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The Metric of Large Deviation Convergence
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We construct a metric space of set functions (Q(X), d ) such that a sequence
[Pn] of Borel probability measures on a metric space (X, d*) satisfies the full
Large Deviation Principle (LDP) with speed [an] and good rate function I if
and only if the sequence [Pan

n ] converges in (Q(X), d ) to the set function e&I.
Weak convergence of probability measures is another special case of con-
vergence in (Q(X), d ). Properties related to the LDP and to weak convergence
are then characterized in terms of (Q(X), d ).
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1. INTRODUCTION

The Large Deviation Principle (LDP), formulated in Varadhan, (14) has
been the subject of extensive study in the last decades. For expositions of
this area of research, and a vast collection of applications, see the books
Varadhan;(15) Freidlin and Wentzell;(8) Deuschel and Stroock;(5) Dembo
and Zietouni;(4) and Dupuis and Ellis.(7)

Let [Pn ; n�1] be a sequence of probability measures on a metric
space (X, d*), equipped with its Borel _-algebra B(X) and let an be a
sequence in (0, 1] with an � 0. A function I : X � [0, �] is called a good
rate function if I&1([0, #])=[x: I(x)�#] is a non-empty compact set for
all # # [0, �). Hereafter we denote the set of all good rate functions by
Ig(X) and the set of all lower semicontinuous I : X � [0, �] by I(X). We
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say that [Pn ; n�1] satisfies the full LDP with rate I and speed [an] if
I # Ig(X),

lim inf
n � �

an log Pn(G)�& inf
x # G

I(x) (1.1)

for every open set G/X, and

lim sup
n � �

an log Pn(F )� & inf
x # F

I(x) (1.2)

for every closed set F/X. We say that [Pn] satisfies the weak LDP with
rate I # I(X) and speed [an] if (1.1) holds for all open G/X, and (1.2)
holds for every compact set F/X.

In this context, Varadhan(14) established the following integral theorem:
If [Pn] satisfies the full LDP with rate I and speed an then for every
8 # Cb(X)

lim
n � �

an log \|X

e8�an dPn+=sup
x # X

[8(x)&I(x)] (1.3)

Let Q1(X) be the collection of all set functions + either of the form
+(A)=(P(A)):, A # B(X), for some probability measure P and : # (0, 1],
or of the form +(A)=exp(&infx # A I(x)), A # B(X), for some I # Ig(X).
Hereafter, we denote by +=P: the former set functions and by +=e&I the
latter.

In this work we construct a metric d on Q1(X) such that a sequence
[Pn] of probability measures satisfies the full LDP with rate I and speed
an if and only if d(Pan

n , e&I ) � 0 (see Theorems 2.1 and 2.2 below).
The space Q1(X) may seem somewhat artificial. Hence, we construct d

on the space Q(X) of all set functions obeying four natural properties, with
Q1(X) identified as a subspace of Q(X). A full LDP is then merely a special
case of convergence in the metric space (Q(X), d ). While similar to the set
SA of subadditive capacities defined in O'Brien and Vervaat(11) and
O'Brien, (10) Q(X) is in general different from SA. In particular, for any
probability measure P, P: is in SA if and only if P is tight.

Weak convergence of probability measures occurs in the space
(Q1(X), d ) by taking an=1 for all n and replacing the limit point e&I by
a probability measure. This explains the many similarities between the
tools involved in proving the LDP and those involved in proving weak
convergence of probability measures (see Pukhalskii, (13) Table 1, for a list
of such similarities).
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A sequence of probability measures [Pn ; n�1] on (X, B(X)) is said
to be exponentially tight with respect to speed [an] if, for every =>0,
there exists a compact set K/X such that lim supn � � Pn(K c)an<=. In
Theorem 2.3, we show that a sequence of tight probability measures [Pn]
is exponentially tight with respect to speed an if and only if [Pan

n ] is totally
bounded in the metric space (Q1(X), d ). In Corollary 2.2, we show that
(Q1(X), d ) is complete and separable when (X, d*) is complete and
separable.

We define a subadditive-integral f [ �� fd + for + # Q1(X) and f Borel
measurable (see Definition 2.6). Using this subadditive-integral, we present
Theorem 2.4, which extends both the Portmanteau theorem of weak con-
vergence and Dudley, (6) Theorem 11.3.3, to the context of (Q1(X), d ).
Varadhan's integral theorem is another direct corollary of Theorem 2.4,
which allows us to conclude that the convergence in Varadhan's integral
theorem is uniform with respect to any class of functions which are
uniformly bounded and equicontinuous (see Corollary 2.4).

Our main results are stated in Section 2, with the proofs provided in
Section 3. The paper is self-contained except for the proof of Proposition 2.3.

2. MAIN RESULTS

Throughout this paper, we will assume that (X, d*) is a metric space,
with B(X) its Borel _-algebra. Let F, G and K be the collection of
all closed, open and compact subsets of X, respectively. We denote the set
of all probability measures on (X, B(X)) by P(X). With d*(x, A)=
infy # A d*(x, y), for every =>0 let A==[x # X; d*(x, A)<=] and A&==
((Ac)=)c=[x # X; d*(x, Ac)�=]. In particular, A= # G while A&= # F. We
leave it to the reader to check the following immediate consequences of the
definition of A&=.

Lemma 2.1. For =>0, $>0 and a set A/X

(i) (A=)&=
#A#(A&=)=; and

(ii) (A&=)&$
#A&=&$.

We first introduce the space Q(X).

Definition 2.1. We define Q(X) to be the collection of set functions
+: B(X) [ [0, �) which satisfy the following four conditions:

(i) +(,)=0;

(ii) for all A, +(A)=inf[+(G); G # G, A/G];
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(iii) subadditivity: for any sequence [Ai , i�1],

+ \ .
�

i=1

Ai+� :
�

i=1

+(Ai );

(iv) for any G # G,

+(G)=lim
$ a 0

+(G&$)

Condition (ii) implies the monotonicity property +(A)�+(B) when
A/B. Also, to verify (iii), it is enough by (ii) to check it for open sets.

We construct a metric on Q(X) as follows.

Definition 2.2. For any +, & # Q(X), define

d(+, &)=inf[$>0; +(F )�&(F$)+$ for all F # F and

+(G)�&(G&$)&$ for all G # G]

When restricted to P(X), d coincides with the Prohorov metric (see
Billingsley, (3) p. 238). Indeed, let $>0 be such that +(F )�&(F $)+$ for all
F # F. Hence, +(Gc)�&((Gc)$)+$ for all G # G, that is +(G)�&(G&$)&$.

Since (A� )$=A$ and (A%)&$=A&$ (here and in the sequel, A� and A%
are the closure and the interior of A/X, respectively), it is easy to see that

d(+, &)=inf[$>0; +(A)�&(A$)+$ and

+(A)�&(A&$)&$ for all A # B(X)] (2.1)

It easily follows from part (i) of Lemma 2.1 that for any +, & # Q(X)

[$>0; &(F )�+(F$)+$ for all F # F]

=[$>0; +(G)�&(G&$)&$ for all G # G] (2.2)

This leads to a symmetric formulation with no sets of the form A&=:

d(+, &)=inf[$>0; +(F )�&(F $)+$ and

&(F )�+(F$)+$ for all F # F] (2.3)

To complete the construction we will prove in Section 3 that

Theorem 2.1. d is a metric on Q(X).
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We now define narrow convergence, which coincides with weak
convergence when restricted to P(X) and is its natural extension to Q(X).

Definition 2.3. For [+, +n ; n�1]/Q(X), if

(i) lim infn � � +n(G)�+(G) for very G # G and

(ii) lim supn � � +n(F )�+(F ) for every F # F,

then we say that [+n] converges narrowly to +, which we denote by +n O +.
We say that [+n] converges vaguely to +, denoted by +n O

v +, as soon
as (i) holds and (ii) applies for every F # K.

Note that (i) and (ii) of Definition 2.3 are equivalent when + and all
+n are in P(X), but not in general.

Definition 2.4. + # Q(X) is said to be tight if for every =>0 there
exists K # K such that +(K c)<=.

In analogy with the theory of weak convergence, the narrow con-
vergence of Definition 2.3 characterizes the convergence in (Q(X), d ) to a
tight limit point.

Theorem 2.2. For +0 tight, d(+n , +0) � 0 if and only if +n O +0 .

The cone Q(X) contains all sup-measures +(A)=supx # A +([x]) for
which x [ +([x]) is upper semicontinuous; Q(X) also contains all set func-
tions of the form f (P( } )) with P # P(X) and f # Cb([0, 1]) non-decreasing
such that f (0)=0 and f (x+ y)� f (x)+ f ( y) for all x, y # [0, 1] for which
x+ y�1. In particular, [P:, P # P(X), 0<:�1] _ [e&I; I # I(X)], is a
subset of Q(X).

Comparing (1.1) and (1.2) with Definition 2.3 we see that for a
sequence of probability measures [Pn] and for I # I(X), [Pn] satisfies the
weak LDP with rate I and speed [an] if and only if Pan

n O
v e&I. Since

+=e&I is tight for every I # Ig(X), by Theorem 2.2, [Pn] satisfies the full
LDP with rate I and speed [an] if and only if I # Ig(X) and d(Pan

n , e&I ) � 0.
Let an=n&1 and Pn be the law of the empirical mean of n i.i.d.

q-stable real-valued random variables (any q # (1, 2)). By Crame� r's
theorem, (1.1) and (1.2) hold for I#0 # I(X) (cf., Dembo and Zeitouni, (4)

Theorem 2.2.3) while, considering the sets Gx=(x, �) for large x, we see
that d(Pan

n , e&I ) � 1. This example demonstrates that we can not dispense
with tightness of e&I when relating the metric d to the full LDP.
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Topological issues related to those considered here were studied in
O'Brien and Vervaat(11) and O'Brien. (10) Their class of set functions was
somewhat different but the main difference between their results and the
present work is that they did not present a metric corresponding to d. It
turns out, however, that a similar construction to the above can be used to
give a metric for the set of tight subadditive capacities, as defined in those
papers.

The following is a straightforward corollary of Theorem 2.2 concerning
uniform upper and lower bounds.

Corollary 2.1. Suppose [Pn ; n�1] satisfies the full LDP with rate I
and speed [an]. Then,

lim sup
n � �

sup
F # F1

(Pn(F )an&e&I(F ))�0

for every F1/F such that

lim
M � �

lim
$ � 0

sup
F # F1

|I(F$) 7 M&I(F ) 7 M|=0

Also,

lim inf
n � �

inf
G # G1

(Pn(G)an&e&I(G))�0

for every G1/G such that

lim
M � �

lim
$ � 0

sup
G # G1

|I(G&$) 7 M&I(G) 7 M|=0

In particular, if the rate function I is continuous (so that I( } ) 7M is
uniformly continuous), the above two conditions hold for F1=F and
G1=G, and therefore the large deviation upper and lower bounds hold
uniformly over F and G respectively.

Definition 2.5. A collection [+: ; : # J ]/Q(X) is said to be uniformly
tight if for every =>0 there exists K # K such that sup: # J +:(K c)<=.

The following theorem relates uniform tightness with total bounded-
ness in (Q(X), d ).

Theorem 2.3. (i) If the collection [+: ; : # J ]/Q(X) is uniformly
tight and if sup: +:(X)<�, then the collection is totally bounded.
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(ii) If (X, d*) is complete, the collection [+: ; : # J ]/Q(X) is totally
bounded in (Q(X), d ) and each +: is tight, then the collection is uniformly
tight and sup: +:(X)<�.

The next two propositions broaden the scope of some results in
O'Brien and Vervaat(11) and O'Brien.(10) Also, since the exponential tight-
ness of [Pn] is exactly the uniform tightness of [Pan

n ] (provided each Pn is
tight), the next proposition generalizes both Le Cam's theorem (compare
with Dudley, (6) Theorem 11.5.3) and the exponential tightness Lemma 2.6
of Lynch and Sethuraman.(9)

Proposition 2.1. For [+n , n�0]/Q(X), +n O +0 and +n is tight for
every n�0, if and only if +n O

v +0 and [+n ; n�1] is uniformly tight.

The following result allows us to characterize the possible limits of
sequences in (Q1(X), d ), en route to proving the completeness of this space.

Proposition 2.2. Let [+n ; n�0]/Q1(X). Suppose +n O +0 and +0 is
tight.

(i) If +n=Pan
n for n>0, where Pn # P(X) and lim infn � � an=0,

then +0=e&I0 for some I0 # Ig(X).

(ii) If +n=e&In for n>0, where In # Ig(X), then +0=e&I0 for some
I0 # Ig(X).

(iii) If +n=Pan
n for n>0, where Pn # P(X) and lim infn � � an=:>0,

then +0=P: for some P # P(X).

(iv) In (i) and (iii), unless +0 is the Dirac measure, the sequence [an]
must actually converge and, in (iii), we must also have Pn O P.

Proposition 2.3. Suppose X is complete, [+n] is a Cauchy sequence
in (Q1(X), d ) and each +n tight. Then [+n] converges to a tight limit in
(Q1(X), d ) and the conclusions of Proposition 2.2 apply.

We next show that for (X, d*) separable, I is the rate of some weak
LDP as soon as infx I(x)=0. The LDP is full if I is good.

Lemma 2.2. If (X, d*) is separable and I # I(X) is such that
infx I(x)=0, then for any an � 0 there exists Pn # P(X) such that
Pan

n O e&I.

Completeness and separability of the metric space (Q1(X), d ) now
follow from the same properties for (X, d*).
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Corollary 2.2. If (X, d*) is complete and separable, then so is
(Q1(X), d ), which is the completion of the set [P:, P # P(X), 0<:�1].

As shown below, the approximate comparison principle of Baxter and
Jain(2) holds for any complete metric space X and is a direct consequence
of Theorem 2.2 and part (ii) of Proposition 2.2.

Corollary 2.3. Suppose X is complete. For a>0 and P, Q # P(X)
define

\a(P, Q) := sup
F # F

[P(F )&Q(F a)]

Suppose that for k fixed, Pn, k # P(X) satisfy the full LDP with rate Ik and
speed an , and that Qn # P(X) satisfy for every a>0,

lim
k � �

lim sup
n � �

an log \a(Pn, k , Qn)=&� (2.4)

Then, e&Ik O e&I for some I # Ig(X) and [Qn] satisfies the full LDP with
rate I and speed an .

In particular, the large deviation comparison principle of Baxter and
Jain(1) corresponds to the special case of Corollary 2.3 in which Pn, k=Pn

is independent of k.
We now define the subadditive-integral with respect to + # Q1(X) en

route to our extended Portmanteau theorem.

Definition 2.6. The subadditive-integral of a Borel function f on
A # B(X) is defined by

|�
A

f d+=\|A
| f |1�: dP+

:

if +=P:, where P # P(X), 0<:�1;

=sup
x # A

| f (x)| +([x]) if +=e&I

Note that +=P:=e&I for some P # P(X), : # (0, 1] and I # Ig(X)
only when +=$x0

for some x0 , in which case �� A f d+=| f (x0)| 1A(x0).
Indeed, +=P:=e&I and I(x1)�I(x2)<� for some x1{x2 together imply
that e&I(x1 )=e&I(x1 ) 7 I(x2)=(e&I(x1)�:+e&I(x2)�:):, which is impossible.

Let �� denote �� X . The following properties of the subadditive-integral
are elementary:
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(a) �� A f d+=�� f1A d+ for every A and f ;

(b) �� A c d+=|c| +(A) for every constant c;

(c) �� f d+��� ( f +g) d+��� f d++�� g d+ for every f, g�0.

We denote the bounded Lipschitz norm on the space of all bounded,
uniformly Lipschitz continuous functions by & f &BL :=supx{ y | f (x)&
f ( y)|�d*(x, y)+supx | f (x)|, with the corresponding unit ball denoted by
B :=[ f ; & f &BL�1].

Our last theorem is an extension of the Portmanteau theorem of weak
convergence to the context of (Q1(X), d ), establishing also the equivalence
of the metrics ;(+, &) :=supf # B |�� f d+&�� f d&| and d(+, &) on the set Q1(X)
(cf., (3.22) for ;(+, &)=0 implying +=&).

Theorem 2.4. Let +n # Q1(X) for n�0 and suppose +0 is tight. The
following are equivalent.

(i) +n O +0 ;

(ii) d(+n , +0) � 0;

(iii) �� f d+n � �� f d+0 for every f # Cb(X);

(iv) ;(+n , +0) � 0.

For +0 tight, (i) and (ii) are equivalent by Theorem 2.2. For +n #
P(X), the fact that (i) implies (iii) is the classical Portmanteau theorem
whereas, for +n=Pan

n , an � 0 and +0=e&I, it is Varadhan's integral
theorem. The equivalence of (ii) and (iv) provides an equivalent definition
of d via bounded Lipschitz functions, with Dudley(6) corresponding to the
special case of +n # P(X) tight.

The following easy corollary of Theorem 2.4 extends Dudley, (6)

Corollary 11.3.4, to the setting of Q1(X), yielding in particular information
about uniform convergence in Varadhan's integral theorem.

Corollary 2.4. Let B� be a uniformly bounded, equicontinuous
collection of real-valued functions on the topological space (X, {). Suppose
[+n ; n�0]/Q1(X) is such that +n O +0 , with +0 tight. Then,

lim sup
n � �

sup
f # B� } |

� f d+n&|� f d+0 }=0 (2.5)

3. THE PROOFS

Proof of Theorem 2.1. By (2.3), d is symmetric.
Now, suppose that d(+, &)=0. Then, +(G)�&(G&$)&$ for every $>0

and G # G. Taking $ a 0, by (iv) of Definition 2.1, +(G)�&(G). By symmetry,
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+(G)=&(G) for every G # G and by (ii) of Definition 2.1 we conclude that
+=&.

Turning to the proof of the triangle inequality, fix +, &, | # Q(X) and
x>d(+, |), y>d(|, &). Then, we have that

+(A)�|(Ax)+x, |(A)�&(A y)+ y (3.1)

and

+(A)�|(A&x)&x, |(A)�&(A&y)& y (3.2)

for all A # B(X) (see (2.1)). From (3.1), for any F # F

+(F )�|(F x)+x�&(Fx+ y)+x+ y (3.3)

Similarly, by Lemma 2.1 and (3.2), for any G # G,

+(G)�|(G&x)&x�&(G&x& y)&x& y (3.4)

Combining (3.3) and (3.4) we obtain d(+, &)�x+ y. Taking x a d(+, |) and
y a d(|, &) we conclude that d(+, &)�d(+, |)+d(|, &). g

Proof of Theorem 2.2. As = a 0, by (iv) of Definition 2.1, +0(G&=) �
+0(G) for any G # G. By (ii) of Definition 2.1, +0(K =) � +0(K ) for any
K # K. Since +0 is tight, also +0(F =) � +0(F ) for any F # F. Hence, by
Definitions 2.2 and 2.3, d(+n , +0) � 0 implies that +n O +0 .

Now, assume +0 is tight and +n O +0 . We will show first that for any
$>0

lim sup
n � �

sup
F # F

(+n(F )&+0(F 2$))�0 (3.5)

Let =>0 and let K be compact with +0(K c)<=. For x # K, let Gx :=[x]$�2.
Let [G1 ,..., Gm] be a subcover of K and let 10=�m

i=1 Gi . There exists n0

such that for all n>n0 ,

+n(1 c
0)�+0(1 c

0)+=�+0(K c)+=<2=

For F # F, let 1F := union of those G i 's which intersect F. Then

F & 10/1F/1� F/F 2$

Then, for n>n0 ,

+n(F )�+n(F & 10)++n(1 c
0)

�+n(1� F )+2=+[+0(F 2$)&+0(1� F )]
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Therefore,

+N(F )&+0(F 2$)�+n(1� F )&+0(1� F )+2=

� sup
F # F

[+n(1� F )&+0(1� F )]+2= (3.6)

Since lim supn[+n(1� F )&+0(1� F )]�0 for each F # F and there are only
finitely many possibilities for 1� F , we see from (3.6) that

lim sup
n � �

sup
F

[+n(F )&+0(F 2$)]�2= (3.7)

Letting = a 0, we get (3.5).
Similarly, since each 1F is open,

lim sup
n � �

sup
F

[+0(F )&+n(F 2$)]�lim sup
n

sup
F

[+0(1F )&+n(1F )]+=�=

Letting = a 0, we get

lim sup
n � �

sup
F # F

(+0(F )&+n(F 2$))�0 (3.8)

Combining (3.5) and (3.8), we see that d(+n , +0)�2$ for all n large enough.
Thus d(+n , +0) � 0. g

Proof of Theorem 2.3. Suppose first that (X, d*) is complete, +: is
tight for every : # J and [+: ; : # J ] is totally bounded in (Q(X), d ). Then,
fixing $>0, the collection [+: ; : # J ] has a finite cover by open balls of
radius $, centered at [+; ; ; # J$] (in particular, J$/J is a finite set). This
shows immediately that sup: +:(X)<�. Moreover, the finite collection
[+; ; ; # J$] is uniformly tight, so sup; # J$ +;(K c)<$ for some K :=K($)
# K. By Lemma 2.1,

+:((K $)c)�+;(((K$)c)$)+$�+;(K c)+$<2$ (3.9)

Now fix =>0 and $n>0 such that �n $n==. Let L be the closure of
�n�1 K($n)$n, noting that X is complete and therefore L # K. By (3.9), for
each : # J,

+:(Lc)� :
n�1

+:((K($n)$n)c)�:
n

2$n=2=

With =>0 arbitrarily small we have the claimed uniform tightness of
[+: ; : # J ].
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Assume now that A :=sup: +:(X)<� and that [+: ; : # J ] is uniformly
tight but is not totally bounded. Then, there exists $>0 and [+n ; n�1]/
[+: ; : # J ] such that d(+n , +m)>2$ for all n{m, while supn�1 +n(K c)<$
for some K # K. By (2.3) there exist F $n, m # F such that, for Fn, m=
F $n, m & K,

$++n(Fn, m)>+n(F $n, m)>+m((Fn, m)2$)+2$ or
(3.10)

$++m(Fn, m)>+m(F $n, m)>+n((Fn, m)2$)+2$

Since [Fn, m ; n{m]/K, there exist M=M($)<� and [1i ; i=1,..., M ]
/G such that for every n{m and some i=i(n, m) # [1,..., M ]

Fn, m/1i/(Fn, m)2$

(cf. the proof of Theorem 2.2 above). For vn=(+n(11),..., +n(1M)) # RM,
equipping RM with the supremum norm & }&, it follows from (3.10) that
&vn&vm &>$ while supn &vn&�A. This contradicts the compactness of
[&A, A]M. g

Proof of Proposition 2.1. Suppose that +n O +0 and +n is tight for
every n�0. Fix =>0 and Kn # K, n�0 such that +n(K c

n)<=. Since +n O +0

it follows that for every $>0

lim sup
n � �

+n((K $
0)c)�+0((K $

0)c)�+0(K c
0)<=

In particular, bn :=2 inf[$>0; +n((K $
0)c)<=] � 0. For n>0, let Ln :=

Kbn
0 & Kn and let L=��

n=0 Ln . Since each Ln is compact and every open
cover of K0 also covers all but finitely many of the Ln 's, L is compact. By
subadditivity of +n ,

+n(Lc)�+n((K bn
0 & Kn)c)�+n((K bn

0 )c)++n(K c
n)<2=

Since =>0 is arbitrary, we have established the uniform tightness of
[+n ; n�0].

Conversely, suppose that +n O
v +0 and [+n ; n�1] is uniformly tight.

Fix F # F, =>0 and K # K such that +n(K c)<= for all n�1. Since
+n O

v +0 , by subadditivity and monotonicity of +n ,

lim sup
n � �

+n(F )�=+lim sup
n � �

+n(F & K )�=++0(F & K )�=++0(F )

Taking = a 0, we conclude that +n O +0 . The tightness of +0 then follows by
noting that +0(K c)�lim inf +n(K c)�=. g
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Proof of Proposition 2.2. (i) Restrict attention to a subsequence
along which an � 0. Now suppose to the contrary that +0=P:, : # (0, 1]
and that P is not a Dirac measure. We first claim that there exist Fi # F,
i=1, 2 such that P(F1) P(F2)>0 and d*(F1 , F2)>0. Actually, if the claim
is not true, it is not difficult to see that, for all x # X, P(B(x, rx))=0 for
some rx>0, where B(x, rx)=[ y # X; d*( y, x)<rx]. Hence P(K )=0 for
every compact set K. Since this contradicts tightness, our claim is true.
Since Pbn

n O P as bn=an �: � 0, we have for $>0 sufficiently small

P(F1)+P(F2)�P(F $
1 _ F $

2)�lim inf
n � �

(Pn(F $
1)+Pn(F $

2))bn

�max[P(F $
1 ), P(F $

2 )]

Taking $ a 0, we arrive at the contradiction P(F1)+P(F2)�max[P(F1),
P(F2)].

(ii) Since In �: # Ig(X) for all :>0, we easily adapt the proof of (i)
above to the case at hand.

(iii) By restricting attention to a subsequence, we may suppose an � :.
In this case, clearly Pn O +̂0=+1�:

0 . Without loss of generality we assume
that +̂0 is not a Dirac measure. Thus there exist Fi # F, i=1, 2 such that
+̂0(F1) +̂0(F2)>0 and d*(F1 , F2)>0. We have

+̂0(F1)++̂0(F2)�lim
$ a 0

lim inf
n � �

(Pn(F $
1)+Pn(F $

2))

�lim
$ a 0

+̂0(F $
1 _ F $

2 )=+̂0(F1 _ F2)�+̂0(F1)++̂0(F2)

so +̂0(F1 _ F2)=+̂0(F1)++̂0(F2). Thus +̂0 must be in P(X).

(iv) This statement follows from the fact that all subsequences of
a convergent sequence have the same limit. As noted below Definition 2.6,
we cannot have P:=e&I for P # P(X) and I # Ig , unless both are the
same Dirac measure. With the same exception, we cannot have P:=Q;

for P # P(X), Q # P(X), and 0<:<;�1. To see this, note that if
0<P(A)<1 we would need Q(A)>P(A) and Q(Ac)>P(Ac), which is
impossible. g

Proof of Proposition 2.3. Since [+n] is Cauchy, the set [+n : n�1]
is totally bounded and hence uniformly tight (by Theorem 2.3). By
Theorem 3.1(b) of O'Brien, (10) [+n] has a convergent subsequence, whose
limit is tight by Proposition 2.1. By the Cauchy property, the full sequence
therefore has this tight limit. g
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Proof of Lemma 2.2. Let +=e&I and let U be a countable base of
the metric topology of X. There exists a countable set Y=[ yl ; l=1, 2,...]
/X such that +(Y & U )=+(U ) for every U # U. Thus, for every G # G,

+(G)=sup
x # G

+([x])= sup
U # U, U/G

+(U )

= sup
U # U, U/G

+(Y & U )=+(Y & G) (3.11)

In particular, +(Y)=+(X)=1. Define Pn # P(X) via Pn([ yl])=
c&1

n 2&l+([ yl])an
&1

for yl # Y and cn=�l 2&l+([ yl])an
&1

. Then, for every
A # B(X) and yj # A,

(2& j+([ yj ])1�an)an�\ :
yl # A

2&l (+([ yl ]))1�an+
an

�sup
yl # A

+([ yl ])=+(A & Y)

Taking the limit as n � � of the left side and then taking the supremum
over j such that yj # A, we see that

lim
n � � \ :

yl # A

2&l (+([ yl ]))1�an+
an

=+(A & Y)

Applying this to X, we see that can
n � 1, so

lim
n � �

Pan
n (A)=+(Y & A)�+(A) (3.12)

Combining (3.11) and (3.12) we conclude that Pan
n O +. g

Proof of Corollary 2.2. For (X, d*) complete and separable, every
+ # Q1(X) is tight and, by Proposition 2.3, each Cauchy sequence in
(Q1(X), d ) has a subsequence for which one of the three cases of Proposi-
tion 2.2 applies. By Theorem 2.2, the metric space (Q1(X), d ) is then com-
plete. In this space, each +=e&I, I # Ig(X), is the limit of some sequence
[Pan

n ] with Pn # P(X) (by Lemma 2.2 and Theorem 2.2). Hence, Q1(X) is
the completion of [P:, P # P(X), 0<:�1].

Let Y be the countable collection of all Qb for b # (0, 1] rational and
Q in a fixed countable dense subset of (P(X), d ). For P # P(X) and
: # (0, 1] there exists Pan

n # Y such that Pn O P and an � :. With :>0, it
follows that Pan

n O P: tight. Hence, Y is dense in [P:; P # P(X), 0<:�1]
with respect to the metric d. By the triangle inequality, Y is thus dense in
(Q1(X), d ). g
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Proof of Corollary 2.3. Fix : # (0, 1], a>0 and P, Q # P(X). Then,
for F # F,

P(F ):�Q(F a):+\a(P, Q):

while for G # G,

Q(G&a):=(1&Q((Gc)a)):�(1&P(Gc)+\a(P, Q)):

�P(G):+\a(P, Q):

Consequently, we obtain that for every a>0, P, Q # P(X) and : # (0, 1]

d(P:, Q:)�\a(P, Q): 6 a (3.13)

Since (2.4) holds, by (3.13) also limk lim supn d(Pan
n, k , Qan

n )=0. By the
assumed full LDP for [Pn, k]n and Theorem 2.2, d(Pan

n, k , e&Ik ) � 0 for each
k fixed. Applying the triangle inequality for d then yields limk lim supn

d(Qan
n , e&Ik )=0. In particular, [e&Ik]k is a Cauchy sequence in (Q1(X), d ).

Note that each e&Ik is tight. By Proposition 2.3 and part (ii) of Proposi-
tion 2.2, limk d(e&Ik, e&I )=0 for some I # Ig(X). Applying the triangle
inequality once more, we conclude that d(Qan

n , e&I ) � 0 as required. g

The following three lemmas are part of the proof of Theorem 2.4.

Lemma 3.1. In cases (i)�(iii) of Proposition 2.2, �� f d+n � �� f d+0 for
every f # Cb(X).

Proof of Lemma 3.1. Without loss of generality fix f�0, f # Cb(X).

(i) and (ii). From Definition 2.6, for Ai # B(X) such that X=
�M

i=1 Ai ,

inf
x # A1

f (x) +n(A1)�|� f d+n�M an max
M

i # 1
[ sup

x # Ai

f (x) +n(Ai )] (3.14)

(taking an :=0 in case (ii)). Fix =>0, and let [F i ; i=1,..., M=M(=)]/F

be a finite cover of X such that supy # Fi
| f ( y)& f (xi )|<= for some xi # F i .

From (3.14), since an � 0 and +n O +0=e&I,

lim sup
n � �

| � f d+n�max
M

i=1
[ f (xi ) +0(F i )]+=�| � f d+0+2= (3.15)
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For any x # X, let $=$(x, =)>0 be such that supy # [x]$ | f ( y)& f (x)|<=.
Then, from (3.14),

lim inf
n � � | � f d+n� f (x) +0([x]$)&=� f (x) +0([x])&= (3.16)

which together with (3.15) implies the stated conclusion since x # X and
=>0 are arbitrary.

(iii) Fix =>0. Since [c; P( f =c)>0] is at most countable, there
exist [ck�0; k=1,..., M=M(=)] and P-continuity sets [Ak ; k=1,..., M ]
such that & f& f=&�<= for f==�M

i=1 ck1Ak
. By the triangle inequality for

subadditive-integrals,

} | � f d+n&|� f d+0 }�2=+ } |� f= d+n&|� f= d+0 } (3.17)

Since +0(Ao
k)=+0(A� k) and an � :>0, it follows that

lim
n � � |� f= d+n = lim

n � � \ :
M

k=1

(ck +n(Ak))1�an+
an

=\ :
M

k=1

(ck +0(Ak))1�:+
:

=|� f= d+0

As =>0 is arbitrary, (3.17) implies the stated conclusion. g

Lemma 3.2. For every c>0 there exists r(c)<� such that

d(+, &)�r(c)[d(+:, &#)+|#&:|] (3.18)

for every :, # # [c, 1] and every +, & # Q(X) for which +(X)�1, &(X)�1.

Proof of Lemma 3.2. Noting that +:, &# # Q(X), we fix $>d(+:, &#)
such that $�2. One can check that for some r(c) # [1, �)

(A#+$)1�:�A+r(c)[$+|#&:|]

for all A, $ # [0, 2] and :, # # [c, 1]. One way is to prove the statement
with $=0 and then note that for the variables in the indicated ranges, the
derivative with respect to $ has an upper bound depending only on c. In
particular, for every F # F,

+(F )�(&(F$)#+$)1�:�&(F$)+r(c)[$+|#&:|]
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and

&(F )�(+(F$):+$)1�#�+(F$)+r(c)[$+|#&:| ]

Hence, d(+, &)�r(c)[$+|#&:| ]. Taking $ a d(+:, &#) completes the proof.
g

Lemma 3.3. For every P, Q # P(X) and : # (0, 1],

;(P:, Q:)�(2:&1 d(P, Q)): (3.19)

Proof of Lemma 3.3. Fix =>d(P, Q) and f # B. Since | | f (x)| p&
| f ( y)| p|� pd*(x, y) for all x, y # X and p�1, it follows that

[x; | f (x)|1�:�t]=/[x; | f (x)|1�:>t&=�:] \t

Hence

|� f dP:�\|
1

0
P( | f |1�:�t) dt+

:

�\|
1

0
Q( | f |1�:>t&=�:) dt+=+

:

�\|
1

0
Q( | f | 1�:>t) dt+

:

+(2:&1=):=| � f dQ:+(2:&1=):

Exchanging the roles of P and Q, taking the supremum over f # B followed
by = a d(P, Q) we obtain (3.19). g

Proof of Theorem 2.4. We will prove that (i) and (iii) are equivalent,
and then that (ii) and (iv) are equivalent. Fix [+n , n�0]/Q1(X).

First assume (i) and suppose that

lim inf
k � � } | � f d+nk

&| � f d+0 }>0 (3.20)

for some f # Cb(X) and a subsequence nk . By definition of Q1(X), passing
to a subsequence of nk , one of the cases (i)�(iii) of Proposition 2.2 applies,
hence (3.20) contradicts Lemma 3.1. In conclusion, +n O +0 implies that
�� f d+n � �� f d+0 for every f # Cb(X).

Now assume (iii). Fix F # F, G # G and =>0. Set f=(x)=0 6
(1&d*(x, F )�=). Since 1F� f=�1F = and f= # Cb(X), by the properties of the
subadditive-integral,

lim sup
n � �

+n(F )�lim sup
n � �

|� f= d+n=|� f= d+0�+0(F =)
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Similarly, since 1G&=�g=�1G for g=(x)=1 7 (d*(x, Gc)�=) # Cb(X), also

lim inf
n � �

+n(G)�+0(G&=)

With +0 # Q1(X) we have that +0(F =) � +0(F ) for = a 0 and every F # F.
Taking = a 0, by the arbitrariness of F # F and G # G we conclude that
+n O +0 .

Now assume (iv). Fix F # F, =>0 and f= as above. Since 1F� f=�1F =

and & f=&BL�1+=&1 it follows that for every +, & # Q1(X),

+(F )�|� f= d+�| � f= d&+(1+=&1) ;(+, &)

�&(F =)+(1+=&1) ;(+, &) (3.21)

Clearly, (3.21) holds with + and & exchanging positions. By (2.3) and the
arbitrariness of F # F in (3.21) it follows that d(+, &)�= 6 (1+=&1) ;(+, &).
Taking = a ;(+, &)1�2�1, we conclude that

d(+, &)�2;(+, &)1�2 \+, & # Q1(X) (3.22)

In particular, this implies d(+n , +0) � 0.
Assume now that (ii) holds and consider the case where +0 is tight. Fix

=>0 and K # K such that +0(K c)<=. By the Arzela� �Ascoli theorem, the
set of functions B restricted to K is a compact subset of (C(K ), & }&�). In
particular, there exist M=M(=)<� and [ fi ; i=1,..., M ]/B such that

min
M

i=1
sup
x # K

| f (x)& f i (x)|<= \f # B

If x # K and d*(x, y)<=, then | f ( y)& g( y)|�2=+| f (x)& g(x)| for every
f, g # B. Therefore

min
M

i=1
sup
y # K =

| f ( y)& fi ( y)|<3= \f # B

Hence, by the properties of the subadditive-integral, for every f # B,
+ # Q1(X),

} | � f d+&| �
K =

f d+ }�+((K =)c)

min
M

i=1 } | �K =
f d+&|�

K =
f i d+ }<3=+(K =)�3=
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In particular, for all f # B, n�1,

} | � f d+n&|� f d+0 }
�2+n((K =)c)+2+0((K =)c)+6=+max

M

i=1 } | � f i d+n&| � fi d+0 } (3.23)

Since +n O +0 and (K =)c # F, for all n large enough +n((K =)c)�=. By
part (i) above, maxM

i=1 |�� fi d+n&�� f i d+0 | � 0, hence from (3.23)

lim sup
n � �

;(+n , +0)=lim sup
n � �

sup
f # B } |

� f d+n&| � f d+0 }�10=

Taking = a 0 completes the proof in case +0 is tight.
If +0 # Q1(X) is non-tight, then necessarily +0=P: for some P # P(X)

non-tight, :>0. Suppose that d(+n , +0) � 0 but lim supn ;(+n , +0)>'>0.
Since d(+n , +0) � 0 implies +n O +0 , passing to a subsequence, by Proposi-
tion 2.2 we may assume that +n=Pan

n with Pn # P(X), an � : while
;(+n , +0)�'. Applying Lemma 3.2 followed by Lemma 3.3, we deduce that
;(+n , Pan) � 0. Since also ;(Pan, P:) � 0, we see that ;(+n , +0) � 0. g

Proof of Corollary 2.4. Define the pseudometric d*(x, y)=supf # B�

| f (x)& f ( y)| on X. Replacing X if needed by the space of d*-equivalence
classes, we may assume without loss of generality that d* is a metric (for
details see Dudley(6)). Since B� is equicontinuous, d* is jointly continuous
on (X_X, {_{). Hence, the metric topology of (X, d*) is coarser than {.
Our assumptions that +n O +0 and +0 is tight in (X, {), are thus also valid
in the metric space (X, d*). Defining Lipschitz norms with respect to d*
let A :=supf # B� & f &BL . We obtain (2.5) since A�1+supf # B� & f &<� and
;(+n , +0) � 0 (see Theorems 2.2 and 2.4). g
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