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We study the spectral properties of the Laplacian matrices and the normalized Laplacian
matrices of the Erdés—Rényi random graph G(n,py) for large n. Although the graph is
simple, we discover some interesting behaviors of the two Laplacian matrices. In fact,
under the dilute case, that is, pn € (0,1) and np, — oo, we prove that the empirical
distribution of the eigenvalues of the Laplacian matrix converges to a deterministic dis-
tribution, which is the free convolution of the semi-circle law and N (0, 1). However, for its
normalized version, we prove that the empirical distribution converges to the semi-circle
law.
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1. Introduction

In graph theory, the Erdés—Rényi model G(n,p), named for Erdés—Rényi [17-20],
is a graph with n vertices; a potential edge between each pair of vertices has
probability p, independently of the other edges. Some properties of G(n,p)
such as the diameters, the sizes and the giant components are known, see, e.g.
[5, 9, 17-20] for details. For the spectral properties of the graphs, one can see, e.g.
[9-11, 15, 27, 31].

The graph G(n,p,) corresponds to Bernoulli random variables {fi(;l); 1<i<
j < n}, which are independent random variables with 51(;’) = 557) and P(gg.’) =1)=

P(fgl) =0) =p, forall 1 <i < j <n.The adjacency matrix A,, and Laplacian
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matrix A,, are defined as follows:

0 &y -o&n
O T
An _ 2'1 2n (11)
o an 0
and
Siably  —Ey o =&
A, = _fé?) Zj;éQ fé?) U - 52) (1.2)
-6y ey Ty
The normalized Laplacian matrix is defined by
L,=1,-D,Y?A,D;'?, (1.3)

where Dy, = (Y7, £57)1<i<n and Dy 2 = (7, £07)71/2)1<i<n with 071/2 = 0,

The matrix A, is always non-negative definite, and the smallest eigenvalue is
zero. The Kirchhoff theorem [30] establishes the relationship between the number
of the spanning trees of the graph and the eigenvalues of A,. The matrix L,, is a
different version of A,,. It looks a bit complicated, however, the spectrum of L, is
related to the graph discrepancy (or the graph invariant), and the second smallest
eigenvalue of L,, relates to the Cheeger constant and the rate convergence of random
walks on the graph, see, e.g. [8, 9].

The spectral properties of the graph-relevant matrices such as A,,, A,, and L,
have applications in chemistry [4], where eigenvalues were connected to the stability
of molecules. They are also studied and used in theoretical physics and quantum
mechanics, e.g. [21-25, 36, 37].

For graph G(n,p,) there are two major asymptotic regimes: np,, — oo and
np, — ¢ € (0,00). The former corresponds to the dilute model, and the latter cor-
responds to the sparse model. Of course, the dilute model consists of two important
cases: p, = p and p, — 0 with np,, — co.

There are several work on A,,. Bauer and Golinelli [3] simulate the eigenvalues
for the Erdés—Rényi random graph with p,, = p. Assuming the entries {fg.’) = &j;
1<i<j<n<oo}in A, in (1.2) are independent and identically distributed
random variables with mean zero, Bryc, Dembo and Jiang [6] prove that the empir-
ical distribution of the eigenvalues of A, converges to the free convolution ~y,; of
the semi-circular law and N(0, 1). This results does not apply to the Erdés—Rényi
random graph directly because the means of §;;’s in the graph are not zero. A result
from Ding and Jiang [15] complements their result in [6] by showing that, under a
general framework including the Erdés—Rényi random graph G(n, p,,) with p, = p,
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the corresponding empirical distribution converges to v5,. When §£;L)’s in (1.2) are
deterministic, some results are given for the normalized Laplacian matrix L,, in [8].

In this paper, for the Erdés—Rényi random graph G(n,p,) with np,, — co, we
study the empirical distributions of the eigenvalues of A, and L,. Before stating
the main results, we review some notation.

Given an n X n symmetric matrix M, let A\; > Ao > --- > A, be the eigenvalues
of M, we sometimes also write this as A1 (M) > A\y(M) > --- > A, (M) for clarity.
The notation Amax = Amax(M), Amin = Amin (M) stand for the largest eigenvalue
and the smallest eigenvalue of M, respectively. The following is the situation we
will consider in this paper.

Let {§£;l); 1<i<j<oo} be defined on the same probability space with fz(ln) =0

and 51(;1) = §J(»?) forall1 <i,5 <n <oo. For each n > 2, assume
(€01 <i<j <n} areiid with P(€y) =1) =1~ P(€y) = 0) = p, € (0,1).
(1.4)

For an nxn matrix M, we use || M|| = supycpn,x|=1 [[Mx]| to denote its spectral

norm, where ||x|| = /2% + -+ 22 for x = (z1,...,2,) € R™. The following are
the main results of this paper.

Theorem 1.1. Suppose (1.4) holds with o, := (np,(1 — p,))/? — 00 as n — oo,
then, almost surely,

L l - )\Z(An) — NPn T T
Fo(w) =~ ;1{—m < } €R, (1.5)

converges weakly to the free convolution vy of the semi-circle law and N(0,1).

It is known from [6] that the measure ;s is a non-random symmetric proba-
bility measure with smooth bounded density, does not depend on p,,’s and has an
unbounded support. [6, Theorem 1.3] and [15, Theorem 2| deal with similar prob-

lems by assuming fl(j" Vs in (1.2) being arbitrary random variables of certain finite

moments. With truncations on fl(jn )’S7 the proofs of the two theorems from [6, 15]

are essentially reduced to the case that fgl)’s are bounded. Here the situation is

different: we will need to work on (fgl) — Pn)/+/Pn’s, which are unbounded since
pn, — 0 in one of the dilute cases mentioned earlier. The truncation method used in
[6, 15] does not apply here simply because the current random variables just take
two values. In fact, more involved analysis and combinatorics are used in the proof
of Theorem 1.1.

If p,, in Theorem 1.1 is equal to a constant, we get the following result.
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Corollary 1.1. Suppose (1.4) holds with p, = p € (0,1) for alln > 2. Then, almost
surely,

I (Ay) -

Fo(z) =~ 1 AlA) = L g
n i=1 np(l - p)

converges weakly to the free convolution vy of the semi-circle law and N(0, 1).

Take p,, in Theorem 1.1 to be a special dilute case: p, — 0 with np, — +oo
as n — 00. Note that, under this condition, \/np, (1 — p,) ~ /np, as n — oo, we
then easily have the following.

Corollary 1.2. Suppose (1.4) holds with p, — 0 and np,, — 0o as n — oo, then,
almost surely,

ZI{ \/_n”p <x} z € R,

converges weakly to the free convolution vy of the semi-circle law and N(0, 1).

Now we study the normalized Laplacian matrix L,, in (1.3).

Theorem 1.2. Suppose (1.4) holds with sup{p,;n > 2} < 1. If np,/logn — oo as
n — oo, then, with probability one,

n

Fn(x)::121< [Pn (1—Ai(Ln))<:c>, z €R,

i=1 L=pn

converges weakly to the semi-circle law with density s=v/4 — z2I(|z| < 2).

Fan, Lu and Vu [11] derive a result for a weak form of L,, when the graphs
are of the given expected degrees, of which the Erdos—Rényi model is a special
case. The three authors prove that the empirical distribution of the eigenvalues of
I, — D, 1 ’A, D, 1/2 converges to the semi-circle law in probability, where D,, is
the mathematical expectation of D,,.

When p,, does not depend on n, the above theorem obviously implies the
following.

Corollary 1.3. Suppose (1.4) holds with p, =p € (0,1) for all n > 2. Then, with

probability one,
1 n
:—ZI</ 1—)\(Ln))<x>7 x € R,
n
i=1

converges weakly to the semi-circle law with density 5=v/4 — z2I(|z| < 2).
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T
obtain a limiting result for the dilute Erdés—Rényi random graph.

If p,, — 0, then ,/ "_p; ~ /NPn as n — 00. From Theorem 1.2 we immediately

Corollary 1.4. Suppose (1.4) holds with p, — 0 and np, /logn — o0 as n — oo,
then, almost surely,

Fal@) = = S I(/amn(1 - ML) < 2), @ €R,
=1

converges weakly to the semi-circle law with density 5=+/4 — z2I(|z| < 2).

In the general context of random graphs, the limits of the empirical distributions
of the eigenvalues of A,,, A,, and L,, in (1.1), (1.2) and (1.3) respectively are related
to the three distributions: the Wigner’s semi-circle law, the free convolution of the
semi-circle law and N(0, 1), and the Kesten-McKay law. The last is the limit of the
empirical distributions of the eigenvalues of A, for the random d-regular graphs,
see [33].

Remark 1.1. The above theorems study the limiting spectral distributions of A,,
and L, for the dilute case. There are some simulations and theoretical work on
A, and A, for the sparse case in [3, 26, 29, 32, 36-38], that is, p, = ¢/n for all
n > 2 and c is a constant. It seems that the limits of the spectral distributions of
A, and A,, are still not identified.

Remark 1.2. Theorems 1.1 and 1.2 are derived based on the Erdés—Rényi model.
The methods of the proofs could be carried to more complex models, for instance,
the random geometric graphs [34], the weighted dilute random matrices [28], the
power law random graphs, and the random graphs with given expected degrees [9].

Remark 1.3. There are a couple of books on the study of the spectral properties
of the matrices generated from graphs, see, e.g. [1, 8, 9, 12, 13, 35] for reference.

The rest of the paper is organized as follows: the proof of Theorem 1.1 is given
in Sec. 2; the proof of Theorem 1.2 is given in Sec. 3.

2. Proof of Theorem 1.1

Given n > 2, let I',, = {(4,7);1 < j < i < n} be a graph. Any element (i,j) € T',,
is called a vertex, and i and j are called indices. We say vertices a = (i1, 1) and
b = (ia,J2) form an edge and denote it by a ~ b, if one of ¢; and j; is identical to
one of i3 and ja. For convenience of notation, from now on, we write a = (a™,a7)
for any a € I',,. Of course, a™ > a~. Given a,b € I';,, define an n x n matrix

-1
Qupli,j]=q1, ifi=at,j=b",ori=a",j=0";

, ifi=at,j=0bT,ori=a",j=0";

0, otherwise.
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Recall (1.4). Set

(n)
(n) §ij_ —Pn

ol Mt i 21)
! pn(l - pn)
forall1<i#j<nandn>2 and
Zj;él 775?) —ng) T —nﬁ)
) o )
o, - Tl21 E]ﬁ M2 Tl2n (2.2)
—ny —nly e
With this and the above notation, we rewrite ¥,, as follows.
- ‘Iln = Z n(gn)Qa,m (23)
acl’y,
where 77((1") = n((ﬁ)a, fora = (a™,a7) € T',,. Let tq = tr(Qq,p). We summarize some
facts from [6] in the following lemma.
Lemma 2.1. Let a,b € I',,. The following assertions hold:
(i) tap = lb,a-
-2, ifa=1b;
~1, ifa#banda” =b" orat =0bT;
(ii) tap =
1, ifa#banda =b" orat =b";
0, otherwise.
(111) Qa,b X Qc,d = tb,cQa,d~ Th@r@ff)?"& tr(Qal,al X Qag,ag X oo X Qa,«,ar) —
H§:1 taj,a;1> Where ay, ... ap € Ty, and a,q1 = ay.
Given n > 2, we call 7 = (a1, ...,a,) a circuit of length r in T, if a; € T',, for
1<i<nanda; ~- -~ a, ~ a;. For such a circuit, set
777(rn) = H taj»aj+1 H 7751?) (24)
j=1 j=1
with a,41 = a1. From (2.3) and (iii) of Lemma 2.1, we know
(W) = (1)) 9 and Ete(¥)) = (-1)" Y  Ep™ (2.5)

where the sum is taken over all circuits of length r in I',.

Definition 2.1. We say that a circuit 7 = (a3 ~ + -+ ~ a, ~ aq) of length r in I, is
vertex-matched if for each ¢ = 1,...,r there exists some j # ¢ such that a; = a;; we
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say 7 has a match of order 3 if some value is repeated at least three times among
{aj,j = 1,...,T}.
Clearly, by independence, the only possible non-zero terms in (2.5) come from

vertex-matched circuits. For z > 0, denote by |x] the integer part of . The following
two lemmas will be used later.

Lemma 2.2 ([6, Proposition 4.10]). Fiz r € N. Let N denote the number of
vertex-matched circuits in T',, with vertices having at least one match of order 3.
Then N = O(nl0+D/2)) g5 n — 0.

Recall T, = {(¢,7);1 < j < i < n} for n > 2. Let m,r,s1,...,Sm be positive
integers with » > m and s1 + - - - 4+ sy, = 1. Define A, 5, » by

{a1 ~az~ - ~a,~ay:a; €T, for 1 <i<n; there exist pairwise

different a},...,a,, € {a1,...,a,} such that a; appears s; times in
the sequence ajas - - - a, for 1 <i < m}. (2.6)
Lemma 2.3. Let m,7,$1,...,Sn be positive integers with v > m and s; + -+ +

Sm = 1. Then, there exists a constant C, depending only on r such that | Ay, | <
C, -n™tL for all n > 2.

Proof. First, denote by B the total number of ways to assign m different items,
say, wi, - ..,Wn, into a sequence of length r such that w; appears exactly s; times
foreach 1 <i<m.Then B=(, " ) <7l

S15--4381
Given one of such assignment, recalling (2.6), the number of choices of a; =

(af,a7) €T, is at most n2. Then, each time a new vertex a; = (a;",a; ) appears
+.a; } is free, while the other is identical

(i

to one of {at,a™ }’s which appear in the circuit sequence earlier than a}. Thus, the
total number of the choices of @} is bounded by 2" 'n + 2"~!n = 2"n. It follows
that the total number of the circuits corresponding to the assignment is no more
than n? - (27n)m~1 < 27°pm+1. Take C, = 277!. The conclusion then follows by
combining the two steps. O

in the circuit sequence, one index from {a

Recall vertex a = (a*,a™) € I';, has two end points a* and a™.

Definition 2.2. Fix integer n > 2. Let 71,7, 3, m4 be four circuits of length r
in I';,, we say they are matched if each vertex of any one of these circuits is either
self-matched, that is, there is another vertex of the same circuit with the same end
points, or is cross-matched, that is, there is a vertex of the other circuit with the
same end points (or both).

Given [ € N, let @; be the number of the above matched quadruples satisfying:
(a) for any i = 1,2, 3,4, there is j # ¢ such that m; and m; share a common vertex;
(b) the total number of different vertices in the four circuits is (.
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Lemma 2.4. For fized I,r € N with 1 < [ < 2r, there exists a constant C, not
depending on n, such that Q; < C,nit2 for alln > 2.

Proof. Write
Ty = Q1 ~ Qg ~ -~ Ap ~ A1

Ty =by ~ by~ by~ by (2.7)

T3 = C1 ~ Cg Y+~ Cp (Y
TF4:d1Nd2N"'NdTNd1.

For i # j, denote by m; < m; if m; and 7; have at least one crossed match. Up to
the permutations of m,m, w3, 74, all matched quadruples satisfying (a) above the
statement of the lemma can be divided into three cases: (i) m < 72 and 73 < my;
(ii) m <> mo, m < w3 and mo <> my; (ili) M > m, m < w3 and M < my. (By
“permutations” we mean that the circuits m,ma, w3, 74 in (i), (i) and (iii) can be
Ty s Tigs Tig, Wiy fOr any permutation {iq, i2,13,44} of {1,2,3,4}.) Thus, to prove the
lemma, it suffices to show that the total number of the circuits in each of the three
cases are no more than Cn‘*2 for some constant C' not depending on n. To do so,
since each of the four circuits has length r, it is enough to show the total number of
the vertices in the four circuits is bounded by Cn'T? with C' not depending on n.

Case (i). m1 < m and 73 < m4. Suppose there are l; different vertices among
circuits 1 and ms, then there are I = [ —1[; > 0 different vertices in w3 and 74 that
do not appear in 7 and .

Since 71 « T2, recalling (2.7), say, (a],a;) = a1 ~ by. Then, there are at most
n(n —1)/2 ways to assign {1,...,n} to a] and a; with aj > a; . Now assign such
numbers to other [; — 1 vertices, there are at most 2n assignment for each of a new
vertex since two distinct neighbors are connected. So the total number of vertices
in m; and my is no more than n? - (2n)1~1 < 2liph*l Similarly, there are at most
2l2pl2H+1 Jifferent vertices in circuits m3 and m4. So the total number of vertices in
circuits 71, 79, 73, 74 is bounded by 2iiphi L. 2lzpletl — olpl+2,

Cases (ii) and (iii). The difference between the two cases and case (i) is that the
four circuits here are all connected, while (71, m2) and (73, 74) in case (i) may not
have a common vertex at all. For ¢ = 1,2, 3,4, let u; be the number of the distinct
vertices in m; that do not appear in m; for j < 7. Then w; + uo + uz + uy = L.
We proceed to assign (i,j)’s with @ > j to the vertices in m; first, then mo, w3, 74
consecutively. By the same consideration as that in (i), the total number of possible
vertices in 71 is at most n** 1. Since for any i = 2, 3, 4, there exists j = 1,2, 3 such
that 7; < 7;, then the total number of different vertices in 7y, is at most (2n)"“* for
k = 2,3, 4. Therefore, the total number of the distinct vertices in the four circuits

is at most n“1+l . (2n)¥2 . (2n)¥s . (2n)%s < 2lpttl O
Lemma 2.5. Let m,n € N. Let Xq,...,X, be non-negative, independent ran-
dom variables. Set g(a1,...,a,) = E(X{* - X2) < oo for non-negative integers
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ai,...,an with 00 = 1. Then
m
glat,...,an) > H g(aj, ..., anj)
Jj=1

where {a;;;1 <1< n,1 <j<m} are non-negative integers satisfying Z;nzl aj; =
a; for all 1 < i <n.

Proof. Given random variable ¥ > 0 and non-decreasing functions f(z) and g(x)

n [0,00). If E|f(Y)| < o0, E|g(Y)| < oo and E|f(Y)g(Y)| < oo, then, by the
covariance inequality, we have that E(f(Y)g(Y)) > Ef(Y)- Eg(Y). Thus, for non-
negative integers b, by, ..., b, with b = by + - - - + b,,, we obtain

B(X}) > E(X]") - EQH ) = > T EGY) (28)
j=1
for any 1 < ¢ < n. By independence,
glay,...,an) = HE(X?) and Hg(a1j7 CeyOpy) = H H E(X;).
i=1 j=1 i=1;j=1

From (2.8), B(X}") > I[/L, E(X") since >ty aij = a; for alli = 1,2,...,n.
Then the conclusion follows. O

Recall from (2.5) that n="/27 B tr(¥7) = (—1)"n""/271 3" En{™ where the
sum is taken over all circuits of length 7 in I';,. We next show that some terms in
the sum are negligible.

Lemma 2.6. Suppose the conditions in Theorem 1.1 hold. Fiz r € N. Let W,, =
n=r/2-1 D oreA, Em(rn), where A\, is the set of vertex matched circuits of order 3 and
of length v in T'y,. Then W,, — 0 as n — oo.

Proof. Take acircuitin A,:ay ~ag ~ -+ ~a, ~ay. Leta},...,a., € {ar,...,a,}
be pairwise different vertices with ) appearing s; > 2 times in the sequence
ayag - --ap for 1 <i <m with s; +--- + s, = and maxi<i<m S; > 3. Evidently,
m < (r —1)/2. By (2.4) and independence,

En| = || TTtasars | - ETTG0D | <27 TT BAnS"1),
j=1 i=1

7 =1

where the last inequality is from (ii) of Lemma 2.1. Now, let Z ~ Ber(p,) and
gn = 1 — pp. Notice p2iq, + pnqsi < 2pngn, we obtain from (2.1) that E(|n(n)\si) is

’
a;

identical to

Z — n . sin nsi 2
E( P ) _ Pidn Py (2.9)

(Pngn)* /% = (pngn)®/>=

VPnln
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Using s1 4+ -+ 8, = 7 to see that |En§rn)| <27 2m(pnqn)m’(r/2). Let C,, ; be the
number of solutions of the equation s; + - -+ + s, = r with integer s; > 2 for each
1 < i < m. Now we classify the sum ZWGA” Engrn) into the sums corresponding
tom =1,2,...,|(r —1)/2]. By Lemma 2.3, the m-th sum is bounded by Ci, , -
Cpn™F1 . 2m+7(p g, )~ (7/2) Tt follows that

1 m m-+rT m—(r
|Wn‘ < W Z Cmyr -Crn +1.gm+ (pnqn) (r/2)

1<m<(r—1)/2

1
<C Z (nPngn)™ /D) = O(ﬁ) —0

1<m<(r—1)/2

as n — 0o since np,q, — oo by assumption, where C' above is a constant not
depending on n. O

Let U,, be a symmetric matrix of form

Yy Y2 oo Y
Yo XYoo Yo
U, = . mE (2.10)
—Inl —In2 e Zj;ﬁn Y’ﬂj

where {Yj;;1 <1i < j < oo} arei.i.d. standard normal random variables not depend-
ing on n.

Lemma 2.7. Suppose the conditions in Theorem 1.1 hold. Let W,, and U,, be as
in (2.2) and (2.10) respectively. Then

- 1 _

(i) lim L(Etr(\pfﬁ) — Etr(UZF) =0

n—oo nk+1

for any integer k > 1.

Proof. (i) As in (2.5), Etr(®2-1) = Yy En™ where the sum is taken over all
circuits of length 2k — 1 in I'), in which each vertex appears at least twice. Notice
r = 2k — 1 is odd, one vertex has to appear at least three times. The result then
follows from Lemma 2.6.

(ii) Recall (2.10). For a circuit a; ~ -+ ~ a, ~ a1 with a; € T, forall 1 < i <,
similar to notation n{" in (2.4), we define

v = ﬁta].,aﬁl ﬁYa].. (2.11)
j=1

j=1
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Taking r = 2k, we have

Bt (27F) - Et(U)| = [ (Ent - EY!™)

™

< | En |+ Y0 BV | Y (Bl — EY™)
TEA; TEA TEAL
= Il —|—IQ—|—13, (212)

where A; denotes the set of the vertex-matched circuits with match of order 3, and
As denotes the set of the vertex-matched circuits in I',, such that there are exact k
distinct matches. Now we analyze the three terms one by one.

By Lemma 2.6, I; = o(n**1) as n — oo. Observe that each vertex of any circuit
in As matches exactly two times. From the independence assumption and that
E|7)£;L)|2 = E\Yij\Q =1foralll <i<j<nandn > 2, weknow Engrn) = EYW(") =1
for all m € Ay. This gives I3 = 0. Now we turn to estimate Is.

Recalling (2.11), for m € Ay, H?il Y,, has the form of [ , Vs, where
Vi,...,V, are iid. N(0,1)-distributed random variables, and {1 > 2,...,0, > 2
with >°%_, I, = 2k. Thus, by the Holder inequality, E| H?il Ya,| < E(IN(0,1)[?).
From (ii) of Lemma 2.1, |EY.™| < 22¢E(|N(0,1)]2}). Tt follows that I, <
22k B(IN(0,1)|?%) - |A1]| = O(n*) as n — oo by Lemma 2.2.

In summary, I; + Iy + I3 = o(n**1) as n — oo, which together with (2.12)
concludes (ii). |

Lemma 2.8. Suppose the conditions in Theorem 1.1 hold. Let W¥,, be as in (2.2).
Then

1
lim ——(tr(¥;) — Etr(¥)) =0 a.s.

n—oo nr/2+1

for any integer r > 1.
Proof. By (2.4) and (2.5),

tr(L;,) — Btr(¥) = (=1)" Y (" — En)

T

where the sum is taken over all circuits of length r in I',,, and

T T
nm) = H tas.azi H 77((17;)
j=1 j=1

for 7 = (ai,...,a,). We claim that, to prove the lemma, it is enough to show

Eltr(®") — EBtr(®7)|* = O(n?2) (2.13)
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as n — o0o. In fact, if this holds, by the Markov inequality,

P( 1 () — Etr(@2)|>6> Bltr(¥r) — Etr(Pr)|* _O<1)

r/2+1 n2r+464 Tl2

as n — oo for any € > 0. Thus, the sum of the left-hand side of the above over all
n > 2 is finite, the Borel-Cantelli lemma then gives the desired conclusion. Now,

Bltr(¥") — Etr(®7)[*

= > E{@W - B0 — Enl) () — En) () — Ent)}

T1,72,73,74

(2.14)

where the sum is taken over all circuits 7;,7 = 1,2,3,4 of length r each. For

(Mg are independent random variables with zero means (recall-

every n > 2, since 7q
ing (2.1)), if a circuit 73 has a vertex that is not matched with any other vertex in

the four circuits, then En;"k) =0 and

4
EJ[0S) = En() = ESolw - T[4l — EnlV) & =o.
Jj=1 J#k
Further, if one of the circuits, say 71, is only self-matched, i.e. has no cross-matched

vertex, then obviously

4 4
ET[0 = En?) = EGY — En) H — En{V) = 0.

j=1 j=2

Therefore, it suffices to take the sum in (2.14) over all matched quadruples of
circuits on m,ma, w3, 4 of length r (see Definition 2.2) with the property: for any
i =1,2,3,4, there is j # ¢ such that m; and 7; share the same vertex. Recalling
the definition of @; in Lemma 2.4, since the quadruples are matched, we know
1 <1 < 2r, and by this lemma, |Q;| < C.n!*2 for all 1 < I < 2r, where C, is a
constant depending on r only. Thus, by (2.14),

Eltr(¥) — Etr(¥))[* <Y > |\h(m1, T, w3, m4)], (2.15)

I=1 (71,m2,73,m4)EQy

where h(my,mo, 73, 7m4) = E H b 1(777r7 Em(::)) Expand the expectation, there are
16 terms, and the absolute value of each is bounded by E H?:l \777(:;)| by Lemma 2.5.
Thus, by (2.15),

2r 4
Eltr(¥}) — Etr(¥)* <16C, > n'*? max EJ[m™1. (2.16)

— (71,72,73,74) EQy
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Given I > 1, let Z be a Ber(p,)-distributed random variable. Then, for each
(71,72, w3, m4) € Qp, by independence,

EH|n(")\ <maXHE<Zp Zn) (2.17)

Jj=1 =1

where the maximum is over all m; > 1,...,m; > 1 subject to the constraint
my + ---+my = 4r. By (2.9), the above is controlled by

1 1
|Z — pn> i 2!
» (\/ann (Pndn) ml/Q L (pugn)?

i=1 i=1

It follows from (2.16) and (2.17) that

Eltr(¥7) — Ete(¥7)[* < 160, i 2nl
(Prgn)?
2y 22 s 1
< (16C,2 Z g
= O(n?r+?)
as n — oo since np,q, — oo by assumption. This gives (2.13). O

For an n x n symmetric matrix M, let FM be the empirical distribution of the
eigenvalues of M.

Lemma 2.9. Suppose a, = (npn(1 — p,))"/? — 0o as n — co. Let ¥, be as
n (2.2). Then, as n — oo, with probability one, F¥»/Y™ converges weakly to the
free convolution vyar of the semi-circle law and N(0,1).

Proof. [6, Proposition A.3] says that v is a symmetric distribution and uniquely
determined by its moments. Thus, to prove the theorem, it is enough to show that

1 -
Wtr(q’;) — —tr(n_l/Q\Iln)r — /deF" 12y
n" n

—>/xrde a.s. (2.18)
as n — oo for any integer r > 1. First, since p; is symmetric, we know
J x?*=Ldyp = 0 for any integer k > 1. Second, recalling U, in (2.10), [6, Proposi-
tion 4.13] says that

1
—Etr((n"'?U,)%) —>/x2kd'yM
n R

as n — oo for any k > 1. Consequently, the two facts together with Lemmas 2.7
and 2.8 yield (2.18). m|
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Proof of Theorem 1.1. Let u, = p, and 0, = +/pn(l —pn). Recalling A,
n (1.2), nl(jn) in (2.1) and ¥, in (2.2), we know

A, =09, + (npn)L, —pndn (2.19)
— ——

A,

where I,, is the n x n identity matrix, and J, is the n X n matrix with all of its
entries equal to 1. By Lemma 2.9, with probability one,

F¥n/Vn converges weakly to var
as n — o0o. Therefore,
FAna=npnln)/vnon — p¥a/vn converges weakly to yas (2.20)

almost surely as n — oo. By (2.19) and the rank inequality (see [2, Lemma 2.2]),
||F(An—n#n1n)/\/ﬁﬂn _ F(An,l—nunln)/\/ﬁonu

1 A, — A, 1 1
<= ank( ’1) < —-rank(J,) < — —0, (2.21)
n Vno, n n
as n — oo, where [|f| := sup,cg|f(z)| is the supremum norm of a bounded,

measurable function f(z) defined on R. Therefore, (2.20) and (2.21) lead to that,
as n — oo,

1« n
— —np < x| = FAn—mnln)/Vnon () converges weakly to vas
n npn(l - pn)

with probability one. The proof is complete. O

3. Proof of Theorem 1.2

For any two probability measures p and v on R, define

dBL(u,V)zsup{'/fdu—/fdz/

where || flloo = sup,er [f(2)], [[fll = sup,z, [f(z) — f(y)|/lx — yl. It is well known
(see, e.g. [16, Sec. 11.3]) that dpr(-,-) is the bounded Lipschitz metric, which char-

acterizes the weak convergence of probability measures. Given n x n real and sym-
metric matrices M; and Mo, let i(M;) be the empirical measure of the eigenvalues
(the spectral measure) of M; for i = 1,2, that is,

oo + IF1z < 1}, (3.1)

1 n
(M) == 6y, =12,
(M) n; A(My)s 1
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where ¢, is the point mass probability measure at z. We have (see, e.g. [6, (2.16)])
B (VL) (M) < —x((My — M)?). (32)

A similar result is the Difference Inequality in [2, Lemma 2.3]:
L3(FM M2y < %tr(Ml — M,)? (3.3)

where '™ is the empirical cumulative distribution function of the eigenvalues of
M, for i = 1,2. For each n > 2, recall from (1.4) that {51(;1); 1<i<j<n}are

i.i.d. Ber(py,)-distributed random variables, and §i(in) = 0 and 55?) = f;?) for all
1 <i## j <n. Define

Tn,i = qu ) fn,i =Tn,i — (Tl - 1)pn7
(3.4)

an = max {|fn:l} and b, = 1r<nm {rn.i}-

With this notation, we have the following lemma.

Lemma 3.1. Let A,, and Ly, be as in (1.1) and (1.3), respectively. Set L, =T, —
((n—1)p,)"tA,,. Then

1 - 2at + 8n2p2a? (n)
—tr(Ln _ Ln)2 S n n n § fij
n Tl(?’l - 1) pnbn 1<i#j<n

for alln > 2.

Proof. If b, = 0, the conclusion holds trivially. Now, without loss of generality,
assume that b,, > 0 for all n > 2. Note that

- 1
Ln—Ln:—WA + diag(r,, 1/2 e ;L/Q)A diag(r 1/2,...,7‘;’%2)

(o= ) ).

Thus, using (§§j )2 5” , we get

_ 1 1 2
tr(L, — L,)? = ( - ) ¢, (3.5)
1§%’2§n (’I’L - 1)pn VIn,in/Tn,j J

Now

( 1 )2 _ (VP — (0= 1)ps)? (3.6)
(n—1)pn oy (n—1)%p2rnirtn; '
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Use formula |z — \/y| = |z —y|/(Vx + /y) < |v —yl//y for © = 1y iry; and
y = (n — 1)?p2 to obtain that the right-hand side of (3.6) is dominated by

(rnirng = (0= 1pR)?* _ (rnitn; — (0 —1)°pp)?
(n — 1) pirairn.; (n —1)pid2

From the definition of 7, ;, we see that
[P,itn.g — (= 1P| = [(Fai + (0 = D)pa) (Faj + (0 = 1)pa) — (n —1)°p;

= |Tpi - Tnj + (0= D)pn(Fr + )l

<a? +2(n—1ppan.
It follows from the inequality (x + y)? < 222 + 2y? for any x,y € R that

(rnin = (n = 1)*pp)? < (a7, +2(n — 1)pnan)® < 2a;, + 8n°pja,.
Thus, collecting all the assertions above, we see that the coefficient of fl(j" ) in the
sum in (3.5) is bounded by
2a} + 8n?p2a?
(n —1)*pib7,

forall 1 <i < j <nandn > 2. This yields the desired inequality. O

We need the following result.

Lemma 3.2. Let ey, ..., €, be ii.d. random variables with P(e; = 1) =1— P(e; =
0) =p e (0,1). Then

P(‘ D1 € 1‘ > 5) < 9o (/4
np
for alln>1 and 6 € (0,1).
When p is a constant, that is, p does not depend on n, the above is a simple

application of the Chernoff bound (see, e.g. [14, p. 27]). In fact, the above result
captures how the probability goes to 0 when p = p,, goes to 0.

Random Matrices: Theory Appl. 2012.01. Downloaded from www.worldscientific.com
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Lemma 3.3. Assume (1.4) holds. Let a,, and b, be as in (3.4). If np, /logn — oo,

then
a b 1
— =0 as, ———1 as and — Z 51(;’) —1 a.s.
npn pn n2pn | 2

as n — oo

Proof. We first prove the last limit. Since §§;L) = 5](?) forall 1 <i < j <mn,to
show the third assertion in the lemma, it is enough to prove that

2 (n)
Ly = ——— L 1 .S.
T 2 & ol oes

1<i<j<n
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as n — oo. Taking § € (0, 1), since np,, /logn — oo, we obtain from Lemma 3.2 that
P(|Z, —1] > 6) = O(n?) as n — oo. This shows that > -, P(|Z, — 1| > §) < oo,
which implies Z,, — 1 a.s. by the Borel-Cantelli lemma.

Recall that r,,; in (3.4) is a sum of n — 1 ii.d. Ber(py)-distributed random
variables for each 1 < i < n. Also, 7, ; = rn; — (0 — 1)pp, @ = maxi<i<n{|Fnl}
and b, = mini<;<n{rn,}. By Lemma 3.2 again, use condition np,/logn — oo to

get
Qn, 1
Pl ——— > <n-P > < —
(<n—1>pn—5>—” ( —5>—n2

for any 6 € (0,1) as n (depending on ) is sufficiently large. It follows that
> n>2 Plan/(n—1)p, > 0) is finite for any § € (0,1). By the Borel-Cantelli lemma
again, we have

27:2 &1j

(n_ 1)pn !

an

— =0 as. 3.7
o 0 (3.7)
as n — oo. Finally, from (3.7),
bn . 1' _ 'm1n1<i<n{rn,i - (’I’L - ]-)pn} S an, =0 a.s.
(n—1)pn (n—1)pn (n—1)pn
as n — oo. This leads to b, /(np,) — 1 a.s. as n — co. |

Proof of Theorem 1.2. Review from Lemma 3.1 that L,, = I, — ((n—1)p,) "' A,,,

and fi(L,) and fi(L,,) are the empirical measures of the eigenvalues of L,, and L,,,
respectively. By Lemma 3.1,

7 (T 1 = 2a} + 8n?pZa? N
NN 1 <i#j<n

for n > 2. Set

an, = (MPp)Un, by = (npp)v, and Z fi(jn) = n?puwy,
1<itj<n

for n > 2. By Lemma 3.3, u, — 0 a.s., v, — 1 a.s. and w, — 1 a.s. as n — oc.
Therefore, noting np,, — oo, we obtain

2a} + 8n’p2a2 Z ) 2n*phug + 8ntphul pw
—1)4pd p2 g 3(n — 1)490 12 nemn
n(n— 1)ty | =~ n?(n —1)*pjud
N (2ui+8u%)wn _ o( 1 ) s,
(npy)v2 npn

as n — 00. Therefore,

ltr(Ln ~L,)? = 0<L> a.s.

n npn
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as n — oo. It is easy to see from (3.2) that
~ Ny 1 ~
A (YL + L), (VL + pTn)) <77 - —tr(Liy — Lp)?

for n > 2 and any two real numbers v and p. The above two assertions together
with (3.8) conclude that

2
~ ~ r Tn
dzBL(.U(’YnLn + pnln), (L + prln)) = O(W) a.s. (3.9)
as n — oo for any two sequences of constants {v,,n > 1} and {p,,n > 1}. Notifying
L,=1,— ((n —1)p,) A, it is clear that
(n— 1)pa(l = Xi(Ly)) = Ni(Ay) (3.10)
for i = 1,2,...,n. From the given condition, a, := (np,(1 — p,))"/? — oco. By
corollary 1.2 from [15], with probability one, [i(A,, /a,) converges weakly to the
semi-circle law pci; with density 5=v/4 — 22I(|z| < 2). Thus, by (3.10), almost
surely,

—ZI( PN <), 2R
converges weakly to pici; as n — oco. Observe that

(n - 1)pn _ (n - 1>pn - npn
an (npn(1 = pp))t/? 1—pn

as n — o0o. By a trivial manipulation, we obtain that, with probability one,

_Z (\/E (1= N(Ln)) Sx), z €R, (3.11)

converges weakly to pci, as n — oo. Taking v, = —p,, = —v/npn/(1 — p,), we have

)\z('ynfin + pnIn) = (1 - )‘Z(L))

for 1 < i < n. Thus, by (3.11), with probability one, /i(ynLy, + pnl,) converges
weakly to peir as n — o0o. Equivalently,

dpr((YnLn + pnln), freir) — 0 a.s. (3.12)

as n — oo. By the condition that sup{p,;n > 2} < 1, we know o(y2/(np,)) = o(1)
as n — o00. Since dpr(+,-) is a metric, by the triangle inequality, we finally conclude
from (3.9) and (3.12) that

dpr(i(mLn + puln), peir) — 0 a.s.

as n — o0o. Equivalently, with probability one,

—ZI<\/H_T;"1—)\(LTL))<96)7 z € R,

converges weakly to piir as n — oo. O
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