. Then,
k
logY; = Zlogsj,,
r=1

for j > 1. The moment-generating functions of logs; , are

rg+re

mj(t) = E(¢ logsjry = TJ) (2.32)
for t > —j. Therefore,
N gy
E(logs;,) = amj (D=0 = TG V()
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by (1.5). Note that n(x) = x — 1 —logx for x > 0. Since n(x) = fl 1ds it is easy
to verify that
0 < n(x) < (x — 1?2
M= 2min(x, 1)’

By using the expression log x = x — 1 — n(x), we can rewrite log ¥; as

x > 0. (2.33)

k
logY; = Zlogsjj—,’erklogj
r=1

k
_Zsjr_ _ZH(JT)—{-klOgJ
:_Z(Sjr_]) Z ( )+k10g}
r=1
k .
=—Z(s,r—1>+kw(1) > n(*) + ktogj v (i)
r=1 r=1

Since E(logY;) = kvr(j), we see that

k
> En(~") = klogj ~ v ()

and thus

k

log¥; = Z(s]r—/>+k1/f<n—z( (

rl r=1

) el
j

Note that for any two sequences of reals numbers {x, } and {y,},

Sjr
fj )) (2.34)

max x; — max yj

< max [xi — yil.
1<]<n 1<]<n J J

I=j=

Then, it follows from (2.34) that

max  log¥;— max (Z(s”—])+k1ﬁ(j))‘§Mn(i).

n—i+1<j<n n—i+1<j<n 1
’

We estimate M,,(-) next.

Lemma 2.6 Let k be as in (1.4) and M, (i) be defined as in Lemma 2.5. Assume
{Jn; n = 1} is a sequence of numbers satisfying 1 < j, < %nfor all n. Then, for any
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.12
sequence of positive integers {k,}, M, (j,) = Op(%). Further, if limy, 00 kp /n =
0, then My (jin) = op(""‘nﬂ).

Proof By using the Minkowski inequality and (2.33), we get
EMu(j)) < D, E Z

S
n—jp+1<j<n r=I1 J

n—jat+1<j=n |_ r=1

<z [Zeh(

n—jnt1<j<n Lr=1

Co\12
. . J

n—jnt+l1<j<n

w3 e ) )

n—jntl<j<n

Since s 1 has density yI=le™I(y > 0)/(j — 1)!, we see thatE(v 1) = FI(J( )4) By
the Marcinkiewicz—Zygmund inequality (see, for example, Corollary 2 from [12]) we
obtain E(sj 1 — ¥ < Kj* for any j > 1, where K is a constant not depending on j.
Then, it follows from Holder’s inequality that

((s”,_J)( n(%00)7)

() e (min (510)) 7]
) () )

: -((j = 1)(1‘]—32)(1 5 * 1>1/2 (E(Wf-_j))g]m

<Cj?

I /\

IA

for any j > 4, where C is a constant. Combining the last two assertions, we get

12
E(M,(j,)) < O(%). This implies the first conclusion.

Now, we prove the second one. Recall ¥ (x) = 1;((;“)) for x > 0 as in (1.5). By

Formulas 6.3.18 and 6.4.12 from [1],
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—1 L o(d d v =21 o 235
Y = logx — 5+ (x_2) and /() =~ + 55+ (x—3) (2.35)

as x — +oo. It is easy to check Elogs; | = ﬁ fooo(log yyl~le™¥dy = ¥ ()).
Thus, from the first expression, we have

En(*) = oz~ i) = 0(3)

as j — oo. Hence, by (2.31),

k
n . k
MuG = max > n(25) + o). (2.36)
n—jnt+l1<j<n — J n
By Theorem 1 on page 217 from [40], we have that
P(sj1 > j+ %) = (1 +o(1)(1 — D(x)) (2.37)

uniformly for x € (0,a,) and n/2 < j < n asn — oo, where {a,; n > 1} is an
arbitrarily given sequence of positive numbers with a, = o(n'/%). By taking r = 0in
(2.25), we see that 1 — @ (x) ~ ﬁe’xz/z asx — +o00. Now select x = 2(log n)l/2
in (2.37) to have

1
P(sj1 > j+2j"*1ogm)'?) = (1 + o(1)(1 — ¢(2(logn)'/?) = 0 (—2)
n
uniformly for n/2 < j < n asn — oo. Similarly, we have

P(sjn < j —2j(ogm)'/2) = (1+ o(1))(1 — ®(2(0gn)"/?) = o(iz)
n

uniformly for n/2 < j < n asn — oo. This implies
kn n .
. . Jnk k
E z P(1sjr — jl > 2j"*(ogn)'/?) = 0(”—2") = 0(7”) =o(D),

n
r=1 j=n—j,+1

and thus, we get

_ 1 1/2
max max s]fr — 1‘ = OP(%).
1<r<kyn—jatl<j<n| j nl/?
Consequently,
S logn)!/?
min min L1y OP(%).
L<r<ky n—jp+1<j<n j nl/

@ Springer



350 J Theor Probab (2017) 30:326-364

By (2.36) and then (2.33), we obtain

. Sir kn
M, (jn) < ky - max max n{— |+ 0| —
n—ju+1<j<n 1<r<k, i n
2
< ky, MaXp—j,+1<j<n maX1<r<k,,| -1 (kn)
T 2 min{l, min,_j, y1<j<, Minj <<, 7’} n
k,logn
- o1
n
proving the second conclusion. O

Review the notation we use before: 1 (x) = 11: ((f)) forx > OQasin (1.5) and

k
i =[]sir (2.38)

for j > 1, where {s jors 1 <r < k,j > 1} are independent random variables such
that s; , has density yI~le™I(y > 0)/(j — D! forall j,r.

Lemma 2.7 Let {j,; n > 1} and {ky; n > 1} be positive integers satisfying

llm,,_>C>O = 0and llm,,_>oo(k" )1/2 (logjirzl)l/z 0. Then, for any x € R,
n—jn k 172
lim > P(logY > ky W (n) + ( ) x) —0. (2.39)
n—>0oo

j=l1

Proof Fix x € R. It follows from (2.32) that foreach 1 < j <n — j, andany ¢ > 0,
ko172
P(long >k, (n) + (—n) x)
n

E(e’IOgYJ)
<
B exp {t(knW(}’l) + (%)1/2)0}

exp {k (log(I"(j +1) ~log (/) — 1 (kny (n) + (") )
12
exp / v(j +s)ds—t(k W(n)+( ) x)}

exp [k [ 105+ = winas — o - + () ]}

From (2.35), there exists an integer jo such that for all jo < j <n — j,,

s

1.
<¢(J+S) v(j) = /¢(J+v)dv 5 s = 0.

log
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By the first inequality above, for all large n,

. n n Jn 0999, . . .
Y(n)—y(j) = log — > log —=—log|1-=) > . Jo=<j=<n—ju.
J n— jn n n

Hence, by assumption (%2)!/2 = 0(%) we see that

ko 1/2 n
k(W) = () + (1) x = 0.99%, log . o< =n—s

for all large n. Therefore, we have for jo < j <n — j,

P(10g7; > kyin + () )
<exp {1.1k,, /t %ds —0.99tk, (logn — logj)}
0

= exp {kn(% — 0.99¢(logn — log j))}

for all # > 0 and large n which does not depend on ¢. By selecting t = 0.99j (logn —
log j), we have

ky\1/2
P(long >k, (n) + (—) x)
n
<exp{ — 0.44k, j(logn —log )}, jo<j <n— jn, (2.40)

for all large n. Note that

min  j(logn —1ogj)2 > min s(logn —logs)2

Jo<j=<n—jn Jo<s<n—jn

= min sz(logn —2log 5)?
Jo2ss==jn)1

2
= min s(logn —2logs) | ,
j(;/zfsf(”_jn)l/z

where the last three minima are taken over all real numbers satisfying the corresponding

constraints. It is easily seen that the minimum of s(logn — 21logs) for j(} /2 <s <

/ 1/2.

(n— jn)'/? is achieved at the two end points of the interval, t = j(; Zors = (n—jn)

Thus, for all large n,

min  j(logn—log j)* > min { jo(logn—log jo)*, (n — ju)(logn—log(n— j,))*}

Jo<j<n—jn
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1/2 Jn

From the given condition (%) Togm) 72 = 00> we obtain

k, min j(logn —log = 10logn

Jo<j=<n—jn

for all large n. Therefore, combining all of the inequalities from (2.40) to the above,
we have

kn\1/2 _ 44
max P(logY; > k,¥(n) + —) x) <exp(—4.4logn)=n ,
Jo<j=<n—jn n
and hence,
n—jn
ko\1/2
> P(long > kyr(n) + (7) x) — 0 > 0.
J=Jo

Finally, observe that, for each 1 < j < jo, logYj is a sum of k,’s many i.i.d. random
variables with Ee’ 2% < oo for all || < % Then, by the Chernoff bound (see, for

instance, p. 27 from [14]),

P(long > k, ¥ (n) + (%)]/zx) -0

The last two assertions imply the desired result. O

Recall A(x) = exp(—e™) for all x € R. We first prove the following proposition
from which Theorem 3 will be obtained.

Proposition 2.1 Let (x) be as in (1.5), a(x) and b(x) be as in Theorem 2.1, and

z;’s and ky, be as in Theorem 3. Define ®o(y) = A(y), a, = a(n/ky), by, = b(n/ky)
ife =0,anda, =0, b, = 1ifa € (0, c0]. Then,

lim P

maxi<j<n loglz;| = kay (1)/2 _
4 by ) = Bu(y), yeR. (241
( /2 < an+byy (), yeR. (241

Proof For each of the three cases: « = 0, « € (0, 00) and o = o0, we will show that
there exists a sequence of positive integers {j,} with 1 < j, < n/2 such that

nfjn

i, 3 P(10g% > kv + () P +biv)) =0,y e B @42)
p

M (jin)

m converges in probability to zero, (2.43)
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where M,,(-) is defined as in Lemma 2.5, and

k" L] .
n*jnizll)ijﬂl (% Zr:l (Sj,r N J) + an//‘(j)) — k()
nlingo P (k,,/n)l/z <ay+byy

=D, (y) (2.44)

for y € R, where {s jors 1 <r <k, j > 1} are independent random variables such
that s; , has density yI=le™¥I(y > 0)/(j — 1)! for all j and r. In fact, (2.44) implies

max (53— ) e () = Rt ()
InT1ZI= -2 5 9,.

(kn/1)' /2D, by

Review the definition of ¥; in (2.38). The above result together with (2.43), Lemmas
2.4 and 2.5 implies that

max  logY; — k, ¥ (n)

n—jp+1<j<n n 4 @
(kn/n)l/zbn by, «
Since (2.42) implies
max logY; — k, ¥ (n)
1<j=n—jn n
- — =0,
(kn/n)l/zbn by

the two limits above imply (2.41) due to the fact that maxi<;<,log|z;| and
% maxi<;<, log Y; are identically distributed by Lemma 2.4.
Now, we start to verify equations (2.42)—(2.44) with a choice of j, given by

1/2
jn = the integer part of (ki) n'/® 41 (2.45)

n
for all large n. O

Proof of (2.42) 1t is easy to verify that the conditions in Lemma 2.7 are satisfied, and
thus, (2.39) holds. In case o € (0, 00], a, = 0 and b, = 1, and (2.42) holds in this
case. When o = 0, a, + b,y > 0 for all large n, by applying (2.39) with x = 0 we
have

n—jn
_ Ky 1/2
lim > P (1ogy,- >l (m) + () + bny))
j=1
n—jn
< lim > P(log¥; > knty(n)) =0,
j=1
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that is, (2.42) holds. This completes the proof of (2.42) for all three cases. O

Proof of (2.43) To prove (2.43), it suffices to show M, (j,) = op((’;—n)l/z(logn)—l)
since b, > (logn)~'/? for all large n. We use Lemma 2.6 this time. When o € (0, oo],
Jjn=0Op(n 1/8) from (2.45), and then we have from the first conclusion in Lemma 2.6
that

k1/2 o\ /2 o\ /2
. . n — n —_
M, (jn) = Op (—1) = op((—) n 3/8) = op((—) (logn) 1).
n n n
When a = 0, we have from the two conclusions in Lemma 2.6 that
.12
k knl
My (jn) = Op (minl’”T", %})

= (7) . OP min W’ (7) IOgl’l
1/2
) o

_ _n —1/8
- )
1/2
= ( (logn)™ )
1/2
since "y < n~ /8 if ky = n'/% and BB < p =18 if oy < /2, o
Proof of (2.44) Set T,(j,) =  max (% Zf’l:l(sj,r — )+ ka¥(j)). Then,

n_jn"l‘lfjfn

Ko\ /2
P (Tn(./n) < kyy(n) + (7") (an + bny)) (2.46)
n kn k 1/2
= J1 P(Z(sj,r — 1) S jka (W) =Y () + j (;) (an + bny>).
j=n—j,+1 r=1
(2.47)

Notice that er‘”: 1 Sj.r isasumof jk, i.i.d. random variables with distribution Exp(1),
that is, it has density e 7 (x > 0). Since the mean and the variance of Exp(1) are
both equal to 1, we normalize the sum by

1 o _
HE) )

Wij =
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By Theorem 1 on page 217 from [40], for any sequence of positive numbers §,, such
that 8, = o((nk,)'/%),

PW;>x)={0+o01)(1—-®(x)) (2.48)

uniformly over x € [0, 8,] and n/2 < j < n as n — 00. Now, reorganize the index
in (2.47) to obtain

P (1) = kv + (52) @+ b))

1/2

Jn
=TT P(Wamitr = (@ =i+ k) @) = yrn = 4 1)
i=l1

n—i+1\1/2
+ () @+ bay)
n

Jn
=[] = aw). (2.49)
i=1

where a,; = P(Wn7i+1 > Xn,i) and

i—1\1/2
)@+ bay).

(2.50)

X = (1= i+ Dka) 2 ) = 9r(n =i 4+ 1) + (1 -

Recalling (2.45), we know j, = o(n). From the second expression in (2.35), we have

i—1

Y —Y—i+1) = T(l + 0(’;))
uniformly over 1 < i < j, as n — oo. It follows that
((n =i+ Dk) 2@ () = ¥ — i + 1))
~(5) -0 (=5 " (1 o(})
=() a0 (1+0(;)

(];—")]/2(;' 1. (1 n O(n_3/8))

uniformly over 1 <i < j, asn — oo. Since a, + b,y = O((log n)1/2y,
i—1\1/2 . (logn)'/?
(1-=—)" @+ =i-n-0(=——)
kn\1/2 (logn)'/?
=(5) a-n-o(Z)
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uniformly over 1 < i < j,. Therefore, by combining the above two expansions we
get

Xn,i = (1 + O(n—3/8)) (’;_")1/2(1' — 1)+ an +bny (2.51)

uniformly over 1 < i < j,. We emphasize that the above is true when i = j, = 1,
which can be seen directly from (2.50). This fact will be used later. O

Finally, we prove (2.44) by considering the three cases: « = 0, @ € (0, 00) and
a = 00.
Case I « = 0. Since

an = a(n/ky) ~ (log(n/ky))'/? and b, = b(n/ky) = (log(n/k,)) "> — 0,

we have

12 .
k
min x,; — ooand max Xx,; = 0("1—/;" + (logn)1/2) = O(nl/g).
n

1<i<jn 1<i<jn
It follows from (2.48) that
ani = (1 +o(1))(1 = @(xp,))

uniformly over 1 < i < j,. In Lemma 2.2, choose x, = n/k,, j, as in (2.45) and
nj = (14 0(;1*3/8))(1‘,1—”)]/2 as in (2.51) to obtain

Jn Jn
D= +0()) D (1= D) > e

i=1 i=1

Further, it is easily seen that max<;<j, a,; — 0. Applying (2.22) to (2.49), we arrive
at

P(Tn(jn)—knwm)

-7y _
EI2 San+bny)—>e =d0(y), yeR,
n

that is, we get (2.44) for « = 0.
Case 2 We see that j, ~ o 12p1/8 from (2.45). By definition, a,, = O and b, = 1.
Then, it follows from (2.51) that
Xpi=(L+o()a' 2 — 1) +y
holds uniformly over 1 <i < j, asn — oo. We claim that

ani = (1 +o(1)(1 = @ (xn,1)) (2.52)
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uniformly over 1 < i < j,. In fact, review that (2.48) holds if 0 < x = o(n1’3).
Evidently, maxi<;<j, |xu,i| = O(n'/?). But, there is a possibility that x, ; < O for
small values of i. Let jo > 1 be an integer such that min j;<;<j, X,,; > 0. Then, we
have from (2.48) that (2.52) holds uniformly over jy < i < j,. By using the standard
central limit theorem, we know (2.48) holds as well for eachi = 1,..., jo — 1.
Therefore, for eachi > 1,

lim ay =1- ®(a'?G—1)+y) and Zl:(l — @@ -1 +y)) <o
i>

(2.53)

by the fact 1 — @ (x) ~ ﬁe’xz/z as x — 4o00. We now apply Lemma 2.1 to
show (2.44). By defining a,; = 0 for all i > j,, with (2.53), we only need to ver-
ify the following two conditions: sup,,-, <<, @i < 1 for some integer no and
lim, oo 37 @y = 320, (1 — ®(a/2(i — 1) + y)). The first one follows from
(2.52) and the fact that x,; > a'/2(i — 1) +y > yfor 1 <i < j, for all large n.
The second condition can be easily verified by the dominated convergence theorem
since a,; < 2(1 — 45(%051/2(1' — 1)+ y)) forall 1 <i < j, as n is sufficiently large
and 3%, 2(1 — @ (32 — 1) + y) < co.

Case 3o = 00. From (2.45),0 < (%)(j, — 1) < n'/3 and thus x,, ; = O(n'/®) by
(2.51). In particular, we have x,, 1 = y, and for all large n, x, ; > 0if 2 <i < j, and
Jjn = 2. Therefore,

ani = (1 +o(1)(1 = P(xn,i))

uniformly over 1 < i < j, from (2.48). From (2.51), an; — 1 — @(y) asn — oo.

Obviously, x,; > £(%)!/2if2 <i < j, and j, > 2. Thus, use the fact | — & (x) ~
1 —x%p2

——e

NP as x — 400 to see that, for large n,

Jn 00
=2

. i kN 1/2
=2 S 23 (1-0(4(4))
~ k
n .
- EGXP{_ Tl

< /oo exp { — k—”xz}dx = 3@(1)1/2

. 18n kn

since exp { — 1%1'2 < fil;lexp{ - l%xz}dx for all i > 2. Thus, 1(j, >
2) lenzz api — 0. This and the fact I(j, > 2) - maxa<;<j, @i — O imply that

I(jn > 2)(1 - H{”zz(l — ani)) — 0 asn — oo. So, we have from (2.49) that
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p(n(jn) < kn ¥ (n) + (k )WW “’"y))

-n
n
Jn
=[] —aw
i=1

jll
=(U—an)- | 1+10G. =2 [ -1+ ][0 =) | | > () = Po(y)
i=2

as n — oo. Reviewing the notation of 7, (j,) defined above (2.46), we get (2.44) for
the case o = 0o. The proof of the proposition is then completed. O

Proof of Theorem 3 We use the same notation as in Proposition 2.1. We first show the
following:
@) If lim;,— « k, /n = 0, particularly for &, = k, then

2(n/kn)'/? <maxl5j5n |21

b, 2 - 1) - Zﬁ converges weakly to cdf exp(—e™™).

n

(2.54)
@1i) If limy, o ky, /n = a € (0, 00), then

maxi<; i 1
%’”Z/' converges weakly to cdf @, (Eal/z + 207172 logx), x > 0.

(2.55)

To do so, for o € [0, 00), define

_ maxj<j<p loglzj| — kny(n)/2 _ Gn

! (kn/n)1/2by /2 by

Then, V,, converges in distribution to ®, by Proposition 2.1, where ®, is a random
variable with cdf @, (y). Trivially,

1 1 rky\1/2
max |2] =exp{§knw<n)+5(7”) (an+bnvn>]

1<j<n
- oo Lo (%) ") e [4(%) "o

(2.56)

If « = 0, then ];—" - 0, a, = a(kin) ~ (log%)l/2 — 00, b, = b(ﬁ)
:&g@”ﬂeamﬁ%W%wﬁ%W%fﬁO%nemﬂM@Qﬁmm
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expanding (2.56), we get

(1 3(5) s 0o (7))
(15 () a0 (2) 15 () v 00 (%)

=1 5(50) o 1) on(55)),

which yields that

max |z]|_exp| knlogn—i—O( ) _(/2)1/2 ]

2(n/ky)'/? ymaxi<j<y |z an ko\1/2 n\3/2
by ( ) _1)_E_V+0P((n) (k’ga) )

converges in distribution to A by the Slutsky lemma. We obtain (2.54).
Now, assume o € (0, c0). In this case, a, = 0 and b,, = 1. Then, from (2.56),

1I3a§ lzjl = exp{lk I/f(n)}exp{;(]; )I/ZV,,}.

Using expansion ¥ (n) = logn — 5~ + 0( 5) from (2.35), we have

maxi<j<n |z;| 1 [y
2 _exp{— Za+0(l)} -exp{(za +0(l))Vn},

which converges weakly to the distribution of e~%/4

@y (3012 + 272 10g y), y > 0. We get (2.55).
From (2.54), it is easy to see

exp (301/20,), given by

2(n/k,,)1/2_(n lo )1/2— and Gn =lo " loglo "
b K Sk T by 0 5%

—% log(27) = By

Thus, we obtain (a) of Theorem 3. The part (b) follows from (2.55), and the part (c)
is yielded from Proposition 2.1 with @4, (x) = @ (x). This completes the proof of the
theorem. O
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2.4 The Verifications of (1.2) and (1.6)

Verification of (1.2) First, by the Taylor expansion,

yk—y y]kl

€
=17 +yz(k+1)

=k+1

for all y € R and k > 1. Notice that the absolute value of the above sum is bounded

1 l . .
by 2 g = L+ 25 <> < oo uniformly for all k > 1and |y| < 1. This
says

k k
Hi(y) =1— %e—y(l Lo =1- %(1 +0()

as y — O uniformly for all £ > 1. Hence,

log [ ] Hx(y) = D log Hi(y)

k=1 k=1

=—y(1+0W)

»|‘<

o
=—(1+0()) Z
since > oo i—l,( =e¢” — 1~ yasy — 0. Therefore,

o
1 — H Hi(y)=1— e YA+0() y
k=1

as y — 0. Taking y = x 2 and letting x — 00, we get (1.2). O
Verification of (1.6) Given parameter § > 0, set

Fpr) =[] 2x + )

J=0

for x € R. From integration by parts, we know 1 — @ (x) = ﬁe‘xz/z(l +0(x72))
asx — +o00. Uselog(l —¢) = —t(1 4+ O(t)) ast — 0 to have

log @ (x) = —ﬁe—xz/z(l + O(x_z))(l + 0(%e—x2/2))
T
Vo x
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as x — 400, where a(x) is defined over [1, c0) and |a(x)| < Cx2forallx > 1and
C is a constant not depending on x. Thus,

log Fg(x) = ilogqb(x + ﬁj)

Jj=0

= —(x+B)?/2 :

=——=> ——e (1+a(x + B)))

Va2m i Xt Bj
00 o

=—(1+40(1)) J__Zx+ﬂj e~ (B2 (2.57)

as x — +o00. Observe that
+B83+1)
U B2 o / U _apg, L i
x+BG+ 1 T Jxtpj f x+Bj

forall x > 0 and j > 0. Sum the above over all j > 1 to obtain

* 1 — 1 2 1 _p
/ LTRSS e HBI/2 e GHB2 / 1224,
e ]=x+m PR oy

00
x+B

e~ OB/ a5 x —> +o0. Since B > 0, we have

for all x > 0. Write f+f3 Le=124r = —
1
x+pB)?

2 . .
t%(e_t /2y'dt. From the integration

by parts fx+ﬂ Le=t*/24; ~

- 2 1.—x2/2 - 20 1.—x2/2
(x+/3) (+8)%/2 — =o(1e™” 2 ) and — ﬁ WHP/2 = o(1e™ /%) as x — +o0. It
follows from (2.57) that

log Fg(x) ~ —

as x — +o00. In other words, the first term in the sum appeared in (2.57) dominates
the sum. Thus,

11
1= Fpx) =1 — 2 F0) « _og Fy(x) ~ ———e /2

2T X
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as x — +oo. Observe that the above approximation is free of the choice of . Since

[T39E 1]

Fﬁ(x) = @4 (x) for x > 0. Replacing “x” by “%alﬂ + 2712 log x,” we arrive at

1
1 — @, (Eal/z + 207172 logx)

1
=1-Fyp (Ea]/z + 2712 logx)

1 (1 - 1 2
~ E(Eal/z—i—%{_l/zlogx) exp —(Eal/z—i—Za_l/zlogx) /2
Joae /8 ] o—200g0)?/a

24/2m xlogx

as x — +o00. At last,

POV > x) = P(N(0, 1) > log x) ~ g~ (log /2

1
+/2m logx
as x — —+oo0. This verifies (1.6) and the statement below. O
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