Moments of Traces for Circular Beta-ensembles

TIEFENG JIANG ! and SHO MATSUMOTO?

Abstract Let 61, - ,6, be random variables from Dyson’s circular §-ensemble with probability
density function Const - H1§j<kSn |5 — e |5 For each n > 2 and # > 0, we obtain some
inequalities on E[p,(Z,)p,(Z,) ], where Z, = (e%,--- ,e") and p, is the power-sum symmetric
function for partition p. When § = 2, our inequalities recover an identity by Diaconis and Evans for

Haar-invariant unitary matrices. Further, we have

(@) 1im B [pu(Z)p(Zn) | = b (;

()  lim E[|pm(Z,)]*] =n for any 8> 0and n > 2,

U(p)
) 2z, for any B > 0 and partitions u, v

where [(y) is the length of 1 and z, is explicit on pu. These results apply to the three important
ensembles: COE (8 = 1), CUE (8 =2) and CSE (8 = 4). The main tool is the Jack function.

1 Introduction

Let M,, be an n x n Haar-invariant unitary matrix, that is, the entries of unitary matrix M,, are
random variables satisfying that the probability distribution of the entries of M,, is the same as that
of UM, and that of M, U for any n X n unitary matrix U. Diaconis and Evans (Theorem 2.1 from
[4]) proved that

(a) Consider a = (a1, -+ ,ax) and b = (by,--- ,bg) with a;,b; € {0,1,2,---}. Then for n >
Z?:l ja; v Z?:l 7bj

k
[H (Tr(M?7))% (Tr(M3))® ] = Gap H] ia;! (1.1)
where dqp is Kronecker’s delta.
(b) For any positive integers j and k,
E[Tr(M)Te(ME)] = 6 - j An. (1.2)

The idea of the proof is based on the group representation theory of unitary group U(n). Some
other derivations for (1.1) and (1.2) are given in [5, 20, 21, 22].
Notice an n x n Haar-invariant unitary matrix is also called a CUE, which belongs to the Cir-

cular Ensembles of three members: the Circular Orthogonal Ensemble (COE), the Circular Unitary
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Ensemble (CUE) and the Circular Symplectic Ensemble (CSE), see Figure 1 for the relationship,
where the left circle consists of matrices which generate the Haar measures on the orthogonal group
O(n), Haar measure on the unitary group U(n) and Haar measure on the real symplectic group
Sp(n), respectively.

Let €91, ... e be the the eigenvalues of an n xn Haar-invariant unitary matrix, or equivalently,
an n xn CUE, it is known (see, e.g., [10, 19]) that the density function of 61,--- 0, is f(01, - ,0,|05)
with 3 = 2, where

01, ,0,]3) = (27 —n DO+ 5/2)" elli — ik )P 1.3
SO+, 0nlB) = @m) ™" - GBS @E@I | (13)
with 8 > 0 and 6; € [0,27) for 1 < ¢ < n. The density function of 6y,--- ,6, for the COE is
f(01,---,6,]8) with 8 =1, and that for the CSE is f(61,---,6,|0) with 5 = 4.

The purpose of this paper is to study the analogues of (1.1) and (1.2) for the circular -ensembles
with density function f(6y,- - ,6,|8) in (1.3) for any 5 > 0. Before stating the main results, we next
introduce some background about the circular g-ensembles.

The circular ensembles were first introduced by physicist Dyson [6, 7, 8] for the study of nuclear
scattering data. They are modifications of the Gaussian matrix ensembles. In fact, as studied in
[6], Dyson shows that the consideration of time reversal symmetry leading to the three Gaussian
ensembles behaves equally well to unitary matrices. A time reversal symmetry requires that U = U7,
no time reversal symmetry has no constraint, and a time reversal symmetry for a system with an
odd number of spin 1/2 particles requires U = U?, where D denotes the quaternion dual. Choosing
such matrices with a uniform probability then gives COE, CUE and CSE, respectively (see, e.g.,
[9, 19]). The entries of COE and CUE are asymptotically complex normal random variables when
the sizes of the matrices are large [13, 15, 16].

Let U be an n x n Haar-invariant unitary matrix. As mentioned earlier, U is also a CUE; the
matrix UTU gives a COE. A similar but a bit more involved construction of CSE can be found in
Ch. 9 from [19]. For the relations among the zonal polynomials, the Schur functions, the zonal
spherical functions, the Gelfand pairs and the three circular ensembles, see, e.g., Chap. VII in [17]
or Section 2.7 in [2] for reference.

Now we consider the moments in (1.1) and (1.2) for the circular S-ensembles. Taking § =1 in

(1.3), that is, choosing W, such that it is an n x n COE, by an elementary check in Lemma 4.1, we



have

_ 2n
T n41

for all n > 2. This suggests that, unlike the right hand sides of (1.1) or (1.2) that are free of n,

the moments for the general circular G-ensemble may depend on n for 8 # 2. In fact, by using the

E[|Tr(W,) ] (L4)

Jack functions, we will soon see from (1.8) below that the second moment in (1.4) does depend on
n except § = 2, in which case W, is an n x n CUE.

In this paper, we will prove some inequalities on the moments in (1.1) and (1.2) for the circular
(B-ensembles with arbitrary § > 0. In particular, some of our inequalities for § = 2 recover the
equality in (1.1) by Diaconis and Evans [4]. Further, we evaluate the limiting behavior by letting
n — oo for the left hand side in (1.1) and k& — oo for the left hand side in (1.2) respectively. Their
limits exist and look quite similar to the right hand sides of (1.1) and (1.2).

Now we state our main results. Let A\ = (A1, A2,--+) be a partition, that is, the sequence is in
non-increasing order and only finite of A;’s are non-zero. The weight of A is |A] = A\; + Ag + -+ .
Denote by m;(A) the multiplicity of 7 in (A1, Ag,--+) for each i, and I(\) the length of A: [(A) =
mi(A) +ma(A) + - - - . Recall the convention 0! = 1. Set

Z\ = Hi"“()‘)mi()\)!. (1.5)
i>1
Let p = (p1, p2, -+ ) be a partition, and

U(p)

pp:Hpm, where pk(acl,xg,-~-)=xlf+x§+--- (1.6)
i=1

for integer k£ > 1 and indeterminates x;’s. The function p, is called the power-sum symmetric
function. For real number o > 0, integers K > 1 and n > 1, define two constants A = A(n, K, «)
and B = B(n, K, «) by

la —1|
n—K+a

la — 1|
n— K+«

where 6(a > 1) =1—-3d(a < 1) is 1 if &« > 1, or 0 otherwise. With these notation, our main result

A= (1 - §(a > 1))K and B = (1 + 3 < 1))K, (1.7)

in this paper is stated as follows.

THEOREM 1 Let 8 > 0 and 6y,---,0, have density f(61,---,0,|0) as in (1.8). Set Z, =
(€1, e) and a = 2/B. For partitions j and v, the following hold.

(a) If n > K = |u|, then
E[|pu(Zn)I?]

al(l‘)zu

A< < B.
(b) If |u| # |v|, then E[pM(Zn)p,,(Zn)] =0. Ifu#vandn> K = |u| V |v|, then

E 5 (Za)pu (Z)) | < ma{]A = 1], |B = 1]} - a0 H10D/2(z, 2, )12




(c) There exists a constant C' depending only on B such that for any m > 1 and n > 2, we have

n32nh
‘E“pm(Zn)F] —n‘ < Cw~

Take = 2 in (a) and (b) of Theorem 1, then A = 1 and B = 1. The two results recover the
result of Diaconis and Evans in (1.1). Further, letting n — oo in (a) and (b) of Theorem 1, we see
that A and B (depending on n) converge to 1; letting m — oo in (c) of the theorem, then the last

term in (c) goes to 0. So we obviously have the following results.

COROLLARY 1.1 Let the conditions be as in Theorem 1. Then, for any 3 > 0,

2 ()
(a) HILH;CE{pM(Zn)p (Zn)} = 5pw (ﬁ) Zps
() n}ilnwE[|pm(Zn)\2] =n for anyn > 2.

Part (b) of the above corollary says that, as m — oo, the limit of E[|pm,(Z,)[?| does not depend on
parameter (3, which is consistent with (1.2). By studying A and B in (1.7), we have the following

corollary from Theorem 1.

COROLLARY 1.2 Let 3> 0 and f(61,--- ,0,|3) be asin (1.3). Seta = 2/3 and Z,, = (e, e'on).
Let p and v be partitions with p # v and K = |p| V |v|. If n > 2K, then

EHpu(Zn)

| < Ol
al(u)zu - ’

n
6|1 — a| K
n

(@ |

(b) ‘E[pu(Zn)m} \ < QUUHEN/2(, 2 Y172,

The above results are in the forms of inequalities or limits. We actually derive an exact formula
in (2.11) to compute E|[|p,(Z,)|?] for every partition p. In general it is not easy to evaluate this
quantity for arbitrary u, however, we are able to do so when p is special. For instance, by using the
exact formula we calculate the moment in (1.4) for any 8 > 0 as follows.

Example For any n > 1,

2 ifp=1
2 n
E[lp1(Zn)|*] = Bn—1+281 =41, if =2 (1.8)
s, if B=4.

The verification of this formula through (2.11) is provided in Appendix. We also give E[|p1(Z,)[*],
E[|p2(Z,)|?] and E[p2(Z,,)p1(Z,)?] in closed forms in Appendix.

The main tool used in our proofs is the Jack functions. Diaconis and Evans [4] and Diaconis

and Shahshahani [5] use the group representation theory to study (1.1) and (1.2) because U(n) is a
compact Lie group. The situations for the Circular Orthogonal Ensembles (8 = 1) and the Circular
Symplectic Ensembles (5 = 4) are different. In fact, the two ensembles are not groups.

The proofs of (1.1) and (1.2), however, involve with the Schur functions, which have a strong

relationship with the unitary groups. Looking at Figure 1, an Haar-invariant unitary matrix is also a



CUE. From the perspective of symmetric functions, the COE is connected to the zonal polynomials,
and the CSE to zonal spherical functions. The three functions are special cases of the Jack polynomial
J)(\a) with o = 1,2 and 1/2, respectively, where A is a partition. See Section 2 next for this or [17]
for general properties of the Jack polynomials. By using the Jack functions, we are able to prove
(a) and (b) in Theorem 1. Part (c¢) in the theorem is proved by evaluating the expectation/integral
with respect to f(61,---,0,|0) in (1.3) directly.

Remark Treating n as a variable, the bound n32"9m~08) in (c) of Theorem 1 seems quite large.
It is likely to be improved.

The organization of the rest of the paper is as follows. We provide some necessary backgrounds
of the Jack functions, the proofs of (a) and (b) of Theorem 1 and Corollary 1.2 in Section 2. The
proof of part (c) is given in Section 3. In Appendix we prove (1.4) by two ways different from the
method of the Jack functions. Some other explicit formulas of moments are also given in the same

section.

2 Proofs of (a) and (b) of Theorem 1 and Corollary 1.2 by
Using Jack Functions

For a partition A, the notation A = (A}, \},--) represents the conjugate partition of A, whose
Young diagram is obtained by transposing the Young diagram of A. Given « > 0 and partition A,
we denote by J/(\a) the Jack polynomial, see, e.g., Chapter VI from [17] or [9].
Recall power-symmetric function p, in (1.6). Let 9;‘(01) denote the coefficient of p, in J /(\a), that
is,
> 0 (@p,. (2.1)
plp|=IA|

The Gﬁ(a) are real numbers. Inversely, let @f; (a) be the coefficient of J)(\a) in p,, that is,

= Y e)a). (2.2)
A A=l
Set
= I {eti-p+x-i+Dani-n+x-i+a)l, (2.3)
(i,5)EX

where (7, j) runs over all cells of the Young diagram of A.

LEMMA 2.1 Recalling 0)(c) in (2.1) and ©) () in (2.2). Then, for any partitions X and p with
Al = |p|, we have

allP)z,

Cx(a)

0 (a) = 0)(). (2.4)



Proof. A scalar product relevant to the Jack functions is defined by

(PAsPu)a = Oxp al()\)z)\ (2.5)

for any partitions A and p, where z) is as in (1.5), see Section 10 of Chapter VI from [17]. Following
from (10.22) in [17] and the definition of Jack functions, we see that

(I )0 = 63, ). (2.6)
It follows from (2.1) and (2.5) that
(I3 Do) = ZG a)py, pp a—ZQ )(PosPp)a = 0 (@) )z,
Similarly, by (2.2) and (2.6),
(I pp)a = (1 Z O5()JS)a = > O8(a) (Y, I o = ©)(a)Cr(a).

These two equalities lead to (2.4). |

The coefficients 6)’s satisfy the following orthogonality relations ((10.31) and (10.32) from [17]):

Z 20! P02 ()04 () = 63, Cr(); (2.7)

A —1_—1(p)
ZCA Q)0 (a) = 6,0z, L1, (2.8)

In other words, if ay, := (Zpozl(p)/C)\(oz))l/Q 0)(c), then Ap, = (axp)|x|=|p|=m 1S an orthogonal ma-
trix of size p(m) for m > 1. Here p(m) is the number of partitions of m. The following are some

special cases of the Jack polynomials.

Example Let o = 1, sy be the Schur polynomial and Xﬁ the character value for the irreducible

representation of the symmetric groups. It is well known that Jil) = h(N)sx with h(A) = +/Cx(1)
as the hook-length product. Further, by (7.8) from Chapter VI of [17] and (2.2) that
h(A)x; X
f)(1) = —= and ©)(1) = =
H( ) ZM an ,u( ) h()\)

Example Let o = 2. Then J)(\Q) coincides with the zonal polynomial Zy. By (2.13) and (2.16) from
Chapter VII of [17], we have

2k k!
2l(l‘)z'u

2FE
w
h(2X) H

Aoy _ A A9y
0,(2) = w, and ©7(2) =
with k& = |A| = |u|, where h(2)X) = C5(2) is the hook-length product of 2\ = (2A1, 2z, ...) and wl))
is the value of the zonal spherical function of a Gelfand pair (Say, By). Here Gg, is the symmetric

group and By, is the hyperoctahedral group in Goy.



Example (Example 1(a) on p. 383 from [17]) For each partition p of k, we have

! . !
9/()16)(04) = ?ak_l(’)) and Hglk)(a) = ?(‘Ulﬁl(ﬂ)' (2.9)
o 2

For each partition A with I(\) < n, we define

No(n) = H n—|—(j—1)o¢—(i—1)7

()N ntjo—i

which is a positive real number.

LEMMA 2.2 Let A and p be two partitions. Let o > 0 and n > 2. Then

1 o , , , , :
e / J; )(ezel,. . ,ew")Jl(La)(e_wl, e i) H e — eta |2/ dg, ... df,
(2m) [0,27)™ 1<p<q<n
I'(2+1)
= O 0(I(N) <n) —2—=C(a)N3(n).
e BO) S ) P T O @A ()
Proof. Since J/(\O‘) (x1,...,2y) = 0if [(X) > n, we assume [(A\) < n in the following discussion. It is

known (e.g., Theorem 12.1.1 from [19]) that

1 , , re+1
- / H |eifr — ¢i0a|2/2qp, ... df, M (2.10)
(2m) 0.2m)" 1 <plo<n

From (10.22), (10.35) and (10.37) in [17], we see that

1 / () (6 i) —i6 —if 0. i0q2
—_— J (e, .. ) J(@) (7101 emifn) let» — ei%a)2/2qp, ... do,
(2m)mn! Cx(@) Jio,27)m g 1gpllgn

= ¢y NY(n)
where
1 - - 1 T'(2+1
c ::ﬁ/ H |ewp7ezeq|2/ad91...d9n:f‘.u7+1)n
(2m)mn! Jio,2myn <pZa<n nl T(1+2)
by (2.10). Hence the desired conclusion follows. [
PROPOSITION 2.1 Let 8> 0 be a constant. Suppose 61, -- , 0, have a joint density as in (1.3).
Let Z,, = (e, --. e¥). Given partitions p and v of weight K, then
E[pu(Z0)ps (Z2) |
0, ()07 (a)
1) +H) 0ul2)0(@) | o
o 22y n). 2.11
© M_K; O)\(CY) A ( ) ( )
(N <n
Proof. Reviewing (1.3), by (2.2) and Lemma 2.2, we have
E[pu(ZapZa)] = Y ©M@)OX(@)Cr(@)N5 (n)

AEK:I(N)<n



where o = 2/8. By Lemma 2.1, the above is identical to

)\Oé )\Oé
R

al('u)Jrl(V)ZuZV Z C,\(Oé) A

AEK: (AN <n

The proof is completed. |

For positive integers n and K and real number o > 0. Define

n+(j—1a—(i—1)

e, = N = 2.12
n.K )\FKH}IEB\()SnN)\ (n) )\FKI{lla(i()gn H n+ja—i ’ (2.12)
(i,9)€X
. . n+(G-lDa—-(G-1)
(o S N = . 2.13
R A T 2.19)
1,3

LEMMA 2.3 Leta >0, K > 1 and I'y; ;¢ be as in (2.12) and 75,y be as in (2.13). If n > K, then
A<k STy ¢ < B where A and B are as in (1.7). Further, if n > K, then

r/&a;(d/\/f(n)—u <max{|4-1]|,|B—-1[}. (2.14)
Proof. For A - K such that [(\) < n and (i,j) € A, it is easy to check that
1<i<min{n,K} and 1<j<K. (2.15)

Thus, n+ (j —1)a—(i—1)>n—i+1>0 and n+ joa—1i> ja > 0. It follows that

n+(-Da—-(G-1)

b; ; = d . > 0. 2.16
4(@) n+ja—i (2.16)
Write
bijlo) =1+ —— (2.17)
A n+jo—i :

Case 1: a > 1. By (2.16) and (2.17), we see that b; ;(«) € [0, 1] for all A - K such that I(A) < n and
(4,7) € A, which concludes I'j, ;- < 1.
Further, by (2.15), n + ja—i >n — K + a > 0 for all A\ - K such that I{(\) < n and (i,5) € \.
Thus, noticing 1 — a < 0, we get
l—a |1 -«

e S B el BN
- n—K+a«a n—K+a>

|1—Oé| K « feY
1- L) <0 <Te <1 (2.18)



for all n > K and a > 1.
Case 2: o € (0,1]. By (2.17), b; j(a) > 1 for all A F K such that [(A\) < n and (i,7) € A, which
shows v ) > 1.

Moreover, by (2.15) again, n+ ja—i > n— K +« for all A F K such that I(A\) <n and (4,5) € A
Thus, with 1 — a > 0, we have from (2.17) that

-«
b ; <l4+—.
gl) = +n—K+a

By the definition of I'} ;- and the earlier conclusion, we get

K
l1—«
1<y <Ip < <1+nK+a>

for all n > K and « € (0,1]. This and (2.18) prove the first part of the lemma.
Finally, by the definitions in (2.12) and (2.13),

Yok SNSm) = [] bijle) TSk
(4,5) €N

for all A+ K since {(A\) < n holds automatically if n > K. By the proved conclusion,
A-1<Ng(n)—-1<B-1
for all A+ K. This implies (2.14). [ |

Proof of (a) and (b) of Theorem 1. (a) By Proposition 2.1, take ;1 = v with weight K to have

0 (a)?

E(lpu(Zn)|?] = a®® 22 3" N (n). (2.19)

ARK:I(N)<n CA (Oé)

Lemma 2.3 says that I'y, - > 0 and vy ;¢ > 0 for all n > K. By the definitions of I'} ;- in (2.12) and
Yo i in (2.13), since Cy () > 0 for any partition A and a > 0,

VoK 0‘21(“)7’3 Z

AK:L(N)<n

0,()

Cy (@)

< Ellpu(Za)l]

IN

9>‘(0¢)2
T2 a2 N (2.20)
K g /\g}:{ Cy(a)
From assumption n > K, if A F K, we know [(\) < n automatically. Therefore, from (2.8) the two

sums in (2.20) are both equal to zljlofl(“). Consequently,

N < E“pu(zn”ﬂ

g
n,K = al(ﬂ)z =t n,K

m

The conclusion (a) then follows from the first part of Lemma 2.3.



(b) First, assume |u| # |v|. Notice
E[pu(Z )P (Zn) ]

27 27
— Const/ / pu 191’...’ein)py(ei&’...)ei@n) H |ei9j_ei9k|ﬂd91...d9n.

1<j<k<n

For an integrable function h(z), we know fOQF h(ei®) dx = fbHﬂ h

b (e'*) dx for any b € R. Using the

induction and the Fubini theorem, we see that

E[pu(Zn)ps (Z2) |
b+2m b+2m ) ) ) )
= C’onst~/ / pu(elel,... L€V p, (eifr ... eifn) H e — ¢ | df, - - d6,,.
b b 1<j<k<n
Making transform n; = 6;—bfor 1 < j < n, noting that p, (e ... elbtinm) = eib|“|pu (et ... etmm)

for any b € R, we obtain that

E [pu(Zn)pV(Zn) ] = ®u=IDE [p“(Zn)pl,(Zn) }
for any b € R. If |u| # |v|, since b is arbitrary, we then conclude
E[py(Za)po(Z2) | = 0

for all n > 2.
To prove the second part of (b), by the first part, it suffices to prove the conclusion for n > |u| =
|v] = K. Observe that [(A) < n if AF K. Thus, it follows from Proposition 2.1 that

E{pu(zn)pu(zn)}
0 ()07 ()
) o N IS pra,
I g]:{ C)\(Ck) NA( )
), [Z ”(cA Ly e ’(N%) )]
/\PK K
= e, , O ()b, (a) o(n) — 1 (2.21)
AFZK (}A ( A )

where the last identity comes from the orthogonal property in (2.8). Therefore,

E[pu (2000 (Z0) ||
< max|NY(n) —1]- l(u)+l(u)z 2, Z w

T ARK
AEK

Now, by the Cauchy-Schwartz inequality the sum above is bounded by

(T3

16, ()|

)1/2 ( Z |9{}(0¢)|2>1/2 — - 1/2,-1/2,~ () +(¥)/2
e C)\(Oz) a Y

10



by (2.8). The above two inequalities imply

E[pu(ZpZ)]| < maxNm) = 1] - aCEHO2( ) 2
< max{|A —1],|B — 1|} - QUWHED/2(5 5 y1/2

by (2.14). |

LEMMA 2.4 Let A and B be as in (1.7) with § > 0. Set « = 2/6. If n > 2K, then

6|1 — a|K
max{|A— 1], (B — 1]} < IL= K

n

Proof. By the definitions of A and B, it suffices to show that, as n > 2K,

a—1 \K 6|1l —alK
1—(1— ) < for a > 1: 2.92
P ora 2 (2:22)
l—a \K 6|1 — a| K
S R It b , .
<1+n—K+a) 12— for o € (0,1) (2.23)

First, if o > 1, then (o — 1)/(n — K + a) € [0,1). Notice (1 +z)% > 1+ Kz for all x > —1 (see,
e.g., Theorem 42 on p.40 from [12]), we have

a—1 \¥  Kla-1) _ 2K|1-q]
1- (1—7) < <
n—K+a n—K+ao n
since n — K + a > n/2 as n > 2K. This proves (2.22).
Second, for a € (0,1), it is easy to verify that (1 — «)/(n — K + a) < 1/K provided n > 2K. By
the fact that (1 +z)% <1+ 3Kz for all 0 <z < 1/K, we obtain

l—a \E 31—a)K 6|1 —a|lK
(1 ) <
n— K+« n— K+« n

since n — K + a > n/2 if n > 2K as used earlier. This concludes (2.23). [ |

Proof of Corollary 1.2. (a) By Theorem 1

E“pu(z’n”ﬂ

A-1<
al(/‘)zu

-1<B-1

Thus,

E[[pu(Zn)]?
ylﬁﬂ—lu"JngwﬂA_uﬁB_u}
al(ﬂ)zu

The conclusion (a) then follows from Lemma 2.4.
(b) The conclusion obviously holds if |u| # |v| by (b) of Theorem 1. If |u| = |v| = K, by (b) of

Theorem 1 and Lemma 2.4, we get the desired result. ]

11



3 Proof of (c) of Theorem 1

We start the proof through a series of lemmas.

LEMMA 3.1 Let a be a real number. Then
r
Gra)
I'(z)

as x — 400, where I'(x) is the gamma function.

Proof. Recall the Stirling formula (see, e.g., p.368 from [11] or (37) on p.204 from [1]):

1
logT'(z )—zlogz—z—ilogz—i—log\/ +12+O(z3>

as x = Re(z) — +oo. Then
I(z+a)
I(z)

as x — o0o. First, use the fact that log(1 +t) ~t+ O(t?) as t — 0 to get

log =(r+a)log(z+a) —xloge —a— % (log(xz +a) —logz) + O (1> (3.1)
x
(x+a)log(x +a) —zlogx = (x—i—a)(loga:—l—log(l—&—%))—xlogx
_ a -2y _
= (x+a)(1ogz+x+0(z )) zlogx
1
= alogx—l—a—i—O(x)

as © — oo. Evidently, log(z + a) — logz = log(1 + az~') = O(1/z) as & — oo. Plugging these two

assertions into (3.1), we have

I'(z + a) 1
log——= =al Ol -
og T(2) alogx + (x)
as x — 00. The proof is complete. |
LEMMA 3.2 Let 8 > 0. For positive integers m and k and real numbers ay,--- ,ax, define

B
dt.

. k
D= /0 cos(2mt)‘ 11;[1 sin (¢ + a;)
Then |D| < 6(1+ B)(£)118.

Proof. First, since |D| < foﬂ 1dt = w, the conclusion obviously holds for m = 1. Now we assume
m > 2. Set s = mt. Then

k
1 mT B
D = E/o cos(25)‘HSin(% +a;)| ds
1
1™ G+ g
= = / cos(2s) ‘Hsm —l—al ds
m — Jix
=0
1 s
= — (2s) d
) /Ocos s Hsm +a,) S
7=0
- / Lo (s) cos(2s) ds (3.2)
0

12



where we make a transform: s — s — jm in the second identity to get the third one, and

S

1
Lin(s) = — ‘ ; ’ .
- Hsm bij + — (3.3)

j i=1

Il
o

for 0 < s < 7 and b;; = a; + =. Note that the inequality ||z|® — |y|°| < (1 + B)|z — y[*? for any
B> 0and z,y € [-1,1], it follows that

m—1 k |

Ly (s) — % Z ‘ l_IsmbU

1 m—1 3 k 8
%Z ’Hsm bij + — ‘ —‘Hsinbij
=0 | i= i=1

J

IN

BAL
(3.4)

ﬁm
: fﬁ*éi

k
s
sin (bi- + —) — sin b; ;
[T+ )~ [

!
Now, by the chain rule, (Hle sin(b;; +t)) = Zle cos(bij +1) [T1<i<p, iz sin(bi; +1t) for any ¢t € R.
Thus the absolute value of the derivative is bounded by k for ant ¢ € R. By the mean-value theorem,

k k

H sin (bij + TiL) H sin b”

=1 i=1

ks
< —.
m

This implies that the last term in (3.4) is controlled by
+ 0 ( )1/\5 ks 1B
=7 a+8(=)
o 53 a+0(,

It follows from (3.4) that

m—1

L,.(s ;L Z ‘Hsmb”

a+a ()" (3.5)

B
Set C' = Z ‘ H _, sin by;
that |cos(2s)| < 1 to have

‘ / ) cos(2s) ds‘

. Notice foﬂ cos(2s) ds = 0. From the above we use the simple fact

‘ /07T C cos(2s) ds + /OW(Lm(s) — C) cos(2s) ds

(1+5) (%)m /Oﬂ s ds.

Now the last integral above is bounded by fol lds+ [ sds = (w?+1)/2 < 6. The proof is completedby
using (3.2). |

IN

LEMMA 3.3 For 8> 0, let f(01,---,60,]0) be as in (1.8). Define
27 27
I(m,n) :/ / cos(m(Ba — 01))f (01, ,0,]|8)dby--- db,, m >0,n>2.
0 0

Then, for some constant K = K(3), we have [I(m,n)| < (Kn2"?)m="%) for allm > 1 and n > 2.

13



Proof. Evidently, since f(61,---,0,|8) is a probability density function, we know
1(0,n) =1 (3.6)

for all n > 2. Since |e™ — |2 = |1 — e ®=¥)|2 = (1 — cos(z — y))? +sin?(z —y) = 2(1 — cos(z —y)) =

4sin?((z —y)/2) for any z,y € R, the probability density function in (1.3) becomes

_ (90N )P
Fr 0,08 =G T Jsin (257 (3.7)
1<j<k<n
where 01, --,0, € [0,27] and
_ . TA+B/2)"
— on(n—1)8/2 n
Cn =2 @m) " S AT ny)
Now,
2 27
I(m,n) = / / cos(m(t — 1)) f (01, ,0n|B) db: - -~ db, (3.8)
0 0
27 27 L Jé;
= Cn/ / cos(m(fa — 607)) - H Sin(ej ek)‘ dbs - - - db,, db;.
0 0 - 2
1<j<k<n
Making transforms x; = 0; — 6y for i = 2,3,--- ,n, we obtain that
27 27 —601 27 —61
I(m,n) =C, / / e / cos(mxg) - Gp(x) dxy - -+ dxy dby (3.9)
0 —61 —61
where

Gn(z) :ﬁ‘sin (%)‘ﬁ H ‘sin (%;xk)‘ﬁ (3.10)

i=2 2<j<k<n

where the second product is understood to be 1 if n = 2. For a periodic and integrable function h(x)

with period 27, we know that fbb+27r h(z)dz = 02”

we have

h(z) dz. By induction and the Fubini theorem,

I(m,n) = Cn/o - -/0 cos(mxs) - Gp(x)dxg - - - dx, dby
= (27T)Cn/o - ~/0 cos(mas) - Gp(z) dxg - - - dxyy (3.11)
2m 2
= (2m)C, /o = '/0 cos(maa)Jy (z)Hy(x) dxy - - - day, (3.12)

where G, (x) = J,(z)H,(z) and
n . z; ) |5 . z;—xy \ |8 . .
[li=s | sin (?){ : H3§j<k§n | sin (TR>| , ifn >4
Hy,(xz) = ‘sin (”—23) 5, if n=3;
1, ifn =2

14



and

B |sin (I—Q) ’ﬁ | |Sin (u) |’8, if n > 3;
Tl = | sin (52)|5, 2 it n =2,

2

In particular,
2m
I(m,2) = 271'02/ cos(mxs)Jo(x) dxs.
0

Taking m = 0 in (3.11), we know from (3.6) that

/02”.../0%;1‘12 an (9)7 1T

2<j<k<n

sin (%)‘ﬁdajg dxs--- dzr, !

for all n > 2, where the second product above is understood to be 1 if n = 2. This implies

1

2m 2m
. H dea - dp, = ———
/0 ; n(z) des T, 5mC
for all n > 3. Now, recalling the definition of J,(x), let t = x5/2, we have

n—1

2m ™ Jé]
/ cos(maxg)J,(x) dry = 2/ cos(2mt)‘ H sin (¢t +a;)| dt
0 0 i=1

for all n > 2, where a; =0, a; = —x;41/2 for i = 2,--- ;n — 1. By Lemma 3.2,
27 n\ A8
’/ cos(maz)J, (x) d.’lﬁg‘ <12(1+P) (—)
0 m

for all n > 2. Therefore, this and (3.13) imply that for some constant K7 = K;(8),

[£(m,2)| < —s.

Now assume n > 3. By (3.12) and (3.15), and then (3.14), we obtain

[1(m, n)|

IN

n\ A8 27 27
247 (1 +ﬂ)Cn<E> / | Hy() des - den
0 0

12(1 + ﬂ)(%)m%

for all n > 3. Now,

Cu _T(L+8/2) TU+50/2=6/2) Luns

Cr-1 27 I'(1+pn/2)
for all n > 3. By Lemma 3.1, there exists a constant Ky = K»(8) such that

DL+ fn/2- B/2) _ Ko
I(1+pn/2) — nf/2

for all n > 1. This, (3.17) and (3.18) imply that there exists a constant K = K () such that

n\ N6 1 onh n2ms
Y . LonfB (InB)—B/2
[I(m,n)| < K (m) TP 2 Kn pvYe éKml’\ﬂ
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for all n > 3. This together with (3.16) proves the lemma. |

Proof of (c) of Theorem 1. Observe that, for any real numbers x1, -, Zy,
‘ e = e Y e
j=1 j=1 j=1
= ’n—‘rzei(wg‘—wk) =n+ Z (ei(zj—xk) +€_i($f_xk)>

j#k 1<j<k<n

= n+2 Z cos(z; — xg)-

1<j<k<n

2

Thus, by the symmetry of f(61,---,0,|0),

n . 2
E(|pm(Z0)") =E U 2 e ] =n+n(n—1) - Ecos{m(61 — 62)}]. (3.19)
j=1
The conclusion then follows from Lemma 3.3. |

4 Appendix

In this section we calculate some moments for the circular #-ensembles. The first result below is an
independent check of the second moment of the trace of a COE given in (1.4). The derivation does
not depend on the Jack function as used in Section 2. It only uses the distribution of the entries of
the COE.

LEMMA 4.1 Let W,, be an n x n circular orthogonal ensemble (COE), that is, W,, = UL'U,, for
some Haar-invariant unitary matriz U,. Then E[|Te(W,,)|?] = 2n/(n + 1) for alln > 2.

First Proof of Lemma 4.1. We prove the lemma in three steps.
Step 1. Write U,, = (u,s). First, we claim that

E[uZ,a2,] =0 (4.1)

s pq

if r # p or s # q. In fact, since U,, is Haar-invariant unitary, the distributions of UU,, and U,U are
the same as that of U,, for any unitary matrix U. In particular, take U = diag(e‘”*);<x<, to obtain
that

L)) = £ (%001 pacn)) = £ (0121100 (4.2)

for any 64,---,0, € R, where £(X) is the joint distribution of the entries of random matrix X. If
r # p, taking 6, — 6, = 7/2, then by (4.2), we have that
E[u?,u?,] = 2 O=%) R 42 = —E[u?,u2,]

s pq s pq s pq

which means (4.1). The case for s = ¢ can be proved similarly.
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Step 2. Recall notation (2m — 1)!! = (2m — 1)(2m — 3)---3 - 1 for any integer m > 1, and
(=) =1 by convention. We have the following fact (Lemma 2.4 from [14]):
ITi; (2a; — D!
[ (n+2i—2)
where ay,---,a, are non-negative integers with a = Y. a;, & = X2/(Xf + -+ + X?) and
X1, , X, are i.i.d. random variables with X1 ~ N(0,1).

Step 3. Evidently, Tr(W,,) = >, <ij<n Uj;- Notice, from the invariant property, by exchanging

E[6 &7 - &) =

(4.3)

some rows and some columns of U,,, we see that the distributions of u,, and u1; are identical for
any 1 <r s <n. By (4.1),

BT, [z D3R

It is known (e.g., Lemma 2.1 in [13, 14]) that the probability distribution of |u11|? is the same as
that of (X7 + X2)/ 32", X;2. By (4.3),

Z |urs|41 = nQE[|u11|4]. (4.4)

7,8

3 1
Blet] = nEnto) M4 ElGG=5m
Then
Bl "] = Bl + &)%) = 2E[6]] + 2B = ——=
Substitute this into (4.4) to see that E[|Tr(W,)|?] = 2n/(n + 1). n

Second Proof of Lemma 4.1. We use the following formula due to Collins [3] (see also [18]): let

(uij)1<i,j<n be an n x n CUE matrix (or equivalently, an Haar-distributed unitary matrix) and let

Wy eyl J1ye s ks Bhse vy @y J1-- - Jp be elements in {1,2,...,n}. Then
k
T ol
Bl g, T IG] = D) Wenelo (H Sivity) (L iz, ) (49
o,TES q=1

Here & is the symmetric group and Wg,, , is a class function on &y, called the Weingarten function
for the unitary group. For our purpose, we do not need the explicit definition of Wg,, . but use the

case for k = 2. In fact, for n > 2, we know (see (5.2) of [3])

1 1

Wg,, »(id2) = T and Weg,2((12)) = T 1)’ (4.6)
where idy and (1 2) are the identity permutation and the transposition on {1, 2}, respectively.
We have |Tr(W,,)* = Ens,pqugsuiq By (4.5), E[ul,u,] is zero unless r = p and s = g.
Moreover, E[u2 2,] = E[|ui1|*] for all 1 < 7, s < n. Therefore, using (4.5) and (4.6), we obtain
. 2n
E[[Tr(W,)["] = n*Eljun|'] = 2n°{We,,5(da) + W, (12) = =5 m
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Lemma 4.1 corresponds to the conclusion for § = 1 in (1.8), which is derived through Proposition
2.1 by the Jack functions. Now we apply the same proposition to derive some other moments for

the circular 8-ensembles. Let p, and Z,, be as in Theorem 1.

Example Assume o =2/3 > 0. For n > 2,

2na?(n? + 2(a — 1)n — a)

4

Ellp(Zn)1] = m+a—-1n+a-2)(n+2a—-1) (47)
8(n%+2n—2) . 1.
) 1A=

2, if 3 =2

2n%—2n—1 : _
GnTn=3 LA=4

Example Assume o = 2/3 > 0. For n > 2,

2 2an(n?+42(a—1)n+a? —3a+1)
Ellp2(Z,)|7] = (n+a—1)n+20—1)(n+a—2)

4(n?42n—1) . 1.
e A=

= (2 if B =2;

n?—an— :
(24271)4(1271713)7 if = 4.

Example Assume o =2/5 > 0. For n > 2,

E p2(Zn)p1(Zn)2} = E{pZ(Zn)Pl(Zn)Q
20%(a—1)n
m+a—-1Dn+2a—1)n+a-—2)

8 IR
ey 1A=L

= o, if 3= 2:
if g =4.

—1
(2n—1)(2n—3)°

In particular, if 8 # 2, as n — oo,
Eb@(Zﬁhﬁ(ZﬁP}rw2a2&xf])n’? (4.10)

Proofs of (1.8), (4.7), (4.8) and (4.9). Let n > 2, ;s and v be partitions of 2. Set o = 2/3. By
Proposition 2.1 and (2.9), we have

402K o2=1w) nn+ o
E p”(Z")p”(Z")} = ol H ( 202(a+1) (n+a —(1)(—; +)2a —1)
4(—1)27Hm) (—1)2- 1) n(n —1) )
20(a + 1) (n+a—-1)n+a-2)
20l W)+ A=) (g 4 ) (1)) (n — 1)
7042(a—|—1)(n—|—a—1)( n+2a—1 * n+aoa—2 ) (4.11)
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(i) Take p = v = (1) in Proposition 2.1. Since 98; (@) =1, Chy(a) = a for any « > 0, we obtain
(1.8).

(ii) Taking p =v = (1,1) in (4.11), (4.7) follows.
(iii) Taking p = v = (2) in (4.11), (4.8) follows.

(iv) Taking p = (2) and v = (1,1) in (4.11), we get the identity for the first expectation in (4.9).
Since the value of the expectation is real, the identity for the second expectation follows. With the

earlier conclusion, (4.10) is obvious. [ ]
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