J Theor Probab (2019) 32:353-394 @ CrossMark
https://doi.org/10.1007/510959-017-0799-4

Empirical Distributions of Eigenvalues of Product
Ensembles

Tiefeng Jiang'® - Yongcheng Qi2

Received: 8 October 2016 / Revised: 18 November 2017 / Published online: 9 December 2017
© Springer Science+Business Media, LLC, part of Springer Nature 2017

Abstract Assume a finite set of complex random variables form a determinantal point
process; we obtain a theorem on the limit of the empirical distribution of these ran-
dom variables. The result is applied to two types of n-by-n random matrices as n goes
to infinity. The first one is the product of m i.i.d. (complex) Ginibre ensembles, and
the second one is the product of truncations of m independent Haar unitary matrices
with sizesn; x nj for 1 < j < m. Assuming m depends on n, by using the special
structures of the eigenvalues we developed, explicit limits of spectral distributions
are obtained regardless of the speed of m compared to n. For the product of m Gini-
bre ensembles, as m is fixed, the limiting distribution is known by various authors,
e.g., Gotze and Tikhomirov (On the asymptotic spectrum of products of independent
random matrices, 2010. http://arxiv.org/pdf/1012.2710v3.pdf), Bordenave (Electron
Commun Probab 16:104-113, 2011), O’Rourke and Soshnikov (Electron J Probab
16(81):2219-2245,2011) and O’Rourke et al. (J Stat Phys 160(1):89-119, 2015). Our
results hold for any m > 1 which may depend on n. For the product of truncations
of Haar-invariant unitary matrices, we show a rich feature of the limiting distribution
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as nj/n’s vary. In addition, some general results on arbitrary rotation-invariant deter-
minantal point processes are also derived. In particular, we obtain an inequality for
the fourth moment of linear statistics of complex random variables forming a deter-
minantal point process. This inequality is known for the complex Ginibre ensemble
only (Hwang in Random matrices and their applications (Brunswick, Maine, 1984),
Contemporary Mathematics, American Mathematics Society, Providence, vol 50, pp
145-152, 1986). Our method is the determinantal point process rather than the contour
integral by Hwang.

Keywords Non-symmetric random matrix - Eigenvalue - Empirical distribution -
Determinantal point process

Mathematics Subject Classification (2010) Primary 15B52 - Secondary 60F99 -
60G55 - 62H10

1 Introduction

In this paper we will study the limiting spectral laws of two types of random matrices.
They are in the form of X} ... Xy, which is called a product ensemble. The first type
is the product of n x n Ginibre ensembles, that is, Xj, 1 < j < m, are independent
and identically distributed (i.i.d.) Ginibre ensembles; review that the n x n matrix
X1 is referred to as a Ginibre ensemble if its n” entries are i.i.d. standard complex
normal random variables. The second kind corresponds to that Xj, 1 < j < m, are
independent n x n matrices, each of which is a truncation of an Haar-invariant unitary
matrix. We do not assume these matrices are of the same size. To work on the two
types of matrices, we derive a general result on complex random variables that form a
determinantal point process. The limit of their empirical distribution can be obtained
through the behavior of their radii only.

After obtaining the general theorem (Theorem 1) mentioned above, we then inves-
tigate the structures of the eigenvalues of the two matrices (Lemmas 2 and 3) by using
a theory of the determinantal point processes. It is found that the absolute values of
the eigenvalues are the product of i.i.d. Gamma-distributed random variables and the
product of i.i.d. Beta-distributed random variables, respectively.

Using the theory, assuming m depends on n, we obtain the limiting distributions of
the eigenvalues of X . . . Xy, for both cases as n — oo by allowing m to be fixed or go
to infinity. As m does not depend on n for the first case or m = 1 for the second case,
some knowledge about their limiting distributions is known. Here our results hold for
any choice of m. For the product of truncations of Haar unitary matrices with different
sizes, the limiting distributions are very rich.

The essential role in the derivation of our results is the determinantal point process
{Z1, ..., Z,}. For the two product ensembles above, their kernels associated with the
point process are rotation invariant. We then study it and obtain a general theory in
Sect. 1.3. They may be useful in other occasions.

Before stating the main results, we need the following notation.
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e Any function g(z) of complex variable z = x 4 iy should be interpreted as a
bivariate function of (x, y): g(z) = g(x, y).

We write [, g(z)dz = [, g(x, y) dxdy for any measurable set A C C.

Unif (A) stands for the uniform distribution on a set A.

For a sequence of random probability measures {v, v,; n > 1}, we write

vy ~» v if P (v, converges weakly to vasn — o0o0) = 1. (1.1)

When v is a non-random probability measure generated by random variable X, we
simply write v, ~» X. For complex variables {Z;; 1 < j < n} mentioned above, we
write

®; =arg(Z;) €[0,27) suchthat Z; =|Z;| 9 (1.2)

for each j. Let Yy, ..., Y, be some given random variables, each of which may also
rely on n. We omit the index n for each Y; for clarity. Given a sequence of measurable
functions &, (r), n > 1, defined on [0, 00), set

1 o 1 ¢
Hn == (0, m,0z;) A va =~ 8n,0r))- (1.3)
j=1 j=1

n

The empirical measure u, counts the frequency of the pairs of the angles and the radius
of the Z;’s. The measure v, counts the frequency of the Y;’s. Roughly speaking, we
can regard Y; as | Z;| for each j; see Lemma 1 latter. In (1.3), if 4, is linear, that is
h,(r) = r/a,, where {a, > 0; n > 1} is a sequence of numbers, we give special
notation of the empirical measure of Z;’s accordingly for this case by

1 I ¢
M: = ; Zl(szj/an and U; = ; Zlan/an‘ (14)
j= j=

Review the notation “~~” in (1.1). The symbol | ® w, represents the product
measure of two measures (1 and py. Our general result is given as follows.

Theorem 1 Let ¢(x) > 0 be a measurable function defined on [0, 00). Assume the
density of (Z1, ..., Z,) € C" is proportional to H15j<k§n lzj — - l_[;le o(lz;D.
Let Y1, ..., Y, be independent r.v.’s such that the density of Y; is proportional to
yE =l I (y = 0) for every 1 < j < n. If {hy,} are measurable functions such that
Vp ~> v for some probability measure v, then (i, ~» u with u = Unif[0, 27] @ v
. Taking h,(r) = r/ay,, the conclusion still holds if “(un, Vi, i, v)” is replaced by
“(iy, v, W5, v*)” where pu* is the distribution of Re'® with (©, R) having the law
of Unif[0, 2] ® v*.

Next we apply this theorem to two types of product ensembles. The first one is the
product of m Ginibre ensembles given in Sect. 1.1. The second one is the product of m
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truncated unitary matrices presented in Sect. 1.2. For the first one, no results are known
as m depends on n and m — oo. We actually will give a universal result regardless of
the speed of m relative to n. For the second product ensemble, it is not clear whether
the empirical distributions of eigenvalues converge or not in the previous literature.
We obtain the limiting laws, which have an interesting feature: the limiting law is very
different when the sizes of truncations vary.

1.1 Product of Ginibre Ensembles

Given an integer m > 1. Assume Xy, ..., Xy are i.i.d. n x n random matrices and
the n2 entries of X are i.i.d. with the standard complex normal distribution CN (0, 1).
Let Z1, ..., Z, be the eigenvalues of the product ]_['}1:1 Xj. Itis known that their joint
density function is

¢ ] lzi—alP[]wnlzih (15)

I<j<l=n j=1

where C is anormalizing constant and w,, (z) has arecursive formula given by w1 (z) =
exp(—|z|?) and

o]

Wi (2) = 2 f wnr (5) exp(—r) L
0 r r

for all integer m > 2; see, e.g., Akemann and Burda [2]. The function w,, (z) also has a
representation in terms of the so-called Meijer G-function; see the previous reference.

Through investigating the limit of the kernel of a determinantal point process, Burda
etal. [9] and Burda [8] showed that the empirical distribution of Z; /n"/2, 1 < j <n,

in the sense of mean value, converges to a distribution with density #|z|%*2 for
|z] < 1. Under the condition that the entries of Xj are i.i.d. random variables with a
certain moment condition, G6tze and Tikhomirov [14] prove the above result in the
sense of mean value. Bordenave [6], O’Rourke and Soshnikov [25] and O’Rourke
et al. [26] further generalize this result to the almost sure convergence. Our result next
gives a weak convergence of the eigenvalues Z;’s by allowing m to depend on n, and
the result holds regardless of the speed of m relative to n. Review (1.2).

Theorem 2 Let {m, > 1; n > 1} be an arbitrary sequence of integers. Define

n

1
Mn =" Z(S@j,% \zj|2/mn)'

j=1
Then ,, ~ Unif ([0, 27) ® [0, 1]) as n — oo.

Theorem 2 implies that the angle and the length of a randomly picked pair
(®;, % |Z; |>/mn) are asymptotically independent. Take n,, = m for all n > 1. By the
continuous mapping theorem, the above conclusion implies that, with probability one,
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the empirical distribution of #Z = ﬁ |Z] i1 < Jj < n, converges weakly
to the distribution of R™/2¢/€ where (®, R) follows the law Unif ([0, 27) x [0, 1]).
Easily, Z := R"™/?¢'® ¢ C has density #|z|%_2 for |z| < 1. This yields the con-
clusion mentioned before Theorem 2. In particular, taking m, = 1 for alln > 1, we
have

1 ¢ :
;X;(SZ"/ﬁwUmf{lzl <1} (1.6)
J:

This gives the classical circular law. For the universality of (1.6), where the entries of
X are not necessarily Gaussian, one can check, for instance, Girko [18], Bai [4], Tao
and Vu [29] or Bordenave and Chafai [7].

The proof of Theorem 2 is based on Theorem 1 and a recent result by Jiang and Qi
[22]in which the exact distributions of | Z ; | are shown to be the products of independent
Gamma-distributed random variables (see Lemma 2).

1.2 Products of Truncated Unitary Matrices

Letm,n and {l;; 1 < j < m} be positive integers. Setn; =[; +nforl < j <m.
Suppose (U;; 1 < j < m} are independent Haar-invariant unitary matrices where U;
isnj x n;j for each j. Let X; be the upper-left n x n sub-matrix of U;. Consider the
product matrix X™ = X, X,u_1 ...X;. We write this way instead of the product of
the matrices in the reverse order is simply for brevity of notation below.

The joint density function for the eigenvalues Z1, ..., Z, of X is derived by
Akemann et al. [3]:

n
PGz =C [T le—alP [Twi "z (1.7)
I1<j<k<n j=1
. 1 i1

for all z;’s with maxi<j<mlz;| < 1, where C = LT T/, ()", and

w,(,il """ ) can be recursively obtained by

Ureol) Ly Gedaen) S AU
w Lol (s)=27r/ i @w, )T e, ()
0

with initial w'” (s) = (1/7)(1 — s2)/~'1(0 < s < 1). The function wiy' " (s) can
be expressed in terms of Meijer G-functions. One can see Appendix C from Akemann
etal. [3] for details. The density in (1.7) for the case m = 1 is obtained by Zyczkowski
and Sommers [30].

Although the density of the eigenvalues is givenin (1.7), no limit law of the empirical

distribution of Zi, ..., Z, is known, even heuristic results. We now consider the
problem. Assume m depends on n and 1 < n < minj<;<; n;. For convenience,
we assume ni, ..., n,, are functions of n and all limits are taken as n — oo unless
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otherwise specified. The limiting spectral distribution actually depends on the limit of
functions F},(x)’s defined below.
Let {y,; n > 1} be a sequence of positive numbers. Define

m

g =]

j=1

b )
and

1/vn

, xel0,1] (1.9)

Fu(x) = (gn(x))”y” e
n gn () jol nx +1;

Note that F}, (x) is continuous and strictly increasing on [0, 1], F;,(0) = O and F,, (1) =

1. We will assume that F;,(x) has a limit F'(x) defined on (0, 1) such that

F (x)is continuous and strictly increasing over (0,1),
lim, o F(x) =0 and lim4 F(x) =1 (1.10)

or a limit F (x) defined on (0, 1] satisfying
F(x)=1forall x € (0, 1]. (1.11)

Recall the notation “~~"in (1.1) and “Unif (A)” standing for the uniform distribution
onaset A. Write 7 = re?. Evidently, z € Cand (0, r) € [0, 27) x [0, 0c0) are one-to-
one correspondent. Although the empirical distributions considered in the following
are targeted as functions of (0, r), we will characterize their limits in terms of complex
distributions since the arc law and the circular law, etc., are easily understood.

Review (1.10). In the following result, we denote f*(x) = % F~lx)for0 <x <1
if the derivative exists.

Theorem 3 Assume there exists a sequence of numbers {y,} with y, > 1 such that
lim,_ F(x) = F(x), x € (0, 1), for some function F(x) defined on (0, 1). Let
Zi, ..., 2y be the eigenvalues ofX(m), Un be as in (1.3) with h,(r) = (r2/b,,)1/7"
and b, = []"_ &

j=1nj"
(a) If (1.10) ‘holds and f*(x) exists for x € (0, 1), then u, ~ (O, R) such that
Z := Re'®© has density #mf*qznforo <lzl <1
(b) If(1.11) holds, then u,, ~ (®, R) suchthat Z = Re'® has the law Unif{|z| = 1}.
©) If yn =2, (1._10) holds and f*(x) exists for x € (0, 1), then u, ~ (®, R) such
that Z = Re'® has density #lz‘f*(lzl)foro < |z| < 1. Further, let u); be as in
(1.4) with a, = (]_[';Ll n”—/ 12 If yo = 2 and (1.11) holds, then ju ~ p* with
w* = Unif{|z] = 1}.
From the proof of Theorem 3, it is actually seen that the condition “F~!(x) is
differentiable” is not necessary in (a). The general conclusion is that , ~» © where
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u is the product measure of Unif[0, 27r] and the probability measure on [0, co) with
cumulative distribution function F~!(x). We write the way in (a) to avoid a lengthy
statement. In particular, (a) is general enough to our applications next.

The values of n;’s in Theorem 3 can be very different. Now let us play them and
find out their limiting distributions. The first one below is on the size n;’s that are at
the same scale and m is fixed.

Corollary 1 Assume that m > 1 is an integer and m does not depend on n and that
lim,, s oo ni =a; €[0,1]for1 < j <m.Assume Z1, ..., Z, are the eigenvalues of

XM Leta, = (H?’Zl %)1/2 and Wk be as in (1.4).

() Ifay =---=ay =1, then u); ~» Unif{|z| = 1}.

@) Ifar = - = an = a € [0,1), then yj; ~ p* with density 3= f*(Izl)
on {0 < |z| < 1}, where f*(x) = 2(1 — a)m™'x@/™=1(1 — ax?/™)=2 for
x €0, 1].

(3) Ifaj < 1 for some 1 < j < m, then ju; ~~ u* with density L £*(1z]) on the

27 |z|
set {0 < |z| < 1} where f*(x) = %F*l(x).

Trivially, part (2) in the above corollary is a special case of part (3). We single it
out since f*(x) has an explicit expression. Picking m = 1 in (1) of Corollary 1, we
know that, with probability one, p) ~» Unif{|z] = 1}, where u} = % Z;'.:l 82;/a,
with a, = (n/n1)"/?> - 1 asn — oo. It implies that % Z'/'.:l dz; converges weakly
to Unif{|z| = 1}. This conclusion is obtained by Dong et al. [13]. Taking m = 1 and
ay € (0, 1) in (2) of Corollary 1, we get a result by Petz and Réffy [27]: % Z;’Z 162;

-1

V) for |z]| <

converges weakly to a probability measure with density f(z) = n(o?T;

/o1 (noticing the scaling in ) is different from % Z’;: 182;)-

Pick @ = 0 from (2) of Corollary 1, the limiting density becomes #m%* for
|z] < 1, which is exactly the same as that of the product of Ginibre ensembles; see the
paragraph above Theorem 2. This is not a coincidence. In fact, Jiang [20] shows that
the n x n sub-matrix Xy of the n; x n| matrix U; can be approximated by a Ginibre
ensemble as n = o(,/n) in the variation norm. Similar conclusion also holds for
Haar-invariant orthogonal matrices [21].

If m depends on n and m — o0, and {n;; 1 < j < m} are almost sitting on
a curve, what is the corresponding limit appearing in Theorem 3? To answer the
question, assume there exists a continuous function g (x) defined over [0, 1] satisfying
0<gx)<l1forO<x<1land

1 m

lim — Z
n—00 m

j=1

n_y, <L)‘ —0 (1.12)

nj
Define

1
F(x) = xexp (—/ log(1 —¢q(t)(1 —x))dt) ; (1.13)
0
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CFm 1 1-q0)
f== /Ol_q(,)(l_x)dt (1.14)

forO0 < x <1land f(0) = F(0) =0.

Corollary 2 Assume m depends on n, m — 0o and (1.12) holds. Let F (x) and f(x)
be as in (1.13) and (1.14), respectively. Let Z1, ..., Z, be the eigenvalues of Xm),
Set by =[]}, (n/n;) and

1 n
Hn = ;l Z;8(®_/7(‘Z./|2/bn)|/m).
]:

Then iy ~~ (©, R) and Z = Re'® has density 5————

For an Haar-invariant unitary matrix, the empirical distribution of its eigenvalues is
asymptotically the arc law Unif{|z| = 1}, see, for example, Diaconis and Shahshahani
[12] and Diaconis and Evans [11]. If n is very close to n; for each j in Theorem 3,
that is, the truncated sub-matrix with size n x n of Uj is almost the same as Uj for
each j, do we always expect the arc law Unif{|z| = 1}? The answer is no and, as a
matter of fact, it depends on the sum of /; =n; —nforl < j <m.

for0 < |z] < 1.

Corollary 3 Let m depend on n, m — 00 and lim,,_, oo maxi<j<p |nij — 1] =0. Let

lim,, s oo % Z';’:l lj = B € [0, 00]. Assume Z1, ..., Z, are the eigenvalues ofX(m).
Let i’ be as in (1.4) with a, = (]_[;-"zl % 172,

(@) IfB =0, then i ~ Unif{|z| = 1}. Let ju,, be as in (1.3) with h, (r) = (r>/by) /7
and by, =[], e

(b) If B € (0, 00), with y,, = 2 we have wu, ~~> | with density
0<|z] < L

©) If B = oo, with y, = %Z?:l lj we have p, ~ p where w has density

1
Sl —Tog]a])? for0Q < |z] < 1.

B
TP G-21og 7 JOT

Finally, we work on the case that n is much smaller than n;’s.

Corollary 4 Let m depend onn, m — o0 and max<j<m - = 0 asn — 00. Review
- J
Zi, ..., Zy are the eigenvalues of X™. Set b,, = ]_[';lzl(n/nj) and

1 n
Mn =+ > 80,02, by im)
j=1

Then u,, ~ (©, R) and Z = \/ﬁe’@follows Unif{|z| < 1}, that is, the circular law.

Pickingm = 1, since Z; = |Z; le!®i, by the continuous mapping theorem, we get
thaF, with probabi}ity one,'% Z;’: 1 8(,1], /m)l/2z,; converges weakly to the circular law
Unif{|z| < 1}. This result is found and proved by Dong et al. [13].
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1.3 Structures of Determinantal Point Processes on Complex Plane

In this section we state our results on rotation-invariant determinantal point processes
on complex plane; see the setup in Lemma 1. The normalizing constant of their joint
density function, moments and the structures of the two product matrices aforemen-
tioned are obtained.

Let {Z1, ..., Z,} be n complex-valued random variables. Let K (z, w) : C> — C
with K (z, w) = K (w, z) for all (z, w) € C2. Let v be a Borel measure on C. We say
{Z1, ..., Z,}forms adeterminantal point process with kernel K (z, w) and background
measure v if the density function of {Zy, ..., Z} is given by

@1.....z1) € Ck, (1.15)

fa@ls ooy 2k) 1= det (K (zj, 21))

(n — k)!
|

1<jl<k’

with respect to the product measure v®* for all 1 < k < n. The determinantal point
process given above is a special case of a general definition in which the space C can
be a arbitrary metric space. The definition here is good enough for our discussion.
For general case, one can see, for example, Soshnikov [28], Johansson [23] or Hough
et al. [15] for a reference.

Let ¢(x) > 0 be a measurable function defined on [0,00) with 0 <
Jo ¥y 'p(y)dy < oo foreach 1 < j < n. Define

Yy lo(I(y = 0)
I ¥ To(y)dy

pi(y) = (1.16)

for I < j < n. Define

1 n
Py ==3 i), y=0. (1.17)
j=1

Now we start a series of results on the determinantal point processes. The following
is a special case of Theorem 1.2 from Chafai and Péché [10]. It is another version of
Theorem 4.7.1 from Hough et al. [15].

Lemmal Let ¢o(x) > 0 be a measurable function defined on [0, 00). Let
f(z1,...,2n) be the probability density function of (Zy,...,Z,) € C" such that

it is proportional to H1§j<k5n |zj — 2] - ]_[;':1 @(|zj]). Let Y1, ..., Y, be indepen-
dent r.v.’s such that the density of Y; is proportional to y2=Yo(y)I(y = 0) for each
1<j<n.Then g(|Z1|,...,1Z,])and g(Y1, ..., Y,) have the same distribution for
any symmetric function g(y1, ..., Yn)-

The next result is mostly known. Our contribution is that we are able to evaluate C

for any ¢(x), where f(z1,...,2,) = C - I—[]Sj<k5n lzj — - l_[?zl @(Iz;]) is as in
Lemma 1.
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Proposition 1 Let ¢ and f be as in Lemma 1. Set ¢, = 27 [;° x*Flp(x) dx for
allk=0,...,n—1.Then, C™!' = nlcocy ...cp—y and (Z1, ..., Zy) forms a deter-
minantal point process with background measure ¢(|z|) dz and kernel K (z, w) =
n—1 1 —\k
Zkzo a(Zw) .
The next result gives an estimate of the fourth moment of the sum of a function
of Z;’s, where the Z;’s forms a determinantal point process. Hwang [16] obtains a

similar result for the special case of the complex Ginibre ensemble with ¢ (z) = e P,
In particular, we do not assume any differentiability of ¢ (x).

Proposition 2 Let Zy, ..., Z, and ¢(x) be as in Proposition 1 with u(dz) = ¢(|z|)dz.
Then, for any measurable function h(z) : C — R with sup,cc |h(z)| < 1, we have

4
n

E Z(h(zj)—Eh(zj)) < Kn?
j=1

foralln > 1, where K is a constant not depending on n, ¢(z) or h(z).

The essential of the proof of Proposition 2 is the estimate of E ]_[4}: 1(h(Z;)—Eh(Z))).
It is carried out by using (1.15) repeatedly. Our proof is different from the analysis of a
contour integral by Hwang [16], which seems to fit the Gaussian kernel ¢(z) = el
only.

LetUy, ..., U, beindependent and real-valued random variables with Var(U;) = 1
for each j and C := sup;_;, E(U;.‘) < o0o. It is easy to check that E[Z?=1 ;-
EU]-)]4 < Kn?, where K is a constant depending on C but not depending on . This
suggests that, although the Z;’s from Proposition 2 are correlated each other, they are
weakly correlated.

We will use Proposition 2, the Markov inequality and the Borel-Cantelli lemma to
prove the almost sure convergence stated in Theorem 1.

Proposition 3 Let Z;’s and ¢(x) be as in Lemma 1. Then the following hold.
(1) Let P,(-) be as in (1.17). Then, for any bounded measurable function h(z),

00 2
Eh(Z)) = %/0 (/0 h(reig)de) P, (r)dr.

(i1) Let ®1 beasin(1.2). Then, |Z1| has density P, (r), ©®1 ~ Unif[0, 2] and the two
are independent. Consequently, for any bounded measurable function g(r, 6),

1 oo 2
Eg(®1,1Z1]) = E/o </0 g, r)d@) P,(r)dr. (1.18)

The following result reveals the structure of the eigenvalues of the product of Ginibre
ensembles. The key is the Gamma distribution. We will switch the use of the notation
of “r” in the next two lemmas, which will serve as an index instead of the radius of a
complex number used earlier.
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Lemma?2 LetZy, ..., Z, have density asin (1.5). Let{s; ,, 1 < j <n, 1 <r <m}
be independent r.v.’s and s j , have the Gamma density yi=le™YI(y > 0)/(j — D! for
each j and r. Then, g(|1Z1?, ..., |Zn|%) and g sty [10 Sn.r) have the
same distribution for any symmetric function g(t1, ..., ty).

Recall the beta function

_ T(@T(h)

= , 0, b>0. 1.19
Fatb) a > > ( )

1
B(a, b) =/ 271 =) las
0

The following lemma describes the structure of the eigenvalues of the product of
truncations of Haar-invariant unitary matrices. It has the same setting as Lemma 2
with “Gamma distribution” replaced by “Beta distribution.”

Lemma3 LetZy, ..., Z, have density asin (1.7). Let {s; ,, 1 < j <n, 1 <r <m]}
be independent r.v.’s and s j , have the Beta density myf—l(l—y)lr—ll(O <y<l
foreach j andr. Then, g(|Z11%, ..., 1Zu|*) and g([T'; S1.r» - - [ 11y Sn.r) have the
same distribution for any symmetric function g(t1, ..., ty).

Comments: In this paper we study the empirical distribution of the eigenvalues of
the product of m Ginibre ensembles as well as the product of truncations of m Haar-
invariant unitary matrices. Now we make some remarks and state certain problems for
future.

1. There are other type of studies on the product of random matrices in the literature.
The size of each matrix is assumed to be fixed, and conclusions are obtained by
letting the number of matrices go to infinity. Two typical interests of the product
matrices are their norms and entries; see, for example, Furstenberg and Kesten
[17] and Mukherjea [24].

2. In this paper we study two kinds of product matrices: the product of Ginibre
ensembles and that of truncated Haar unitary matrices. Notice the Ginibre ensem-
ble and truncated Haar unitary matrices are of the Haar-invariant property. We
believe that the same method (Theorem 1) can be used to derive the spectral lim-
its of the products of other independent Haar-invariant matrices. The key is the
explicit formula of ¢ (x) and the verification of “v, ~» v’ as stated in Theorem 1.

3. The universality of Theorem 2 is an interesting problem. Namely, replacing the
normal entries in the Ginibre ensemble with i.i.d. non-Gaussian random variables,
does Theorem 2 still hold? In fact, Bordenave [6], O’Rourke and Soshnikov [25]
and O’Rourke et al. [26] show that this is true for fixed m. We expect Theorem 2
to hold for non-Gaussian entries and arbitrary m which may depend on n.

4. There are three Haar-invariant matrices generating the Haar measure of the classi-
cal compact groups: Haar-invariant orthogonal, unitary and symplectic matrices;
see, for example, Jiang [19,20]. Similar to Theorem 3 one can work on the same
limiting problems for the orthogonal and symplectic matrices.

5. If we change the square matrices Xj in Theorem 2 to rectangular matrices and
keep the Gaussian entries of each matrix, thatis, Xjisn; xn;1 withn, 11 = ny,
it will be interesting to see the corresponding result. The limiting distribution will
have a rich feature as the ratio n;/n ;1 fluctuates for each ;.
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6. LetZy, ..., Z, be the eigenvalues of the product 1_[;"1=1 X;, where X1, ..., Xy, are
i.i.d. Ginibre ensembles. The spectral distribution of Zy, ..., Z, is well under-
stood through Theorem 2. The transitional phenomenon of the spectral radius
maxi<j<m |Zj| is obtained by Jiang and Qi [22]. It is classified by ¢ := lim %
with ¢ = 0, ¢ € (0, 00) and ¢ = o0o. The spectral radius of X™) in Theorem 3
with m = 1 is also investigated in the same paper. With the help of Lemma 3, the
spectral radius of X™ for arbitrary m can be done similarly.

The rest of the paper is organized as follows. In Sect. 2.1, we prove the results stated
in Sect. 1.3 that serve as technical tools to prove the main results. We then prove
Theorems 1-3 and all of the corollaries in Sects. 2.2-2.4.

2 Proofs

In this section we will prove the main results stated in the Introduction. We first prove
those in Sect. 1.3 since they serve as tools to derive the main limit theorems. Theorems
1-3 and all corollaries are proved one by one afterward.

2.1 Proofs of Propositions 1-3, Lemmas 2 and 3

Proof of Proposition I For 1 < j < n,let Z; = Rjeigf with R; > 0 and ©; €
[0, 277). The Jacobian is obviously equal to r; ... r,. Thus, the joint density function
of (Ry,..., Ry, ®1,...,0,)is given by

n

¢ I[ e —ne™?- ] (rjew). @D
1<j<k<n j=1
Set
1 1 1
riet? rpel? el
M, =
r;l—lei(n—l)él r;—lei(n—l)ez rrr:—lei(n—l)é)n

By the formula of the Vandermonde determinant, the first product in (2.1) is equal to
(det(M,,))2. 1t follows that

1_[ |r.,-e"91' — %2 =uU

1<j<k<n

where
n .
U = det(Mn) — Zsign((r) 1_[ r;)'(])_lel(ﬂ'(])*l)gj
o j=1

and o is a permutation running over all elements in the symmetric group S;,.
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Note that f 0.27) € 946 = 0 for any integer j # 0. Therefore, any two terms in the
sum are orthogonal to each other, that is, for any o # o’,

/ 1—[ @G-8 He—z(a (=1 dg, ... d6, = 0.
[0,27]"

Thus,
n .
/ UUdQ] . d@n = (27-[)” E l_[ r?(d(])*l)'
[0,27]" o il

By integrating out all §;’s in (2.1), we get that the probability density function of
(Ry, ..., Ry) isequal to

n
2(0(j)—1 2 1
C . (271’)"(}’1 . .rn) Z l_[ rj(ﬂ(]) )go(r]) — C . (27_[))‘1 Z l_[ O'(]) (p(}"
oeS, j=1 oeS, j=1
forr; > 0,...,r, > 0 and the density is 0, otherwise. It follows that

1=C(2n)”f 22D o) dry ... dry
e 2 17

G’ES]]

=CQ2n)" Z / 26(1) 1(p(i’j)drl ..odry,

oEeS, 0, oo)”

Foreach o € S, itis easy to see that the integral is equal to [ [} _, JoZ xHp(x) dx.
We then get the value of C.

Second, the first step says that the density function of (Z1, ..., Z,) is
I )= - 1 IT | ? H (7. @2
s Zn) = ooy Zj — Zk ' o(z;D). .
1<j<k<n =1
Now write
po(z1) po(z2) -+ po(zn)
1 pi(z1) piz2) - pi(za)

[l G-w=det| . :

1<j<k<n

(co...cn—1)1/? :
Pn—1(z1)  pn-1(z2) -+ pn—1(2n)

where p;(z) = zl/ﬁ forl =0,1,2.... Let A be the above matrix. Then,
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1
SE— lzi — zx|* = det(A*A)
Cco...Ch—1 1<]1:£<n J k
n—1
= (Z Pk(Zi)Pk(Zj)> = det((K (zi, 2j)nxn)- (2.3)
k=0 nxn

By the polar transformation, [ Z%p(z))dz = 27 I rHtlo(rydr = ¢ for
Jj = k, and the integral is equal to O for any nonnegative integers j #* k. Hence
{po(2), p1(z), p2(2), ...} are orthonormal with respect to the measure ¢(|z|) dz. By
using Exercise 4.1.1 from Hough et al. [15], we get the desired conclusion from (2.2)
and (2.3). O

To prove Proposition 2, we need some basic facts regarding point processes. Let
Z1, ..., Zy be random variables with symmetric density f(zi, ..., zy) with respect
to reference measure p on C. View them as a point process ZIN=1 8z,. Then, this
process has n-point correlation function

N!

on(Zl, .o 2n) = W —n

/ f@i, oo zn) w(dzpg ) .o p(dzy)
(Can

forl <n < N and py(z1,...,28) = N!f(z1,...,2n). Let fu(z1,...,2,) be the
joint density of Zy, ..., Z,. Then,

(N — n)!
fuzis e zn) = Tpn(21,...,zn) 2.4)

for 1 < n < N. This means that, for any measurable function h(z1, ..., z,) with
1 <n < N, we have

(N =n)!

Eh(Zy,...,Zy) M

/ h(@ -z en @z [z @25)

j=1

provided

[C hGz1s -zl pa(zis - 2a) [ (dz;) < oo

j=1

See further details from, for example, Johansson [23] and (1.2.9) from Hough et al.
[15]. Let Zy, ..., Z, be as in Proposition 1. Then,

n—1

|
ok (1, ..., zx) = det (K(zi, Zj))lfi’jfk where K (z, w) = Z a(zw)k. (2.6)
k=0

Evidently, K (z, w) = K (w, z) forall (z, w) € C?. Further, the product of the diagonal
entries of (K (z;, zj))1<i, j<k is equal to ]_[1;:l p1(z;).
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Proof of Proposition 2 For convenience we now switch the notation n to N. So we
need to prove

4

N
E| Y (h(Zj) —Eh(Z) | <KN? (2.7)
j=1
for all N > 1, where K is a constant not depending on N, ¢(z) or h(z).
Obviously, h(z) = h*(z) — h™(z) where h*(z) := max{h(z),0} and h~(2) :=
min{A(z), 0}. With the trivial bound (a + b)* < 8(a* + b*) for (a, b) € R?, to prove
the proposition, we can simply assume 0 < h(z) < 1 forall z € C.

Set e, = Eh(Z1). Then, ej € [0, 1]. Without loss of generality, we assume p is a
probability measure, i.e., £ (C) = 1. Review the identity that

(@ + - +ay)*

N
=Za?+62a?a?+2a?aj+12 Z aizajak + 24 Z aja;jagay
i=1

i<j i#j i#j#k i<j<k<l

where i, j, k, [ are all between 1 to N. Seta; = h(Z;) — e, 1 < j < N. Since h(z)
is a bounded function, it is easy to see that, to complete the proof of (2.7), it suffices
to show

AN(N — 1)(N = 2)E[(h(Z)) — e)*(h(Z2) — e)(h(Z3) — en)] < 6N (2.8)
and
4
N(N = 1)(N =2)(N =3)E | [[(h(Z)) —en) | <82N* + 18N (2.9)
j=1
for all N > 4. Define ur(z1,...,2t) = Hljc'zlpl(Zj) — pr(z1, ..., zx) for any

k > 1. By using the Hadamard inequality, o (z1, ..., 2x) < ]_[];:1 p1(z;), we know
up(z1, ..., zx) > 0. Then, using (2.4)

k

w2t ...z = [N [ AGH | =NV =1 .. (N —k+ D) fiGi.... 20
j=1

Since 1 — [5_;(1 —x;) < Y5_, x; forall x; € [0, 1], we obtain

k=) oy
2

k
/(Ck u (21, ...,Zk)j]:[lu(dz,-)zzvk —~N(N=1)...(N—=k+1)<
(2.10)

@ Springer



368 J Theor Probab (2019) 32:353-394

It follows from (2.4) that
2N(N — D(N — 2E[(h(Z}) — en)*(h(Z2) — en) (h(Z3) — ep)]

3
=2 [ (he) — e h(z2) = en)h(za) — enpaen. 2.2 [ | itz
C3

j=1

3
- 2/@3(}1(11) — en)(h(z2) — en) (h(z3) — en)p1(z1)p1(22)p1(23) l_[ n(dz;)

j=1

3
—2/ (h(z1) — en)*(h(z2) — en) (h(z3) — en)u3 (a1, 22, 23) | | (dz).
C3

j=1
Since p1(z1)p1(22)p1(22) = N2 fi(z1) f1(22) f1(z3) from (2.4), we have
3
2 [C (h(z1) = e (h(z2) = e)(h(z3) — en)pr (@1 (2)pr(z3) [ | idz)) = 0.
k jol
Thus, we get from (2.10) and the assumption /(z) € [0, 1] for all z € C that

PNV = DV = 2BL0(Z) = e)*(h(Z2) — en) (1(Z3) = en)]|

3
—2f (h(z1) = en)*(h(z2) — en) (h(z3) — en)u(z1, 22, 23) | | mldz;)
C3

j=1

3
< 2/(;3 u(z1, 22, 23) l_[ wu(dz;)

j=1
= 6N2,

proving (2.8). Now, we start to prove (2.9).
Define b, = E[ 1_[];:1 h(Z;)] for 1 < k < 4. Note that

4

[[a@zp —eny=ej—ep D nZd+ep > h(Zdh(Z))
j=1 1<i<4 I<i<j<4
—en Y hZIRZ)h(ZK) + h(ZDh(Z2)h(Z3)h(Za).
I<i<j<k<4

Taking expectations on both sides and noting that b; = e;, we have

4
E {]‘[(h(zj) — eh):| = 3¢} + 6erby — depbs + by. (2.11)
j=1
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It follows from (2.5) that for2 < k < 4

- .
N —k)!
by = %fck jl_llh(Zj) Pk(Z1y ey 2k) Hﬂ(dzj)

j=1

N_o [ | &
OB e | ez
. B [l

N — ! k k k
TG / l_[ G| [z = [T o) | [T widzp
j=1 j=1 j=1

N — k)!N¥ N —k)! k
:( ) ’; ( )/ Hh(zj Mk(Zl,...,Zk)l_[M(de).

]
N! il
We next evaluate the last integral for k = 2, 3, 4. Denote
k k
ock=/k l—[h(zj) uk(zl,...,zk)Hu(de). (2.12)
o j=1
Then, we have
(N —KINF (N —k)!
by = ¥ e, — N o (2.13)
for k = 2, 3, 4. Obviously, oy > 0 for 2 < k < 4 since ui(z1,...,zx) > 0 for all
(z1, ..., zx) € Ck.Inorder to prove (2.9), we need to study b», b3, bs in (2.11). Based

on (2.13), it suffices to work on a2, @3, oes. We will do so step by step in the following.
Estimate of ;. It follows from (2.10) that

0<ay <N. (2.14)
Meanwhile, by the determinantal formula (2.6), since that

02(z1,22) = K(z21,21)K (22, 22) — K (21, 22) K (22, 21)
= p1(z1)p1(22) — K (21, 22)I%,

we have
s = /@ hEDh)IK 1, 22)P(d)p(en), (2.15)
which will be used later.
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Estimate of a3. Set

3 3
B3 :=/C3 gh(Zj) K(z1, 2K (22, 23)K (z3,2) [ [ m(dzj).  (2.16)

j=1
In this step, we will show

max{as, |3]} < 3N2.

It is easily seen from (2.10) that a3 < 3N2. We now estimate f33. By (2.6) again,

u3(z1, 22, 23)
= p1(z1)p1(z2)p1(23) — p3(21, 22, 23)
= K(z1,21)K (22, 23) K (23, 22) + K (21, 23) K (22, 22) K (23, 21)
+ K (z1,220)K (22, 21)K (23, 23)
— K (z1,22)K (22, 23) K (23, 21) — K (21, 23) K (22, 21) K (23, 22)
= p1@DIK (22, 2) [ + p1 (@)K @1 23) P + p1(@3)| K (21, 2P (2.17)
— K(z1,22)K (22, 23) K (23, 21) — K (21, 23) K (22, 21) K (23, 22).

All three functions in (2.17) are nonnegative. For the first term in (2.17) we have from
(2.15) and then (2.4) that

3 3
/@z Hh(Zj) m(Zl)IK(Zz,Z3)|2HM(de)
- L=t

j=1

= [Ch(m)m(m)u(dm)/(Czh(zz)h(zz)lK(zz,zs)lzu(dzz)u(dzﬁ

=0l2/Ch(z1)p1(Z1)M(dZ1)

= Napey,.
The same is true for other two terms in (2.17). Trivially,
3 3
B3 = /(;3 Hh(Zj) K (z1,23)K (22, 21) K (23, 22) Hﬂ(dz,')-
j=1 j=1
Therefore, we obtain
3 3
o3 = /C [17G) | sz z2.23) [ [ etde)) = 3Nozen — 263, (2.18)
g

j=1
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which together with the facts «p < N and o3 < 3N 2 implies

o3 3Nowp
B3] < 5 +

< 3N2.

Estimate of a4. This step is a bit involved. The sketch of the proof is as follows. Since
p4(z1, 22, 23, 24) 18 the determinant of (K (ziy 2 j)) it can be written as the sum
of 24 terms:

1<i,j<4’

04(21, 22,23, 24) = Zsign(U)K(Zl, 2o(1)) K (22, 25(2) K (23, 25(3)) K (24, 2o (4)),
o

where 0 = (0(1),0(2),0(3),0(4)) runs over all 24 permutations of (1,2, 3, 4).
Excluding (1,2, 3, 4), all other 23 permutations can be classified into one of the
following 4 sets:

Dy ={(1,2,4,3),(1,4,3,2),(1,3,2,4),(4,2,3,1), 3,2, 1,4), (2, 1, 3, 9},
Dy ={(2,1,4,3),(3,4,1,2),(4,3,2, D},
D3 =1{4,1,2,3),(4,3,1,2),3,4,2,1),(3,1,4,2),(2,3,4,1), (2,4, 1, 3)}

and

Dy ={(1,4,2,3),(1,3,4,2),(4,2,1,3),(3,2,4, 1),
4,1,3,2),(2,4,3,1),(3,1,2,4), (2,3, 1, 4)}.

Define

Ti(z1, 22, 23, 24) = Z K(z1, 25(1)) K (22, 26 (2)) K (23, 20 (3)) K (24, Zo4))
oeDy

fork =1,2,3,4. Then

pa(z1, 22,23, 24) = K(z1,21)K (22, 22) K (23, 23) K (24, 24)

4
+ D (D21 22, 23, 24).
k=1

This implies

4

ua(zr, 22,23, 24) = )_ (=D iz, 22, 23, 24). (2.19)
k=1

Within each class Dy, all K (21, 2o(1)) K (22, 20 (2)) K (23, 203)) K (24, Z5(4)) contribute
equally to the integral ftc4 []T}zl h(zj)] Ti(z1, 22, 23, 24) ]_[‘;Zl n(dz;). We have
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/C l—[h(zj) T1(z1, 22, 23 Z4)HM(dZJ)

j=1
4
:6[C4 ]‘[h(z,-) K1, 2K (2, 2K (3, 20K (24, 23) [ | 1d2))
SR I

4 | 4
= 6[C4 l_[ h(z;) | p1(z1)p1(z22)K (23, 24) K (24, 23) l_[ 1(dz;)
j=1

J=1

= 6N26ha2

by using (2.15) and the definition that e, = Eh(Z;). For T,, we have

/C l—[h(Z/) T2 (z1, 22, 23, Z4)1_[M(dz,)

j=1
4 4

_ 3/«:4 [1hGh) | K@K o 2K @3, 20K (2, 20) [ ez

Jj=1 j=1

= 3[@h(Zl)h(ZZ)|K(Zl,Zz)lzu(dzl)ﬂ(dzz)

X /(Czh(Zs)h(Z4)|K(Z3,Z4)I2M(dZ3)M(dZ4)

= 3a§
<3N?

by (2.14). Noting that ]_[j»=1 wn(dz;) is a probability measure, we have from the
Cauchy-Schwarz inequality and the fact 0 < h(z) < 1 for all z € C that

/(C l—[h(z,) 13(z1, 22, 23, Z4)1_[M(dz,)

=1 j=1

4 4
/ H hz)) | K@i, 20K (2, 20K (23, 22)K (24, 23) | [ 1(dz)
e i

4 172

4
/ [1rG) | 1K @1 20K (23, 2P [ ] m(dz))
j=1 j=I1
12

4 4
l_[h(zj) IK(Z1,Z4)K(Z3,Z2)I2n,u(dz,-)
j=1

j=1
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4 4
26[@ l_[h(Zj) IK(Z1,Z4)|2|K(Z3,Z2)|2H/L(dzj)
j=1

j=1
2
—6 [ /C hEDRGHIK G, Z4)|2M(dZ1)M(dZ4)i|

= 603
< 6N?

by (2.15) and (2.14).
We next estimate the term on 74. In fact,

4 4
/@ Hh(z;) Ty(z1, 22, 23, 24) HM(de)
j= j=1
- 8/
c4
c4

4 4
= 8Ney /C2 l_[ h(z;) | K(z2,24) K (23, 22) K (24, 23) l_[ wu(dz;)
A

J=2

4
h(z;) K(z17z1)K(zz,z4)K(z3,zz)K(z4,z3)]_[M(dz,')

1
4
| Jj=1 ] =1
4
j=1

4
h(z)) | p1(zDK (22, 20K (23, 22)K (24, 23) | [ (dz)
j=1

= 8Ney s,

by (2.16).
Now multiplying H?:l h(z;) on both sides of (2.19) and integrating with respect

to the measure ]T;zl w(dz ) we obtain from (2.12) that

ay = 6N?etay — 8Nepfs + dos, (2.20)

where |dr3| < 9N2. From (2.13), (2.18) and (2.20) we see that

by — Ne%l B o, )
N—1 NN—-1)
b — N26,2 3Nepar — 283 )
STINSDIN=2) NIN—DH(N =2)
by N3€2 B 6N2e}2£a2 — 8Nepf3 + dxs

TIN-DIN—-2)(N—-3) NN -—DN —2)(N-3)
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Then, it follows from (2.11) that

4
[Tz —en
j=1

= —3e} + 6erby — 4epby + by

__(_34_ 6N 4N? N N3 ) 4
= N1 (N—-DWN-2)  (N—DWN—-2(N—23 )%

12N 6N? 5
+GNW—U+NW—DW—®_NW—DW—%W—ﬁ)%n

( 8 8N >
NSO =2 T NNV DIN (v —3) ) P

_ do3
N(N — 1)(N —2)(N —3)
(3N + 18)e} (6N +36)erar
TIN—DIN—-2)(N-3) NN —-D(N —2)(N—3)
24ep, 83 _ d3
N(N —1)(N=2)(N—=3) N(N —1)(N —2)(N —3)
90N? + 54N

SNN-DIN—2(N -3

for N > 4bythefacts ) <e;, <1,0<ay <N, |83 < 3N? and |das| < 9N2. This
proves (2.9). The proof is then completed. O

Proof of Proposition 3 We will only need to prove (ii). In fact, conclusion (i) follows
from (ii) since h(z) = h(|z|e'?) with z = |z]e!?. By Proposition 1 and (2.4), the
density function fi(z1) of Z; is given by

n—1 2k
fi@e(zh = K Dpleh = = Y w
k=0

Write z = x +yi = re'? withr > 0and 6 € [0, 277). Then, (x, y) = (r cos 6, r sin ).
The Jacobian for the transformation is known to be r. By (1.16), (1.17) and Proposition
1, this implies that the joint density function of |Z;| and ® is given by

I"IW“MH_I

= —P
o . n (1)

frho) =r _ZV ‘P(V)

=0
forr > 0and@ € [0, 2r). Therefore, | Z1| and ®; are independent, the density function

of |Z1] is P,(r), and ®1 is uniformly distributed over [0, 277). The conclusion (1.18)
follows immediately. O
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Proof of Lemma 2 Let Y,;, 1 < j < n, be independent random variables such that
Y,; has a density function proportional to yzj L, (y) for each j, where wy,(+) is as
in (1.5). Then, it follows from Lemma 1 that g(|Z1 |, ..., |Z,|*) and g(Y?, ..., Y2)
are identically distributed. In the proof of their Lemma 2.4, Jiang and Qi [22] show
that Y2, has the same distribution as that of [ [/, s; » foreach 1 < j < n. This yields

the desired conclusion. 0

Proof of Lemma 3 Define ,o(l)(s) = (1—s)"11(0 <5 < 1) forl > 1. Then, we have
wgl)(s) = (I/m)p?(s?). Set plll)(s) = p(s) and define ,o(l1 """ l"’)(s) recursively
by

1y Ln— S du
P (s) = / P @), ()= (221)
0
for m > 2 and positive integers 1, ..., [,. Evidently, the support of p(l] 1”’)(s) is
[0, 1]. By induction, it is easy to Verlfy from (1.8) that
wp! ) (s) = —(Hz Dol (s?) (2.22)

for m > 1. Define
1
95[[11 ..... lm)(l) — / t— lp(l| ..... [m)(S)dS, t > 0.
0

Obviously, 9](11)(t) = B(t, 7). Now, for any m > 1, we have from (2.21) that
Hood1), S duds
9(l1 ,,,,, m)(t)_/ / —1 (lm)( ) (1 1)( ) -

_ =1 5l -1 (ll ..... In—1) du
—/0 (u)(/() ()d>u
1 1/u
:/ utilp(lm)(u) (/ y pr(ril - l)(y)dy>
0 0

1,

Keeping in mind that the support of p, lm)(s) is [0, 1], the above is identical to

1 1
_ / L —
fo u' ' pm) (u) (/0 =1 pUn ')(y)dy> du

1
= e,jfg'l"’l'"*”(z)/o T N

=0, (OB, ).
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We thus conclude from the recursive formula that for any m > 1,

1 m
AR lm)(t):/ s p ) (syds = [ | B, 1,). (2.23)
0

r=1

G for 1 < j < .

m) (y) from (2.22), thatis, for some ¢; >

Let g (y) be a density function proportional to yi~lw

Thus, g () is also proportional to yi=1 ,o,%l """

Il
0,4, =¢; 'y oy
function on 1s q;(y).Sinceq;(y)isadensity, thenc; = fol yj_l,o,(,f1 """ l’")(y)dy =

it iy — nr=1 B(j, I,) from (2.23), and hence

m) (). Let Yy, j be a random variable such that the density

j [yl
Y o ()

- , 0<y<l.
l_[rzl B(j, ly)

qj(y) =

Denote by M () the moment generating function of log Y2 . Then,

1
Mj(t)zE(etlogY"f) —/ ¥'qj(ydy
0
ey )y
T2 BG. 1)
B 1_[ B(j +1t.1)
B(j, 1)

(2.24)

for t > —j, which is the same as []'_, E exp{rlogs; }, where {s;,, 1 < j <
n, 1 < r < m} are independent random variables and s;, has the Beta density
B(]l)y J=11 = y)=11(0 < y < 1) for each j and r. Then, Y2 and [['_, s, have
the same distribution. This and Lemma 1 lead to the desired conclusmn O

2.2 Proof of Theorem 1

Proof of Theorem 1 Write Z; = Rjei®-/ with ®; € [0,27) for 1 < j < n. We
need to show that for any continuous function u (6, r) with 0 < u(0,r) < 1 for all
6 e€[0,27)andr >0,

n oo p2m
l Zu(@k, h,(Ry)) — i/ / u(0,r)ydév(dr) a.s. (2.25)
n =1 2 0 0

as n — oo. Obviously, (O, Ry) for 1 < k < n have the same distribution. First, by
the Markov inequality and Proposition 2,
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1
P [= D u(Or, ha(Ri) — Eu(®y, hy(R))| > &
n k=1

E[Y 0, (O, hy(R)) — Eu(®y, hy (RN
n4e4

C

nZg4

IA

for every ¢ > 0, where C > 0 is a constant not depending on n or €. This implies that

28)<oo.

We conclude from the Borel-Cantelli lemma that, with probability one,

n

X 1
Z P (‘; Z (O, u(hy(Ry)) — Bu(O1, hy(Ry)))
k=1

n=1

1 n
- Z (u(Ok, hn(Rk)) — Eu(©1, hy(R1))) — 0 (2.26)
k=1

asn — oo.
Note that G(r) = % f()z” u(f, r)dé is bounded and continuous in r € [0, c0).
Since v, converges weakly to v with probability one, we have

1 ¢ o
=Y Glha(Yp)) — / G(ryv(dr)
n 0
k=1
with probability one. This implies

E — 0

1 & o0
- ZG(hn(Yk)) —/ G(ryv(dr)
n k=1 0

via the bounded convergence theorem. Hence,

| o

—EY_ G(hy(Yp)) — / G(ryv(dr) — 0,

- 0
which together with Proposition 3 yields

00 1 n 00

Eu(®©1, hy(R1)) = / G (hp(r)) Pu(r)dr = ;EZG(hn(Yk)) - / G(r)v(dr).

0 = 0

This and (2.26) imply (2.25). The proof is then completed.
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Now we prove the conclusion for (u, v, u*, v*). It suffices to show that, for any
continuous f(z) with0 < f(z) < 1 forevery z € C,

n

2

with probability one. _
Define g(0, r) = f(re'®)and h,(r) = r/a,. By Theorem 1, (2.25) holds. It follows
that, with probability one,

Zk) 1 00 2 i .
Zey 1 / / F(re®)dov*(dr) (2.27)
a 21 Jo 0

n

n n

1 Zi 1

- f<—> = — > g(O, hy(Ry))

n ](2:; ay n kX:;
1 oo p2m

— —f / g0, r)dov*(dr)
21 0 0

00 2
_ L f / fret®dov*(dr),
2 Jo Jo

completing the proof of (2.27). O

2.3 Proof of Theorem 2

We first need a technical lemma as follows.

Lemma 4 Suppose {h,(x); n > 1} are measurable functions defined on [0, 00) and
vy, are defined as in (1.3). Let Y1, ..., Y, be as in Lemma 1 and v be a probability
measure on R. Then v,, ~» v if and only if

n—ooqn 4

lim 1 ZP(h,,(Yj) <r)=G(r)
j=1

for every continuous point r of G(r), where G(r) := v((—o0o,r]), r € R.

Proof Let Cg denote the set of all continuity points of G. Note that v, converges
weakly to v with probability one if and only if v,((—oo, r]) — v((—o0, r]) with
probability one for any r € Cg, thatis, forall r € Cg

%anl(hn(yj) =r)—>G() (2.28)
j=I
with probability one. Since Y1, ..., ¥}, are independent random variables,
12
v((=00, 7 = =3 1 (n(Y)) < 1),

j=1
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which is the average of n independent bounded random variables. By calculating the
fourth moment, applying the Chebyshev inequality and then the Borel-Cantelli lemma
we can show that for any r € R,

1 1
=D ())<=~ Pha(Y)) < 1)
j=1 j=1

1 n
= Y 1Y) <7) = Pha(¥)) <1)] > 0
j=1

with probability one. This and (2.28) imply the desired conclusion. O
Proof of Theorem 2 Let h,(y) = y*™ /n, y > 0. By applying Theorem 1 and
Lemma 4 it suffices to show that

1 ¢ 2/m

=~ PUZPI™n<y) =y, ye©D)

j=1

which is equivalent to

n my 1/my

1 1

- E P - Hsj*r <y|l—y ye(©1) (2.29)
j=1 r=1

by Lemma 2, where s, ,’s are as in Lemma 2. Define n(x) = x — 1 —log x for x > 0.
Since n(x) = [ lx Ss;lds, it is easy to verify that

(x —1)2

0< < —"") 0. 2.30
=i =S Ee D ¢ (2.30)

Set W; =[], sj - for 1 < j < n.Then,

mp
logW; = Zlog Sjr

r=1
for each j. By using the expression logx = x — 1 — n(x) we can rewrite log W; as

my
§:
logW; = Zlog% + my log j

r=I1

lm,, mpy 5
= ;Z<Sj,r—j)+mnlogj—2n( ’J)

r=1 r=1
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Write T; = Z:”:”l sjr foreach 1 < j < n. Then, T} is the sum of jm, i.i.d. random
variables with the exponential distribution of mean 1. Hence, E(T;) = jm, and
Var(T;) = jm, for 1 < j < n. From the above equations we have

1 el S
longz7(Tj—jmn)+mnlogj—2n< fj) (2.31)

r=I1

Since s has the Gamma density yiI=le=YI(y > 0)/(j — 1)!, the moment generating
functions of log s , is

my) = e e = o5 [y = L
for t > —j. Therefore,
E(logs,r)— = F((’)) = (). (2.32)

The function ¥ is the so-called Digamma function in the literature. By Formulas 6.3.18
from Abramowitz and Stegun [1],

1 1
v(x)=logx — —+0|— | asx— +oo. (2.33)
2x x2
Because E(log W;) = Zm” Elog(sj,,) = muy¥(j), we see that
mpy §
> En (’7> = my(log j — ¥ (j)). (2.34)
r=1

Now we fix y € (0, 1). Write S; = ", n(“’%)- It follows from (2.31) that

n my 1/my
e (3 (M) =
- - J.r =
njzl n

r=1

n
1 Z P (log W; < mylog(ny))

1
- Z P (1 (T; — jmy) +mylogj—S; <my log(ny))

1 1 ny j
-M'p T — jmy) </ jmplog(=) + [=S;]. (235
n ( ]mn( = jmy) </ jmy g(]) m, Jj ( )
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For any fixed small number ¢ € (0, 1/2) such that y(1 + ¢) < 1, define integers
= [ny(1 +¢&)]+ 1 and j, = [ny/(1 4 ¢)], where [x] denotes the integer part of
x. Obviously we have

ny

Doonte ifj<j (2.36)
J

and
ny e st
— < fj>jir. 2.37
T if j > j, (2.37)

Since 7 is the sum of jm,, i.i.d. random variables with both mean and variance equal
to 1. Then, Var(ﬁ(Tj — jmy)) = 1. From (2.36) and the Chebyshev inequality,

1

L
_Z (J_ (T; —]m,,)>\/17nlog< )) S;;m

<logn>
-0 S0 (238)

nm,

as n — oo. This implies

i
B 1 ny y
lim =Y " P ——==(T; — jma) < jmylog| =) | = :

e~ (W( ) = ””""g(j)) I+e

Note that §; > 0 from (2.30). We obtain by (2.35)

1 n my '
] 1 — . /mn
liminf 2P ((Hw /sy

j=1 r=1

1
= i ZP (0= imo = Vi (1))
Y
= . 2.39
I+e¢ (239

From (2.37) we have

—ZP( =(T —Jmn)<Flog<—)+f )

< - Z |: < ]mn) < Flog(l +8)

] ]n
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Jj m m
+‘/m—nSj,Sj = 7"10g(1 +8)> +P <Sj > 7"10g(1 +e)):|

1 & 1 1
< - P\ —(T;, — jm,) < —=+/jm, log(1 +¢
_nj_zj+ (\/]7"(1 Jmy) < ) Jmy log( ))

1 & my

— P(S; —1 1 .

+- Z (8j > =~ log(1 +#))
J=Jn

By the same argument as in (2.38), the first sum above goes to zero. Further, by the
Markov inequality, (2.34) and then (2.33), the last sum is controlled by

1 Z _EGS) 1 Z ma(log j = (1))
-+ log(1 +¢) -+ log(1+¢)

] ]n

o(- )Z——>0

Jj= ]n

as n — oo since Z } = O(1). These and (2.35) imply

lim sup — ZP<(HS l/m”/nf}’)

n—oo
./l‘l
= lim sup — Z P ( (T — jmy) </ jm log(—) + )
n—oo N
-+
< lim sup— =yl +e).
n—oo

By taking ¢ | O to the above and (2.39) we get (2.29). The proof is completed. O

2.4 Proof of Theorem 3

Let {s;j,, 1 < j < n,1 <r < m} be independent random variables and s;, ~
Beta(j, /), that is, s;,, has the Beta density myf’l(l — 10 <y <1)for
each j and r. Define

m
=[[sjr 1=j=n (2.40)

Let [x] denote the integer part of x and «2 0" indicate that “converges to zero in
probability.”
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We start with an auxiliary result before proving Theorem 3.

Lemma$ Let G;(x) = P(Ynz‘j <x)forx €[0,1]land 1 < j < n. Then,
Gi(x) 2 Ga(x) = ... = Gu(x), x €0, 1]. (2.41)
Further, assume the conditions in Theorem 3 hold. If (1.10) or (1.11) is true, then

1 Y2
— log % —log F(x) %0, xe(0,1), (2.42)

Vn n

as n — 0o, where b,, and y, are as in Theorem 3.

Note that the two assertions in the above lemma are not directly connected. We put
them together simply because they are all about the Y, ;’s.

Proof We first prove (2.41). Let X; and Y; be independent positive random variables
fori = 1,2. If P(X; < x) > P(Xp < x)and P(Y; < x) > P(Y < x) for all
x > 0, then one can easily show that P(X1Y] < x) > P(X,Y> < x) forall x > 0.
Combining this fact and (2.40), it suffices to show that foreach1 <r <mandx > 0,
P(sj, < x) is non-increasing in j, where s, , is as in (2.40).

Let V;, j > 1bei.i.d. random variables uniformly distributed over (0, 1). For each
n>11let V., <V, <-...-<YV,., denote the order statistics of Vi, ..., V,. Itis
well known that V., has aBeta (j, n — j + 1) distribution, see e.g., Balakrishnan and
Cohen [5].

It is easy to see that Vi,, < Vayq1 < -+ < Vjypj—1 for any positive integers n
and j, which implies P(Vj.,4j—1 < x) is non-increasing in j for any positive integer
nand x € (0, 1). Since Beta(j, /;) and V., 4 j_1 have the same distribution, we have,
for each r and x € (0, 1), P(Beta(j, [;) < x) is non-increasing in j. This concludes
2.41).

Now we prove (2.42). Under condition lim;,—  F,(x) = F(x) for x € [0, 1]
together with (1.10) or (1.11), we first claim that

m

1 I,
—> == 0(1) (2.43)

= nx +1;

asn — oo for any x € (0, 1). First, from (2.30) we have for any § € (0, 1)

146
—%(l—t)flogtf—(l—t) for§ <t <1. (2.44)
m nyx 1y .
Recall that F,(x) = (]_[r=1 nxr+l,) for 0 < x < 1. By assumption

1imy— 00 Fy(x) = F(x) for x € [0, 1],

1 & nyx
— lo = 0().
Vn ; ¢ nx + Iy
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Since x < nﬁfl, < lforany 1 <r < m, combining (2.44) and the above equation

we have that forany 0 < x < 1,

1 &1, Ld-x) 1 " nyx

— = 1- = 0(),
nx+l ynZ< nx+lr) M

=1 r=1
which implies (2.43) since | — x > 0.
Note that
. y
Wir =E(sj) = ——, o2, = Var(s;,) = L (2.45)

J+ir GHI*G+E+1D

Recall (2.40). From (1.19) and (2.24) we can rewrite the moment generating function
of log Ynz’ jas

o _TT(LG+D TG+
M-’(”_,Ul( 0 r(j+r+zr>>'

Hence, we obtain

2 d
EdogY; ) = < M;(®)

=0 = [M Qb (IOgM (t))}

t=0
_ i (F’(j) MG+ h))
Z\TG) TG+ )
that is,
E(log¥y ) =Y (W () =¥ +1)), (2.46)
r=1

where 1 (x) = I'’(x)/ '(x) is the Digamma function as mentioned in (2.32). Recall
n(x) =x — 1 —logx for x > 0, which is defined right before (2.30). Then,

ogY IOgM = log LT — 3 ) - 3 n Iy
1 ] B S; s- s‘
r=1

— Kjr T \HKjir Kjr
(2.47)
From now on, for each x € (0, 1), we take j = [nx]. We will show
_Z( Sy Lo (2.48)

nrler
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and

- Z (2br (2.49)

VYn 1 M/r

r=

To prove (2.48), it suffices to show that the variance of the left-hand side in (2.48)
converges to zero. In fact, we have from (2.45) and (2.43)

1 m S 1 m o*
Var (5352 1)) =
Vn Mijr 4 . lu“j,r

r=1

IA
=
~ ~
&MS i
2
S
=
=
_|_

+

t

N—

asn — oo by the assumption Vo > 1.
Since —- Zr (G i =) = 0, to show (2.49), it suffices to verify that EZ, 1

n(M’—jr) — 0 as n — o00. To this end, we have from (2.47), (2.45) and (2.46) that
Jsr

[Zn( )] = (Zlogu,-,r> —Elog(¥; )
Kej.r r=I1

r=1

I
NE

(WG +1) —log(j + 1) = (¥(j) —log )]

J+r 1
/ (W' (1) — —)dr.
j t

1

\
I

I
M=

1

\
I

By formula 6.4.12 from Abramowitz and Stegun [1]

v = + 0(t3)

2t2
as t — +o0. This and the fact j = [nx] lead to
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R S 1+ 0(1) Jtr
Tey, () = / L
Yn " < j ) Z 212

r=1 Hj.r
_ 1+o(1)
B Z J +l FETR

r=1

ot T
Vn = 2](] +1)

m

1.1 I
= 0(~)—
(n)yn;nx—i—lr

— 0

by (2.43).
From (2.47)—(2.49) we have forany 0 < x < 1

1 -z P
— <log Ynz’[nx] — Zlog u[nx],r) — 0.
r=1

Vn

Under (1.10) or (1.11), the limit F(x) is continuous and positive in (0, 1). Therefore,
the convergence lim,,_, o, F,,(x) = F(x) is uniform for any interval [§1, §2] C (0, 1).
It follows that lim,,_, o Fj, (M) = F(x) for any x € (0, 1). Further, notice that

by = gn(1) and >, log ifnx],r = log g,,(['if]) by (2.45). Then, we have from (1.9)
that

2 m
1 1
~ log Il n T, [nx] —log F'(x) = (log mlnx] — E IOgM[nx],r>
Vn bn Yn
[nx}
1
+ — log $0Co) — log F(x)
Yn gn(1)
1 m
= logY, [,,x] ZIOgN[nx],r
Vn r=1

+ log F;, (@> — log F(x)
n

converges in probability to zero for any x € (0, 1). This completes the proof of (2.42).
(]

Proof of Theorem 3 Easily, part (c) is a corollary of (a) and (b). So we only need to
prove (a) and (b). '

Notice, with the transform Z = Re'®, that the density of Z is 27rl\z| f*(|z|) for
0 < |z| < lisequivalent to that the density of (®, R) is %f* (r) for6 € [0, 27) and
O<r<l.
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Let {sj,, 1 < j <n,1 <r < m} be independent random variables and s, , have
the Beta density myj_l(l — =110 < y < 1) for each j and r. By Lemma 3,
for ease of notation we assume, without loss of generality, that

m
Zi?=]]sjr 1=j<n (2.50)
r=1

If condition (1.10) holds, since F;,(0) = 0, F,,(1) = 1 and lim,,_, o, F;;(x) = F(x)
for x € (0, 1), we assume without loss of generality that lim,,_, o F,,(x) = F(x) for
x €[0,1], F(0) =0, F(1) = 1, and F(x) is continuous and strictly increasing over
[0, 1]. Hence, F*(y) := F -1 (y) is a continuous and strictly increasing distribution
function on [0, 1] with F*(0) = 0 and F*(1) = 1. Define F*(y) = 1 fory > 1.
Further, Unif{|z| = 1} is identical to the product measure of Unif[0, 277) and 1. The
distribution function of §; is the indicator function /j1 o0 (y). Let Y1, ..., Y, be as in
Lemma 1 with ¢ = w,(,l,' """ In) defined in (1.7). According to Theorem 1 and Lemma 4,
to prove (a) and (b), it suffices to verify that

1/vn
. v
A 2P (; =y
j=

) for all y > 0if (1.10) holds; 2.51)
N Inooy(y) forally € (0,1)U (1, 00) if (1.11) holds.

By Lemma 1,

n Y2 1/yn n Z'z 1/yn
() =)=2e((5) =)
=1 n =1 n

for any y € R. Since |Z; |> € [0, 1] is continuous for each j, it suffices to show

Ll 1|z
nhlréoZZP(_log by

= \m

|2

< log y) = the right hand side of (2.51). (2.52)

From (2.41) and (2.50),

1 Z?
P (— log | b]| < log y> is non-increasing in j € {1, ..., n}. (2.53)
yﬂ n

This property and Eq. (2.42) play a central role in the following estimation.
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Proof of (2.52) if (1.11) holds.
Fix y € (0, 1). For any 6 € (0, 1), we have

1 2
lim sup — Z ( Q < log y)
n

n—oo N

1 [né] 1 |Zj|2 n 1 |Z/|2
= lim sup — ZP(—logb—flogy>+ Z P(—logb'—flogy>
Vi n n

n
L [ " j=lnsl+1 NP7

8 1 Zins)?
< lim sup [nd] + lim sup P (— log |[b”76]| < log y)
Vn

n—00 n n—o00 n

:8,

by the fact = log “ 2 0asn — ooforall x € (0, 1) from (2.42) and (1.11). This
implies

1 <& 1 |Z:|?
lim -y P / =0 2.54
n;n;onghbn-) @39

Yn

fory € (0,1).If y > 1, then logy > 0. By (2.53),

1Z;1?
1>11nni10r(1)fnZP<—l g— <logy

Yn
[nt] )
1 1 Z;
Zliminf—ZP( 0 12,1 < )
n—oo n 4 Vn bn
j=l1
1 Zin)?
> lim inf Intlp (—logﬂ < logy> =
n—>o00  n Vn by

asn — ooforall € (0, 1). Letting T 1 1, and combining with (2.54), we get (2.52).
Proof of (2.52) if (1.10) holds. We will differentiate two cases: y € (0, 1) and y > 1.
Case 1: y € (0,1). Set F*(y) = F’l(y) for y € (0,1). Let§ € (0, 1) be a number
suchthat0 <y —8 < y+38 < 1. Then, 0 < F*(y —§8) < F*(y +48) < 1, and
F(F*(y —§8)) <y < F(F*(y + §)). By letting x = F*(y + §), we have

1 2
lim sup — Z ( l < log y)
n

n—oo N

[nx] 2 n 2
. 1 1 |Z ;] 1 1 |Z;]
= lim sup ;E P(—logﬁflogy>+; E P(—logb'—’glogy)

n—00 = VYn i=lnx]+1 Vn n

1 Zina?
< lim sup Inxl 4+ lim sup P (— log |[bL]| < logy)
Vn

n—o00 n n—00 n
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1 Zinx? F
:x—HimsupP(—logM—logF(x)f—log (x))
Vn b y

n—o0 n

= F*(y + ) (2.55)

by (2.42) and the fact log(F (x)/y) > 0. Similarly, setting x = F*(y — §), we get

l & 1 1Zi?
liminf—ZP(—log ! §logy)
n—00 nj:l Vi b

1l 1z

>1 f Pl —1lo <1
ity 20 (5 e 5 = o)

> liminf @P (— log M < 10gy>
Y b

n—oo n n

1 Zinn?
= x - liminf P —logﬂ—logF(x)glog Y
n—00 Vn by F(x)
|:1 li P(l 1 | Zin? —log F(x) > 1 >i|
=x-|1—limsu —log——— —log F(x) > lo
N 7 S F
= F*(y —9) (2.56)

by (2.42) and the assertion log(y/F(x)) > 0. Finally, by letting § | 0 in (2.55) and
(2.56), we show (2.52) holds under the condition (1.10) and y € (0, 1).
Case 2: y > 1. Observe

1z )
Z P > — P <lo
2 (o 5 2ow) 2 2 (s v
j_
for all y; € (0, 1). By the proved conclusion, it is seen that
L1z
liminf — > F*(y1).
i 3 (e G <o) = o

j=1

Then (2.52) follows by taking y; 1 1 and by the fact F*(1) = 1. The proof is complete.
O

Now we present the proofs of the corollaries.
Proof of Corollary 1 Since nj =1; + n, take y,, = 2 for alln > 1 to have
1/2

m
n;jx
F,,(x): Hm . 0§x§1
j=1
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By assumption, lim,,_, oo % =a; €[0,1]for I < j < m, we have

1/2

im B, = [T a = F(x), 0O<x<1. (257
nl)nc}o n(x) = jlj[lm = F(x), <x =1L (2.57)

(H)Ifoay =+ =a, = 1,then F(x) = 1 for 0 < x < 1. That is, condition (1.11)
holds. The conclusion follows from (c¢) of Theorem 3.

(2), 3) If aj < 1 for some 1 < j < m, then F(x) in (2.57) is continuous and
strictly increasing in (0, 1]. Also, lim, o F'(x) = 0. The statement (3) then follows
from (a) of Theorem 3. In particular, when ¢y = -+ = o, = « € [0, 1), then

m/2
F(x) = (m) for 0 < x < 1. Itis trivial to check that

2(1 —a) x@/m-l
(1 — ax?/my2”

(1 — a)x2/m
1 —ax2/m

d
F'(x) = and aFfl(x) =

We get (2). O

Proof of Corollary 2 Take y, = m. We will show that lim,,_, », Fj,(x) = F(x) with

1
F(x) =xexp (—/ log(1 —g(t)(1 — x))dt) , 0<x <1, (2.58)
0

andlimy o F'(x) = 0. Obviously, /(1) = 1. This says that condition (1.10) is satisfied.
We first prove (2.58). Since

log Fy(x) = %Z |:10gx ~log (1 _ 3(1 —x))]
: J

Jj=l1

1 & n
=1 - — 1 1——(1 - ,
0ogx mZog( nj( x))

j=1

we have that
1 & n
|log F,(x) — log F(x)| = — > log (1 - (- x))
1
- f log(1 — g(1)(1 — x))dr
0
" n
> [log(l - —(1-x)
j=1 i

()

IA
S
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o toe (10 () 0 =)
m — m
1
~ f log(1 — g(1)(1 — x))dt
0
= () + L)

for 0 < x < 1. Since for each fixed x € (0, 1], %log(l —t(1 —x)) = % for
O0<t<l1l,wehavel —x < %log(l —1t(1 —x)) < lx;x By using the mean value

theorem and (1.12), we have
RO
nj m

as n — oo. For fixed x € (0, 1], since log(1 — #(1 — x)) is a bounded and continuous
function in ¢ € [0, 1] and thus log(1 — ¢(#)(1 — x)) is also a bounded and continuous
functionin ¢ € [0, 1], we have I5(x) — 0 asn — oo by the definition of the Riemann
integral. Therefore, we have proved that lim,_, o F;,(x) = F(x) for x € (0, 1].

Choose any 79 € (0, 1) such that g(t9) < 1. From continuity, there exists € > 0
satisfying0 < fp—€ < f9+€ < landsup,_, - q(¢) < 1—e.Easily, <1
for all x € (0, 1). It follows that

’()<1_x1i
X -
! - X

m
J=1

X
1—q()(1—x)

1
log F(x) = logx —/ log(1 — g(¢)(1 — x))dt
0

1 X
= / log ————dr
0 I —q@®)d—x)

to+e€ x
< / log ————dr
to—e I—q@®0—x)

2ex
I—(1—-e)(1—x)
— —00

< log

as x | 0, yielding that lim, o F'(x) = 0. Thus, (1.10) is verified.
Now,

f@) =F'(0) = lF(x) - F(x)/l _an
- - q)(1 —x)
= F(x )/ 1 =q@®)
T—q((1—x)
Further,
1
1
) = —F x) = m, 0<x<l1.
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By (a) of Theorem 3, i, ~» u, where u has density %f*(r) for (6,r) € [0,27) x
[0, 1). O

Proof of Corollary 3 Fix 0 < x < 1. Then,

log Fy (x) = — - Zlog[l <1+i(x—1)>] (2.59)
Vn = X n;

Write

1 n 1—x n
—14+—&x-1)=1+ 1——).
X nj X I’lj

By the assumption lim,—, oo maxi<j<p |5~ — 1| = 0, we know the logarithm on the
- J

n
nj

right side of (2.59) is equal to lx;x (1 —
Use the identity that n; = [; + n to see

) (14 o(1)) uniformly forall 1 < j < m.

-1 W
log Fy(x) = ——(1+0(1) Y -
J/nx j=1 n]
x—1 1 1 &
= (14 o(1)) vl ;le, 0<x<lI, (2.60)

j=1

as n — oo by the assumption lim, , o Max;<;<p |% — 1| = 0 again. We now show
- J
(a), (b) and (c) according to the assumption that lim,,—, 5 % Z’;’Ll l; =B €0, 0]

(a) Assume B = 0. Choose y,, = 2. Then, F(x) = 1 for 0 < x < 1. The conclusion
follows from the second part of (c) from Theorem 3.
(b) Assume B € (0, 00). Choose y,, = 2. Then, F(x) = exp(ng_l) for0 <x <1

and lim, o F (x) = 0. Trivially, F~'(x) = (1 ~2log x)

1
forO < x <1 and

iF_l(x)z 2P

P 0<x<l
dx B —2logx)? =

So the density of u according to (a) of Theorem 3 is

B

F6.1) = 7r(B —2logr)?

for (0, r) € [0,2m) x [0, 1). By the polar transformation z = re'?, it is easy to
see that the density of u is given by

B

M= R~ 2leg 21

lz] < 1.
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(c) Assume B = oo. Take y,, = % ZT:I [j. Then, by (2.60), F(x) = exp{XT’l} for
0 <x < landlim, o F(x) = 0. This is the same as the case that 8 = 2 in (b).

. . 1
So the density of u is TP Tog )7 for0 < |z] < 1.

m}

Proof of Corollary 4 By assumption, m — 00 and maxi<;<pm % =0asn — 00.By
using the equality n; = [; + n and taking y,, = m, we see that

lim F,(x) =x:= F(x)
n— oo

for any x € [0, 1]. Then, F_l(x) =xforx € [0,1]and f*(x) =1for0 <x < 1.
Choosing h,(r) = (r?/by)"/" and b, = ]_[;-"=1 ni/, we know that u, ~ (O, R)

and Z = Re'© has the density #m for 0 < |z] < 1. Equivalently, (®, R) has law

Unif ([0, 27) x [0, 1]). As mentioned before, Z = Re'® has the uniform distribution
on {z € C; |z] < 1} if and only if (©, |Z|?) follows the uniform distribution on
[0, 27) x [0, 1). Therefore, the desired conclusion follows. O
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