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 2004, Volume 66, Part 1, pp 35-48
 ? 2004, Indian Statistical Institute

 The Limiting Distributions of Eigenvalues of Sample
 Correlation Matrices

 Tiefeng Jiang
 University of Minnesota, Minneapolis, USA

 Abstract

 Let Xn = (xij ) be an n by p data matrix, where the n rows form a random
 sample of size n from a certain p-dimensional population distribution. Let
 Rn = (p^) be the px p sample correlation coefficient matrix of Xn. Assum
 ing that Xij 's are independent and identically distributed (x?j 's are required
 to be only independent when they are normals), we show that the largest
 eigenvalue of Rn almost surely converges to a constant provided n/p goes to
 a positive constant. Under two conditions on the ratio n/p, we show that the
 empirical distribution of eigenvalues of Rn converges weakly to the Marcenko
 Pastur law and the semi-circular law, respectively. This work is motivated
 by testing the hypothesis, assuming population distribution Np(p, ?), that
 the p vari?tes are uncorrelated.

 AMS (2000) subject classification. 60F05, 60F15, 62H20.
 Keywords and phrases. Sample correlation coefficient matrix, largest eigen
 value, empirical distributions of eigenvalues, semi-circular law, Marcenko
 Pastur law.

 1 Introduction

 Suppose a population distribution is an p-dimensional multi-normal dis
 tribution with mean p, covariance matrix E and correlation coefficient matrix

 R. In modern data, p is quite large and even close to a sample size. For such
 case, Johnstone (2001) recently studied the test Hq : E = J assuming p = 0.
 That is, the p vari?tes of the population distribution are independent and
 identically distributed. Given a random sample of size n, the asymptotic dis
 tribution of the largest eigenvalue of the sample covariance matrix generated
 by a data matrix is obtained in Johnstone (2001) by using Random Matrix
 Theory (Soshnikov, 2002, later generalized this result). Actually it is shown
 in Johnstone (2001) that suitable normalizations of such largest eigenvalues
 converge weakly to the Tracy- Widom law of order 1, which is defined through
 the solution of the (non-linear) Painlev? II differential equations.

 Note that the null hypothesis in the test is E = J. A more general test
 is R = /, i.e., the p vari?tes of the population are uncorrelated with both
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 36  Tiefeng Jiang

 mean p and the p standard deviations of those vari?tes unknown. Suppose

 we have annxp data matrix Xn = (x.j), where the n rows form a random
 sample of size n from a certain p-dimensional population distribution. Let
 Rn ? (Pij) be the p x p sample correlation coefficient matrix of Xn\ that
 is, the entry pij is the usual Pearson correlation coefficient between the ?-th
 column and j-th column of Xn. An advantage to working on th? sample
 correlation matrix is that they are invariant under scaling and shifting. In
 other words, by shifting and scaling each column of a given data matrix,
 the new matrix generates the same sample correlation matrix as before.
 Therefore, if a population is Np(p,, E) with ?i and E unknown, under the null
 hypothesis that the p components are uncorrelated, the distribution of the
 sample correlation matrix is the same as that generated by a data matrix
 with independent standard normals as entries.

 In an earlier work, the test statistic maxi^^xp \pij\ for testing Hq : R =
 I is studied by Jiang (2004) According to the PCA, the largest eigenvalue
 is a natural choice for a test statistic. However f it seems very difficult to
 obtain the asymptotic distribution of the largest eigenvalue Amax of the
 sample correlation matrix Rn. In this paper, we obtain some properties of
 ^max and the empirical distributions of eigenvalues of Rn en route to a good
 understanding of Amax

 We assume that both n and p are large. Traditionally, it is standard to
 assume that the dimension p is fixed and sample size n is large. For example,
 a book-length treatment of such data structures can be found in Anderson
 (1984). For modern data, Johnstone (2001) provides four examples in which
 the sample sizes and the dimensions of data are very large and comparable.
 In one case, the dimension is even larger than the sample size. Also, Donoho
 (2000) gives many examples of such type.

 Now we state our results formally. Discussions will follow later.

 Let X ? (x?j) be an n by p data matrix, where x^s are complex random
 variables. The p columns of X are denoted by x\,X2, jXp, respectively.
 Let xk be the sample average of xk, that is, xk = (1/n) Y^=i xik- We write
 X{ ? X{ for X{ ? X{e, where e = (1,1, , 1)T G Kn. The Pearson correlation
 coefficient between X{ and Xj is

 \xi ~ X{) [Xj ? Xj) i _^ _ fii\
 \\Xi -Xi\\- \\Xj -Xj\\

 where || || is the usual Euclidean norm. Then, the p by p sample correlation
 matrix, denoted by i?x? IS equal to (pij)- Clearly,

 X\ ~Xi X2 -X2 ^ Xp-Xp \
 \\XI -?iH' ||x2-X2|r ' \\Xp-Xp\\) '

 Rx ___ Y*Y, where Y -
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 Eigenvalues of correlation matrices  37

 Note that x^s are close to zero by the Law of Large Numbers provided all
 the variables in the i-th column are i.i.d. with zero mean. For convenience,
 sometimes we look at a modified version of Rx

 RX = Y*Y, where Y = (^j ^- , -^r) . (1.3) VIM INI \\xp\\j
 For an n x n symmetric matrix A, suppose it has eigenvalues /?i, ??2, ,?n
 Let FA(x) be the empirical law of these eigenvalues. Precisely,

 1 n
 FA(x) = -Yi{fH<x}, xe n

 ?=1

 Let X = {^Xij; i > \,j > 1} be a double array of i.i.d. non-degenerate
 random variables. For any integer pn, define Xn = (^)i<Kn,i<j<pn- For
 convenience, write

 Rn = Rxn and Rn = RXn. (1.4)

 When there is no confusion, we simply write p for pn to save notation.
 Let Amax(^) and Amax(^) be the largest eigenvalues of Rn and Rn,

 respectively. Since Xn is an n x p matrix, ?n is an p x p matrix. So if p > n,
 then the p ? n smallest eigenvalues of Rn are equal to zero. Considering this,
 let

 the smallest eigenvalue o? Rn, if p < n;
 the (p ? n + l)-th smallest eigenvalues of Rn, if p > n.

 First we study the largest and smallest eigenvalues.

 THEOREM 1.1 Suppose n/p ?> 7 E (0,00). The following is true.
 (i) IfE\?\A < 00, then Xmax(n) -? (1 + v^)2 a.s.;
 (ii) If E\^\A < 00 and E? = 0, then \max(n) -> (1 + x/t-1)2 a.s. and

 Similarly, let Amjn(n) be as in (1.5) when Rn is replaced by Rn. It is rea
 sonable to guess from the second part of (ii) that Amjn(n) also converges to
 (1 ? \J~f~1)2 almost surely. It will be interesting to see how to prove this.

 Second, the empirical distributions of i?n and Rn converge weakly.
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 38  Tiefeng Jiang

 Theorem 1.2 Suppose n/p -> 7 G (0,+00) and E\?\2 < 00. Then, al
 most surely, F^ converges weakly to a deterministic probability distribution
 with density function

 (x\ = [?V^-^X*-0)' ifxe[a,b]; 10, otherwise

 and a point mass (1 ? 7)+ at x = 0, where a = (1 ? 7-1/2)2 and 6 =
 (1 + 7-1/2)2. The above conclusion is true for FRn provided E? = 0 in
 addition.

 The distribution with probability density function p^(x) is called the
 Marcenko-Pastur law.

 When p -? 00 and n/p ?? 00, the above law does not hold. Heuristically,
 assuming Theorem 1.2, the probability density function is 0 for any x ^ 1.
 This means that a dominated number of eigenvalues of Rn and Rn are close to

 one. We then consider Tn := (l/2)y/?/p(Rn-I) andfn := (l/2)y/n/p(Rn
 I). We have that

 Theorem 1.3 Suppose E\?\A < 00. Letpn be such thatpn/y/n ?? 00 and
 pn/n ?? 0. TTien, almost surely FTn converges weakly to a distribution with
 density function

 lO, otherwise.

 The above conclusion also holds for FTn provided EC ? 0 in addition.

 The distribution with probability density function p(x) above is referred
 to as the semi-circular law.

 Obviously, _5exp(io|?|2) < 00 for some to = t^ > 0 for any Gaussian
 random variable ? ~ N(p,,o2). For a population Np(p,, E), a sample Xn =
 (x{j\ 1 < i < n, 1 < j < p) is obtained to test the hypothesis that the p
 vari?tes are independent. Note that, assuming the hypothesis is true, Rn
 is invariant under shifting and scaling. We then can assume, w.l.o.g., that
 Xij's are i.i.d. with the law of iV(0,1). Therefore, by the previous results, we
 have that

 Corollary 1.1. Suppose {x.j;_ > l,j > 1} are independent and x\j ~
 N(?ij,a^) for some ?jlj and Oj ^ 0 for all i and j. Then Theorems 1.1, 1.2
 and 1.3 also hold.
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 Eigenvalues of correlation matrices  39
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 Figure 1: The two curves formed by two different kinds of points
 are kernel estimations of empirical p.d.f.'s of largest eigenvalues of
 covariance and correlation matrices. the blacker one corresponds
 to sample correlation matrices. the other one corresponds to co
 variance matrices.

 Remark 1. In the above theorems, we assume that there is an infinite
 double array of i.i.d. random variables {x?j;?,j > 1}. Now suppose we have a
 sequence of finite double arrays {?, x ?\ 1 < i < n, 1 < j < p) such that these
 up random variables are i.i.d. for each n. By checking the proofs, each of the
 main steps still holds if the orders of the moment conditions are increased
 by two. This says that Theorems 1.1 and 1.3 still hold under the condition
 that ?|?|6 < oo, and Theorem 1.2 holds provided ?|?|4 < oo.

 Our main results show that the matrices Rn and Rn behave very much as
 X*Xn/n. This is the reason we believe that the distribution of largest eigen
 values of Rn and Rn quite likely converge to the Tracy-Widom law as does
 that of X^Xn/n. We performed a simulation study. Five hundred random
 samples of 200 by 200 matrices with independent standard normals as entries
 are obtained. Normalize all largest eigenvalues of the corresponding sample
 covariance and correlation matrices by the formula (Amax ? 4n)/(16n)1/3
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 40  Tiefeng Jiang

 with n = 200. Kernel estimations of these two sets of 500 normalized values

 are presented in Figure 1. Observe that the two curves match quite well.
 Since such normalized largest eigenvalues of Wishart matrices follow roughly
 the Tracy-Widom law by Johnstone (2001), Figure 1 seems to support our
 belief that the normalized largest eigenvalue of sample correlation matrices
 also satisfies the Tracy-Widom distribution asymptotically. But a rigourous
 mathematical proof has to be given to confirm this.

 We use some known results about the sample covariance matrix X*xXn
 to prove our theorems. The idea is approximating the sample correlation
 matrix Rn by X^Xn/n. This process is completed by using some random
 matrix tools such as rank inequality and difference inequality together with
 some matrix techniques. All the proofs are given in the next section.

 2 Proofs

 Looking at (1.4) and (1.3), we see that the correlation coefficient matrix
 Rn is invariant under shifting and scaling. Precisely, for any constant a3 and
 ?j t? 0, let Zij = (xij ? otj)/?j for any i and j. Then the corresponding pij
 for Zn := (zij)i<i<n,i<j<p is the same as that for Xn. Particularly, choosing
 atj = EC and ?j = (var(^))1/2, then E(zij) = 0 and var(z^) = 1 for any i
 and j. It is also easy to see that Rn is invariant under scaling (shifting is
 not necessary because we assume EC = 0 in this case). So in the rest of the
 paper, without loss of generality, we assume that

 [i.Xij-, i,j > 1} are i.i.d. random variables with E? ? 0 and var(?) = 1.

 Proof of Theorem 1.1. Let ??max( ) be the largest eigenvalue of
 n~lXntXn> Let also pm[n(n) be as in (1.5) when Rn is replaced by n~lX*Xn.
 Since ?|?|4 < oo, by Theorem 2.16 from Bai (1999) (also Theorem 3.1 from
 Yin et al., 1988 and Theorem 2 from Bai et al., 1993),

 lim pmax(n)=(l+\/r^)2a.s.and lim pmin(n)=(l-y/r^)2a.s. (2.1) n?>-oo n??oo

 To prove the theorem, it suffices to show that

 y?max( )-\/Mmax(n) -? 0 a.s. andy Amjn(n)-y^min(n) ~> 0 a.s. (2.2)
 \Amax(n) - VWax(n) -> 0 a.s. (2.3)

 Recall that Xn = (xij)i<i<n,i<j<p> For fixed n, for saving notation, let
 xi, X2 - - ,xp be the p columns of Xn. Then Fin ? Y*Yn and Rn = Y*Yn,

This content downloaded from 
�������������134.84.0.9 on Tue, 26 Mar 2024 15:51:25 +00:00������������� 

All use subject to https://about.jstor.org/terms



 Eigenvalues of correlation matrices  41

 where Yn is as Y in (1.4) and Yn is as Y in (1.3) when X ? _Yn. Rewrite
 Yn = (Xn/y/n)Dn where

 ?^diagfj^,...,^). (2.4) Vlkill IM/
 We first prove the first limit in (2.2). For any matrix C, let ||C| be the
 spectrum norm of the linear operator C. Of course, ?C? is equal to the
 squared root of the largest eigenvalue of C*C. By the triangle inequality of
 the norm and that |C_C2| < III Ci III |||C2||| for any C_ and C2) we have that

 I V^maxin) - VMm^Rl = fYn - (Xn/y/n)||| < \nrxl2Xn(Dn - I)|||
 < |?n-^_|||.|flj_)n-/||. (2.5)

 By Lemma 2 from Bai et. al. (1993), since E]^ < oo,

 ini2 max
 n  0 a.s. (2.6)

 This implies \\Dn -1\\ = maxi<j<p [(n1/2/^!!) ? 1 j ?> 0 a.s. Thus the first
 part of (2.2) follows from (2.1) and (2.5). The inequalities in (2.5) still hold
 if the "max" sign is replaced with "min" by Corollary 7.3.8 of Horn and
 Johnson (1999). So the second limit of (2.2) also follows from (2.1).

 Now we turn to prove (2.3).
 Recall e = (1,1,--- ,1)' G W1. Then XjC is a column of which every

 entry is equal to (1/n) Ya=i xij- Set Xn = (x\e, ??^e, , xpe). Rewrite Yn =
 ((Xn - Xn)/y/?)Dn, where

 Dn = diag '
 \xi -xi\\ \\Xp -Xp\\

 We claim that

 lim \rCll\Xn - Xn)\\ = 1 + 7"1/2 a.s. (2.7) n?>oo

 Let ^max( ) be the largest eigenvalue of (Xn ? Xn)*(Xn ~ Xn)/n. If (2.7)
 is true, then by the same arguments as in (2.5), we have that
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 42 Tiefeng Jiang

 Note that \\xj ? Xj\\2 = \\xj\\2 - n\xj\2. It follows from Lemma 2 in Bai et.
 al (1993) that

 max
 l<j<p

 \Xj Xj\\ _i I << mQV 1 ?-?i=l \XiJ < max
 i<j<p

 2
 --1

 n  + max \xj\2 -> 0 a.s. 1<3<P n

 under E\?\4 < oo. The assertion (2.3) is then concluded from (2.7) and (2.8).
 Now we prove claim (2.7). First, it is not difficult to see that (Xn -

 XnY(Xn - Xn) = X*nXn - nX*Xn. Since both X?Xn and XnXn are non
 negative definite matrix, by the definition of operator norm ||| |||, it is easy
 to see that lX*Xn - nX*Xnl < \?X*Xn\l we obtain from (2.1) that

 Umsupln-^pTn - Xn)\l < 1 + 7~1/2 a.s. (2.9) n-?oo

 For a symmetric matrix A, recall that FA(x) is the empirical distribution
 function of eigenvalues of A. Set En = n~l?2(Xn ? Xn). By Lemma 2.6 from
 Bai (1999),

 \\FEnEn _ Fx;xn/ny < 2rftnkp^ < 2 _^ 0

 as n ?> oo, where ||/|| := supxeK \f(%)\ for a function f(x) defined on K.
 Thus, by Theorem 2.5 from Bai (1999), we know that under the condition
 ?? = 0 and ??2 = 1

 pEnEn converges weakly to a distribution function F (2.10)

 with Ff(x) = p-y(x) as in Theorem 1.2. On the other hand,

 ||j?y2 = |K?n| > (kr ((E*nEn)k)y = (?? ?F^dx?
 for any k > 1. By Fatou's lemma and (2.10), we have that

 rb \ !/(2fc)

 Or \ ' xkVl{x)dx) a J
 a.s.

 for any k > 1. Note that the right end of the support of p7(x) is b. Let A; t oo.
 We obtain that

 liminf |n-1/2(Xn - Xn)\? > 1 + 7~V a.s. n??oo  1/2(Xn-Xn)|>l+7-1/2

 This together with (2.9) proves (2.7). D

 We need the following lemma to prove Theorem 1.2.
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 Eigenvalues of correlation matrices 43

 Lemma 2.1 Let A = (aij) be an n by p complex random matrix with Oj
 as its j-th column. Define B = (ai/||ai||,a2/||a2||," * ,ap/||ap||). Then

 M(a-B)'(a-fl))=t*-*
 where

 ^???(M2-')?"^^i:(^-')
 Proof. Let Vj be the j-th column of n~ll2A-B. Then Vj = (\\aj\\ - y/?)

 aj/(y/?\\aj\\) for j = 1,2,- ,p. Thus,

 tr({n^2A-By(n-y2A-B)) = ? |K||2 = I ?(||a,.|| - V^)2 3=1 j=l

 .7=1 J=l

 Note that ]T\- ||aj||2 = _T]? |u??|2. Then the conclusions follows. D

 Proof of Theorem 1.2. By Theorem 2.5 in Bai (1999) (the real
 case is obtained by Yin, 1986), the conclusion of Theorem 1.2 holds for
 Fx*nxn/n under the condition that EC = 0 and E\?\2 = 1. Again, let En =
 n~ll2(Xn - Xn) as in the proof of Theorem 1.1, Yn and Yn be as in (1.4)
 and (1.3), respectively, where X = _Yn. Recall Rn = 1^1^. Let L(-, ) be the
 Levy distance; see e.g., exercise 2.15 on page 91 from Durret (1995). By the
 triangle inequality, we have that

 L(FRn,Fx*Xnln) < L(FY?Yn,FE*En) + L(FE*nEn,Fx*Xnln).

 By (2.10), to prove the theorem for Rn, we need to show L(FY?Yn, FE*En) ->
 0 O.S. Obviously, tr(Y*Yn) = p and (Xn-Xn)*(Xn-Xn) = X*Xn-nX^Xn.
 Thus

 Ur ((Xn-XnY(Xn-Xn)) <?-tr (X*nXn) =^ ? ? \*?\2-+E\tf=l a.s j=lt=l
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 44 Tiefeng Jiang

 by the law of large numbers. Therefore, to prove the theorem for f?,n, by the
 difference inequality Lemma 2.7 from Bai (1999), it is enough to show

 -tr ((En - YnY(En - Yn)) -> 0 a.s. (2.11) P

 Similarly but easily, to prove the part for Rn, it suffices to prove that

 -tr ((n-ll2Xn - YnY(n-ll2Xn - Yn)) -> 0 a.s. (2.12)
 To do so, by Lemma 2.1, we need to verify that the corresponding b\ and i>2
 go to zero. To avoid confusion, let fy correspond to (2.11) and 6? correspond
 to (2.12) for i ? 1,2. We prove them by distinguishing these two cases,

 (i) The proof of (2.12). Evidently,
 p n

 6i = ? ??(|*??|2-l)->0 a.s.
 i=i j=i

 by the law of large numbers since E\?\2 = 1. To show b<i -> 0, it suffices to
 show that

 Jp := i ? JSSS. _* ! a.s. (2.13) p~V ?

 Since the function yjx is concave over [0, oo],

 Z-/ZJ \xij\ I < W^' Jl -> l a.s. (2.14) V nP
 by the law of large numbers again. On the other hand,

 i?v/SSE>( ? )l/2 (2,5)
 for any C > 1, where i?nj = ^?=i k?j|2^{lxul ^ C}/n. By Lemma 2 from
 Bai (1993), mini<j<p unj -> -Ea^/d^iil < C} as n ?> oo. Letting n ->
 oo for both sides of (2.15), followed by letting C t +oo, we obtain that
 liminfn^ooip > 1 a.s. This and (2.14) yield (2.13).

 (ii) The proof of (2.11). First,
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 Eigenvalues of correlation matrices  45

 It is easy to check that

 v 1 p ? X
 \bx -6i| = -?|%|2 < ? max I^IJ ->0 a.s. (2.16)

 under JE|?|2 < oo by Lemma 2 from Bai (1993) again. Thus b\ -> 0 a.s. since
 fci ?> 0 a.5. Second, using that \y/x ? y/y\ < \x - y\/y/y, we obtain that

 -1/2

 |b2-ft2|<-?l%l2^?NI2J < (^NJ -^/^"1/2
 for any C > 0 such that ?|?|2J{|?;| < C} > 1/2. We already shown that
 mini<j<pi?nj ?> Exiil{\x\i\ < C} as n -> oo. Then 62 - &2 -> 0 by (2.16).
 It follows that 62 ? 0 a.5. since 62 -> 0 a.s.

 Proof of Theorem 1.3. Recall the definitions in (1.2), (1.3) and (1.4).
 We prove the conclusion for FTn and FTn separately. First, we consider FTn.

 (a) Recall f? = (l/2)x/?/p(An - J). Let Sn = X^Xn/n. Note that
 Rn ___ DnSnDni where Dn is as in (2.4). For any e > 0, define anpxp
 diagonal matrix _?n = diag(d?), where

 ?fv/n/lMI, if|v/S/IM-l|<eV5?i; (. 1?) 1 1, otherwise.

 Let Un = (1/2)y^(DnSnDn - I) and Qn = {l/2)yf?fc(Sn - I). First,

 L(Ffn,FQn) < L ?Ff\F?A + L (F?n,FQA . (2.18)

 For anpxp symmetric matrix A, denote by Xk(A) the fc-th smallest eigen
 value of A. By Courant-Fischer theorem (see p.179 from Horn et.al. (1999),

 1 ,fv*c A ? f (Dnx)*Sn{Dnx) (A.*)* (A.*) Xk(HnSnDn) = mf max -??-7-i -?--.
 wi,?. ,t_?p_fc o^xiwi,.? ,t?p_fc (Dnx)* (_Dnx) ?*?

 Trivially, _?n is invertible almost surely for sufficiently large n. It follows that

 (Xl(Dn))2Xk(Sn) < Xk(DnSnDn) < (Xp(Dn))2Xk(Sn)
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 46 Tiefeng Jiang

 for any k>l. Since Dn is diagonal, maxi<j<p \(Xj(Dn))2 ?1| = maxi<j<p \dj ?
 1|. Also, since p/n -? 0, |<# ? 1| < 3|dj - 1| < 3ey^p/n as n is sufficiently
 large. Hence

 sup |Afc(D;5??>n) - A*(5n)| < max \& - 1| . Xp(Sn) < tefe. Xp(Sn) i<k<p 1<3<p V n

 as n is sufficiently large. Let Xn = (xij)i<ij<n- Since p/n -? 0, by the
 interlacing theorem (see p.189 on Horn et.al (1999) and (2.1), Xp(Sn) <
 Xn(X^Xn/n) ?> 4 a.s. as n ?> oo. By the inequality in line 11 on p.615 from
 Bai (1999),

 ?3 (p?npQn^ < I Q M ? |Aib(?;5n?n) - A*(Sn)|2 < 6062 (2.19)
 as n is sufficiently large. Now, by the rank inequality Lemma 2.6 from Bai
 (1999),

 L (Ff?,F??) < -rank (xnDn - Xn?>?) < -rank(Pn - A?)
 1 p p

 <
 ?=i

 >/? t
 IFjl  n

 Trivially, {x : |x - 1| > 6} C {x : |z_1 - 1| > <5/2} once ? < 1. Also,
 \y/x-l\< \x-l\. Thus

 ? (i*-, F^-) < ? ? / (lll^ll2 - ?I > ^ ) (2-20)
 as n is sufficiently large. Recall \\xj\\2 = XlILi^'- Since 25|a;ii|4 < oo, by
 the Chebyshev inequality, a := P(|||#i||2 - n\ > >/?pe/2) = 0(p~l) -? 0 as
 n ?> oo. By the Bernstein inequality (see, e.g., Problem 14 on p.Ill from
 Chow et.al. (1997) and (2.20),

 P(L(Ff\F??) > 2c) < 2exp (--=^---^| < 2e"^3 V V } - }~ y\2(pe+pa(l-a))) ~
 as n is sufficiently large. By the Borel-Cantelli lemma, L(FTn, FUn) -> 0 a.s.
 as n -^ oo. This together with (2.18) and (2.19) implies that
 limsupn_+00L(FTn,F<2n) < 4e2/3 a.s. Letting e i 0, the desired conclusion
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 Eigenvalues of correlation matrices 47

 follows by the theorem from Bai et.al. (1988), and Theorem 2.9 from Bai
 (1999), which says that Theorem 1.3 holds if ?n in the definition of Tn is
 replaced by Sn under E\^\4 < oo.

 (b) Let Yn = (x\/\\xi ? xi||,--- ,xp/\\xp ? xp\\). Then by the rank in
 equality again (Lemma 2.6 from Bai (1999),

 L(F(i/2)^f?Yn-i)iFTn) < Irank((xi,?2,? ,?p)) < - ->0 P P

 as n ?> oo. So to prove this part, one only needs to show that the conclusion

 of Theorem 1.3 holds for i^/^V^^?W^ This is done through replacing
 \\xi\\ in (2.17) by \\x? ? x?|| and following the rest arguments in part (a).
 The only change is to show that a := P(|||xi - xi\\2 ? n\ > y/rvpe/2) -? 0.

 Actually, since ||rri - xi\\2 - n = ]??=1(|#ij|2 ~ 1) ~~ nl^i|2^

 a ? ?^(?(l^l2-1)-"^!2) npe j=\

 ^ iiVar >i/ - !))+Var (nN2)} = ?(p-1)' npe *?*

 as n -? oo, where the fact that E\ $^?=1 #ij|4 = 0(n2) is used in the last
 step. D
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