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We study the spectral properties of the Laplacian matrices and the normalized Laplacian
matrices of the Erdös–Rényi random graph G(n, pn) for large n. Although the graph is
simple, we discover some interesting behaviors of the two Laplacian matrices. In fact,
under the dilute case, that is, pn ∈ (0, 1) and npn → ∞, we prove that the empirical
distribution of the eigenvalues of the Laplacian matrix converges to a deterministic dis-
tribution, which is the free convolution of the semi-circle law and N(0, 1). However, for its
normalized version, we prove that the empirical distribution converges to the semi-circle
law.
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1. Introduction

In graph theory, the Erdös–Rényi model G(n, p), named for Erdös–Rényi [17–20],
is a graph with n vertices; a potential edge between each pair of vertices has
probability p, independently of the other edges. Some properties of G(n, p)
such as the diameters, the sizes and the giant components are known, see, e.g.
[5, 9, 17–20] for details. For the spectral properties of the graphs, one can see, e.g.
[9–11, 15, 27, 31].

The graph G(n, pn) corresponds to Bernoulli random variables {ξ(n)
ij ; 1 ≤ i <

j ≤ n}, which are independent random variables with ξ
(n)
ij = ξ

(n)
ji and P (ξ(n)

ij = 1) =

1−P (ξ(n)
ij = 0) = pn for all 1 ≤ i < j ≤ n. The adjacency matrix An and Laplacian
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matrix ∆n are defined as follows:

An =




0 ξ
(n)
12 · · · ξ

(n)
1n

ξ
(n)
21 0 · · · ξ

(n)
2n

...
...

...
...

ξ
(n)
n1 ξ

(n)
n2 · · · 0


 (1.1)

and

∆n =




∑
j �=1 ξ

(n)
1j −ξ

(n)
12 · · · −ξ

(n)
1n

−ξ
(n)
21

∑
j �=2 ξ

(n)
2j · · · −ξ

(n)
2n

...
...

...
...

−ξ
(n)
n1 −ξ

(n)
n2 · · · ∑

j �=n ξ
(n)
nj


. (1.2)

The normalized Laplacian matrix is defined by

Ln = In − D−1/2
n AnD−1/2

n , (1.3)

where Dn = (
∑n

j �=i ξ
(n)
ij )1≤i≤n and D−1/2

n = ((
∑n

j �=i ξ
(n)
ij )−1/2)1≤i≤n with 0−1/2 := 0.

The matrix ∆n is always non-negative definite, and the smallest eigenvalue is
zero. The Kirchhoff theorem [30] establishes the relationship between the number
of the spanning trees of the graph and the eigenvalues of ∆n. The matrix Ln is a
different version of ∆n. It looks a bit complicated, however, the spectrum of Ln is
related to the graph discrepancy (or the graph invariant), and the second smallest
eigenvalue of Ln relates to the Cheeger constant and the rate convergence of random
walks on the graph, see, e.g. [8, 9].

The spectral properties of the graph-relevant matrices such as An, ∆n and Ln

have applications in chemistry [4], where eigenvalues were connected to the stability
of molecules. They are also studied and used in theoretical physics and quantum
mechanics, e.g. [21–25, 36, 37].

For graph G(n, pn) there are two major asymptotic regimes: npn → ∞ and
npn → c ∈ (0,∞). The former corresponds to the dilute model, and the latter cor-
responds to the sparse model. Of course, the dilute model consists of two important
cases: pn ≡ p and pn → 0 with npn → ∞.

There are several work on ∆n. Bauer and Golinelli [3] simulate the eigenvalues
for the Erdös–Rényi random graph with pn ≡ p. Assuming the entries {ξ(n)

ij ≡ ξij ;
1 ≤ i < j ≤ n < ∞} in ∆n in (1.2) are independent and identically distributed
random variables with mean zero, Bryc, Dembo and Jiang [6] prove that the empir-
ical distribution of the eigenvalues of ∆n converges to the free convolution γM of
the semi-circular law and N(0, 1). This results does not apply to the Erdös–Rényi
random graph directly because the means of ξij ’s in the graph are not zero. A result
from Ding and Jiang [15] complements their result in [6] by showing that, under a
general framework including the Erdös–Rényi random graph G(n, pn) with pn ≡ p,
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the corresponding empirical distribution converges to γM . When ξ
(n)
ij ’s in (1.2) are

deterministic, some results are given for the normalized Laplacian matrix Ln in [8].
In this paper, for the Erdös–Rényi random graph G(n, pn) with npn → ∞, we

study the empirical distributions of the eigenvalues of ∆n and Ln. Before stating
the main results, we review some notation.

Given an n×n symmetric matrix M, let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues
of M, we sometimes also write this as λ1(M) ≥ λ2(M) ≥ · · · ≥ λn(M) for clarity.
The notation λmax = λmax(M), λmin = λmin(M) stand for the largest eigenvalue
and the smallest eigenvalue of M, respectively. The following is the situation we
will consider in this paper.

Let {ξ(n)
ij ; 1 ≤ i < j < ∞} be defined on the same probability space with ξ

(n)
ii = 0

and ξ
(n)
ij = ξ

(n)
ji for all 1 ≤ i, j ≤ n < ∞. For each n ≥ 2, assume

{ξ(n)
ij ; 1 ≤ i < j ≤ n} are i.i.d. with P (ξ(n)

12 = 1) = 1 − P (ξ(n)
12 = 0) = pn ∈ (0, 1).

(1.4)

For an n×n matrix M, we use ‖M‖ = supx∈Rn:‖x‖=1 ‖Mx‖ to denote its spectral
norm, where ‖x‖ =

√
x2

1 + · · · + x2
n for x = (x1, . . . , xn)′ ∈ R

n. The following are
the main results of this paper.

Theorem 1.1. Suppose (1.4) holds with αn := (npn(1 − pn))1/2 → ∞ as n → ∞,

then, almost surely,

Fn(x) :=
1
n

n∑
i=1

I

{
λi(∆n) − npn√

npn(1 − pn)
≤ x

}
, x ∈ R, (1.5)

converges weakly to the free convolution γM of the semi-circle law and N(0, 1).

It is known from [6] that the measure γM is a non-random symmetric proba-
bility measure with smooth bounded density, does not depend on pn’s and has an
unbounded support. [6, Theorem 1.3] and [15, Theorem 2] deal with similar prob-
lems by assuming ξ

(n)
ij ’s in (1.2) being arbitrary random variables of certain finite

moments. With truncations on ξ
(n)
ij ’s, the proofs of the two theorems from [6, 15]

are essentially reduced to the case that ξ
(n)
ij ’s are bounded. Here the situation is

different: we will need to work on (ξ(n)
ij − pn)/

√
pn’s, which are unbounded since

pn → 0 in one of the dilute cases mentioned earlier. The truncation method used in
[6, 15] does not apply here simply because the current random variables just take
two values. In fact, more involved analysis and combinatorics are used in the proof
of Theorem 1.1.

If pn in Theorem 1.1 is equal to a constant, we get the following result.
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Corollary 1.1. Suppose (1.4) holds with pn ≡ p ∈ (0, 1) for all n ≥ 2. Then, almost
surely,

Fn(x) :=
1
n

n∑
i=1

I

{
λi(∆n) − np√

np(1 − p)
≤ x

}
, x ∈ R,

converges weakly to the free convolution γM of the semi-circle law and N(0, 1).

Take pn in Theorem 1.1 to be a special dilute case: pn → 0 with npn → +∞
as n → ∞. Note that, under this condition,

√
npn(1 − pn) ∼ √

npn as n → ∞, we
then easily have the following.

Corollary 1.2. Suppose (1.4) holds with pn → 0 and npn → ∞ as n → ∞, then,

almost surely,

Fn(x) :=
1
n

n∑
i=1

I

{
λi(∆n) − npn√

npn
≤ x

}
, x ∈ R,

converges weakly to the free convolution γM of the semi-circle law and N(0, 1).

Now we study the normalized Laplacian matrix Ln in (1.3).

Theorem 1.2. Suppose (1.4) holds with sup{pn; n ≥ 2} < 1. If npn/log n → ∞ as
n → ∞, then, with probability one,

Fn(x) :=
1
n

n∑
i=1

I

(√
npn

1 − pn
(1 − λi(Ln)) ≤ x

)
, x ∈ R,

converges weakly to the semi-circle law with density 1
2π

√
4 − x2I(|x| ≤ 2).

Fan, Lu and Vu [11] derive a result for a weak form of Ln when the graphs
are of the given expected degrees, of which the Erdös–Rényi model is a special
case. The three authors prove that the empirical distribution of the eigenvalues of
In − D̃−1/2

n AnD̃−1/2
n converges to the semi-circle law in probability, where D̃n is

the mathematical expectation of Dn.

When pn does not depend on n, the above theorem obviously implies the
following.

Corollary 1.3. Suppose (1.4) holds with pn ≡ p ∈ (0, 1) for all n ≥ 2. Then, with
probability one,

Fn(x) :=
1
n

n∑
i=1

I

(√
np

1 − p
(1 − λi(Ln)) ≤ x

)
, x ∈ R,

converges weakly to the semi-circle law with density 1
2π

√
4 − x2I(|x| ≤ 2).
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If pn → 0, then
√

npn

1−pn
∼ √

npn as n → ∞. From Theorem 1.2 we immediately
obtain a limiting result for the dilute Erdös–Rényi random graph.

Corollary 1.4. Suppose (1.4) holds with pn → 0 and npn/logn → ∞ as n → ∞,

then, almost surely,

Fn(x) :=
1
n

n∑
i=1

I(
√

npn(1 − λi(Ln)) ≤ x), x ∈ R,

converges weakly to the semi-circle law with density 1
2π

√
4 − x2I(|x| ≤ 2).

In the general context of random graphs, the limits of the empirical distributions
of the eigenvalues of An,∆n and Ln in (1.1), (1.2) and (1.3) respectively are related
to the three distributions: the Wigner’s semi-circle law, the free convolution of the
semi-circle law and N(0, 1), and the Kesten–McKay law. The last is the limit of the
empirical distributions of the eigenvalues of An for the random d-regular graphs,
see [33].

Remark 1.1. The above theorems study the limiting spectral distributions of ∆n

and Ln for the dilute case. There are some simulations and theoretical work on
An and ∆n for the sparse case in [3, 26, 29, 32, 36–38], that is, pn = c/n for all
n ≥ 2 and c is a constant. It seems that the limits of the spectral distributions of
An and ∆n are still not identified.

Remark 1.2. Theorems 1.1 and 1.2 are derived based on the Erdös–Rényi model.
The methods of the proofs could be carried to more complex models, for instance,
the random geometric graphs [34], the weighted dilute random matrices [28], the
power law random graphs, and the random graphs with given expected degrees [9].

Remark 1.3. There are a couple of books on the study of the spectral properties
of the matrices generated from graphs, see, e.g. [1, 8, 9, 12, 13, 35] for reference.

The rest of the paper is organized as follows: the proof of Theorem 1.1 is given
in Sec. 2; the proof of Theorem 1.2 is given in Sec. 3.

2. Proof of Theorem 1.1

Given n ≥ 2, let Γn = {(i, j); 1 ≤ j < i ≤ n} be a graph. Any element (i, j) ∈ Γn

is called a vertex, and i and j are called indices. We say vertices a = (i1, j1) and
b = (i2, j2) form an edge and denote it by a ∼ b, if one of i1 and j1 is identical to
one of i2 and j2. For convenience of notation, from now on, we write a = (a+, a−)
for any a ∈ Γn. Of course, a+ > a−. Given a, b ∈ Γn, define an n × n matrix

Qa,b[i, j] =



−1, if i = a+, j = b+, or i = a−, j = b−;

1, if i = a+, j = b−, or i = a−, j = b+;

0, otherwise.
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Recall (1.4). Set

η
(n)
ij =

ξ
(n)
ij − pn√
pn(1 − pn)

(2.1)

for all 1 ≤ i 
= j ≤ n and n ≥ 2, and

Ψn =




∑
j �=1 η

(n)
1j −η

(n)
12 · · · −η

(n)
1n

−η
(n)
21

∑
j �=2 η

(n)
2j · · · −η

(n)
2n

...
...

...
...

−η
(n)
n1 −η

(n)
n2 · · · ∑

j �=n η
(n)
nj


. (2.2)

With this and the above notation, we rewrite Ψn as follows.

− Ψn =
∑

a∈Γn

η(n)
a Qa,a, (2.3)

where η
(n)
a = η

(n)
a+a− for a = (a+, a−) ∈ Γn. Let ta,b = tr(Qa,b). We summarize some

facts from [6] in the following lemma.

Lemma 2.1. Let a, b ∈ Γn. The following assertions hold :

(i) ta,b = tb,a.

(ii) ta,b =




−2, if a = b;

−1, if a 
= b and a− = b− or a+ = b+;

1, if a 
= b and a− = b+ or a+ = b−;

0, otherwise.

(iii) Qa,b × Qc,d = tb,cQa,d. Therefore, tr(Qa1,a1 × Qa2,a2 × · · · × Qar,ar) =∏r
j=1 taj ,aj+1 , where a1, . . . , ar ∈ Γn, and ar+1 = a1.

Given n ≥ 2, we call π = (a1, . . . , ar) a circuit of length r in Γn if ai ∈ Γn for
1 ≤ i ≤ n and a1 ∼ · · · ∼ ar ∼ a1. For such a circuit, set

η(n)
π =


 r∏

j=1

taj ,aj+1


 r∏

j=1

η(n)
aj

(2.4)

with ar+1 = a1. From (2.3) and (iii) of Lemma 2.1, we know

tr(Ψr
n) = (−1)r

∑
π

η(n)
π and E tr(Ψr

n) = (−1)r
∑

π

Eη(n)
π (2.5)

where the sum is taken over all circuits of length r in Γn.

Definition 2.1. We say that a circuit π = (a1 ∼ · · · ∼ ar ∼ a1) of length r in Γn is
vertex-matched if for each i = 1, . . . , r there exists some j 
= i such that aj = ai; we
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say π has a match of order 3 if some value is repeated at least three times among
{aj, j = 1, . . . , r}.

Clearly, by independence, the only possible non-zero terms in (2.5) come from
vertex-matched circuits. For x ≥ 0, denote by �x� the integer part of x. The following
two lemmas will be used later.

Lemma 2.2 ([6, Proposition 4.10]). Fix r ∈ N. Let N denote the number of
vertex-matched circuits in Γn with vertices having at least one match of order 3.
Then N = O(n�(r+1)/2�) as n → ∞.

Recall Γn = {(i, j); 1 ≤ j < i ≤ n} for n ≥ 2. Let m, r, s1, . . . , sm be positive
integers with r ≥ m and s1 + · · · + sm = r. Define Am,n,r by

{a1 ∼ a2 ∼ · · · ∼ ar ∼ a1 : ai ∈ Γn for 1 ≤ i ≤ n; there exist pairwise

different a′
1, . . . , a

′
m ∈ {a1, . . . , ar} such that a′

i appears si times in

the sequence a1a2 · · · ar for 1 ≤ i ≤ m}. (2.6)

Lemma 2.3. Let m, r, s1, . . . , sm be positive integers with r ≥ m and s1 + · · · +
sm = r. Then, there exists a constant Cr depending only on r such that |Am,n,r| ≤
Cr · nm+1 for all n ≥ 2.

Proof. First, denote by B the total number of ways to assign m different items,
say, ω1, . . . , ωm, into a sequence of length r such that ωi appears exactly si times
for each 1 ≤ i ≤ m. Then B =

(
r

s1,...,sl

) ≤ r!.
Given one of such assignment, recalling (2.6), the number of choices of a1 =

(a+
1 , a−

1 ) ∈ Γn is at most n2. Then, each time a new vertex a′
i = (a+

i , a−
i ) appears

in the circuit sequence, one index from {a+
i , a−

i } is free, while the other is identical
to one of {a+, a−}’s which appear in the circuit sequence earlier than a′

i. Thus, the
total number of the choices of a′

i is bounded by 2r−1n + 2r−1n = 2rn. It follows
that the total number of the circuits corresponding to the assignment is no more
than n2 · (2rn)m−1 ≤ 2r2

nm+1. Take Cr = 2r2
r!. The conclusion then follows by

combining the two steps.

Recall vertex a = (a+, a−) ∈ Γn has two end points a+ and a−.

Definition 2.2. Fix integer n ≥ 2. Let π1, π2, π3, π4 be four circuits of length r

in Γn, we say they are matched if each vertex of any one of these circuits is either
self-matched, that is, there is another vertex of the same circuit with the same end
points, or is cross-matched, that is, there is a vertex of the other circuit with the
same end points (or both).

Given l ∈ N, let Ql be the number of the above matched quadruples satisfying:
(a) for any i = 1, 2, 3, 4, there is j 
= i such that πi and πj share a common vertex;
(b) the total number of different vertices in the four circuits is l.

1250004-7

R
an

do
m

 M
at

ri
ce

s:
 T

he
or

y 
A

pp
l. 

20
12

.0
1.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 "
U

N
IV

E
R

SI
T

Y
 O

F 
M

IN
N

E
SO

T
A

, T
W

IN
 C

IT
IE

S 
L

IB
R

A
R

IE
S"

 o
n 

10
/0

8/
12

. F
or

 p
er

so
na

l u
se

 o
nl

y.



August 21, 2012 10:9 WSPC/S2010-3263 RMTA 1250004

T. Jiang

Lemma 2.4. For fixed l, r ∈ N with 1 ≤ l ≤ 2r, there exists a constant Cr not
depending on n, such that Ql ≤ Crn

l+2 for all n ≥ 2.

Proof. Write

π1 = a1 ∼ a2 ∼ · · · ∼ ar ∼ a1;

π2 = b1 ∼ b2 ∼ · · · ∼ br ∼ b1;

π3 = c1 ∼ c2 ∼ · · · ∼ cr ∼ c1;

π4 = d1 ∼ d2 ∼ · · · ∼ dr ∼ d1.

(2.7)

For i 
= j, denote by πi ↔ πj if πi and πj have at least one crossed match. Up to
the permutations of π1, π2, π3, π4, all matched quadruples satisfying (a) above the
statement of the lemma can be divided into three cases: (i) π1 ↔ π2 and π3 ↔ π4;
(ii) π1 ↔ π2, π1 ↔ π3 and π2 ↔ π4; (iii) π1 ↔ π2, π1 ↔ π3 and π1 ↔ π4. (By
“permutations” we mean that the circuits π1, π2, π3, π4 in (i), (ii) and (iii) can be
πi1 , πi2 , πi3 , πi4 for any permutation {i1, i2, i3, i4} of {1, 2, 3, 4}.) Thus, to prove the
lemma, it suffices to show that the total number of the circuits in each of the three
cases are no more than Cnl+2 for some constant C not depending on n. To do so,
since each of the four circuits has length r, it is enough to show the total number of
the vertices in the four circuits is bounded by Cnl+2 with C not depending on n.

Case (i). π1 ↔ π2 and π3 ↔ π4. Suppose there are l1 different vertices among
circuits π1 and π2, then there are l2 = l− l1 ≥ 0 different vertices in π3 and π4 that
do not appear in π1 and π2.

Since π1 ↔ π2, recalling (2.7), say, (a+
1 , a−

1 ) = a1 ∼ b1. Then, there are at most
n(n− 1)/2 ways to assign {1, . . . , n} to a+

1 and a−
1 with a+

1 > a−
1 . Now assign such

numbers to other l1 − 1 vertices, there are at most 2n assignment for each of a new
vertex since two distinct neighbors are connected. So the total number of vertices
in π1 and π2 is no more than n2 · (2n)l1−1 ≤ 2l1nl1+1. Similarly, there are at most
2l2nl2+1 different vertices in circuits π3 and π4. So the total number of vertices in
circuits π1, π2, π3, π4 is bounded by 2l1nl1+1 · 2l2nl2+1 = 2lnl+2.

Cases (ii) and (iii). The difference between the two cases and case (i) is that the
four circuits here are all connected, while (π1, π2) and (π3, π4) in case (i) may not
have a common vertex at all. For i = 1, 2, 3, 4, let ui be the number of the distinct
vertices in πi that do not appear in πj for j < i. Then u1 + u2 + u3 + u4 = l.

We proceed to assign (i, j)’s with i > j to the vertices in π1 first, then π2, π3, π4

consecutively. By the same consideration as that in (i), the total number of possible
vertices in π1 is at most nu1+1. Since for any i = 2, 3, 4, there exists j = 1, 2, 3 such
that πj ↔ πi, then the total number of different vertices in πk is at most (2n)uk for
k = 2, 3, 4. Therefore, the total number of the distinct vertices in the four circuits
is at most nu1+1 · (2n)u2 · (2n)u3 · (2n)u4 ≤ 2lnl+1.

Lemma 2.5. Let m, n ∈ N. Let X1, . . . , Xn be non-negative, independent ran-
dom variables. Set g(a1, . . . , an) = E(Xa1

1 · · ·Xan
n ) < ∞ for non-negative integers
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a1, . . . , an with 00 = 1. Then

g(a1, . . . , an) ≥
m∏

j=1

g(a1j, . . . , anj)

where {aij ; 1 ≤ i ≤ n, 1 ≤ j ≤ m} are non-negative integers satisfying
∑m

j=1 aij =
ai for all 1 ≤ i ≤ n.

Proof. Given random variable Y ≥ 0 and non-decreasing functions f(x) and g(x)
on [0,∞). If E|f(Y )| < ∞, E|g(Y )| < ∞ and E|f(Y )g(Y )| < ∞, then, by the
covariance inequality, we have that E(f(Y )g(Y )) ≥ Ef(Y ) ·Eg(Y ). Thus, for non-
negative integers b, b1, . . . , bm with b = b1 + · · · + bm, we obtain

E(Xb
i ) ≥ E(Xb1

i ) · E(Xb2+···+bn

i ) ≥ · · · ≥
n∏

j=1

E(Xbj

i ) (2.8)

for any 1 ≤ i ≤ n. By independence,

g(a1, . . . , an) =
n∏

i=1

E(Xai

i ) and
m∏

j=1

g(a1j , . . . , anj) =
n∏

i=1

m∏
j=1

E
(
X

aij

i

)
.

From (2.8), E(Xai

i ) ≥ ∏m
j=1 E(Xaij

i ) since
∑m

j=1 aij = ai for all i = 1, 2, . . . , n.

Then the conclusion follows.

Recall from (2.5) that n−r/2−1E tr(Ψr
n) = (−1)rn−r/2−1

∑
π Eη

(n)
π where the

sum is taken over all circuits of length r in Γn. We next show that some terms in
the sum are negligible.

Lemma 2.6. Suppose the conditions in Theorem 1.1 hold. Fix r ∈ N. Let Wn =
n−r/2−1

∑
π∈Λn

Eη
(n)
π , where Λn is the set of vertex matched circuits of order 3 and

of length r in Γn. Then Wn → 0 as n → ∞.

Proof. Take a circuit in Λn: a1 ∼ a2 ∼ · · · ∼ ar ∼ a1. Let a′
1, . . . , a

′
m ∈ {a1, . . . , ar}

be pairwise different vertices with a′
i appearing si ≥ 2 times in the sequence

a1a2 · · · ar for 1 ≤ i ≤ m with s1 + · · · + sm = r and max1≤i≤m si ≥ 3. Evidently,
m ≤ (r − 1)/2. By (2.4) and independence,

|Eη(n)
π | =

∣∣∣∣∣∣

 r∏

j=1

taj ,aj+1


 · E

m∏
i=1

(η(n)
a′

i
)si

∣∣∣∣∣∣ ≤ 2r ·
m∏

i=1

E(|η(n)
a′

i
|si),

where the last inequality is from (ii) of Lemma 2.1. Now, let Z ∼ Ber(pn) and
qn = 1 − pn. Notice psi

n qn + pnqsi
n ≤ 2pnqn, we obtain from (2.1) that E(|η(n)

a′
i
|si) is

identical to

E

( |Z − pn|√
pnqn

)si

=
psi

n qn + pnqsi
n

(pnqn)si/2
≤ 2

(pnqn)si/2−1
. (2.9)
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Using s1 + · · ·+ sm = r to see that |Eη
(n)
π | ≤ 2r · 2m(pnqn)m−(r/2). Let Cm,r be the

number of solutions of the equation s1 + · · · + sm = r with integer si ≥ 2 for each
1 ≤ i ≤ m. Now we classify the sum

∑
π∈Λn

Eη
(n)
π into the sums corresponding

to m = 1, 2, . . . , �(r − 1)/2�. By Lemma 2.3, the m-th sum is bounded by Cm,r ·
Crn

m+1 · 2m+r(pnqn)m−(r/2). It follows that

|Wn| ≤ 1
nr/2+1

∑
1≤m≤(r−1)/2

Cm,r · Crn
m+1 · 2m+r(pnqn)m−(r/2)

≤ C
∑

1≤m≤(r−1)/2

(npnqn)m−(r/2) = O

(
1√

npnqn

)
→ 0

as n → ∞ since npnqn → ∞ by assumption, where C above is a constant not
depending on n.

Let Un be a symmetric matrix of form

Un =




∑
j �=1 Y1j −Y12 · · · −Y1n

−Y21

∑
j �=2 Y2j · · · −Y2n

...
...

...
...

−Yn1 −Yn2 · · · ∑
j �=n Ynj


 (2.10)

where {Yij ; 1 ≤ i < j < ∞} are i.i.d. standard normal random variables not depend-
ing on n.

Lemma 2.7. Suppose the conditions in Theorem 1.1 hold. Let Ψn and Un be as
in (2.2) and (2.10) respectively. Then

(i) lim
n→∞

1
nk+1/2

E tr(Ψ2k−1
n ) = 0;

(ii) lim
n→∞

1
nk+1

(
E tr(Ψ2k

n ) − E tr(U2k
n )

)
= 0

for any integer k ≥ 1.

Proof. (i) As in (2.5), E tr(Ψ2k−1
n ) =

∑
π Eη

(n)
π where the sum is taken over all

circuits of length 2k − 1 in Γn in which each vertex appears at least twice. Notice
r = 2k − 1 is odd, one vertex has to appear at least three times. The result then
follows from Lemma 2.6.

(ii) Recall (2.10). For a circuit a1 ∼ · · · ∼ ar ∼ a1 with ai ∈ Γn for all 1 ≤ i ≤ r,

similar to notation η
(n)
π in (2.4), we define

Y (n)
π =


 r∏

j=1

taj ,aj+1


 r∏

j=1

Yaj . (2.11)
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Taking r = 2k, we have

|E tr(Ψ2k
n ) − E tr(U2k

n )| =

∣∣∣∣∣∑
π

(Eη(n)
π − EY (n)

π )

∣∣∣∣∣
≤

∣∣∣∣∣ ∑
π∈A1

Eη(n)
π

∣∣∣∣∣ +

∣∣∣∣∣ ∑
π∈A1

EY (n)
π

∣∣∣∣∣ +

∣∣∣∣∣ ∑
π∈A2

(Eη(n)
π − EY (n)

π )

∣∣∣∣∣
:= I1 + I2 + I3, (2.12)

where A1 denotes the set of the vertex-matched circuits with match of order 3, and
A2 denotes the set of the vertex-matched circuits in Γn such that there are exact k

distinct matches. Now we analyze the three terms one by one.
By Lemma 2.6, I1 = o(nk+1) as n → ∞. Observe that each vertex of any circuit

in A2 matches exactly two times. From the independence assumption and that
E|η(n)

ij |2 = E|Yij |2 = 1 for all 1 ≤ i < j ≤ n and n ≥ 2, we know Eη
(n)
π = EY

(n)
π = 1

for all π ∈ A2. This gives I3 = 0. Now we turn to estimate I2.

Recalling (2.11), for π ∈ A1,
∏2k

j=1 Yaj has the form of
∏w

s=1 V ls
s , where

V1, . . . , Vw are i.i.d. N(0, 1)-distributed random variables, and l1 ≥ 2, . . . , lw ≥ 2
with

∑w
s=1 ls = 2k. Thus, by the Hölder inequality, E|∏2k

j=1 Yaj | ≤ E(|N(0, 1)|2k).

From (ii) of Lemma 2.1, |EY
(n)
π | ≤ 22kE(|N(0, 1)|2k). It follows that I2 ≤

22kE(|N(0, 1)|2k) · |A1| = O(nk) as n → ∞ by Lemma 2.2.
In summary, I1 + I2 + I3 = o(nk+1) as n → ∞, which together with (2.12)

concludes (ii).

Lemma 2.8. Suppose the conditions in Theorem 1.1 hold. Let Ψn be as in (2.2).
Then

lim
n→∞

1
nr/2+1

(tr(Ψr
n) − E tr(Ψr

n)) = 0 a.s.

for any integer r ≥ 1.

Proof. By (2.4) and (2.5),

tr(Ψr
n) − E tr(Ψr

n) = (−1)r
∑

π

(η(n)
π − Eη(n)

π )

where the sum is taken over all circuits of length r in Γn, and

η(n)
π =

r∏
j=1

taj ,aj+1

r∏
j=1

η(n)
aj

for π = (a1, . . . , ar). We claim that, to prove the lemma, it is enough to show

E|tr(Ψr
n) − E tr(Ψr

n)|4 = O(n2r+2) (2.13)
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as n → ∞. In fact, if this holds, by the Markov inequality,

P

(
1

nr/2+1
|tr(Ψr

n) − E tr(Ψr
n)| ≥ ε

)
≤ E|tr(Ψr

n) − E tr(Ψr
n)|4

n2r+4ε4
= O

(
1
n2

)
as n → ∞ for any ε > 0. Thus, the sum of the left-hand side of the above over all
n ≥ 2 is finite, the Borel–Cantelli lemma then gives the desired conclusion. Now,

E|tr(Ψr
n) − E tr(Ψr

n)|4

=
∑

π1,π2,π3,π4

E{(η(n)
π1

− Eη(n)
π1

)(η(n)
π2

− Eη(n)
π2

)(η(n)
π3

− Eη(n)
π3

)(η(n)
π4

− Eη(n)
π4

)}

(2.14)

where the sum is taken over all circuits πj , j = 1, 2, 3, 4 of length r each. For
every n ≥ 2, since η

(n)
a ’s are independent random variables with zero means (recall-

ing (2.1)), if a circuit πk has a vertex that is not matched with any other vertex in
the four circuits, then Eη

(n)
πk = 0 and

E

4∏
j=1

(η(n)
πj

− Eη(n)
πj

) = E


η(n)

πk
·
∏
j �=k

(η(n)
πj

− Eη(n)
πj

)


 = 0.

Further, if one of the circuits, say π1, is only self-matched, i.e. has no cross-matched
vertex, then obviously

E

4∏
j=1

(η(n)
πj

− Eη(n)
πj

) = E(η(n)
π1

− Eη(n)
π1

) · E
4∏

j=2

(η(n)
πj

− Eη(n)
πj

) = 0.

Therefore, it suffices to take the sum in (2.14) over all matched quadruples of
circuits on π1, π2, π3, π4 of length r (see Definition 2.2) with the property: for any
i = 1, 2, 3, 4, there is j 
= i such that πi and πj share the same vertex. Recalling
the definition of Ql in Lemma 2.4, since the quadruples are matched, we know
1 ≤ l ≤ 2r, and by this lemma, |Ql| ≤ Crn

l+2 for all 1 ≤ l ≤ 2r, where Cr is a
constant depending on r only. Thus, by (2.14),

E|tr(Ψr
n) − E tr(Ψr

n)|4 ≤
2r∑

l=1

∑
(π1,π2,π3,π4)∈Ql

|h(π1, π2, π3, π4)|, (2.15)

where h(π1, π2, π3, π4) = E
∏4

j=1(η
(n)
πj − Eη

(n)
πj ). Expand the expectation, there are

16 terms, and the absolute value of each is bounded by E
∏4

j=1 |η(n)
πj | by Lemma 2.5.

Thus, by (2.15),

E|tr(Ψr
n) − E tr(Ψr

n)|4 ≤ 16Cr

2r∑
l=1

nl+2 max
(π1,π2,π3,π4)∈Ql


E

4∏
j=1

|η(n)
πj

|

. (2.16)
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Given l ≥ 1, let Z be a Ber(pn)-distributed random variable. Then, for each
(π1, π2, π3, π4) ∈ Ql, by independence,

E

4∏
j=1

|η(n)
πj

| ≤ max
l∏

i=1

E

( |Z − pn|√
pnqn

)mi

(2.17)

where the maximum is over all m1 ≥ 1, . . . , ml ≥ 1 subject to the constraint
m1 + · · · + ml = 4r. By (2.9), the above is controlled by

l∏
i=1

E

( |Z − pn|√
pnqn

)mi

≤
l∏

i=1

2
(pnqn)mi/2−1

=
2l

(pnqn)2r−l
.

It follows from (2.16) and (2.17) that

E|tr(Ψr
n) − E tr(Ψr

n)|4 ≤ 16Cr

2r∑
l=1

2lnl+2

(pnqn)2r−l

≤ (16Cr22r)n2r+2
2r∑

l=1

1
(npnqn)2r−l

= O(n2r+2)

as n → ∞ since npnqn → ∞ by assumption. This gives (2.13).

For an n × n symmetric matrix M, let FM be the empirical distribution of the
eigenvalues of M.

Lemma 2.9. Suppose αn := (npn(1 − pn))1/2 → ∞ as n → ∞. Let Ψn be as
in (2.2). Then, as n → ∞, with probability one, FΨn/

√
n converges weakly to the

free convolution γM of the semi-circle law and N(0, 1).

Proof. [6, Proposition A.3] says that γM is a symmetric distribution and uniquely
determined by its moments. Thus, to prove the theorem, it is enough to show that

1
nr/2+1

tr(Ψr
n) =

1
n

tr(n−1/2Ψn)r =
∫

xrdFn−1/2Ψn

→
∫

xrdγM a.s. (2.18)

as n → ∞ for any integer r ≥ 1. First, since γM is symmetric, we know∫
x2k−1dγM = 0 for any integer k ≥ 1. Second, recalling Un in (2.10), [6, Proposi-

tion 4.13] says that

1
n

E tr((n−1/2Un)2k) →
∫

R

x2kdγM

as n → ∞ for any k ≥ 1. Consequently, the two facts together with Lemmas 2.7
and 2.8 yield (2.18).
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Proof of Theorem 1.1. Let µn = pn and σn =
√

pn(1 − pn). Recalling ∆n

in (1.2), η
(n)
ij in (2.1) and Ψn in (2.2), we know

∆n = σnΨn + (nµn)In︸ ︷︷ ︸
∆n,1

−µnJn (2.19)

where In is the n × n identity matrix, and Jn is the n × n matrix with all of its
entries equal to 1. By Lemma 2.9, with probability one,

FΨn/
√

n converges weakly to γM

as n → ∞. Therefore,

F (∆n,1−nµnIn)/
√

nσn = FΨn/
√

n converges weakly to γM (2.20)

almost surely as n → ∞. By (2.19) and the rank inequality (see [2, Lemma 2.2]),

‖F (∆n−nµnIn)/
√

nσn − F (∆n,1−nµnIn)/
√

nσn‖

≤ 1
n
· rank

(
∆n − ∆n,1√

nσn

)
≤ 1

n
· rank(Jn) ≤ 1

n
→ 0, (2.21)

as n → ∞, where ‖f‖ := supx∈R
|f(x)| is the supremum norm of a bounded,

measurable function f(x) defined on R. Therefore, (2.20) and (2.21) lead to that,
as n → ∞,

1
n

n∑
i=1

I

(
λi(∆n) − npn√

npn(1 − pn)
≤ x

)
= F (∆n−nµnIn)/

√
nσn(x) converges weakly to γM

with probability one. The proof is complete.

3. Proof of Theorem 1.2

For any two probability measures µ and ν on R, define

dBL(µ, ν) = sup
{∣∣∣∣

∫
fdµ −

∫
fdν

∣∣∣∣ : ‖f‖∞ + ‖f‖L ≤ 1
}

, (3.1)

where ‖f‖∞ = supx∈R
|f(x)|, ‖f‖L = supx �=y |f(x)− f(y)|/|x− y|. It is well known

(see, e.g. [16, Sec. 11.3]) that dBL(·, ·) is the bounded Lipschitz metric, which char-
acterizes the weak convergence of probability measures. Given n× n real and sym-
metric matrices M1 and M2, let µ̂(Mi) be the empirical measure of the eigenvalues
(the spectral measure) of Mi for i = 1, 2, that is,

µ̂(Mi) =
1
n

n∑
j=1

δλj(Mi), i = 1, 2,
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where δx is the point mass probability measure at x. We have (see, e.g. [6, (2.16)])

d2
BL(µ̂(M1), µ̂(M2)) ≤ 1

n
tr((M1 − M2)2). (3.2)

A similar result is the Difference Inequality in [2, Lemma 2.3]:

L3(FM1 , FM2) ≤ 1
n

tr(M1 − M2)2 (3.3)

where FMi is the empirical cumulative distribution function of the eigenvalues of
Mi for i = 1, 2. For each n ≥ 2, recall from (1.4) that {ξ(n)

ij ; 1 ≤ i < j ≤ n} are

i.i.d. Ber(pn)-distributed random variables, and ξ
(n)
ii = 0 and ξ

(n)
ij = ξ

(n)
ji for all

1 ≤ i 
= j ≤ n. Define

rn,i =
n∑

j=1

ξ
(n)
ij , r̃n,i = rn,i − (n − 1)pn,

an = max
1≤i≤n

{|r̃n,i|} and bn = min
1≤i≤n

{rn,i}.
(3.4)

With this notation, we have the following lemma.

Lemma 3.1. Let An and Ln be as in (1.1) and (1.3), respectively. Set L̃n = In −
((n − 1)pn)−1An. Then

1
n

tr(L̃n − Ln)2 ≤ 2a4
n + 8n2p2

na2
n

n(n − 1)4p4
nb2

n

∑
1≤i�=j≤n

ξ
(n)
ij

for all n ≥ 2.

Proof. If bn = 0, the conclusion holds trivially. Now, without loss of generality,
assume that bn > 0 for all n ≥ 2. Note that

L̃n − Ln = − 1
(n − 1)pn

An + diag(r−1/2
n,1 , . . . , r−1/2

n,n )An diag(r−1/2
n,1 , . . . , r−1/2

n,n )

=
((

− 1
(n − 1)pn

+
1√

rn,i
√

rn,j

)
ξ
(n)
ij

)
n×n

.

Thus, using (ξ(n)
ij )2 = ξ

(n)
ij , we get

tr(L̃n − Ln)2 =
∑

1≤i,j≤n

(
1

(n − 1)pn
− 1√

rn,i
√

rn,j

)2

ξ
(n)
ij . (3.5)

Now (
1

(n − 1)pn
− 1√

rn,i
√

rn,j

)2

=
(√rn,irn,j − (n − 1)pn)2

(n − 1)2p2
nrn,irn,j

. (3.6)
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Use formula |√x − √
y| = |x − y|/(

√
x +

√
y) ≤ |x − y|/√y for x = rn,irn,j and

y = (n − 1)2p2
n to obtain that the right-hand side of (3.6) is dominated by

(rn,irn,j − (n − 1)2p2
n)2

(n − 1)4p4
nrn,irn,j

≤ (rn,irn,j − (n − 1)2p2
n)2

(n − 1)4p4
nb2

n

.

From the definition of r̃n,i, we see that

|rn,irn,j − (n − 1)2p2
n| = |(r̃n,i + (n − 1)pn)(r̃n,j + (n − 1)pn) − (n − 1)2p2

n|
= |r̃n,i · r̃n,j + (n − 1)pn(r̃n,i + r̃n,j)|
≤ a2

n + 2(n − 1)pnan.

It follows from the inequality (x + y)2 ≤ 2x2 + 2y2 for any x, y ∈ R that

(rn,irn,j − (n − 1)2p2
n)2 ≤ (a2

n + 2(n − 1)pnan)2 ≤ 2a4
n + 8n2p2

na2
n.

Thus, collecting all the assertions above, we see that the coefficient of ξ
(n)
ij in the

sum in (3.5) is bounded by

2a4
n + 8n2p2

na2
n

(n − 1)4p4
nb2

n

for all 1 ≤ i < j ≤ n and n ≥ 2. This yields the desired inequality.

We need the following result.

Lemma 3.2. Let ε1, . . . , εn be i.i.d. random variables with P (ε1 = 1) = 1−P (ε1 =
0) = p ∈ (0, 1). Then

P

(∣∣∣∣
∑n

i=1 εi

np
− 1

∣∣∣∣ ≥ δ

)
≤ 2e−(np)δ2/4

for all n ≥ 1 and δ ∈ (0, 1).

When p is a constant, that is, p does not depend on n, the above is a simple
application of the Chernoff bound (see, e.g. [14, p. 27]). In fact, the above result
captures how the probability goes to 0 when p = pn goes to 0.

Lemma 3.3. Assume (1.4) holds. Let an and bn be as in (3.4). If npn/log n → ∞,

then
an

npn
→ 0 a.s.,

bn

npn
→ 1 a.s. and

1
n2pn

∑
1≤i�=j≤n

ξ
(n)
ij → 1 a.s.

as n → ∞.

Proof. We first prove the last limit. Since ξ
(n)
ij = ξ

(n)
ji for all 1 ≤ i < j ≤ n, to

show the third assertion in the lemma, it is enough to prove that

Zn :=
2

n(n − 1)pn

∑
1≤i<j≤n

ξ
(n)
ij → 1 a.s.
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as n → ∞. Taking δ ∈ (0, 1), since npn/logn → ∞, we obtain from Lemma 3.2 that
P (|Zn − 1| ≥ δ) = O(n−2) as n → ∞. This shows that

∑
n≥2 P (|Zn − 1| ≥ δ) < ∞,

which implies Zn → 1 a.s. by the Borel–Cantelli lemma.
Recall that rn,i in (3.4) is a sum of n − 1 i.i.d. Ber(pn)-distributed random

variables for each 1 ≤ i ≤ n. Also, r̃n,i = rn,i − (n − 1)pn, an = max1≤i≤n{|r̃n,i|}
and bn = min1≤i≤n{rn,i}. By Lemma 3.2 again, use condition npn/log n → ∞ to
get

P

(
an

(n − 1)pn
≥ δ

)
≤ n · P

(∣∣∣∣∣
∑n

j=2 ξ1j

(n − 1)pn
− 1

∣∣∣∣∣ ≥ δ

)
≤ 1

n2

for any δ ∈ (0, 1) as n (depending on δ) is sufficiently large. It follows that∑
n≥2 P (an/(n− 1)pn ≥ δ) is finite for any δ ∈ (0, 1). By the Borel–Cantelli lemma

again, we have
an

npn
→ 0 a.s. (3.7)

as n → ∞. Finally, from (3.7),∣∣∣∣ bn

(n − 1)pn
− 1

∣∣∣∣ =
∣∣∣∣min1≤i≤n{rn,i − (n − 1)pn}

(n − 1)pn

∣∣∣∣ ≤ an

(n − 1)pn
→ 0 a.s.

as n → ∞. This leads to bn/(npn) → 1 a.s. as n → ∞.

Proof of Theorem 1.2. Review from Lemma 3.1 that L̃n = In−((n−1)pn)−1An,

and µ̂(L̃n) and µ̂(Ln) are the empirical measures of the eigenvalues of L̃n and Ln,
respectively. By Lemma 3.1,

d2
BL(µ̂(Ln), µ̂(L̃n)) ≤ 1

n
tr(Ln − L̃n)2 ≤ 2a4

n + 8n2p2
na2

n

n(n − 1)4p4
nb2

n

∑
1≤i�=j≤n

ξ
(n)
ij (3.8)

for n ≥ 2. Set

an = (npn)un, bn = (npn)vn and
∑

1≤i�=j≤n

ξ
(n)
ij = n2pnwn

for n ≥ 2. By Lemma 3.3, un → 0 a.s., vn → 1 a.s. and wn → 1 a.s. as n → ∞.

Therefore, noting npn → ∞, we obtain

2a4
n + 8n2p2

na2
n

n(n − 1)4p4
nb2

n

∑
1≤i�=j≤n

ξ
(n)
ij =

2n4p4
nu4

n + 8n4p4
nu2

n

n3(n − 1)4p6
nv2

n

· n2pnwn

∼ (2u4
n + 8u2

n)wn

(npn)v2
n

= o

(
1

npn

)
a.s.

as n → ∞. Therefore,

1
n

tr(Ln − L̃n)2 = o

(
1

npn

)
a.s.
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as n → ∞. It is easy to see from (3.2) that

d2
BL(µ̂(γLn + ρIn), µ̂(γL̃n + ρIn)) ≤ γ2 · 1

n
tr(L̃n − Ln)2

for n ≥ 2 and any two real numbers γ and ρ. The above two assertions together
with (3.8) conclude that

d2
BL(µ̂(γnLn + ρnIn), µ̂(γnL̃n + ρnIn)) = o

(
γ2

n

npn

)
a.s. (3.9)

as n → ∞ for any two sequences of constants {γn, n ≥ 1} and {ρn, n ≥ 1}. Notifying
L̃n = In − ((n − 1)pn)−1An, it is clear that

(n − 1)pn(1 − λi(L̃n)) = λi(An) (3.10)

for i = 1, 2, . . . , n. From the given condition, αn := (npn(1 − pn))1/2 → ∞. By
corollary 1.2 from [15], with probability one, µ̂(An/αn) converges weakly to the
semi-circle law µcir with density 1

2π

√
4 − x2I(|x| ≤ 2). Thus, by (3.10), almost

surely,

1
n

n∑
i=1

I

(
(n − 1)pn

αn
(1 − λi(L̃n)) ≤ x

)
, x ∈ R,

converges weakly to µcir as n → ∞. Observe that

(n − 1)pn

αn
=

(n − 1)pn

(npn(1 − pn))1/2
∼

√
npn

1 − pn

as n → ∞. By a trivial manipulation, we obtain that, with probability one,

1
n

n∑
i=1

I

(√
npn

1 − pn
(1 − λi(L̃n)) ≤ x

)
, x ∈ R, (3.11)

converges weakly to µcir as n → ∞. Taking γn = −ρn = −√
npn/(1 − pn), we have

λi(γnL̃n + ρnIn) =
√

npn

1 − pn
(1 − λi(L̃))

for 1 ≤ i ≤ n. Thus, by (3.11), with probability one, µ̂(γnL̃n + ρnIn) converges
weakly to µcir as n → ∞. Equivalently,

dBL(µ̂(γnL̃n + ρnIn), µcir) → 0 a.s. (3.12)

as n → ∞. By the condition that sup{pn; n ≥ 2} < 1, we know o(γ2
n/(npn)) = o(1)

as n → ∞. Since dBL(·, ·) is a metric, by the triangle inequality, we finally conclude
from (3.9) and (3.12) that

dBL(µ̂(γnLn + ρnIn), µcir) → 0 a.s.

as n → ∞. Equivalently, with probability one,

1
n

n∑
i=1

I

(√
npn

1 − pn
(1 − λi(Ln)) ≤ x

)
, x ∈ R,

converges weakly to µcir as n → ∞.
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