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Abstract: We study two types of probability measures on the set of integer partitions of n with at
most m parts. The first one chooses the partition with a chance related to its largest part only. We
obtain the limiting distributions of all of the parts together and that of the largest part as n tending
to infinity for m fixed or tending to infinity with m = o(n!/3). In particular, if m goes to infinity not
too fast, the largest part satisfies the central limit theorem. The second measure is very general and
includes the Dirichlet and uniform distributions as special cases. The joint asymptotic distributions
of the parts are derived by taking limits of n and m in the same manner as that in the first probability

measure.
Keywords: random partitions; asymptotic distributions; limit laws
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1. Introduction

The partition x of a positive integer 7 is a sequence of positive integers k; > ko >
-+ > ky, with m > 1 whose sum is n. We denote « = (ky,- - - , k) I n if  is a partition of
n. The number m is called the length of « and k; the ith largest part of x. Let P, denote
the set of partitions of n and P, (m) the set of partitions of n with length at most m. Thus,
1 <m <mnand Py(n) =Ph.

The set of all partitions P = U,,;>1 Py is called the macrocanonical ensemble. The par-
titions of n, Py, is called the canonical ensemble and the restricted partitions Py (m) is
the microcanonical ensemble. Integer partitions have a close relationship with statistical
physics ([1-3]). To be more precise, a partition x € P, can be interpreted as an assembly
of particles with total energy n. The number of particles is the length of «; the number of
particles with energy [ is equal to #{j : k; = I}. Thus, P, (m) is the set of configurations
k with a given number of particles m. It is known that P, (m) corresponds to the Bose—
Einstein assembly (see Section 3 in [3] for a brief discussion). Therefore, the asymptotic
distribution of a probability measure on P, (m) as n tends to infinity is connected to how
the total energy of the system is distributed among a given number of particles.

The most natural probability measure on the integer partitions is the uniform measure.
The uniform measure on Py (m) for m = n has been well-studied (see [4-6]). However,
for the other values of m, to our best knowledge, the whole picture is not clear yet. In [7],
as a by-product of studying the eigenvalues of Laplacian—Beltrami operator defined on
symmetric polynomials, the limiting distribution of (ky, ..., k) chosen uniformly from
P, (m) is derived for fixed integer m. This is one of the motivations resulting in this
paper. As a special case of a more general measure on P, (m) (detailed definition given
in Section 1.2 below), we obtain the asymptotic joint distribution of (kq, ..., k) € Py(m)
imposed with a uniform measure for m — co and m = o(n'/3). It would be an intriguing
question to understand the uniform measure on P, (m) for all values of m. The limiting
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shape of the young diagram corresponding to P, (1) with respect to uniform measure was
studied in [8-11] for m = n and for m = c\/n where c is a positive constant.

Another important class of probability measure on the integer partitions is the Plancherel
measure which chooses a partition x € P, with probability (dim(x))?/n!. Here, dim ()
is the degree of the irreducible representation of the symmetric group S, indexed by «.
More generally, the a-Jack measure (see the detailed definition in [12], for instance), which
subsumes the Plancherel measure as a special case when a = 1, has also been considered. It
is known the both the Plancherel measure (see [13-16], a survey by [17] and the references
therein) and a-Jack measure (see, for instance, [12,18,19]) have a deep connection with
random matrix theory.

For a fixed constant g € (0,1), the g-analog of the Plancherel measure, which is called
the g-Plancherel measure, on integer partitions has been studied in [20-22]. As explained
in Section 2.2 from [21], it is related to a probability measure Mg”) on P,,. More precisely,
for each partition k = (ky,- -+ k) € Py,

qh(K)
e [h)]’

where h(u) = k; —i+ k;- — j+ 1 is the hook length of a box u in a position (i, ) of the

My (k) = (1 - g)"dim(x)

Young diagram associated with «, the notation [k]] := 1 — g% for positive integer k and
b(x) = Y"1 (i — 1)k;. It can be verified that if 4 = 1, then M%n) () is exactly the Plancherel

measure on P,. Hence, Mc(ln) can be interpreted as the g-deformation of the Plancherel
measure. Indeed, it is quite natural and common to consider the g-versions of existing
probability measures; for example, the Macdonald measure on P can be thought of as the g-
version of the circular B-ensemble (see [23,24]). This point of view motivates us to consider
a probability measure on P, (m) that chooses k € Py (1) proportionally to ¢7(*), where o (x)
is a function of x = (ky, ..., k). In this paper, we consider o (x) = kj, the largest part of «,
and study the asymptotic behavior of the parts of « as n tends to infinity. This probability
measure on the microcanonical ensemble P, (m) can also be viewed as an analog of a
probability measure y(-) defined on the macrocanonical ensemble P, introduced in [8],
where (1) = cqlM for any A € P and |A| is the sum of its parts.

In this paper, we consider two new probability measures on P, (m) assuming either
m is fixed or m tends to infinity with . We investigate the asymptotic joint distributions
of (k1,...,km) as n tends to infinity. This paper is organized as follows. In Section 1.1, we
introduce a new probability measure, called the restricted geometric distribution, on Py (m).
We state the main results, Theorems 1 and 2, obtained under this probability measure
assuming m fixed or m tends to infinity with n and m = o(n!/3). The overview of the
proof of Theorem 2 is explained. In Section 1.2, we first introduce the second probability
measure on P, (m) and present new results, Theorems 3 and 4, on the joint asymptotic
distributions of the parts, by taking limits of n and m in the same manner as that in the
previous probability measure. The proofs of the main results and their corollaries are
collected in Sections 2 and 3. To be more specific, we prove Theorem 1 and Corollary 1 in
Section 2.1 and Theorem 2 in Section 2.2. The proofs of Theorem 3 and two corollaries are
presented in Section 3.1 and the proof of Theorem 4 is stated in Section 3.2.

1.1. Restricted Geometric Distribution

The first type of random partitions on P, (m) is defined as follows: for k = (ky,...,ky) €
Py (m), consider the probability measure

P(x) =c-q" @

where 0 < g < 1and ¢ = ¢y, is the normalizing constant that Y cp, () P(x) = 1. We
call this probability measure the restricted geometric distribution. This probability measure
favors the partitions x with the smallest possible largest part k1. Thus, we concern the
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fluctuation of ky around [ 2. The motivation to work on the measure in (1) has been stated
in the Introduction.

When m is a fixed integer, the main result is the following. Recall that a sequence
of random vectors Xi, X, - -+ in RF converges weakly to a random vector X € RF with
distribution function Fy if the distribution functions Fx, (x) — Fx(x) as n — oo for any
continuity point x € R¥ of Fx.

Theorem 1. For given m > 2, let k = (ky, ..., ky) € Py(m) be chosen with probability P(x) as
in (1). For a subsequence n = jy (mod m), define j = joif 1 < jo <m—1 and] = mif jo = 0.
Then as n — cowith n = jo (mod m) for a fixed jo , we have (ky — [2],.. — [ 4 1) converges
weakly to a discrete random vector with probability mass function (pmj)

Iy

o) = = 1
Sy l) = S o, o 1))

for all integers (I, - - ,Iyy) withly > 0,1y > -+ - > lyyand )" 1 I = j—m

Remark 1. Note that the summation in the denominator of the pmf f(l1,- - - ,ly,) in Theorem 1
starts with | = 0. To make |Py,41)—j(m — 1)| non-zero, we have m(I +1) —j>m —1 & j <
ml+1. Sincel <j<m, =0 enforces j = 1. Indeed, | = O corresponds to the case when the
largest part ki = [1.]. From the constraints on the parts, this happens only when j = 1 (that is,
n=1(modm))andky = %],k =+ =ku =[5 ] — 1. Ifj # 1, then the case | = 0 cannot
happen and this is guaranteed by |P (04+1)—j(m — 1)| =0.

From Theorem 1, we immediately obtain the limiting distribution of the largest part k,
which fluctuates around its smallest possible value |1 ]. As a consequence, the conditional
distribution of (ky, ..., ky,) given the largest part k is asymptotically a uniform distribution.

Corollary 1. Given m > 2, let x = (ky,...,ku) € Pn(m) be chosen with probability P(x) as
in (1). For a subsequence n = jy (mod m), define j = joif 1 < jo <m—1landj=mif jo = 0.
Then as n — oo, we have ki — [ '] converges weakly to a discrete random variable with pmf

g | Putmj(m —1)]
Y20 q- |Pml+mfj(m - 1)|’
Furthermore, the conditional distribution of (ko — [21],... km — [5]) gven ki = [%] + 1

(I; > 0) is asymptotically a uniform distribution on the set {(,...,Iw) € Z" 51 > 1 >
> lgandly + Y, =j—m}.

fl) = 1>0.

We present the proofs of Theorem 1 and Corollary 1 in Section 2.1.

When m tends to infinity with 7 and m = o(n/3), we consider the limiting distribution
of the largest part k;. The main result is that with proper normalization, the largest part k;
converges to a normal distribution.

Theorem 2. Given q € (0,1), let k = (ky,...,km) € Pn(m) be chosen with probability P(x) as
in (1). Set A = —logq > 0.If m = my, — oo withm = o(n'/3), then \F(k1 —[£7] —ym)

converges weakly to N(0,02) as n — oo, where

LAt 2 (At 1
- —dt and ¢* = = i — .
1= fy wog =5 ) A1) 0

The proof of Theorem 2 is analytic and quite involved. The main technical difficulty
in the proof is the estimation of the normalization constant ¢ = ¢, in (1). We use the
Laplace method to estimate ¢;,,;. The same analysis is applied to obtain the asymptotic
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distribution of the largest part k. Thanks to the Szekeres formula (see (11)) for the number

of restricted partitions, we first approximate c;, }, with an integral

Com L~ C(m) - /exp(mlp(t)) dt

for some function () that has a global maximum at ty > 0 and some quantity C(m) > 0.
Thus,

P(E) ~ lto) — 519" (1)

and
Cn,m_l ~ C(m)em¢(t0) ./exp<—;m|¢//(to)|t2) dt. )

The most significant contribution in the integral on the right hand side of (2) comes from
the t close to t(. Indeed, the integral in (2) is reduced to a Gaussian integral as n — co. We
prove Theorem 2 in Section 2.2.

It remains to consider the conditional distribution of (ky, ..., k) given the largest part
k. Itis convenient to work with k; = [ 2] 4-1; for 1 <i < m. In view of Theorem 2, let k; =
[214 1 with [y = ym + C - \/m for an arbitrary positive constant C. Given Iy, (I, ..., li)
has a uniform distribution on the set {(I,...,1;) € Z" 51 > 1, > ... > I, and [; +
Y., 1 =j— m}. We consider a linear transform (j2,...,jm) = (I1 —Ilp,..., 11 — Iy;). Since
uniform distribution is preserved under linear transformations, (ja, ..., ju) has the uniform
distribution on the set {(ja,...,jm) € N~ L j, > ... > j3 > jpand Y1, j; = mly +m —j}.
In general, the problem is related to understanding the uniform distribution on the set

m
{(Az,...,Am) eEN"1 0> .. > Ay >0and YA :mll}.
i=2

To our best knowledge, it is not even clear what the limiting joint distribution of a partition
chosen uniformly from P, (ym) is as m tends to infinity. We raise the following questions
for future projects.

Question 1. Given q € (0,1), let k = (kq,...,km) € Pn(m) be chosen with probability P(x)
as in (1). Assume m tends to infinity with n and m = o(n'/3). Determine the asymptotic
joint distribution of (ky, ..., ky) given ki. Furthermore, what is the limiting distribution of
(k1,ko, ... km) as n tends to infinity?

We have considered the limiting distribution of ¥ € P, (m) chosen as in (1) for m fixed
as well as m = o(n'/3). The requirement of m = o(n'/3) stems from the technical reason
that in this regime, we could provide an asymptotic expression for the normalizing constant
cin (1) (see (21) below) via Lemma 1, which facilitates further fine analysis to identify the
limiting distribution of the largest part. It is also interesting to investigate this probability
measure for other ranges of m.

Question 2. Given q € (0,1), let k = (kq, ..., ky) € Py(m) be chosen with probability P(x) as
in (1). Identify the asymptotic distribution of « for the entire range 1 < m < n.

1.2. A Generalized Distribution

Next we consider a probability measure on P,(m) by choosing a partition
k= (ky,...,km) F n with chance

b ) ()

n’’ n

Pn(K)=C~f(
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-1, .
where ¢ = ¢y = (Z(kl,...,km)epn(m)f(%” .., Bm))™" is the normalizing constant and

f(xq,...,xm) is defined on V,,_1, the closure of V,,,_1. Here, V,,_1 is the ordered (m — 1)-
dimensional simplex defined as

m—1
V1= {(yl,...,ym) €011 >y2> ... > Y1 >Yymand y,, =1 — yi}.
i=1

We assume f is a probability density function on V,,_; and is either bounded continuous
or Lipschitz on V,, 1.

When m is a fixed integer, we study the limiting joint distribution of the parts of x
chosen as in (3). The main result is the following.

Theorem 3. Let m > 2 be a fixed integer. Assume k = (ky,...,ky) € Pn(m) is chosen as
in (3), where f is a probability density function on V,,_1 and f is bounded continuous on V,,_1.
Then (k1 .., Xy converges weakly to a probability measure y with density function f(y1,. .., ym)

m’r

defined on V,_1.

From Theorem 3, we can immediately obtain the limiting convergence to several
familiar distributions. We say (Xj, ..., X;;) has the symmetric Dirichlet distribution with
parameter « > 0, denoted by (X3, ..., X;;) ~ Dir(a), if the distribution has pdf

on the (m — 1)-dimensional simplex

m
W1 1= {(xl,...,xm,l,xm) e [0,1)"; in = 1}
i=1

and zero elsewhere.

Corollary 2. Let m > 2 be a fixed integer. Assume k = (ky,...,kyu) € Py(m) is chosen as in (3)
with f(x1,...,%m) = c-x{ 1 x5 forsomea > 1and 1/c = [g B o g

dx,,_1, then

ki kn
(;,. cey ?> — (X(l)/ . ,X(m))
where (X(1y, - -, X)) is the decreasing order statistics of (X1, ..., Xm) ~ Dir(a).

Corollary 3. Let m > 2 be a fixed integer. Assume k = (ki,...,km) € Py(m) is chosen as in (3)
Looox®1 for somew > 1and 1/c = fvm—l xi‘_l R AL L SR

withf(xl,.,,,xm) = C.xi‘— ..
((’;1)“ (km)“> = (Y, Yn)

dx,,_1, then
n
as n — oo, where (Y1, ..., Yy) has the uniform distribution on

m
i=1

or equivalently, (Y1,...,Ym) is the decreasing order statistics of the uniform distribution on
{(, - ym) € [0,2)" 20y =1}

For the special case « = 1, that is, « is chosen uniformly from P, (m), the conclusion of
Corollary 3 is first proved in [7]. The proofs of Theorem 3, Corollarys 2 and 3 are included
in Section 3.1.
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When m grows with 1, we establish the limiting distribution of random restricted
partitions in P, (m). Define

V= {(ylfyzl"') €01 y1 >y > andZyi < 1}-
i—1

Note that V,,,_1 can be viewed as subsets of

Ve = {(yl,yz,...) €01%y1 >y > andZyi:I}
i=1

by natural embedding, and V is the closure of V in [0,1]* with topology inherited
from [0, 1]* (see (68) for the precise explanation). By Tychonoff’s theorem, V,,_; and V
are compact. Furthermore, both V,,_; and V are compact Polish spaces and thus any
probability measure on V,,_1 is tight. Therefore, for probability measures {y, },>1 and u
on V, u, converges to y weakly if all the finite-dimensional distribution of p;, converges to
the corresponding finite-dimensional distribution of y.

Theorem 4. Let m = o(n'/3) — oo as n — oo. Assume x = (ky,...,kn) € Py(m) is chosen
with probability as in (3) where f is a probability density function on V,,_1 and is Lipschitz on
V m—1. Furthermore, assume the Lipschitz constant || f || i, < K for an absolute constant K > 0. Let
(X1, -+ » Ximm) have density function f(y1,--- ,ym) defined on V1. If (X1, » Xnym)
converges weakly to X defined on V as n — oo, then (’%, e, %’”) converges weakly to X as
n — oo.

We will prove Theorem 4 in Section 3.2. The proof of Theorem 4 follows along the
same lines as that of Theorem 3 with modifications. In Theorem 3 where m is fixed, we

only require the function f in (3) to be bounded continuous on V,,_;. This assump-

tion is essentially used to show E (WL,IJ(k—1 K

L, )) — E(¢(x1,...,xp)) as n — oo for any

bounded continuous function ¥ on Vu_1 because ¢ - f is still bounded continuous on

V1. For Theorem 4 where m depends on 1, a stronger assumption on f with the Lip-
schitz constant ||f||1;, < K is imposed as we need to carefully analyze the difference

‘E(lp(kl . @)> —E(¢p(xq,..., xm))‘ in terms of m and #n for any bounded and Lipschitz

m’
function p on V,,,_1.
We have investigated the limiting distribution of ¥ € P, (m) chosen as in (3) for both
m fixed and m = o(n!/3). The assumption m = o(n!/3) is due to the essential use of the

n—1
Erdos—Lehner formula | Py, (m)| ~ % in our proof and it is known that this asymptotic
formula holds only for m = o(n!/3). It would be interesting to understand the limiting
distribution of « for other ranges of m. We leave this as an open question for future research.

Question 3. Let k = (kq,...,km) € Pu(m) be chosen with probability P,(x) as in (3). Identify
the asymptotic distribution of « for the entire range 1 < m < n.

Notation: For x € R, the notation [x]| stands for the smallest integer greater than or
equal to x. The symbol [x] denotes the largest integer less than or equal to x. We use Z to
be the set of all real integers. For a set A, the notation #A or | A| stands for the cardinality of
A. We also use Y ,c 4 1 to represent |A|. Weuse ¢c- A= {c-a:a € A}. For f(n),g(n) >0,

£(n) ~ g(n) if limyeo £ (1) /g(n) = 1.

2. Proofs of Theorems 1 and 2 and Corollary 1

The strategies of deriving Theorems 1 and 2 are different. In addition, the proof
of Theorem 2 is relatively lengthy. For clarity, their proofs are given in two sections.
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In Section 2.1, we will present the proofs of Theorems 1 and Corollary 1. Theorem 2 will be
established in Section 2.2.
2.1. The Proofs of Theorems 1 and Corollary 1

In this section, m is assumed to be a fixed integer. We start with a lemma concerning
the number of restricted partitions P, (m) with the largest part fixed.

Lemmal. Let! > 0,m > 2andn > 1be integers. Set j = m+n —m[ 2] Then1 < j < m. If
0<1< 1o (% —m), wehave

n
ok k) € Pal)s fr = T 1) = Py (m =1} @
If i1 (& —m) <1 < n—[2%], we have
n
#{(k1,k2, o) € Pu(m); by =[] +l} < Puia41)—(m = 1) (5)
Proof. For k = (ki,...,kn) € Py(m), let us rewrite k; = [Z] + 1 for1 < i < m
By assumption, Iy = I > 0. Since x - n, wehavel; > I, > ... > I, > —[4] and

h+Y",li=n—m[L] = j— mby assumption. Therefore,
n
#{(kbkz,u-,km) € Pulm); ky =1 +11}

_ n i )
_ #{(zz,...,lm)ezm Bzl 2l 2 [ andll+i§21i:]—m}
n m
= #{( e jn) €Z" (2] 2w = . 2 2 2 0and Yo ji = m(h +1) —
=2

by the transform j; = [; — l; for2 <i < m.
Assume 0 <[ < ﬁ(% —m). I j, >...>jp>0and )", j; = m(l; + 1) — j, then

m
jmSZji:m(ll+1)_j§m(ll+1)Sll+[%-|
i—2

by assumption, the notation /; = [ and the fact [x] > x for any x € R. It follows that the
left hand side of (4) is identical to

m
#{(jz,...,jm) €Z" Y jy>...>j>0and }_j; :m(11+1)—j}
i=2

= | Pus1)—jm—1)|.

For Lo (L —m)+1 <1< n— [L4], the upper bound (5) follows directly from the

m—1
definitions of the sets. [

Now, we are ready to present the proof of Theorem 1.

Proof. (Proof of Theorem 1) First, it is easy to check that for the subsequence n = jy (mod
m), if we define j = joif 1 < jo <m —T1and j=mif jo=0,thenj=m+n—m[L]. Set

= [ () 0



Mathematics 2023, 11,417 8 of 30

We first estimate the normalizing constant c in (1).

kEPy(m) ki=[71 (ki ke km)F
ral
= C q’rﬁ—‘+l Z 1
1=0 ([Z74+Lky,.. o )Fn

We first show that, as n tends to infinity,

IR
Lot L1

( [%.‘ +lrk2/---/km)kn

2* Y 1.

(274, ... ) 1

By Lemma 1,

Zz Mn+1q '+ Z( [ 2]+ kg, L < Zl Mn+1q |Pm(l+1)—f(m_1>|

g e, n LT T [ Prgary—j(m = 1))
AJZ?MHqWZ?”>

7

Zl Oq (ml+m j— l)

where the last equality follows from (49). Note that the series Y° ; s ~2¢° converges for
0 < g < 1. We have

=l I+m—j-1 ljm—2
B Egghet .
ZM,bq (mler j— l) zl: qllm 2
Therefore, one obtains the normalizing constant
1
¢~ ®)

gl Sy g1 1 Poyryay—(m = D]
Now, we study the limiting joint distribution of the parts
n n n
(ki ks k) = (2] 0, (] + e, [ ).

First, we claim that it is enough to consider /; to be any fixed integer from {0,1,2,...}.
Indeed, for any L = L(n) — oo as n — oo, it follows from (7), (49) and Lemma 1 that

Pk 2 [-]+L) = gw%wmzﬁhu
~ YRt = 214 )
=L

M, o
= Y g Py (m — 1))
I=L

My, (ml+m7jfl) l

e Lom=2 J
~ C m .
q l; (m—1) 1
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Plugging in the normalizing constant c in (8) and letting L — oo, we have

Zf\fn [m=2g1
Pl > [21+1) = Of st )
m Y204 '|7)ml+m—j(m —1)]

= o(1)

as n — oo, where the last equality follows from similar arguments as (7). Likewise, we
have as n tends to infinity,

~ g ] 1 )
C .
T o d Putim(m—1)]

Therefore, for any givenl; =0, 1,2, ..., we conclude that

n n n
P(kl = (a] + 11, ky = [%] +l,. k= [a] +lm)
%]+ll — qll

= gl
c-q
217_0 ql : |‘ ml—«—m—j(“l 1)|

=f(ly, -, lm). (10)

Finally, we show that f(I1,---,I5) is indeed a pmf on the set of S := {(l,--- ,Im) €
Z"ly >0l > -+ > lyand Y, I; = j—m}. To see this, summing over all possible
choice of (I1,- - -, l;y) from S on both sides of (10), since the number of terms in the sum is
finite and independent of n, we get the Y, ... ;. )es f(l1, -, Im) = 1.

The proof is completed. [

We continue with the proof of Corollary 1.

Proof of Corollary 1. By Theorem 1, itis enough to considerk; = [ %] +Ifor! € {0,1,2,...}
in the limiting distribution. From (1), Lemma 1 and (9),

n n
Pk = [*-|+l = C.q[mw-‘rl Z 1
( " ) ([ 2+ Lk e )
= C‘q[%1+l‘|73mll+m_j(m—1)|
q'- | Pt m—j(m —1)]
Z;)OZO ql ’ |Pml+m—j(m — 1)|

as n — oo.
Furthermore, since

Plky =[] = Dok = [ =l [y =[] =)
Pk [gl=lko— 5] =l .. km— 5] =1n)
B P(ky =[5 1="h)
feebe) 1

f(h) | Pty 4-m—j(m —1)]

as n — oo, it follows immediately the conditional distribution of (ko — [£],... ky —
[5:]) given ki = [L] +11 (I > 0) is asymptotically a uniform distribution on the set
{(lp,...,lw) € 2"y >, > ... > Iyand ) + ¥J*,I; = j — m}. This completes the
proof. [
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2.2. The Proof of Theorem 2
Szekeres formula (see [25-28]) says that for any given € > 0,
Vg () +O(n=1/6%€)
u
Pai)l= £ an
uniformly for k > nl/6 where u = k/ v,
4 o 1 5 172
f(u) = 77 (1—e?— Euze ) , (12)
2v o
g(u) = o ulog(l—e™), (13)
and v = v(u) is determined implicitly by
2
2 [
U= ——-. (14)
Jo ot

We start with a technical lemma that will be used in the proof of Theorem 2 later.

Lemma 2. Let A > 0 be given. Define ((t) = @ - t%fort > 0. Then

A . 2A(e" —1)
= —————— satisfies P'(t)) = -
(foA et‘t_1 dt)1/2 folet —1- %t%)

Further, ' (to) = 0, p(t) is strictly increasing on (0, to] and strictly decreasing on [ty, o).

to : < 0.

Proof. Trivially, the function -5 = (%, til;!l)’l is positive and decreasing in t € (0, ).

It follows that v = v(u) > 0 for all u € (0,00) and
v? vt v?

— = dt > .
u? 0o et —1 ev —1

Thus, ¢ — 1 —u% > 0. In particular,
v 1 2
e —1— Eu > 0. (15)

By taking derivative from (14), we get

vt v-v
2.’:2/ dt 2 .
V-0 uoet—l +uev_1

This implies that % = Zuf;’ - ng, or equivalently,

, 0 uv
S R A— 16

u o 2(e? —1— Ju?) e)
Consequently, v/ = v'(u) > 0 for all u > 0, and thus v(u) is strictly increasing on (0, o).
Take derivative on g(u) in (13), and use (14) and (16) to see

¢'(u) = —log(1—e?); (17)

v'e™? v/u

" _ _ )
g(u)i 1—¢ 0 ev—l—%MZ
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Therefore,

€ u))’ ug' (u) — g(u) (18)

and

(g(u)>” _ &) _Zg( )+2g( )
2 (a-

u —1——u2>

With the above preparation, we now study (t) (we switch the variable “u” to “t”).

pr = (S 2y

t 12
v #2 6)
= al-g0) %
1 v- 2
- #(40—6/\—80_1_?2). (19)

The assertions in (17) and (18) imply

(g(i))’ _ —2log(1—e™?) — tg(t) _
t 3 3

Thus, ¥/ (t) = 2();3727). Thus, the stable point ¢y of {(t) satisfies that v(ty) = A. This implies
that ¢(t) is strictly increasing on (0, f] and strictly decreasing on [t, 00). It is not difficult
to see from (14) that

to =

(Ji g diyrrz

Plug this into (19) to get

A2
Vi _ 0
Vi) = (2 )

by (15). O

Now, we are in a position to prove Theorem 2.

Proof of Theorem 2. Let M, = [-15(Z —m)] as in (6). The assumption m = o(nl/3)
implies
lim M _ . (20)
n—co m

Similar to (8), we first claim that the normalization constant

cr~ ! . (21)

L gl [Py j(m = 1)
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Indeed, from Lemma 1,

n_f

SRV L v

(TE7+Lkp,....km)Fn

Mn " IR
= B Py jm =1+ Y glwl* Y 1
l:O I=M,+1 ([ 2+ Lk, ...k )1
and
iR TR
Y, qlult Y 1 < Y gEH P,y (m 1)
I=M,+1 ([ 241k, fem ) Fn I=M,+1

Observe that [Py, j(m —1)| < [Py, (Im)] < eKVIm for some constant K > 0 by the Hardy-
Ramanujan formula [29]. Therefore,

n_l—%-‘ o
Z q[%]-i-l Z 1 < q[%] Ze_)‘l+KM
I=M,+1 ([2)+Lkg b ) I=M,
< % i A2 < gl ny e M2
- Ry _e—/\/Z
M, 014
= o L alF 1Py (m = 1))
1=0

for n sufficiently large. This completes the proof of (21).
Hence, following (21) and Lemma 1, without loss of generality, we have

NP, (m—1
P(klz(ﬁh—l) MZ| (14+1)—j(m—1)|
m N Pugy1y-j(m—1)]

, My, where j = m +n —m[]-] and 1 < j < m. Thus, combined with (20),

forl =0,1,2,---
we arrive at

S g Py i(m = 1))

n
Plky < [—=]4+m¢ (22)
( m ) C gl | Py (m — 1)
for any ¢ > 0.
In the following, we first apply a fine analysis to estimate the denominator
Mp+1
)
Y, 4 |Pij(m = 1)]. (23)
=1

We divide the range of summation into five parts: 1 <[ < cm, Cm < < My, ecm <1 <

—/mlogm, ym+ /mlogm <1< Cmand ym — y/mlogm <1 < ym+ /mlogm for
some proper constants ¢, C > 0 and 7y = £ 2 (recall to in Lemma 2). The most significant
contribution in the summation comes from the range ym — /mlogm <1 < ym+ +/mlogm
and others are negligible. The estimation for the numerator is similar.
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Before we proceed to the technical details, we explain in more detail how the division
in (23) is chosen. Following the heuristic explained in (2), the most significant contribution
in the summation (23), which is approximated by the integral

C(m)emto) . / exp(—;m|lp“(t0)|t2> dt, (24)

comes from the t close to ty given in Lemma 2. Dividing (23) into five parts can be
thought of dividing (24) into five integrals with t = ,/%'. Indeed, the constants c, C in

the division of (23) are chosen (see (30) below) to satisfy 1/v/C < to < 1/+/c. Hence,
for the parts where 1 <1 < cm or Cm <[ < M,, they correspond to the integrals in (24)
where t > 1/y/cort < 1/ +/C and the contribution is negligible. For the parts in (23)
where Cm <1 < M, orcm <1 < ym — \/mlogm, they correspond to the integrals in (24)
where t is of order log m/+/m away from ty. We show their contribution is also negligible
though finer analysis. The main contribution in (23) is essentially from the part where
ym — /mlogm <1 < ym+ /mlogm. This corresponds to the integral in (24) where ¢ is
within O(log m/+/m) from t.

Step 1: Two rough tails are negligible. First, by the Hardy—Ramanujan formula, there exists a
constant K > 0 such that

| Praj(m = 1)| < | Py, (Im)| < eKVI7

for I > 1asnislarge. Set A = —logq > 0. It follows that

Mnirlql NPri(m = 1)] < i o ALKVl i A2 < 1 (25)
I=Cm I=Cm I=Cm 1—em/2
forall [ > (%)m and for C > 4)%2. Similarly, for the same K as above,
cm cm
Z_Ziql NPyn—j(m —=1)| < ;ql'lp[cmq(m)l
< (em) - [Pz (m)] < (em) - eVKm (26)

for all ¢ > 0 as n is sufficiently large.
In the rest of the proof, the variable # will be hidden in m = m,, and j = j,. Keep in mind
that m is sufficiently large when we say “n is sufficiently large”. We set two parameters

C = max {S/\L;,Z'y}; (27)
¢ = min { lﬁ(gﬁf %} (28)

Step 2: Two refined tails are negligible. Recall ty in Lemma 2. Define v = ¢, 2 and

O ={leN;om<I<ym—+/mlogm},
Oy ={leN; ym—/mlogm <1 < ym++/mlogm},
Q3 ={l € N; ym +/mlogm < 1 < Cm}, (29)

where ¢ € (0,7) and C > -y by (28) and (27). Note that

1/VC <ty=~"1"% <1/ (30)
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The limit in (20) asserts that Qp C {1,2,---, M} as n is large. Then
Cm ; 3 ]
Y 7 NP jm =1 =3 Y q|Pij(m—1)|. (31)
I=cm i=11eQ);
Easily,
Y q A Pugm=1I< Y g [Pr(m)]. (32)
le0 U, leMUQ;

Take n = Im and k = m in (11), we get

S () img(u)
Pan(m)] ~ L1,

uniformly for all cm < | < Cm where u = (%)1/ 2 Notice

ql P (m)] ~ fl(nl;)ef/\lwﬂ/ﬁg(u)'

Consider function —Ax + v/xm - g((mx~1)1/2) for x € [cm,Cm). Set t = t, = (mx~1)1/2.
Then

—Ax 4+ Vam - g((mx 11?2 = —/\t—zm—krrz@
_ m(&_l )
t 27

By (12) and (13), f(x) is a continuous function on [C~1/2,¢~1/2]. Therefore, W =

]
O(m™2) uniformly for all j € Q1 U Q3, which together with (32) yields

Y. 4P j(m—1)]

1€QUQ,
< o) F evlr(* )
< O(%) -exp [mlegll%xna (g(til) — t)l;)} (33)
Now,
A
e (500 2) = e, (D)
Evidently,

{ﬁ, leu}c [(m_;%logm)m' H < (to,0);

/2
{ﬁ, l e 03} C [\%, (’)'m—O—\TﬁlOgm)l } - (OrtO)‘
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Recall Lemma 2, ¢(t) = @ — t% is increasing (0, ty] and decreasing in [ty, o0). It follows

that
A
a5 )
Vm Vim
- maX{1P< ym — \/ﬁlogm), lP( ym + \/ﬁlogm)}
Recall that ty = 7~ 1/2. Notice
N 2 1 1 ~1/2 2
() = [t
= 1B o)

By Taylor expansion and the fact that ¢’(to) = 0, we see that

2
¥ vm = p(to) — LYB™ L 0 (m 32 10g m)?)
m
ym £+ \/mlogm
as n is large, where L = W;g})' > 0. This joins (33) to yield that
Y [Pinejm = 1)] < memytio) (/2 g (34)
lGQlUQ3

as n is large.
Step 3. The estimate of } ;cy,- Take n = Im — jand k = m — 1in (11), we get

Prt_j(m — 1)) ~ L /5t

ml —j
uniformly for all cm <1 < Cm where u = ”;;117]

For I € () from (29),
ym?* — my/mlogm — j < ml —j < ym* + my/mlogm — j.
Note that 1 <j < m. As m — oo with n — oo, we observe that

m—1 1

N T

and
m? l _
m—j v

Hence, by continuity,

SO Bft) -

ml — j m?
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for alll € (). Consequently,

Z ’71 ’ |le—j(m -1)]

le(y,
— (1401 ) Lo { -+ vin—j. g(ﬁ)}
~ Me—/tj/m Y exp{ ~ A(m ;1)2 L }
mtl

2
m 1eQ),

by setting t, = (m —1)//mx — jfor x > 2 (recall 1 < j < m), and hence x = % + (”’7’;)2
It is easy to verify that
logm
tp—ty| =0 35
{ggﬁ 1 — to ( N ) (35)
as n — co. We then have
Y 4 [Puj(m = 1)
leq),
15 (F0) a2 (af g(t) A
0I 20 Aty —(Af/m) (L -2yl 36
e s ep ()

Recall Lemma 2. Since 3’ (o) = 0, it is seen from the Taylor’s expansion and (35) that

Pt) = plt0) + 29" (t0) (b — t0)? + O(m>/2(logm)’)

uniformly for all x € (). It follows that

= o [l (55 - )]

leOy 1

= (1+o0(1)) emD¥lt) Y exp Etp"(to)(tl - to)zm]
leQ),

It is trivial to check that
m—1 — 1 j 0 ( log m)
/mx —j Vm 273/2m2 m?

uniformly for all x € €);. Therefore,

() = ()l (2t ) o (252)

_ m(’f/% 1) +o(1)

uniformly for all x € (), by (35). This tells us that

Y exp [(ml)(g(til) - 22”

1€y

= (1+0(1)) . e(m=1)1(to) Z exp Eq/’(to) (ﬁ — t0>2m].

le()y

(37)
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Set a,, = ym — \/mlogm, by, = ym+ \/mlogm, ¢y = (m —1)//m and
—exp | Lo (1) (5 1)
p(x) = exp [ 39" () (7% — f0) ] (39)
for x > 0. It is easy to check that there exists an absolute constant C; > 0 such that
plx) < e Cillosm” (39)

for all x € (am, by)\([am] + 2, [bm] — 2). Hence,
[by]—1

/a:n p(x)dx = ( 2 /ll—i-l o(x) dX) + €m, (40)

I=[am]

where |e,,| < e~C1108™)? for large m. By the expression p(x) = exp [%1}7”(1?0)(%{ — to)zm},

we get
/ _ 1 " Cm MCy
P = =3P (" (t0) (= —t0) 57
. 1
for x > 0. Easily, 54 = O(1) and % —ty = O( c\)}im) uniformly for all [a,,] < x < [by,].
Thus,
(0] < (BT
S m
for all [a,,] < x < [by]. Therefore, by integration by parts,
I+1 141 I+1
‘/ x)dx —p ‘—‘/ l+1—x)dx‘ < /l |0’ (x)| dx

A\
—
=
S
R
3
N—
-
+
A
ES
S
=
N—
QU
=

as m is sufficiently large. This, (39) and (40) imply

‘ Y ol /bm ) dx ‘< 1%) (/abm p(x) dx) + e Crllogm? 1)

ey

Set vy = (logm)y~3/2/2. We see from (37) and (38) that

b 2C Ym+o(1) u =3 1. 2
_ __® 29" (to)u
/am o(x) dx Nl ( \/%—Fto) ez du
= (I+o 2\/> eZw” “ dy
—Ym

— (1+o(1))2\té> 2" () gy

1 81
~ me sy

1\ 19" (o)
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by making the transform u = — (% — to) v/m. Combining this, (37) and (41), we arrive at

e (190 ¥ exp [(ml)(g(;l) - i)} = (1+0(1) ) o)

tZ
1602 1 ZGQZ
1 87
M- =4 | — 42
e @
as n is sufficiently large. This and (36) yield
Y 4 [Pj(m = 1)
e,
15f(t0) a2 (ajs g(t) A
e ]”‘)Zexp (m—1)(= - =)
m?2 1£0, { t tlz }
Aty 2 =p(to) —(Aj/m) my(to)
N f(tg)eto . 8w e (3)
to [y ()| m3/2

as m — oo.
Step 4. Wrap-up of the denominator. By the choice of c in (28), we have v/c < (4K) 'y (to)
in (26). Therefore, we get from (25) and (26) that

cm - Myl l
(1; + l; )0] A Pp—j(m=1)| < P (to)m/2 s

as n is large. This and (31) imply

Mytl 3 l
Yo Pi(m—1)| = O(e?t)m/2) 1 Y~ ¥ 4. |Pim—j(m —1)|
=1 i=11eQ);

as m — oo. This identity together with (34) and (43) concludes that

Mpt1 Mg =9 (to)—(Aj/m) mip(to)
I f(to)e™o 8w e
1221: q-1P ]( )| o [ (to)|  m3/2 (45)
as m — oo.

Step 5. Numerator. We need to show

P22 <x) = L[

for every x € R, where o = WJ}’(f T Recall v = to_z. By (22),
0
b, ]
1 n m Y g | Pu—j(m —1)|
Pl— (ki —[=]—-5)<x)= (46)
(Gl = 5) =) = gt o, o)

where bl,, = [ym + /m x| + 1. Recall that \/c < (4K) ™1y (tp). It is known from (44) that

cm
g | Prj(m —1)] < e¥lom/2 o
I=1
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as n is large. Let () and ) be as in (29). Set OO, = {Il € N; ym — /mlogm <1 < b}, }.
Notice (), C ), for large m. By (34), (36) and (47),

b

Y. 4 [ P—j(m — 1)

=1
= o(etlf(to)m/Z) + \/aemw(to)f(L/Z)(logm)z + Y q - | Po—j(m —1)]

leq)

- o(\/a.emwta)f(uz)aogm)z) +
2 .
tof(iO)e/\t(;zf(/\]/m) Y exp{(m B 1)(g(tz) B ﬁ)} (48)

5]
m 10 t t

as m — co. Review the derivation between (37) and (42) and replace by, by b},. by the fact
Q) C ), for large m again, we have

e~ (m=1)p(to) Z exp {( *1)< $tt) t};)}

leqy)

_ /ub;,,p(x) dx+€m+o<(1°g\/g)2(/aifnp(x) dx)>

m

where, as mentioned before, a,, = ym — /mlogm and |ey| < e~ Ci(logm)® gor large m. Let
us evaluate the integral above. In fact, from (38) we see that

[ ot [ b 2]

m m

Recall the fact 7 = ;2. Setw = — ( f}’L to)/m. Then

273/2 +0 w -3

b;,, 1.1 2
dx — / _ W) e ) 4
~/am p(x) ' \/ ’VW“FO V m + 0) ¢ v
(1 +0(1))2t3 22 g3l () [0 g

—00

= (1+40(1)) v/ /x e*wz/(zaz)dw:(1+0(1))\/%/x e~/ (20%) gu0

where v, = (logm)y~3/2/2 and 02 = = )] 4;“ ( ik Collect the assertions from (48) to the above
to obtain

b
Y. 4 [Pt j(m —1)|
I=1
2
— (1400 LU g airm) o) [ e g
m —0

_ . my(ty)  rx
~ Bf(ty) - Mot )= (i/m) emB/;’ /_ OOEWZ/(ZUZ) dw

as m — oo. Join this with (45) and (46) to conclude that

1 X —w?/(202)
e dw
V2o /—oo

(a1 20 -
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as m — oo. Notice that 02 = The proof is completed by using Lemma 2 and the

IIP”( T (to)t§”
facty =t, 2. O
3. Proofs of Theorems 3 and 4 and Corollaries 2 and 3

In Section 3.1 below, we will prove Theorem 3, Corollaries 2 and 3 where m is assumed
to be a fixed integer. Theorem 4 studies the case when m tends to infinity with n and
m = o(n!/3). Tts proof is given in Section 3.2.

3.1. The Proofs of Theorem 3 and Corollaries 2 and 3
From [4], we have

(1)

m!

[ Pu(m)| ~ (49)

uniformly for m = o(n'/?) in the sense that for any € > 0 and 0 < m3/n < ¢, the ratio of

-1
| Py (m)| to ~2-12 ( ) remains between 1 + € as n — oco. We start with the proof of Theorem 3.

Proof of Theorem 3. To prove the conclusion, it suffices to show that for any bounded
continuous function ¥ on V,,_1,

k k
E<¢(1,...,m)> — Ep(x1,...,xm))
n n
as n tends to infinity, where (x1, ..., x;;) ~ p. By definition,
E( ok )) _ Zikmepun PO S G ) 50
" n Y (kusom)ePa(m) F (L, )
— ni(mil)zkl km)ERn( )lp(%”%ﬂ)f(k?’ ’k%) +g
- nms
n= DT epaom fEL, L )
where the set
Ru(m) :={(k1,... . km) Fn;ky > ... > ky > 0}
and
e Tt erum\Ryon YO S Gl )
n,m «— kl km .
(ks ) €Pu(m) f (oo )
On the other hand,
E(p(x1,...,xm)) = ./V Yy, Ym) Y1, ym) dyr . Ay, (51)
m—1

Jo, bW ym) f - ym) dyr - dY
fvm,lf(ylr--wym)dyl - AYm—1

In order to compare (50) and (51), we divide the proof into a few steps.

Step 1: Estimate of |Enm|. We claim that the term &, is negligible as n — oco. We first
estimate the size of R, (m). For any (k1, - ,ku) € Rn(m), set j; = kj — (m —i+1) for
1 <i < m. Itis easy to verify that j;_1 — j; =kj_1 —k; —1 > 0 for 2 < i < m. Thus,

. . 1
]1+---+]m—n—(m; )
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and j; > -+ > j, > 0. Therefore, (j1, - ,jm) € Pni(mﬁ»l)(m). Indeed, this transform is a
2
bijection between R, (m) and P mey (m), which implies
2

|Rn(m)| = |Pn7(mzrl) (m) |

On the other hand, we know from (49),

(n-1)
[Py (m)] ~ =
as N — oo. Thus, by Stirling’s formula,
Ram) OS5 = 1)t — m)
[Pu(m) G - (") —m)!
(n— ("3 ) (n —m)!
ni(n — (") — m)!
a-m2 a-myra- S
(= =fm)V? (1 - #nzﬂ))n—("’z“)
n=("{)

as 1 — oo. By assumption m = 0(+/1), we have "= — co with n. Using the fact that

limy_e0(1+ )N = exp(x), we obtain

[Ru(m)| (_m(’”;l))

m

n—m

Thus, as long as m = o(n!/3),
[Ru(m)| ~ [Pu(m)| and [Pu(m) \ Ru(m)| = o(|Py(m)|)

asn — oo.

Further, since fmel f(y1,--.,ym)dy...dy,_1 =1, there exists a region S on V,,,_1 whose
measure |S| > u|V,,_1| for some constant y > 0 such that f(y,...,¥m) > con S for some
¢ > 0. Thus, for n sufficiently large, f(ky/n, ..., ku/n) > co > 0 for (ky, ..., ky) in a subset
of P (m) with cardinality at least a small fraction of | Py (1m)|. Moreover, since the functions
Y and f are bounded on V,,_1, we conclude

|Enn| = O('P”(TQW\(HZT(m)') = o(1) (52)

as n — 00, as long as m = o(n'/3).
Step 2: Compare the numerators of (50) and (51). For convenience, denote

m—1 m—1
G(]/l:---r]/m—l) :w(yllu-rym—l/l* Zyi)f(ylr”'/ym—lrl* Zyl) (53)
i=1 i=1

Since ¢, f are bounded continuous functions on V,,_1, it is easy to check that G is also
bounded and continuous on V,, 1. We can rewrite the numerator in (50) as follows.
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1 k ky—
o= o £ ot e
n k1>..>kyu>0 n n
k1+..‘+km:7’l
1 kq k-1
= G(il‘ 7 L )I
nm—1 n n An

(k1o k1) €{1,... n}m=1
k1

[

M-t L7
(kl,...,km71)€{1,.--,”}”171 " "

kmfl
..y
n

)IAH d]/l Ce dymfl,

where [ 4, is the indicator function of set A, defined as below

km—l

1 .k
An:;{(kl,..-,km_l)6{1,...,;1}*” 1,71> o>

Similarly,
G, - - Ym—1)dyr...dy,—1

Iz = /
Vin-1
= G, Yme1)Iady ... dy,,—
/[0,1}*"*1 1 Yym—1)ladyr .. dym—
ky k-1
kg —1 G(ylr-“/ym—l)IA dyl . ..dym_l,

Lo e

(kl,...,km,l)e{l,...,n}’"*] n

where the I 4 is the indicator function of set A denoted by
m—1

A= {(Xl,-" ,xm_l) € [O,l}m_l; X1> > X1 >1— Z X; ZO}
i=1

Now, we estimate the difference between the numerators in (50) and (51).

-1
Ky K1
(klr---rkmfl)6{1/-"/7[}"171 S n
kl km—l
G(Z,..., )I.A”_G(yll-”/ymfl)IA dyl-“d]/mfl
which is identical to
ﬂ k-1
k-1 o ‘/Cmflf1
(k1o k1) €41} =17 L
G(k—ll ey kmil) — G(yl,. . .,]/mfl) IA dyl . .dym,1
n n n
ﬂ Kn—1
SRR VR SRy S

(kl,...,km,])e{l
Gy,
=81+ 5.

..... n}mfl

n n

Ym—1)(La, — 1a) dy1 .. dyp
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Step 3: Estimate Sy. Since G is uniformly continuous on V-1, for any ¢ > 0 and any
yielE M a<i<m—1),

‘G(%,...,kmnfl) -Gy, ym1)| <e (54)

when # is sufficiently large. Thus,

K
n n
511 < Y
n

(klr---rkrn—l)6{1/'"/"}"'71 n

‘G(%,..., kmnfl) — G, Ym1)| dy1 - Ay

for n sufficiently large. B
Step 4: Estimate S. Since G is bounded on Vi1, [|G||e 1= sup g |G(x)| < oo and
thus,

kq k-1

821 < [IGllw Y e ol T Ll dvdy 65)
(kl,...,km,])6{1,...,71}”’71 n n

ki—1

— <y < % for1 <i < m — 1. By definition,

Now, we control |I 4, — I 4] provided

: Ky — - i
T T e S Mirt (56)
" 0, otherwise
and
Lify > >y >1-Y"1y; >0
Iy= i=1 Vi 7
A { 0, otherwise. (57)
Let B, be a subset of A,, such that
km1 "k m
- m—1, tm—1 A
Bn_Anﬂ{(kl, Jene1) € {1yl Ly ; <> 2 +1}.
Given (k1,- -+, ky—1) € By, for any
ki —1 kq kp1—1 km—1
O S 3 , 58
<y <- - <Ym1 < — (58)
it is easy to verify from (57) and (56) that I 4 = 1. Hence,
IAn = IBn + I.An\Bn
< Iat I.Anﬁ{k,,,,1+2;";11 ki<n+m)}
n—+m
— L+ Y I (59)

j=n+1
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where

Ej = {(kl,... Jkn_1) € {1,...,n}m*1; ki >...>kp1>1,
m—1 m—1
kp—1+ ZkiZj,Zki<Tl}
i=1 i=1

forn+1 < j < m+n. Let us estimate the size of |E;|. From the last two restrictions,
we obtain k,,_1 > j — n. Since Z?:ll ki <nandk; > k;,_1 for1 <i < m—2, we have
j—n+1<ky 1< mn_1'

For each fixed k;,_1, since k1 > ... > k;,_» is the ordered positive integer solution to the

linear equation 2?1:712 ki = j — 2k,,_1, thus,

(]—Zl;l) " 2n—j;3)
E)| < n=3 ). o ( +n—j>’”.
] j7n+1§§ﬁ m—2)! m—1 (m—2)!

As a result, we obtain the crude upper bound

n+m n+m n ) (2”__];3) m-nm2
Ej| < ——tn—j| < : (60)
j:;H‘ i ]._;+1< 1 D)t —2)1 = (m—1)1(m —3)!
On the other hand, consider a subset of AS, := { %, %, -+, 13"\ A, defined by
Ch, = %{(k1,~ k) € {1,...,11}’”*1; either k; < k;; 1 —1forsomel <i<m-—2,

orki+ - +kuyo+2ky 1<mn orky+---+kyu_q zm—i—n—l}.

Set A° = [0,1]" "1\ A. Given (%1, e k”"l) € Cy, for any k;’s and y;’s satisfying (58), it is

7T
not difficult to check that I 4« = 1. Consequently,

k kn— .
Iy = Icn—l—l{(;l,---,mTl)EAZ;ki>k,'+1—1forall1§z§m—2,

Kyt kot 2k 1 >n, and kg 4+ +kyoq <m+n—1}
< IAC +1Dn,m,1 + Ip

nm2’

or equivalently,

IAn Z IA - IDn,m,l - IDil,nl,2’ (61)

where

ntm-2 4 . m—1
Dumi= U {tk k) € (Lon 5 Y k= Lk 2 2k )
I=n i=1
m—2 1
Dn,m,z == U ;{(kll o /km—l) S {1,“',71}771—1’. kl = kl+],k1 Z Z km_l,
I=1
m—1 m—1
Y kitky1>n+1, kiSn—l—m—Z}.
i=1 i=1
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By the definition of partitions and (49), we have the following bound on |D,, , 1|.
n+m-—2 n+m-—2 ( 1—12)
Dumal < Py(m—1)| ~ ——
n,m l; | l; (m—1)!
(") (nm—2)m2
< —-1)—= < 62
s M=DETH S T mo (62)

asn — oo.

The estimation of | Dy, ;2| is the same argument as in (60). For the cases m = 3 or
m = 4, it is easy to verify that | D, 2| = O(n™2). Now, we assume m > 5. First, from the
decreasing order of k; and Z;-“:_ll k; <n+m —2, we determine the range of k,,_1,

n+m-—2

1<k <
> Am—-1 = m—1

On the other hand, n +1 — 2k,;, 1 < Z;.":*lz ki<n+m—2—ky_1.If] #m—2, from the
restriction k; = kj 1, weseeky +... +kj_1 +kjjo+ ...+ ky—2 = s — 2k; is the ordered
positive integer solutions to the equation j; + ...+ j,—4 = s — 2k;, where n +1 — 2k, 1 <
s<n+m—2—ky 1. Ifl=m—2,thenky+---+ky_—3=5—2ky_1andn+1—3k,_1 <
s —2ky—1 <n+m—2—2k,_. Therefore, we have the following crude upper bound

n+m—

m—3 “m—-1_ nt+tm— 2— km 1 (szk[;l)
m

le m—4)!

1s=n+1-2ky,_1 kp,_1<k;<s/2 (

nJr:ITIZ n+m—2—2k;, 1 (Sikmfl 71)

VD VRS

Kp1=1 s=n+1—3ky 1 (m —3)!
_ 0 n*(m—3) (n+m—6 N n? n+m—6
N m2(m—4)\ m—5 m2(m —3)!'\ m—4

_ n?(n+m)m—4
a O(m(m—4)!(m—5).>' (63)

D,

IN

=1k,

Joining (59) and (61), and assuming (58) holds, we arrive at
n+m
|I-An - I-A| S IDn,m,l + IDn,rn,2 + Z IEi'
i=n+1

Observe that D,, ,, ;'s and E;’s do not depend on y;’s, we obtain from (55) that

n n n+m k kafl
1S2] < [|Glleo Z Z {ZIDHW-F Z IE} k1 1"'/(’7’71_1 1dyr...dy, 1
kl—l km 1—1 YT
2 n-+m 1
= 1Gleo (X 1Pl + X IE]) - -
i=1 i=n
For2 <m <4,
82| = O(n ).
For m > 5, by (60), (62) and (63),
m-n"2 n+m)n2 n%(n +m)m—* 1
(m—1)!(m—=3)!  [(m—2)] m(m—4)(m—>5)) nm

Il

@]
N
oy
<|T
=3
3
~——
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as n — oo.
Step 5: Difference between the expectations (50) and (51). For any € > 0, from Step 3 and Step 4,
we obtain the difference between the numerators in (50) and (51)

14 mym
Ty~ To| < |81 + 18] < e+O<(n")) <2 (64)

for n sufficiently large. Choosing ¢ to be identity on V,,_1, we obtain the difference
between the denominators in (50) and (51) as follows:

n~(m=1) Y. f(h,,k—m> _/V fyi, . ym)dyr .. dyy,—1| < 2e

(ki) EPn(m) T n

for n sufficiently large.
Finally, we estimate the expectations (50) and (51). Since m is fixed, by (52), (64), and the
triangle inequality,

’E(gb(’;lk’”)) —E(¢(x1,...,xm))| — 0

n
as n — co. This completes the proof. [
Next, we provide the proof of Corollary 2.

Proof of Corollary 2. By Theorem 3,

(%,,%ﬂ) = (X1, Xm) ~ p

as n — co, where y has pdf

yi !
-1 -y?‘[l dyy...dym—1

Sy, Ym) = o (65)
m—1

It suffices to show the order statistics (X(q), ..., X)) of (X1,..., Xm) ~ Dir(a) has the
same pdf on V,,_;. For any continuous function ¢ defined on V,,_1, by symmetry,

El[)(X(l), .. /X(m))

I(ma) .4 .

_ /WHH YO Vo) My = vy g Yo
- F(me) a—1 a—1
= /WW] U'EZS,,, Yoy ,ya(m))1{%(1)2...2%(,,,)} T(a)™ Vo) Yoim dyr ... dy,—1
= m!T(ma) ,_4q 1
= /qu w(yl,...,ym)wyl Yo Ay dym,—1.
Therefore, the pdf of (X1, ..., X(y)) is

miT(mea) ooy e

on the set V,,,_1. Similarly, by the definition of pdf we have
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By symmetry, we obtain

_ _ T'(a)™
a—1 a1 —
/\Vm71 yl Ym dyl Ce d]/m,1 77”'1-'(7’1/106) .
Comparing the above with (66) and (65), we complete the proof. [
We conclude this subsection with the proof of Corollary 3.

Proof of Corollary 3. By Theorem 3 or Corollary 2,

(5,5 o 3 T~

as n — co, where y has pdf

—

2|3

W(yl---ym

o
on V,,_1 and zero elsewhere. Since f(x) = x* is continuous,
k1 & SN "
() (o)) = ()
asn — oo.

Now, it suffices to show <1~/f‘, cery 17,3‘1) has the uniform distribution on the set

)a—l

3

mooq
Up_1 = {(xl,...,xm) € [O,l]m;in‘* =1,x>...> xm}.
i=1

This can be seen by change of variables. For any continuous function i defined on V,,_4,

Eg(Y,..., YY)
ml-T(Z) ~
= /v lP(yﬁ‘/-.',yi“n)Wyi‘ Lyt dyr o dy
m—1 m

o

m!-T(%)
= X1yeoorXm) —————dx1...dxy,_1.
Jy o) S

In the last equality, we set x; = y§ for 1 < i < m. Therefore, we can see the pdf of

(l?f‘, s, 17;’;1) is a constant on U,;,_1, which is the uniform distribution on ¢,,,_. The proof is
complete. O

3.2. The Proof of Theorem 4

In Section 3.1 we have studied the asymptotic distribution of (’%, ey, %) as m is fixed.

Now, we consider the case that m depends on n. Note that the Formula (49) holds as long
asm = o(n'/3).

Let 1 and v be two Borel probability measures on a Polish space S with the Borel
o-algebra B(S). Define

plpv) = sup / ¢(x) p(dx) — / ¢(x) v(dx) (67)
lplL<1!/5 s
where ¢ is a bounded Lipschitz function defined on S with ||¢|| = sup, g |¢(x)|, and

lellL = el + SUp, ., lp(x) — @(y)|/]|x —yl. It is known that p, converges to y weakly

if and only if lim, e [ @(x) pu(dx) = [ ¢(x)pu(dx) for every bounded and Lipschitz
continuous function ¢(x) defined on R", and 1f and only if imy e p(pn, 1) = 0; see,
e.g., Chapter 11 from [30].
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Let {X;, X,,;; n > 1,i > 1} be random variables taking values in [0,1]. Set X,, =
(X1, X2, -+ ) € [0,1]%°. If X;;; = 0 for i > m, we simply write X, = (X1, -+, Xpum ). We
say that X, converges weakly to X := (Xq,Xp,- -+ ) asn — oo if, forany r > 1, (Xy1,- -+, Xur)
converges weakly to X = (Xy, -+, X;) as n — oo. This convergence actually is the same as
the weak convergence of random variables in ([0,1]%, d) where

() = L. gt (68)
i=

forx = (x1,x2,---) € [0,1]® and y = (y1,y2,---) € [0,1]®. The topology generated by
this metric is the same as the product topology.

Lemma 3. Let m = my, — coasn — oco. Let k = (ky,...,km) € Pn(m) be chosen with probabil-
ity as in (3) under the assumption of Theorem 4. Let (X1, -, Xmm) and X = (X1, Xa,---) be
random variables taking values in V,_1 and V, respectively. If

k k
e [Eo(Sh o S) — Ep(u - Xoum)| =0 (69)

ky oL kw

asn — oo, and (X1, - , Xm,m) converges weakly to X as n — oo, then (7, ,

weakly to X as n — oo.

) converges

Proof. Given integer r > 1, to prove the theorem, it is enough to show (%, .-, ];—’)

converges weakly to (X1, -, X,) as n — co. Since m = m, — oo as n — oo, without loss
of generality, we assume r < m in the rest of discussion. For any random vector Z, let £L(Z)
denote its probability distribution. Review (67). By the triangle inequality,

p(g(’%,. . ,%), L(Xy, - ,Xr))
< p(c(%,---,%),L(Xm,l,---,Xm,r))+p(c(xm,1,...,Xm,,),z(xl,...,xr))

(70)

For any function ¢(xq,---,x,) defined on [0,1]" with [[¢|lr < 1, set ¢(x1, -+, xp) =
@(x1,- -+, xp) forall (x1, -+ ,xp) € R™. Then ||¢||L < 1. Condition (69) implies that the
middle one among the three distances in (70) goes to zero. Further, the assumption that
(X1, -+ » Xm,m) converges weakly to X implies the third distance in (70) also goes to zero.
Hence, the first distance goes to zero. The proof is completed. [

With Lemma 3 and the estimation in Theorem 3, we obtain the proof of Theorem 4.

Proof of Theorem 4. Assume k = (ky,...,ky) € Pn(m) is chosen with probability as in (3).
The proof is almost identical to the proof of Theorem 3. We only mention the difference and
modifications. Instead of choosing the test function ¢ to be bounded and continuous as in
the beginning of Theorem 3, we select { = ¢ to be bounded and Lipschitz. Following the
proof of Theorem 3, the function G defined in (53) in Step 2 is now bounded and Lipschitz
on V,,_1. The major change happens in Step 3, where we replace the estimation in (54) by

’G(k—l,...,kmfl) —G(yl,...,ym_l)‘ <C- Z (yi—¥)2

n n
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for some constant C depending only on the Lipschitz constant of G, where y; € [k";l , %]

for1 <i < m — 1. Consequently, the term S; defined in the end of Step 2 is now bounded
as follows:

kq Ky —1

n n
|Sl| S 2 ﬁﬁ*l o _/kmfl’1
n

(k1) €41, =17

n

C.@(ly”‘lnm—l_@,

n n n

‘G(%,...,Mi) -Gy, Ym-1)| Ay - Ay

< —
Step 4 remains the same and we modify Step 5 using the changes mentioned above. The
difference between the numerators in (50) and (51) now becomes

m (1+ 3"
T-Tl < s+ 15 < 00 (Y2 B2
as n — oo for some constant C; depending only on the Lipschitz constants of ¢ and f and
the upper bounds of ¢ and f on the compact set V,,_;. Using the same argument in the
end of the proof of Theorem 3 and the assumption that ||f|[1;, < K, we have for any ¢
defined on V,,_; satisfying ||¢||p <1,

sup [E( oL, ) ) ~Bp(Komae oo, X))

o<1 n
m 1+ Ztym
= O(£ + M) + |Enm| = 0.
n n

as n — co. Recall in (52), we have |E,,| — 0 as long as m = o(n'/3). Therefore,

ki

, =) converges weakly to X as n — co. []

by Lemma 3, we conclude that (];—1, e
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