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DISTANCES BETWEEN RANDOM ORTHOGONAL MATRICES
AND INDEPENDENT NORMALS

TIEFENG JIANG AND YUTAO MA

ABSTRACT. Let I',, be an n X n Haar-invariant orthogonal matrix. Let Z,
be the p X ¢ upper-left submatrix of I',,, where p = p,, and ¢ = ¢, are two
positive integers. Let G, be a p X ¢ matrix whose pq entries are independent
standard normals. In this paper we consider the distance between y/nZ, and
G, in terms of the total variation distance, the Kullback-Leibler distance, the
Hellinger distance, and the Euclidean distance. We prove that each of the first
three distances goes to zero as long as pg/n goes to zero, and not so if (p, q)
sits on the curve pg = on, where o is a constant. However, it is different for
the Euclidean distance, which goes to zero provided pqz/n goes to zero, and
not so if (p, q) sits on the curve pg? = on. A previous work by Jiang (2006)
shows that the total variation distance goes to zero if both p/y/n and ¢/+/n
go to zero, and it is not true provided p = ¢\/n and ¢ = dv/n with ¢ and d
being constants. One of the above results confirms a conjecture that the total
variation distance goes to zero as long as pg/n — 0 and the distance does not
go to zero if pg = on for some constant o.

1. INTRODUCTION

Let O(n) be the orthogonal group consisting of all n xn orthogonal matrices. Let
I, = (7ij)nxn be arandom orthogonal matrix which is uniformly distributed on the
orthogonal group O(n) or, equivalently, T',, follows the Haar-invariant probability
measure on O(n). We sometimes also say that I',, is a Haar-invariant orthogonal
matrix. Let Z, be the p x ¢ upper-left submatrix of I';,, where p = p,, and ¢ = ¢,
are two positive integers. Let G, be a p X ¢ matrix from which the pg entries are
independent standard normals. In this paper we will study the distance between
V/nZ, and G, in terms of the total variation distance, the Hellinger distance, the
Kullback-Leibler distance, and the Euclidean distance (or, equivalently, the trace
norm). Throughout this paper, we will frequently encounter the notation py, g,.
For simplicity, we will use p and ¢ rather than p, and g,, respectively, if there is
no confusion.

It has long been observed that the entries of I',, are roughly independent
random variables with distribution N (0, 1). Historically, authors show that the

n

distance between \/nZ, and G,, say, d(/nZy,,G,), goes to zero under condition
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(p,g) = (1,1), (p,q) = (v, 1), (p,q) = (0(n),1), or (p,q) = (n'/3,n'/%). Readers
are referred to, for instance, Maxwell [2829], Poincaré [32], Stam [34], Diaconis et
al. [12], and Collins [7]. A more detailed account can be seen from Diaconis and
Freedman [I1] and Jiang [18].

Obviously, with more research being done, it is known that the values of p and ¢
become larger and larger such that d(y/nZ,, G,) goes to zero. Diaconis [10] then
asks what the largest values of p,, and g, are such that the distance between v/nZ,,
and G,, goes to zero. Jiang [I8] settles the problem by showing that p = o(n'/?)
and ¢ = o(n'/?) are the largest orders to make the total variation distance go to
zero. If the distance is the weak distance or, equivalently, the maximum norm,
Jiang [I8] further proves that the largest order of ¢ is logn with p = n. Based
on this work some applications are obtained, for example, for the properties of
eigenvalues of the Jacobi ensemble in the random matrix theory [19], the wireless
communications [25H27], and data storage from Big Data [5].

However, even with the affirmative answer by Jiang [18], a conjecture ((1) below)
and a question ((2) below) still remain.

(1) If pg/n — 0, and p and ¢ do not have to be in the same scale, does the total
variation distance still go to zero?

(2) What if the total variation distance and weak norm are replaced by other
popular distances, say, the Hellinger distance, the Kullback-Leibler distance, or the
FEuclidean distance?

Conjecture (1) is natural because it is shown by Diaconis and Freedman [11] that
the total variation distance goes to zero if p = o(n) and ¢ = 1. The work by Jiang
[18] proves that the same holds if p = o(n'/2?) and ¢ = o(n'/?). In both occasions,
(p, q) satisfies that pg = o(n).

In this paper we will answer conjecture (1) and question (2). For conjecture (1),
we show that the total variation distance between /nZ, and G,, goes to zero as
long as p > 1,q > 1, and 22 — 0, and the orders are sharp in the sense that the
distance does not go to zero if 22 — ¢ > 0, where o is a constant.

For question (2), we prove that the same answer as that for (1) is also true for
the Hellinger distance and the Kullback-Leibler distance. However, it is different
for the Euclidean distance. We prove that the Euclidean distance between them

goes to zero as long as % — 0, and the conclusion no longer holds for any p > 1

and ¢ > 1 satisfying % — ¢ > 0. In order to compare these results clearly, we give
Table [1 for some special cases. One may like to read the table through its caption
and the statements of Theorems [l and 2] below.

TABLE 1. Largest orders of p and ¢ such that d(v/nZ,, G,) — 0,
where Z,, and G,, are the p x ¢ upper-left submatrix of an n x n
Haar-invariant orthogonal matrix and a p X ¢ matrix whose entries
are i.i.d. N(0,1), respectively.

distance d ‘ order of (p,q)

total variation (v/n, /1)
Hellinger (v/n,/n)
Kullback-Leibler (vVn,/n)
Euclidean (I/n, I/n)
weak (1 o)
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Before stating our main results, let us review rigorously the distances aforemen-
tioned. Let p and v be two probability measures on (R™, B), where R™ is the
m-~dimensional Euclidean space and B is the Borel o-algebra. Recall that the total
variation distance between p and v, denoted by || — v||v, is defined by

(1.1) = vllry =2 sup [u(A) — v(A) :/ [f(x) — g(a)| dz,
AeB m

provided g and v have density functions f and g with respect to the Lebesgue
measure, respectively. The Hellinger distance H (u,v) between v and p is defined

by
H(v) = / VF@) - Val@) [Pde.

The Kullback-Leibler distance between p and v is defined by

dp du
Dslpllr) = [ G tox Fan
The three distances have the following relatlonshlps:
(1.2) 2H?(1,v) < | = vilvy < 2V2H (1, v);
(1.3) i = vty < 2Dkw(pllv)-
Readers are referred to, for example, [24] and [9] for (I2)) and (L3]), respectively.
In particular, the assertion in ([[3) is called the Pinsker inequality.

Theorem 1. Suppose p = p,, and q = q,, satisfy 1 < p,q <n. For each n > 1, let
Z,, and G,, be the p x q submatrices aforementioned. Let d(v/nZ,,G,) be the total
variation distance, the Hellinger distance, or the Kullback-Leibler distance between
the probability distributions of \/nZ, and G,,. Then
(i) limy, o0 d(v/1Zr, Gp) =0 for any p > 1 and ¢ > 1 with lim,, o, 2 = 0;
(ii) liminf, o d(v/NnZp, Gy) > 0 if limy, o0 B2 = 0 € (0, 00).

When d(-, -) is the total variation distance, Jiang [I§] obtains (i) with p = o(y/n)
and ¢ = o(y/n) and (ii) with p = [zy/n] and ¢ = [y/n], where > 0 and y > 0 are
constants. Theorem [l confirms a conjecture by the first author.

Now we study the approximation in terms of the Euclidean distance. Let Y,, =

(¥15---,¥n) = (¥ij)nxn be an nxn matrix, where the y;; are i.i.d. random variables
with distribution N(0,1). Perform the Gram-Schmidt algorithm on the column
vectors y1,...,yn as follows:
W1
W1 =Y, M1 =37
[[w]
k—1 w
k
(1.4) Wk =¥k — Z<Yka'7i>'7i> Ve =57
- Twil
for k = 2,...,n, where (yx,~;) is the inner product of the two vectors. Then
Iy = (71,---,7) = (755) is an n x n Haar-invariant orthogonal matrix. Set

Tpxq = (Vij)i<i<pi<j<q and Yuq = (¥ij)1<i<pi<j<q for 1 < p,q < n. We consider
the Euclidean distance between /nI'pyx, and Yy, that is, the Hilbert-Schmidt
norm defined by

q
(1.5) [RVAD e Yp><qH%IS = ZZ Yij — yu
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Throughout the paper the notation &, RN ¢ indicates that the random variable
&, — € in probability as n — oo.

Theorem 2. Let the notation I'yxq and Y x4 be as in the above. If p = pn,q = qn
satisfy 1 < p,q < n andlim,,_, % =0, then ||\/nTpxq—Ypxqllus 20 asn — 0.
Further, if 1 < p,q <n satisfy lim,_, % =0 € (0,00), then

(1.6) lggigfp(”\/ﬁrpm = Ypxgllus =€) >0

for every e € (0,1/0/2).

We also obtain an upper bound in Proposition BTt E||v/nTpxg — Ypxgllis <

2
242‘1 for any n > 2 and 1 < p,q < n. Further, we obtain cleaner results than

(I6) for two special cases. It is proved in Lemma Bl that ||v/nLpx1 — Ypx1llus —
V5 - IN(0,1)| weakly provided p/n — ¢ € (0,1]. In the proof of Theorem B we

show that |[v/nTpxq — Ypxgllus = \/0/2 if ¢ = oo and (pg?)/n — o > 0.

In order to compare the orders for all different norms, we give Table [I] for the
special case that p and ¢ are of the same scale except for the weak norm. The weak
norm is defined by HA — BHmax = IMaXj1<i<p,1<j<q |aij — b1]| for A = (aij)pxq and
B = (bij)pxq- The distance ||\/nZ, — Gy ||max for the case p = n is studied in [I8].

Remarks and future questions. A. Compared to the techniques employed in
[18], the proofs of the results in this paper use the following new elements:

(1) Tricks of calculating the means of monomials of the entries from T',, are
used in Lemmas and 241

(2) A subsequence argument is applied to the proofs of both theorems. In
particular, the proof of Theorem [ is reduced to the case ¢/p — 0 and the
case q = 1.

(3) A central limit theorem (CLT) on tr[(G/,G,)?] for the case ¢/p — 0 is
established in Lemma 201 The CLT for the case q/p — ¢ > 0 is well
known; see, for example, [3] or [23].

(4) Some properties of the largest and the smallest eigenvalues of G/, G,, for
the case ¢/p — 0 is proved in Lemma This is a direct consequence of
a recent result by Jiang and Li [22]. The situation for ¢/p — ¢ > 0 is well
known; see, for example, [3].

(5) Connections in ([2) and (L3]) among distances provide an efficient way to
use known properties of Wishart matrices and Haar-invariant orthogonal
matrices. The Wishart matrices appear in the proof of (ii) of Theorem
[ and the Haar-invariant orthogonal matrices occur in the proof of (i) of
Theorem [l

B. In this paper we approximate the Haar-invariant orthogonal matrices by
independent normals with various probability measures. It can be proved that
similar results also hold for Haar-invariant unitary and symplectic matrices without
difficulty. This can be done by the method employed here together with those from
[19,21].

C. As mentioned earlier, the work [I8] has been applied to other random ma-
trix problems [19], the wireless communications [25H27], and a problem from Big
Data [5]. In this paper we consider three other probability metrics: the Hellinger
distance, the Kullback-Leibler distance, and the Euclidean distance. We expect
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1513

more applications. In particular, since Hellinger distance and Kullback-Leibler dis-
tance are popular in statistics and information theory, respectively, we foresee some
applications in the two areas.

D. In Theorem ] the Haar-invariant orthogonal matrices are obtained by the
Gram-Schmidt algorithm. The approximation by independent normals via the
Hilbert-Schmidt norm is valid if pg? = o(n). There are other ways to generate
Haar-invariant orthogonal matrices; see, for example, [31]. It will be interesting to
see the cut-off orders of p and ¢ such that (6] holds under the new couplings.

E. So far five popular probability metrics are applied to study the distance be-
tween \/nZ, and G,,. They are the total variation distance, the Hellinger distance,
the Kullback-Leibler distance, the Euclidean distance in this paper, and the weak
norm in [I8]. Their corresponding conclusions show different features. There are
many other distances of probability measures which include the Prohorov distance,
the Wasserstein distance, and the Kantorovich transport distance. It will be inter-
esting to see the largest orders of p and g such that these distances go to zero. Of
course, applications of the results along this line are welcomed.

Finally, the structure of the rest paper is organized as follows.

Section 2t Proof of Theorem [1]
Section 2.1} Preliminary results.
Section The proof of Theorem [

Section Bt Proof of Theorem

Section BIF Auxiliary results.

Section The proof of Theorem
Section [k Appendix.

2. PrRoOOF oF THEOREM [

2.1. Preliminary results. Throughout the paper we will adopt the following no-
tation.

Notation. (a) X ~ x?(k) means that random variable X follows the chi-square
distribution with degree of freedom k.

(b) Np(u,X) stands for the p-dimensional normal distribution of mean vector
p and covariance matrix 3. We write X ~ N,(p, ) if random vector X has the
distribution N,(u,X). In particular, we write X ~ N,(0,I) if the p coordinates of
X are independent N(0, 1)-distributed random variables.

(c) For two sequences of numbers {a,; n > 1} and {b,; n > 1}, the notation
an = O(b,) as n — oo means that limsup,, , . |an/bn| < co. The notation a, =
o(by,) as n — oo means that lim,,_,+ a, /b, = 0, and the symbol a,, ~ b,, stands for
lim,, o0 apn /by, = 1.

(d) X,, = op(ay) means that f—: — 0 in probability as n — oo, and X,, =
Op(ay) means that {f—:, n > 1} is stochastically bounded, that is, sup,,~; P(|X,| >
ba,) = 0asb— oo,

Before proving Theorem [Il we need some preliminary results. They appear in a
series of lemmas.

The following is taken from Proposition 2.1 by Diaconis, Eaton, and Lauritzen
[12] or Proposition 7.3 by Eaton [15].

Lemma 2.1. Let '), be an n X n random matriz which is uniformly distributed on
the orthogonal group O(n) and let Z,, be the upper-left p X q submatriz of T'y. If
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1514 TIEFENG JIANG AND YUTAO MA

p+q<n and g < p, then the joint density function of entries of Z,, is
(2.1) f(z)=(V 2w)_pqw {det(Iq - z’z)(”_p_q_l)/Q} In(2'2),
w(n,q

where Iy(2'2) is the indicator function of the set that all q eigenvalues of 2’z are in
(0,1), and w(-,-) is the Wishart constant defined by

_ A t(t=1)/49st/2 ﬁ r(:= J+1
w(s, t) 2 '

j=1

(2.2)

Here t is a positive integer and s is a real number, s > t — 1. When p < q, the
density of Z,, is obtained by interchanging p and q in the above Wishart constant.

The following result is taken from [20]. For any integer a > 1, set (2a — 1)!l =
1-3---(2a—1) and (—1)!! =1 by convention.
Lemma 2.2. Suppose m > 2 and &1,...,&yn are i.4.d. random wvariables with
2
& ~ N(0,1). Define U; = 52+£4+52 for1 <i<m. Letay,...,a, be non-negative
1 m

integers and a =y~ a;. Then

1™ (2a; — 1)!
[T (m+2i—2)

The expectations of some monomials of the entries of Haar-orthogonal matrices
will be computed next. Recall 'y, = (7ij)nxn is & Haar-invariant orthogonal matrix.
The following facts will be repeatedly used later. They follow from the property of
the Haar invariance.

U -U) =

(F1) The vector (y11,...,7vn1)" and \/ﬁ(fl, ...,&n)" have the same prob-
1 n

ability distribution, where &3, ...,&, are i.i.d. N(0,1)-distributed random
variables.

(F2) By the orthogonal invariance any k different rows/columns of T';, have the
same joint distribution as that of the first k£ rows of I',, for any 1 < k < n.

Lemma 2.3. Let T'y, = (71,...,7) = (Vij)nxn be a Haar-invariant orthogonal
matriz. Then

(a) E(vf)) = % and E(v1) = m;
(b) E(vi1te) = m and E(}73,) = n(n_nlim;
(¢) E(miimi2721722) = —m-

Proof. By property (F1), picking m =n, a; = 1l,a3 = -+ = a,, = 0 from Lemma
22 we see E(v7)) = 1. Choosing a1 = 2,a3 = --- = a,, = 0, we obtain E(+{,) =
m. Selecting a1 = ag = 1,a3 = - -- = a, = 0, we see E(7?,7%,) = m

Now, since [[y1]| = 72l = 1, by (F2)

n
1=E(Iml*lvl?) = E(Zﬁlﬁfr > 7?17?2)
=1

1 <iZi<n
= nE(1752) + n(n — DE(W7173,)

1
E— +n(n — 1)E(v§1732)-
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1515

The second conclusion of (b) is yielded. Now we work on conclusion (c). In fact,
since the first two columns of I',, are orthogonal, we know

(2.3) 0= (Z%‘l%‘z)z = 2%‘21%‘22 + Z Yi1Vi2 Vi1 Vg2
i—1

i=1 1<i#j<n
By property (F2) again,

E(vi1vizvi1vie) = E(yvi1vi2721722)
for any i # j. Hence, take expectations of both sides of (23] to see
n 1

)]E(’Y%ﬂ%z) = T Dnnt2)

E(’)’11’712’Y21722) = _n(n——l

O

In order to understand the trace of the third power of a Haar-invariant orthogonal
matrix, we need the following expectations of monomials of the matrix elements.

Lemma 2.4. LetT',, = (’Yij)an be a random matriz with the uniform distribution
on the orthogonal group O(n), n > 3. The following hold:
) EOR1931731) = sty - 1
b) E(111712721722735) = posnoRio)

) E(m1m12721752) = W
) E(v11712722723731733) = D= D) (nTa)

(a
(
(c) E(f1731732) = (n— 1);(n+2) (n 1)n(n+2)(n+4)
(d
(e

Obviously, Lemma [Z.4]is more complex than Lemma 2.3l We put its proof in the
appendix in Section @l The way to show Lemmas 2.3 and 241 is by employing the
orthogonal invariance of the Haar orthogonal matrices. The method is elementary
and straightforward. They can also be derived through the Weingarten calculus;
see [8].

Based on Lemma [2.3] we now present two identities that will be used later.

Lemma 2.5. Let A\1,...,\; be the eigenvalues of 2! Z,,, where Z,, is defined as in
Lemma 211 Then

=1

., —1)(g—1
]EZ;)\i :ﬁ[pwﬂ—w]

n—1

Proof. The first equality is trivial since

a P g
pq
EY N =Etr(Z,Z,) =EY Y % = -
i=1 1=1 j=1
since E(y}) = E(7};) = + for any i, j by (a) of Lemma[23l For the second equality,
first
Z N = (2], 2,20 Z,) = D s
1<5,1<p;1<ik<q

(2.4) = A+B+C,
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1516 TIEFENG JIANG AND YUTAO MA

where A corresponds to that j = [, i = k; B corresponds to that j =1, # k or
j #1,1=k; C corresponds to that j # [, i # k. It is then easy to see that

A= Z ’Y;‘lﬁ B = Z ’Y]Zi')’gzk + Z 7]21'7[21';

1<j<p, 1<i<q 1<j<p, 1<i#k<q 1<j#1<p, 1<i<q

C= Z Y5iVikVik Vi

1<j#1<p; 1<i#k<q

By properties (F1) and (F2) and Lemma 23] we see

3pq
_ LTy )
—2)
EB = —1 C1)] E(yad,) = PP a2,
[pa(q — 1) +pg(p — 1)] - E(11712) n(nt+2)
pap—1)(g—1
EC = palp—1)(g—1) - E(yimerarze) = —m~
Consequently,
q
EY ) = EA+EB+EC
i=1
_ 3 ppt+a—2) palp—-1(g—-1)
n(n + 2) n(n + 2) (n—1)n(n+2)
B Pq _(p=D(g-1)
B n(n+2)[p+q+1 n—1 }
The proof is completed. O

With Lemma 24l we are ready to compute the following quantity.

Lemma 2.6. Let \1,...,\; be the eigenvalues of Z!,Z,,. Then

q
pq 2 2
EY X = ———— [P’ + ¢ +3pg+3(p+q) +4
; ; n(n+2)(n+4)[p q* +3pq+3(p + q) +4]
palp—1)(g—1) [2(p—2)(¢—2) PY.
(n—1Dn(n+2)(n+4) n—2 '
Proof. By definition,
q
>N =w(2,2,2,2,2,Z,) = > Vil YisVjs Vit Vit Ykl
i=1 1<i4,5,k<p;1<l,s,t<q
(2.5) = A+ Ay + 43,

where A; corresponds to the sum over i = j = k, Ay corresponds to the sum that
only two of {i,7j,k} are identical, and Az corresponds to the sum i # j # k. We
next compute each term in detail.
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1517

Case 1: i = j = k. Each term in the sum has the expression IE(’yfl'ny'th). The
corresponding sum then becomes

A = Z > E(3iR)

=1 1<l,s,t<q

PaE() + 3pa(a — DE(M1772) + pal — 1)( = 2)E(177277s)
15pq 9pg(q —1) pelg —1D(g—2)

nn+2)(n+4) nn+2)(n+4) nn+2)(n+4)

by (F2) and Lemmas 22 23] and 24

Case 2: only two of {i,j,k} are identical. The corresponding sum is

Ay = 3 Z Z E(’Yil’Y?S’Yit'th'Vkl)

1<i#k<p1<l,s,t<q

3p(p—1) Y Elunimmaya).

1<l,s,t<q
By symmetry and (F2)
q
oy = LEOIR T T Bowdowow+ 3 Eaioiod)
3p(p — 1) Y2 YuV1sV2s721 Y111 V21
=1 1<l#s<q 1<l#s<q

+ > E@dmera)+ Y. E(wuatoneeeya)
1<i#s<q 1<i#s#t<q

= ¢ E(vhva) +a(g— 1) - E(vim2re17s) + alg — 1) - E(vi731732)
+q(g — 1) - E(vi171272175:) + 9(q — 1)(q — 2) - E(vi1712721722735)

where the sums in the first equality appearing in order correspond to [ = s = t,
l#£s=t,s#1l=t,t#1=s,and | # s # t, respectively. By Lemmas 2.2] and 2.7,

B 3q 6q(q — 1)
Ay =3p(p—1) [n(n +2)(n+4)  (n—1)n(n+2)(n+4)

1 3
+q(q— 1)<(n_ Dn(n+2) - (n— 1)n(n+2)(n+4))

~ alg—1)(¢—2) )}
(n—1Dnn+2)(n+4)/1"

Case 3: i # j # k. The corresponding sum becomes

As=p(p—1)(P—2) > Eyumsvasyayayae
1<l,s,t<q

By symmetry and the same classification as that in Case 2,

A3 2 2 2 2
—————— = q - E(1731731) + 3a(q — 1) - E(y117127217227
p(p — 1)(]7 — 2) ( 117121 31) ( ) ( 1 1 23)

+ (g —1)(g — 2) - E(v11712722723731733)
_ q B 3q(¢ —1)
nn+2)(n+4) (n—1)n(n+2)(n+4)
29(¢ = 1)(g-2)
(n—=2)(n—1nn+2)(n+4)

+
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1518 TIEFENG JIANG AND YUTAO MA

Combining (23] and the formulas on Ay, As, and, As, we see

. 3pq(p — 1)(q — 1

EZAB - n+§)q(n+4){p T +6(p+q)+1]+ (ps(—pl)ngv(mq—k%)
pq(p—1)(g—1) 2(p —2)(qg —2)
‘<n—1>n<n+2><n+4>{1“3(’)”)‘ o |

Now write

3pg(p —1)(g—1) _ 3palp—1)(g—1) ~ 15pg(p —1)(g —1)
(n—1)n(n+2) nn+2)(n+4)  (n—1nn+2)(n+4)

By making a substitution, we obtain the desired formula. ]

The normalizing constant from (2.1I) needs to be understood. It is given below.
Lemma 2.7. For1<q<p<n, define

(2.6) K, — (3)/H n—4)/2)

n S T((n—p—13)/2)

If p=pn — oo, limsup,, , &2 <1, and pqg = O(n), then

pg | qlg+1) p pq’® P
(2.7) logK, = -5 + 1 log (1 + n——p) oz cnqlog (1 — E) +o(1)

as n — 0o, where ¢, == i(n—p—q—1).
Proof. Recalling the Stirling formula (see, e.g., p. 204 from [I] or p. 368 from [16]),
1 1 1
logI'(z) = (= — 5) logz — x + log V21 + ot O(F)

as © — +00. Then, we have from the fact ¢ = o(n) that

log K, — pqlog +Z[1ogr nody 1ogr($j)}
7=0

n K n—j—1 n—j
= ——1 — [ J log J

2 2 2
J=0
n-p-—j—1l., nm—-p—j p
- ! = 2] +o1).
5 0g —— 5] o)
Now, writing ”7571 = ”*pgjfl + % and putting the term “—£ log §” into “Zq,é”,
we see
pg Son-p-j-1 n=j Py

2.8) logK, =—— E 1 —E 1).
(28) logKn=—-34) 2 - 2 i o)

It is easy to check that

n—j _ P L
(2.9) logm_ 1og(1 n)—HOg{l—i—n(n—p—j)}'
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1519

Putting ([2.9]) back into the expression ([2.8]), we have

qg—1 .
N L _J
loghy = —5 435 log(1 — )
7=0
—~n—p—j— pj
+]§:% 5 [ 10g(1——)+10g(1—|— (n—p—j)>]+0(1)
pq P an—p—j—1
= -5 log(1—=) )" 5
§j=0
q—1
p Jy n—p—j—1 PJ
+jzo[—log(1——)+ 5 log(l—l—n(n_p_j))}—l—o(l)
_ pqg [(n—plg qlg+1) P
- -2 g 0 1og(1 - )
q—1 . . .
P Jy,n-p—j—1 PJ
+;}{§log(1—g)+f10g[l+m}+o(1).

Since log(1 4 z) =  — 2% + O(2?) as © — 0, we have

P Jy,n-p—j—1 { pj }
=log (1 — = —log |1+ ——
2og( )+ 5 og +n(n—p—j)
j 2 n—p—j—1 ' 51
SNl et L R (<
2n  4n 2 n(n—p—j) n n
. ‘2 . . 1
D T
2n 4n?  2n  2n(n—p—j) n
2
PJ 1
- 2vo(})
4n? * n
uniformly for all 1 < j < g, where we use the facts max;<;<q % = %,
maxi<;<q n(nf;ﬂ.) < n(nf‘;iq) =0(), and 1%? = O(2) by the conditions p — oo,
q < p, and pg = O(n) in the calculation. Combining the last two assertions, we
conclude
pg [(n—p)g aqlg+1) ( p) g’ q
log K, = — 2% - log (1-2) - o(4)
8 2 [ 2 e ) T O\
:—}E—MlogO—B)—pq3 —c qlog(l—g)—f—o(l)
2 4 n/ 12n2 " n
Withcn:%(n—p—q—l). |

Now we present some properties of the chi-square distribution.

Lemma 2.8. Given an integer m > 1, recall that the random variable x2, has
density function

x 7167

221(%)

o3 3

fz) =
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1520 TIEFENG JIANG AND YUTAO MA

for any x > 0. Then
k—1

E(xy)" = [[(m+2)
1=0
for any positive integer k. In particular, we have

Var(x2,) = 2m, Var((x2, —m)®) = 8m(m + 6);

Var((x7,)%) = 8m(m + 2)(m + 3);

E((x2, —m)®) =8m, E((x3 —m)*) = 12m(m + 4).
Proof. Note that

1 X ik @
E(x2 )k = mi/ x 2 leTidr
(210) T
2.10 k1
2FD (% + k)
= ——m— = |1 (m+2i)
T

for any k > 1. Here for the last equality we use the property of the Gamma function
that I'(l + 1) = IT'(1) for any [ > 0. By (ZI0), it is easy to check that

E(xz, —m)® = E[(x})’] —2mE(x},) +m* = 2m;
var((x2)?) = E[(6E)Y] - [EGE)Y)

m(m +2)[(m +4)(m + 6) — m(m +2)]
= 8m(m+2)(m +3)

and
Var((x2, —m)?) = Var((x2,)?) + 4m*Var(x2,) — 4m - Cov((x2,)%, x%)
= 8m(m +2)(m + 3) + 8m?
—dm[m(m +2)(m +4) — m*(m + 2)]
= 8m(m + 6),
where we use the formula Cov((x2,)%,x2,) = E[(x2,)%] —E[(x2,)?]-E(x?,). Similarly
by the binomial formula, we have
E((xm —m)°) = E[(x7)” = 3m(x;,)* + 3m* (x5,) —m?]
=m(m +2)(m +4) — 3m?*(m +2) + 3m3 — m?
=8m
and
E((xm —m)") = E[(x7)" — 4m(x,)* + 6m*(x7,)* — 4m® (x7,) +m’]
=m(m+2)(m + 4)(m + 6) — 4m>*(m + 2)(m + 4) + 6m3(m + 2)
—4m* +m*
= 12m(m + 4).
The proof is completed. O

The next result is on Wishart matrices. A Wishart matrix is determined by
parameters p and ¢ if it is generated by a random sample from N,(0,I,) with
sample size q. Let p = p, and ¢ = ¢,. Most popular work on this matrix has
been taken under the condition lim, o ¢n/pn = ¢ € (0,00). For instance, the
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1521

Marchenko-Pastur distribution [30], the central limit theorem (e.g., [2]), and the
large deviations of its eigenvalues (e.g., [I7]) are obtained. The following conclusion
is based on the extreme case that g, /p, — 0. It is one of the key ingredients in the
proof of Theorem [l

Lemma 2.9. Let g1,...,8, be i.i.d. random vectors with distribution N,(0,1,).
Set X,, = (81,...,8q)- Let M,..., g be the eigenvalues of X|,X,,. Let p=p, and

q = qn satisfy p — 00, ¢ — 00, %—)O. Then max1§i§q|%—l|£>0 asn — o0o.

Proof. Review (1.2) from [22]. Take 8 = 1 and treat n as our “¢” in Theorems 2
and 3 from [22]. The rate function I satisfies I(1) = 0 in both theorems. By the
large deviations in the two theorems, we see

as n — 0o. The conclusion then follows from the inequality

by 1 1
max‘—l—lgl—max)\i—l —i—’—min)\i—l.
1<i<q | p p 1<i<q p 1<i<q
The proof is completed. O

Lemma 2.10. Let g1,...,8, be i.i.d. random vectors with distribution N,(0,1,).
Assume p = p,, — 00,q = ¢, — 00, and % — 0. Then, as n — oo,

1
— Z [(gig;)* — p| converges weakly to N(0,4).
Pl <izjcq

The proof of Lemma 2T0] is based on a central limit theorem on martingales.
Due to its length, we put it in the appendix in Section @l Figure 2] which will
be presented later, simulates the densities of W := ﬁ Z1gi¢qu [(gggj)2 - p] for
various values of (p, ¢). They indicate that the density of W is closer to the density
of N(0,1) as both p and ¢ are larger, and 1 are smaller.

We would like to make a remark on Lemma [2.10] here. Assuming p = 1 instead
of the condition p — oo in Lemma [Z10, the conclusion is no longer true. In fact,
realizing that the g; are real-valued random variables as p = 1, we see

> llelg)? 1]
1<i#j<q
q
= (gi+ - +e Q@+ +g ) ta— Y 8

i=1

By the Slutsky lemma, it is readily seen that 1/(pg®/?) Doi<izi<q [(gig;)? — 1]
converges weakly to N(0,8) as ¢ — oco. The scaling “pg®/?”
different from “pq”.

We will use the following result to prove Lemma 2.12]

here is obviously

Lemma 2.11. Let X = (gi;)pxq, Where the g;; are independent standard normals.
Then

(i) Var(tr[(X'X)?]) = 4p°¢> + 8pq(p + ¢)* + 20pg(p + g + 1);

(ii) Cov(tr(X’X), tr[(X’X)z]) =4dpg(p+q+1).
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1522 TIEFENG JIANG AND YUTAO MA

Assertion (i) corrects an error that appeared in (i) of Lemma 2.4 from [I8]; the
correct coefficient of the term p2¢? is “4”. However, this does not affect the main
conclusions from [I§]. The proof of Lemma [ZTT] is placed in the appendix.

In the proof of Theorem [l we will need a slightly more general version of a result
from [I8] as follows.

Lemma 2.12. Let Z,, and G,, be as in Theorem [l If lim,,_, o
and lim,, _, o % =y € (0,00), then

p—\/"n'—:xE(O,oo)

lim inf 1£(vnZ,) — L(G,) v > Ele® — 1] > 0,

2,2

where § ~ N (=%, #)

Proof. By inspecting the proof of Theorem 2 from [I§], the variable & is the limit
of the random variable W,, — % with W, defined in (2.16) of [18]. Recall
:p+q+1hr_n—p—q—1
2n 4n?
where h; = tr(X'X)? — Etr(X’X)". It is proved in [I8] that W,, converges weakly

to a normal random variable with zero mean. What we need to do is to calculate
the limit of Var(W,,). In fact,

Wn : h2>

(p+q+1)?

Var(W,,) = TV&r(tr(X’X))—Fw

16n4
_pra+ 1)(;‘1;]9 “97 Y oy (1(XUX), tr (X'X)2)).

Since Var(tr(X'X)) = 2pq, by Lemma 2T1] we have

Var (tr (X'X)?))

_ p2q2 1,2 y2

 4n? 4
as n — oo. Therefore W,, — N (0, 1247’2 ). The rest of the proof is exactly the same
as the proof of Theorem 2 from [I8§]. O

Var(W,,) +o(1) —

Let p = p,, and g = g,,- We often need the following setting later:
(2.11) q — 00, 1, 0, and P ,5e (0, 00)
D n

as n — 0o0. The next result reveals a subtle property of the eigenvalue part in the
density from (2.I]) under the “rectangular” case % — 0. It is also one of the building
blocks in the proof of Theorem [Il

Lemma 2.13. Let p = p,, and q = g, satisfy 2.1I)). Suppose A1,...,Aq are the
eigenvalues of X! X,,, where X, = (gij)pxq and the g;; are independent standard
normals. Define

1 n—p—qg—1 q
p\—z(n—p—a—1)q A 1
e () ) e ()
" i=1 n 2 i=1
Then, as n — oo,
2

converges weakly to N(O, UI)

1
l%%_%+ww+)

4(n —p)
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1523

Proof. Write

—p—g—-13
logL!, = AH—%ZlogZ_

A4+” e Zl (1+ 2)

Let function h(z) be such that log(1+z) =z — % +23h(z) for all z > —1. We are
able to further write
(213)

Zlog(l—Fp Z\?)

ipz‘z:;(p_)\i)_ﬁi(p_)\i)2+¥(i__2j)gh(i__/¥>_

N =
-

s
Il
-

(2.12) =

1 MQ

1
2

Notice that
q

n—p—q-—1 1
2 n—pz(p As)

i=1

1< (n—p—q—1)pg  q+1
= —§in+ A

q
_|_
P 2(n —p) 2(n —p) =

This, [2I2), and 2I3) say that

g/ = (n=p=a-Upg  a+l i)\,_ n—p—q—lzq:(p_x)z
! 2(n —p) 2n—-p) & Aln-p)? & '
(2.14) .
n-p-gqg-—1 (p—&)i" (p_)\i)
h .
+ 2 ; n—op n—p
We now inspect each term one by one. Since A1, A, ..., A, are the eigenvalues of
X! X, and X,, = (gij)pxq, we have
g+1 ¢ palg+1)  q+1 ¢ 2
4L S = + % -1
2(n—p); 2(n —p) 2(n—p);;( i
pelg+1) | q+1
= g - Op(1
20 —p)  2n-p)V" O
pa(g+1)
= HIT) 1
2(n_p) +OP( )
by the central limit theorem on i.i.d. random variables. This together with (2.14)
gives
pg n—p—gqg-1g
logl, =& — ———*_— i —p)?
8l = T i N
(2.15) =
n—p—q—1 (p—/\z-)3 (p AZ)
h 1
+— 2 (55) ) He
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1524 TIEFENG JIANG AND YUTAO MA

as n — co. Now we study Y7, (A\; — p)%. To do so, set X,, = (g1,...,8;). Then
g1,...,8q are L.i.d. with distribution N,(0,I,). So Ay —p,..., A\, — p are the eigen-
values of the ¢ x ¢ symmetric matrix X/, X,, — pI; = (g.8;)qxq — PI5. Consequently,

q q

Yi-p?= > (glg)?+ > (lsill* - p)?*

i=1 1<i#j<q i=1
Now, for ||g1]|? ~ x?(p), by Lemma 2.8 we see

q

EY (lgil®> - p)* = ¢-E(lg1l* - p)* = 2pg;

i=1

q
Var [ Yl ~ ] = - Var [(lgal ~9)°] = 8pa(0 +6)
=1

By the Chebyshev inequality,

q

L S s -
i=1
(n—p—q—1)pg n—p—q-—1 q ) ,
= T a2t Yl v’
n—p—q—1
_ 2il(’n_qP)2 )pq+op(1)

by noting that (n—p)zl ~ L and ’i—gq — 0 as n — oco. This gives

n

n—p—q—1g
_ (m=p—g—-1pg n-p—q-1 e V2 4
N 2(n — p)? + A(n—p)? 1<;<q(gig3) + 0p(1)
_ (m—p—q—1pglg+1) n—-p—q—1 re 2 ol 4o
Tn—p)? M lgggq[(gzgﬂ p] + 0p(1).

By splitting (n —p —q — 1)pg(g+1) = (n —p)pg(q+ 1) — pg(q + 1)? and using the
3
fact 25 — 0, we see

pag) PRIy e palakD e of)
' Aln—p)* =77 4(n —p) T4
weakly, where Lemma 210 and the assertion "4(542)21 ~ e~ i are used.
Recalling (218, to finish our proof, it is enough to show
q

n—-p—gqg-—1 P—=AN\3 (P—Ni\ »p
2.17 5y = ( ) n( ) 5o,
(2.17) . 5 ; - )
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1525

Recall that log(14+z) = ‘”22 +a*h(z) for all 2> —1. Then 7:=supy, <12 [I(z)| <
oo. Hence, by the fact £ — 0 from (2.I1]),
(2.18)

N1 Ao 1
P(|(5n|>6)=P(|(5n|>e, max |2 |§—)+P<|6n|>e max |p i —)
1<i<q m—p 2 -p 2
i 1 1
§P(|5n|>e, max |2 — |§—)+P(max|——1\>-)
1<i<g n—0p 2 1<i<q' p 4
1
Sﬁa
0n] < <2T>~max|p”i\-”‘p‘q‘1§qj<x—p>2
n= 1<i<q' m—p Aln—p)? !
P m—p—q-1g
- . — — . . — 2
= (@) 1H<1?<Xq|p - n—p  4(n—p)? Z(/\Z P)

i=1

p pa(g+1) _
which goes to zero in probability by Lemma 29, ([ZT6]), and the fact L Ay =

O(1) from the assumption pg = O(n). This, (ZI8), and Lemma 9] agam conclude

&I0. O

Lemma 2.14. Let p,, satisfy pn/n — ¢ for some c € (0,1) and ¢, = 1. Let Z,, and
G, be as in the first paragraph in Section[ll. Thenliminf, ., ||v/nZn—Gy|Tv > 0.

Proof. The argument is similar to that of Lemma 213l By Lemma[ZT] the density
function of \/nZ, is given by

fule) o= (Vam e (2)P DB (- EE O

n

where z € R? and p = p,,. By Lemma 2.7]

log [(n) mrf@)} = _%IOg(l —c) - g — cnlog (1 — %) +0o(1)

[~}

as n — 0o, where ¢, := 3(n — p — 2). The density function of G, is g,(z) =
(v 27‘(’)71)67‘2‘2/2 for all z € RP. By a measure transformation,
fn(2) fn(Gn)
(2.19)  ||L(VnZ,) — L(Gy)||Tv = / gn(z)dz =E
RPa gn(z) gn(Gn)

where the expectation is taken with respect to random vector G,,. It is easy to see

o fn(z)
o8 4 )

if |z| < 4/n, and it is defined to be —oo if |z| > 4/n. Define the function h(x) such
that log(1+z) =z — % +23h(z) for all z > —1, and h(x) = —oo otherwise. Write

z 1
| | 1_9+_‘z|2

:——log(l—c)—i—cnlog 513
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1526 TIEFENG JIANG AND YUTAO MA

2 2
% =1+ % =1+ 7n,(2). For convenience, write 1, = 1,(z). It follows that
n—|z?

n—p
1 — |22 1/p—|z]%\2 —|2]2\3 — |2|?
_ —W—p—Eﬂp \I__«?II) +(p \I)h«)l\)}
2 n—p 2\ n—p n—p n—op
p

S (=1 L W A VTS
2 2 4\/n—7p 2(n —p)t/2 n—p n—p

cp log

1
=+ 57— Mah ()
for every |z| < \/n by using 2(n —p —2) = £(n — p) — 1. The last two assertions
imply
fn(2) 1 1L/p—|2[2\2
0 = —=log(l—¢)— —( )
O R AW
1 p—12%\3, (p— |2l
2.20 ( )n( )
(220) Tan—p2 \ip n—p
1
~Tn + 57 = M hl1n)

2

for every |z| < y/n, and it is identical to —oo otherwise. Since G, ~ N,(0,IL,),

we see ||Gnl?2 ~ x2(p), % — N(0,2¢(1 — ¢)~1) weakly, and 7,(G,) — 0

in probability. In particular, this implies h(%) — 0 in probability. Finally,
by the law of large numbers, P(||G,|| < v/n) — 1. Consequently, from (Z2T]) we
conclude that

fn(Gn) 1 c 2
PRCN - = -eXp{ “a =X (1)}

weakly as n — oo. This and (ZI9)) yield the desired conclusion by the Fatou
lemma. (Il

For a sequence of real numbers {a,}72; and for a set I C R, the notation
lim,, o an, € I represents that {a,} has a limit and the limit is in I. The next
result reveals the strategy about the proof of (ii) of Theorem [

Lemma 2.15. For each n > 1, let f,(p,q) : {1,2,...,n}? — [0,00) satisfy that
fn(p,q) is non-decreasing in p € {1,2,...,n} and q € {1,2,...,n}, respectively.
Suppose

(2.21) liminf f,,(pn, gn) >0
n—o0

for any sequence {(pn,qn); 1 < gn < pn < 0}, if any of the following conditions
hold:

(1) gn =1 and limy, o0 pn/n € (0,1);

(i) gn — 00, limy, o0 Gn/Pn = 0, and lim,, oo (Prgn)/n € (0,00);

(ili) limp— o0 pr/v/1 € (0,00) and lim, o0 qn/+/1 € (0, 00).
Then (Z210) holds for any sequence {(pn, qn); 1 < qn < pn < n}S2, salisfying that
limy, 00 (Pngn)/n € (0,00).
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1527

Proof. Suppose the conclusion is not true, that is, liminf,, o fr(Pn,gn) = 0 for
some sequence {(Pn,qn); 1 < ¢n < pn < njp2y with lim, o 222 = o, where
a € (0,00) is a constant. Then there exists a subsequence {ny; k > 1} satisfying
1< qn, < pn, <y forall k > 1, limg—yo0 (Pny, qny, ) /7i = @, and

(2.22) . fo, (s gny) = 0-

There are two possibilities: liminfg o ¢n, < 00 and liminfyx_, o ¢n, = 00. Let us
discuss the two cases separately.

(a) Assume liminfy o gn, < oo. Then there exists a further subsequence
{n, };";1 such that ny, =M > 1. For convenience of notation, write n; = ny, for

all j > 1. The condition lim, . 222 = o implies that lim;_, . I%J = e (0,1].
By [222) and the monotonicity,

(223) gli{go fﬁj (pﬁjv 1) = ]li)ngo fﬁj (pﬁj,qﬁj) = O

Define pn; = [pn,/2] + 1 for all j > 1. Then, lim; . Py _ c:= 2 € (0, %]

j 2m
Construct a new sequence such that

- ) Dn, if r = n; for some j > 1;
br= [er] +1 if not,
and ¢, = 1 for r = 1,2,.... It is easy to check that 1 < ¢ < p, < r for all

So {(pr,qr); r > 1} satisfies condition (i), and hence, liminf, ,o fr(Pr,qr) > 0
by 22I). This contradicts ([2.23) since f,(pr,qr) = fa,(Pa;>1) < fa, (Pa,, 1) if
r = n; for some j > 1 by monotonicity.

(b) Assume liminfy_, oo qn, = 00. Since {qn,/Pn,; & > 1} C [0,1], there is a
further subsequence {ng; }32; such that ny, /pnkj — c€[0,1] as j — oo. To ease

r > 1 and lim, ;o pr/r = ¢ € (0,1/2). Moreover, pn, < pp, for each j > 1.

notation, write f; = ny; for all j > 1. Then lim; ;o0 ga; = 00, lim; 0 qa, /pﬁj =
c € [0,1], and lim; o0 pn,qn, /nj = @ € (0,00). There are two situations: ¢ = 0 and
¢ € (0,1]. Let us discuss these cases, respectively.

(b1l) ¢ = 0. Define

_ {pﬁj if r = n; for some j > 1;

br= [r2/3] " if not;
G = dn; if r = n; for some j > 1;
([ar'/3] +1) Ap, if not.

Trivially, 1 < ¢, < p, < rfor all7 > 1 and condition (ii) holds. Moreover, pr, = pn;
and Gn; = g, for all j > 1. By assumption,

lim inf fﬁj (pﬁj ) QFLJ) > liminf f,,(pn, Gn) > 0.
j—o00 n—o0

This contradicts the second equality in ([2.23]).
(b2) ¢ € (0,1]. In this scenario, gn;/pa, — ¢ € (0,1]. The argument here is
similar to (bl). Define

- {pnj if r = n; for some j > 1;

br= ([v/&r]+1) Ar if not,
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1528 TIEFENG JIANG AND YUTAO MA

and

L if r = n; for some j > 1;
"=V ]V if not.

Obviously 1 < g, < p, < r. Since p, ~ \/2/r and G, ~ y/acy/r when r is large
enough, (P, G.) satisfies condition (iii). We will also get a contradiction by using
the same discussion as that of (bl).

In conclusion, any of the cases liminfy_ o ¢, < 00 and liminfy_,. g,, = o0
result in a contradiction. So our desired conclusion holds true. O

2.2. The proof of Theorem[Il The argument is relatively lengthy. We will prove
(i) and (ii) separately.

Proof of (i) of Theorem [Il. For simplicity, we will use p, g to replace py,, ¢n, respec-
tively, if there is no confusion. By (LZ) and ([I3), it is enough to show

(2.24) Jim Dy, (L(VnZ,)||Gr) =0,

where L£(y/nZ,,) is the probability distribution of \/nZ,.

We can always take two subsequences of {n}, one of which is such that ¢, < p,
and the second is g, > p,. By the symmetry of p and ¢, we only need to prove
one of them. So, without loss of generality, we assume ¢ < p in the rest of the
proof. From the assumption lim, ., 22 = 0, without loss of generality, we assume
p+ g < n. By Lemma 2] the density function of \/nZ, is
(2.25)

1\ (n—p—q—1)/2
fulz) == (\/ﬁ)—pqn—pqmw {det (Iq - zn_z) }Io(z/z/n),

w(n,q)

where Iy(z'2/n) is the indicator function of the set that all ¢ eigenvalues of z'z/n
are in (0,1), and w(s,t) is as in (22). Obviously, g,(z) := (\/ﬂ)_pqe_tr(zlz)/2 is
the density function of G,,.

Let A1,...,Aq be the eigenvalues of z’z. Then, det(I, — Z/TZ) =TI, (1— %) and
tr(z’z) = Y_7_, Ai. Define

(2.26) L, = {ﬁ <1 B %> }cn . (%zq:AZ>

if all the \; are in (0,n), and L, is zero otherwise, where ¢, = 1(n —p — ¢ — 1).
Then one has

(2.27)

where K, is defined as in ([Z:6)). The condition pg = o(n) implies that 1%3 — 0.
From Lemma [2.7]

1
_pe algt+D),

(2.28) log K, = 5 1

p P
1+ ——) —cqlog(l— = 1
og( +n_p) caqlog(l — =) +o(1)
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1529

as n — o0o. By definition,

Dy (£(VAZ,)||G,) = /R [;8 log ;:Ej;]gn@) @z

fn(VnZy)

= Elog
gn(\/ﬁzn)
(2.29) = Elog[K, - L],
where Ay, ..., A; are the eigenvalues of nZ),Z,, since f,,(2) is the density function of
/nZ,. We also define log 0 = 0 since the random variable In(V1Zn) a5 The

gn(V/NZy)
definition of Iy(z'z/n) from (Z25]) ensures that Iy(z'z/n) = 0 if maxj<ij<q A\i > 1
a.s. By Lemma[2Z5 EY 7 | \; = pg. This and (2.28) imply that the expectation in
[229)) is further equal to

1 q q A
log K, + §E;)\i —i—cnIE;log (1=)

q
p P—Ai
og(l—f—n—_p)—kanE log(1+n p)—l—o(l)

i=1 o

2 q 2 3
Pq p—Xi (Ni—p) (»—Ni)
_p)+an;[n_p : + | +o(1),

q(q+1)1
4

(2.30) =

IN

4(n (n—p)?  3(n—p)?

where we combine the term “—c,qlog(l — £)” from ([Z28) with “log (1 — %)” to
get the sum in ([Z30), and the last step is due to the elementary inequality

x? 2
log(1 <xr——+ =
og(l+z) <z 5 —1—3

for any x > —1. Based on Lemmas and [2.6] we know that, under the condition
pq = o(n),

q q
EY X\=pg, EY X =pa(p+q)+O0(pg),

i=1 =1
q
EY A = pg(p® + ¢ + 3pg) + O(p°q)
=1

(the “\;” here is n times the “\;” from Lemmas [Z5] and 26). These imply that

q q
EY (p—X\)=pg—E> X\ =0;
1= 1=1

1

q q
(p—A)* =p’q—2pEY N +E> A =pg® + O(pg);

i=1 i=1
q q q
(p—N)P=p’q—3p"EDY N +3pEY N -E> A}
=1 =1 =1

= —pq® + O(p*q).

E

-

Il
_

(2.31)

7

E

-

Il
-

K2
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1530 TIEFENG JIANG AND YUTAO MA

Recall that ¢, = 2(n—p) — 3(¢+1). Plugging (2.31) into (Z30), we get from (Z29)

that
2 2 3 2
Pq pq° +O0(pq)  pq’ + O(p*q)
< T _ _
DKL<E(\/ﬁZn)|Gn> =~ 4(n_p) +Cn|: 2(n—p)2 3(n—p)3
2 2
= P PT 40y o,

4n—p) 4(n-p)

where we use the following two limits:

1 2 3 2
q¢+1 pg”+O0(pg) :O<pq + g )—>0;
2 2(n —p)? n?

3 2 3 2
pg"+0(p°q) :O(pq +r’q

S =)0

by (II). This gives (2:24). O

Let (U1, V1)' € R™ and (U, Va)' € R™ be two random vectors with Uy € R®,Us €
R and V; € RY, V, € RY, where s > 1, ¢ > 1, and s + ¢ = m. It is easy to see from
the first identity of (LIl that

(2.32) LU, Vi) — L(U2, Va)||tv > ||1L(Ur) — L(Uz)||rv

by taking (special) rectangular sets in the supremum.

Proof of (ii) of Theorem [Il. Remember that our assumption is lim, . 22 = o €
(0,00). By the argument at the beginning of the proof of (i) of Theorem [Il without
loss of generality, we assume g, < p,, for all n > 3. By (L2 and (L3)), it suffices to
show

(2.33) lim inf [|£(vnZy) — £(Go) v > 0.

Define f,,(p,q) = ||L(v/nZ,) — L(G,)| v for 1 < ¢ < p < n. Here we slightly
abuse the notation: Z, and G, are p x ¢ matrices with p and ¢ being arbitrary
instead of fixed sizes p, and ¢,. From (232) it is immediate that f,(p,q) is non-
decreasing in p € {1,...,n} and ¢ € {1,...,n}, respectively. Then, by Lemmas
212 214 and 215 it is enough to prove (233)) under assumption (2Z.I1). For
simplicity, from now on we will write p for p,, and q for ¢, respectively. Remember
the joint density function of entries of Z,, is the function f,(z) defined in (ZI]) and
gn(2) := (V/2m) " Ple~(z'2)/2 i5 the density function of G,,. Set

1
p\ —z2(n—p—g—1)g
L/ - (1 - _> ns
" n
1
p\ z(n—p—g—-1)g
K] = (1 - _> nH
" n

where K,, and L,, are defined by (2.6) and (2.26)), respectively. Evidently,
K' L' =K, Ln.
By the expression ([2:27]), we have

(2.30) @) gk

gn(2)
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1531

Then by definition,

(2.35)  [IL(VnZ) — £(Go) v = / “1lgn(z)dz = E ],
) I ) | Rpa | In(2) 9n(Gn)
where the expectation is taken over random matrix G,. From (234) and (235,
we have
(2.36) I£(vnZn) — L(Gn)lrv = E|K;, L], — 1],
where Aq,..., A, are the eigenvalues of the Wishart matrix G/, G,.
First, we know T;L; — 0 by [2II). Use [Z7) to see
+1) D
log k! = —22 4@+ Py Lo
Og n 2+ 4 Og( +,n_p)+0()
as n — oo. By Taylor’s expansion,
2 3
p p p p
log (1 = - 0(=).
o8 ( +n—p) n—op 2(n—p)2+ (n3)
We then get
pa  pelg+1) o2
log k' = P4 PAIT ) 9,
by 2II). This and Lemma 2.13] yield
o? o?
log(K}L,,) = N(— 5 Z)

weakly as n — oo. This implies that K/ L/ converges weakly to e, where £ ~

N(- %2, %2) By ([238) and the Fatou lemma
liminf |£(vnZ,) — £(Gy) ||ty = liminf |[K/ L), — 1| > E|e* — 1] > 0.
n—oo n— oo

The proof is completed. |

3. PROOF OF THEOREM

There are two parts in this section. We first need some preparation and then
prove Theorem [2

3.1. Auxiliary results. Review the Hilbert-Schmidt norm defined in (LH). A
limit theorem on the norm appearing in Theorem [2]is given for a special case.

Lemma 3.1. Let p = p,, satisfy p,/n — ¢ for some ¢ € (0,1]. Let T'px1 and Ypx1
be as in Theorem 2. Then ||\/nTpx1—Ypx1llus = /5N (0,1)] weakly as n — oc.

Proof. Lety = (&1,...,&n)" ~ N,(0,1,). By the Gram-Schmidt algorithm, (y, ﬁ)
and (Ynx1,I'nx1) have the same distribution. By the definition of the Hilbert-
Schmidt norm, it is enough to show

d /N 2 & c
VAT 1 = Ypallhs = (255 1) - D €2 = 5 - N(0.1)?

Iyl =
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1532 TIEFENG JIANG AND YUTAO MA

as n — oo, where ||y|? = &2 + .-+ + 2. In fact, the middle term of the above is
equal to

Uyl — n)?
Bk a|yu+f 2 25
- 2 (e (B () A

lyl?
n

— 1lin

By the classical law of large numbers and the central limit theorem,
probability and % — N(0,2) weakly as n — oco. By the Slutsky lemma, the
above converges weakly to & - N(0,1)2. O

Review the notation before the statement of Theorem 2l Set

(3.1) k=) () = Y
for 1 < k < n. Easily, X has rank k almost surely and it is an idempotent matrix,
that is, Ez = 3. It is easy to check that wi, = (I — Xg_1)yg for 2 <k <n.

Lemma 3.2. Let 1 < k < n be given. Then, |[wi|> ~ x*(n — k + 1) and
1Zr_1ykl? ~ x%(k — 1). Further, given yi,...,yk_1, the two conclusions still
hold, and |w||? and | Ex_1yk||? are conditionally independent.

Proof. First, let us review the following fact. Suppose y ~ N,,(0,I,) and A is an

n X n symmetric matrix with eigenvalues A1,...,A,. Then
n

(3.2) y'Ay and Z X\i€? have the same distribution.
i=1

In particular,
(3.3) Var (y'Ay) = Z AP Var (€2) = 2tr (A?).

If A is an idempotent matrix with rank r, then all of the non-zero eigenvalues of
A are 1 with r-fold. Thus, ||Ay||? = y’Ay ~ x%(r). Moreover, the distribution of
|Ay||? depends only on the rank of A. Therefore, all conclusions follow except the
one on conditional independence. Now we prove it.

Givenyy,...,yr—1, we see that wy, = (I-3j_1)yx and 3y _ 1y are two Gaussian
random vectors. By using the fact that yq,...,yx are i.i.d. random vectors, we get
the conditional covariance matrix

Ewi(Ze—1yr)|[y1: - Yi—1]
= E[I—- e 1)yeyeZe-1|y1,-- - Yr-1]
(T -3 1)E(yryr)Er-1 =0
since E(yry},) = I,. This implies that wy and X;_1yy are conditionally indepen-
dent. (]

We next expand the trace of a target matrix in terms of its entries. Then the
expectation of the trace can be computed explicitly via Lemma 23]
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1533

Lemma 3.3. Let I', = (71,...,7) = (v5) be an n X n matriz. Set ¥y =

Zle Yivi for 1 < k < n. Given 1 < p < n, denote the upper-left p X p submatriz
of By by (X)p. Then

kK p P
= Z Z 7;‘?1 + Z Z 77“1751 + Z Z 731772‘]

i=1r=1 i=1 1<r#s<p r=11<i£j<k

+ Z Z YriVsiVrjiVsj-

1<i#j<k 1<r#s<p

Proof. The argument is similar to that of (24]). However, the following care has
to be taken additionally. Observe that the (r, s)-element of (v;v}) is Vriysi. Since

(Zx)p = Zle('yi'y{)p, we know the (r, s)-element of the symmetric matrix (3),
is Zle Yriysi for 1 < r, s < p. Note that tr(U?) = Di<rs<p u2, for any symmetric
matrix U = (u;;)pxp. We have

[(Ek) Z (Z’er’?/sz) = Z Z YriYVsiYriVsj-

1<rs<p =1 1<i,j<k1<r,s<p

Divide the first sum into two sums corresponding to ¢ = j and i # j, respec-
tively. Similarly, for the second sum, consider the case r = s and the case r # s,
respectively. The conclusion then follows. O

The study of the trace norm appearing in Theorem [ is essentially reduced to
a sum; see the first statement in the following lemma. It discloses the behavior of
the sum on the “boundary” case.

Lemma 3.4. Let 'y, = (v1,...,7n) = (7i5) be the n xn Haar-invariant orthogonal
matriz generated from Y, = (y1,-..,yn) as in (Ld). Let Xy be as in BI) and let
(2x)p denote the upper-left p x p submatriz of Xy. The following hold.

(1) For o >0, assume p > 1, ¢ = oo with % — 0. Then, as n — 00,

D tr((Z1),)
=2

o9

(2) For any q > 2,

- o palg—=1(+2)  palg—1)(¢—2)(n—p)
2 Bl = on(n+2) | 3n(n—D(n+2)

Proof. To prove (1), it is enough to show that

(3.4) EZtr ]% and Var(itr[(xj,l)p]) -0
j=2

as n — 00. Recall 3;_; = Zi;ll ~iy;, and the (r, s)-element of (y&7y;.) IS Yrk7Vsk-
For convenience, define u, = > .7_, 72, for any 1 <k <. Then

j—1 p

tr| Ztr YWVl = DD Vo = Zuk

k=1s=1
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1534 TIEFENG JIANG AND YUTAO MA

for each 2 < j < ¢. It follows that

q qg j—1 q—1
(3.5) S (S5m0, = 30w = Y (g — bus.
=2 j=2 k=1 k=1
We claim that
_p .2y = PP +2) vl ) — 2P —D)
(36) B(ur) = n’ Euk) = n(n+2)’ Cov(ui; ux) = n?(n—1)(n+2)

for any 1 < 4 # k < ¢. In fact, by (F2) and Lemma [Z3] it is immediate to see
E(ux) = £. Further, by the same argument,

Eui = pE(y1) +p(p — DEO1)
3p pip=1) _ plp+2)
nn+2) nn+2) nn+2)
Now we turn to prove the third conclusion from ([B8). For any i # k, by (F2)

again,
p?
Cov(ui,ug) = E(uug)—
p p?
= ZE Wszvsk Z E VSZ’Ytk - ﬁ
s=1 1<s#t<p
2 2 2 2 P2
= pE(1712) +p(p — DE(Y117322) — 2
P n+1 p?
e -V =
n(n+2) ol )n(n— D(n+2) n?
2p(n —p)

T n2(n—1)(n+2)’

where we use Lemma 23] for the fourth equality. So claim (B8] follows.
Now, let us go back to the formula in (BH). By (B8],

- S pa(q —1)
S Bl 1)) = Y (0 — KR = P
j=2 k=1
The first identity from (34) is concluded. Now we work on the second one. It is
reacliily seen from the first two conclusions of (3.6]) that Var(ux) = 7212((2;—12); By (3.6)
again,

qg—1

Var(itr[(le)p]) = Z )2Var(uy,)

1

e
+ Y (g—)(g—k)Cov(u;, uy)

1<i#tk<q—1
qg—1

= AZ(q—k)Q—B > (a—i)g—k)
- 1<i#k<q—1

— (A+B) Zr2 - (Zl r)
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by setting r = ¢ — k and s = q — 1, respectively, where

_ 2p(n—p) __ 2p(n—p)
- n2(n+2) and B_nz(n—l)(n—i—Q)'

From an elementary calculation, we get

Var(itr[(zj_l)p]) _ pg(n—p)(g—1) (2q L M)

3n(n—1)(n+2) 2n

~o(t) =0(3;) =0

as n — 0o, where we use the fact M = O(1) under the assumption pg®/n — o

and g — oo. This gives the second conclus1on from (B]).
Now we prove (2). By (F2) and Lemma [3:3]

Etr((2;1);) = p(i — DE() + [ — V(e — 1) +p( — )G — 2)JE(177)
+p(p— 1) — D = 2)E(r1m2721722)-
Write
(G =Dpp—1) +p(G - 1) - 2) =(- 1) (p—2)+p(i —1)%
pp=1)G -1 -2)=plp- 1[G -1)* - - 1)
Then, by computing Y27, (j —1) and Y29_,(j — 1) , we obtain

Z Etr[(Z;-1)2] = %pq(q - DE(vy) + %pq(q —1)[3p+2¢ — TJE(v1712)

1
+ gp(J(P —1)(g = 1)(qg — 2)E(v11712721722)-

From Lemma 23] it is trivial to get

. _pela—1)(p+2)  palg—1)(g—2)(n—p)
D Bl = e e n 4 D)

The proof is completed. O

Our target is a submatrix of a Haar-orthogonal matrix. Based on the argument
in the proof of Lemma [3.4] an estimate of the submatrix is provided now.

Proposition 3.1. Let T'yxy and Ypxq be as in (LH). Then

EH\/ﬁl—‘qu -Y

foranyn >2 and 1 <p,q <n.

24]0(]2

Proof. Recall the notation from (I4), identity w; = (I — X,_1)y; and v; =
w,/|lw;||. We first write
(37) Vv =y =Vnv = w; = By = (V= [[wil)v - Zioay;

for 1 < j < n, where 3y = 0. Define M = M,y,, = (I,,0) for 1 < p <n-1
and M, = I, where I, is the p x p identity matrix and 0 is the p x (n — p)
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1536 TIEFENG JIANG AND YUTAO MA

matrix whose entries are all equal to zero. Evidently, M(y/nvy; —y;) is the upper
p-dimensional vector of v/nvy; —y;. Hence, by (3.7,

g P
[VnLpxq = YPX(IHIQ-IS = ZZ(\/H%J - yij)2

j=1i=1

IM(v/ny; — y;) 1P

[
[M]=

1

<.
Il

(3.8) .
2
=Y | (Vn = [w;)M; — ME, .y,
j=1
a q )
<23 (V= w2 My |7 + 2> IME; ||
j=1 j=1

by the triangle inequality and the formula (a + b)? < 2a? + 2b? for any a,b € R.
Define

2 2
A= (Vn—Ilw;l)5 Bj=IMyl*; Cj = MZ; 1y,
for 1 < j < n with Cy = 0. Then

q q
(3.9) ]EH\/ﬁFqu _Yp><q||12{S < ZZ]E(AJBj) +ZZECJ'
j=1 j=1
We next bound Aj, B;, and Cj, respectively, in terms of their moments.
The estimate of Aj;. Trivially,

12 — 4
By Lemma 3.1, ||w;|> ~ x*(n —j + 1). Set ¢; :==n —j+ 1 and z; = ||w;]|? — ¢;.
By Lemma 2.8 and the binomial formula, we have
’I’LQE(A?) <E[(z;—j+ 1)4}
=E(zj) —4(7 - DE(z)) + 6(j — ’E(z]) — 4(j — 1)°Ez; + ( — 1)*
= 12¢;(cj +4) = 32(j = V)e; +12¢;(G = 1)* + (= *
<12(c; +2)2 +12(c; +2)(F — )2 +3( — 1)*

(J— 1)2)2.

=12(¢c; +2+ 5

This immediately implies that
2v/3 j—1)2
(EA?)1/2 < —;{_{n—j—f—i’)—k—(] ) ) }

The estimate of Bj. Recall (IL4). The vector v; = Hx—JH has the same distribution

J

as v = Hiil\' Note y1 = (Y11,.--,Yn1)’, hence |Mvy||? = Uy + - -+ + U,, where
Ui =y4/(y3 + - +y2,) for 1 <i<n. By Lemma 22

E(IMnll*) = E[Ui+-+Uy)?]
= pE(UT) + plp — VE(U1U,)
)
 onn+2)
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Therefore

plp+2) _ 3p°
n(n+2) — n2’
In particular, the two estimates above conclude that

EB} = E(|[Mnll*) =

|E(A4;B;)| < (EAQ)l/Q(]EBQ)l/Z SL (n—J s = 1)2)7

which guarantees

q

12

23 E(A;B;) < Pz(n j+3+ U210

(3.10) j=1

12 -

_ pq(1+ 2¢° 9q+31).
n 12n
The estimate of C;. Now, conditioning on y1,...,y;—1, we get from (B2)) that
I, O
(3.11) C; = HMEJ IYJH = YJEJ 1 0 0 Y1y = Z)\kgka
where &1,...,&, are i.i.d. N(0,1)-distributed random variables and Aq,...,\, are
the eigenvalues of
I, 0

(312) A -1 = EJ 1 (0 0) Ej—1~

In particular,
]ECj = Etl"(Ajfl).

By the fact tr(AB) = tr(BA) for any matrix A, B and the fact that both 3;_;
and (% 2) are idempotent, we see

00
I, 0\ /I, O
tI‘(Aj_l) = tr |:Ej_1 (67 O) (5) 0) Ej_1:|
(3.13) (T, 0\ (I, 0O
= (¢ 0)=1(¢ o)]
= tr((Z;-1)p),
where (3;_1), is as in the statement of Lemma B3l Hence by (B.4), we have

(3.14) Eq: Z]Etr 1) Eq:Etr((Ejl)p)—]%n_l).
=2 =2

j=2
Therefore plugging BI0) and BI4) into (BH), we know

q q
EH\/EI‘pxq_prq”%{S < 2ZE(Aij)+22]EOj
12 2¢° — 1 -1
< pq(1+ @ —9¢+3 )+pq(q )
n 12n n
2 2¢° — 1411
_ ]E-(l—l— q° —9q + 31+ n)
n nq
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1538 TIEFENG JIANG AND YUTAO MA

Define f(q) = 2q + % — 9 for ¢ > 0. Since f"”(q) > 0 for all ¢ > 0, we know
f(q) is a convex function. Therefore, maxi<q4<n f(q) = f(1) V f(n). Trivially,

31 31
F(1) = f(n) =24+ 11n — (2n+;—|—2) =224+ 0n— = >2249-31=0
for all n > 1. We then have maxi<q¢<n f(q) = 24 + 11n for any n > 2. Thus,

2 2 2
pq 24+ 11n 12pq 2 24pq
E[lVnTpxq = Ypxallfs < 7(14' 0 ) -~ (14'5) S =,

for any n > 2. The proof is completed. O

Similar to Lemma[2.15] the next result will serve as the framework of the proof of
Theorem [2] For a sequence of numbers {a,; n > 1}, we write lim, o a, € (0,00)
if lim,, 00 @, = a exists and a € (0, c0).

Lemma 3.5. For each n > 1, let f.(p,q) : {1,2,...,n}? — [0,00) satisfy that
fn(p,q) is non-decreasing in p € {1,2,...,n} and q € {1,2,...,n}, respectively.
Suppose

(3.15) liminf f (pn, gn) > 0

for any sequence {(pn,qn) € {1,2,...,n}?}°°, if any of the next two conditions
hold:

(i) gn =1 and lim,_,o0 pn/n € (0,1);

(ii) limy, 00 ¢n = 00 and lim, o (png2)/n € (0, 00).
Then BIR) holds for any sequence {(pn,qn)}5, with 1 < pp,qn < n for each
n > 1 and lim, o (png?)/n € (0,00).

Proof. Suppose the conclusion is not true, that is, liminf, e fn(pn,qn) = 0
for some sequence {(pn,qn)}>2, with 1 < pp,q, < n for each n > 1 and
lim,, 00 (Prg2)/n = a € (0,00). Then there exists a subsequence {ny; k > 1}
satisfying 1 < pp,,qn, < ng for all & > 1 and limk_)oo(pnkq,%k)/nk = «a € (0,00)
such that

There are two possibilities: liminfy_, ¢, < 00 and liminfy_, o ¢, = 00. Let us
discuss the two cases separately.

(a) Assume liminfy .o gn, < o00. Then there exists a further subsequence
{nx; }52, such that Gny,, =M = 1. For convenience of notation, write n; = ny; for

all j > 1. The condition lim,,_, p"rfi = « implies that lim;_, % =% < (0,1].
By (3I8) and the monotonicity,
(3.17) lim fﬁj (Pﬁj7 1) = lim fﬁj (pﬁj7Qﬁj) =0.

j—o0o j—o0
Define pn; = [pa,/2] + 1 for all j > 1. Then lim; % =c:= 3% € (0,3].
Construct a new sequence such that

_ | Day if r = n; for some j > 1;

~ \ler] V1 if not,

and ¢ = 1 for r = 1,2,.... Obviously, ps, < pg, for each j > 1. It is easy to

check that 1 < p,, G < r for all » > 1 and lim, . p./r = ¢ € (0,1/2). So
{(Br,Gr); r > 1} satisfies condition (i), and hence liminf, , fr(5r,G-) > 0 by
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1539

(B.15). This contradicts [B.17) since f,(pr,Gr) = fa; (Pn,,1) < fa,(Pa;, 1) if 7 =n;
for some j > 1 by monotonicity.
(b) Assume liminfy_, o, ¢n, = 00. Then limy_, o ¢p, = 00. Define

- {Pnk if r = ny, for some k > 1;

br= [r1/3] " if not,
and
G = Gny, if r = ny for some k > 1;
" ([var'/3]+ 1) Ar if not.

Trivially, 1 < p,, ¢, <7 for all 7 > 1, lim, 0 ¢ = 00, and lim, o, p.G2/r = a. By
(ii),

lim inf fnk (pnk , an) > lim inf fr(ﬁrv dr) >0
oo r—00

k—
since p, = pp, and §, = qp, if r = ny. This contradicts (BI6).
In summary, each of the cases liminfy_ o gy, < oo and liminfy_ o gn, = o0
results in a contradiction. Therefore, we obtain our desired conclusion. ([l

3.2. The proof of Theorem [2l After much preparation, we are now ready to
prove the second main result in this paper.

Proof of Theorem 2l The first part follows immediately from Proposition 3.l The
second part is given next.
We first prove that

TANY
(3.18) IVAT g = Yoeallus & (5)
for any 1 < p,, ¢, < n satisfying ¢,, — oo and % — 0 > 0. We claim this implies
that
(3.19) lim inf P(||v/nTpxq — Ypxgllus > €) > 0

n—oo
for any € € (0,1/0/2) and any 1 < p,, ¢, < n with % — o > 0. In fact, for given

e € (0,4/0/2), set
fn(p,q) = P(”\/ﬁrpxq = Ypxqllus =€)

for all 1 < p,q < n. Here we slightly abuse some notation: I',y, and Y,x,
are p X ¢ matrices with p and ¢ being arbitrary instead of fixed sizes p, and g,.
By (LX), it is obvious that f,(p,q) is non-decreasing in p and g, respectively,
for any n > 1. Assume (BI8) holds. Then liminf, o fr(pn,q¢n) = 1 for any

1 < pn, gn < nunder the conditions lim,, o, ¢, = oo and lim,, o pni =0 € (0,00).
By Lemma Bl liminf,, o frn(pn,1) = P(|N(0,1)| > e\/T/C) for any 1 < p, <n
with lim, oo pn/n = ¢ € (0,1). Then we obtain ([BI9) from Lemma B35l
Now we start to prove ([B.I8). Let us continue to use the notation in the proof
of Proposition Bl Recall that M = M,x, = (I,,0) for 1 < p < n —1 and
M, xn = I,,, where I, is the p x p identity matrix and 0 is the p X (n — p) matrix
whose entries are all equal to zero. By (B.8),
1 2
||\/ﬁrqu - Y;D><q||%IS = Z H(\/ﬁ - ||WjH)M’Yj - MEj—leH .

j=1
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1540 TIEFENG JIANG AND YUTAO MA

Recall that
2
A= (n—I|w;)?% By =My |% Cj = [MZ; a1y,

For vectors u, v € RP, we know [[u+v||? = |[u? + ||v||? +2(u, V). By the Cauchy-
Schwartz inequality, |(u, v)| < |lu| - [|[v]|. So we can write

q q q
VAT g = Yoxqlllis = > 4B+ 3G+ > e,
j=1 j=1 J=1

where |¢;| < 2,/A;B;C; for 1 < j < ¢. From [BI0), we see that

q 2
6pq 2¢* —9q + 31 1 1
= ) * 12n q+pq

2
since ¢ = g, — o0 and L — o > 0 as n — oo. In particular,

q
(3.20) > A;B; 50
j=1
as n — co. We claim that it suffices to show
q
o
3.21 c;, 5=

as n — oo. In fact, once ([BZI) holds, we have by the Cauchy-Schwartz inequality

and (B20)
q q q
O lei)? <403 VABC? < 4( Y- 43B;) D¢ B o
j=1 j=1 j=1 j=1

as n — co. Then 25:1 €; 2 0 as n — oo. Now we prove (32).
Recall that the notation (Xj), stands for the upper-left p x p submatrix of 3.
Let Fj be the sigma-algebra generated by y1,yo,...,yr. We first claim

(322) Xj = Cj —tr[(Ej_l)p], j :2,3,...,q7

forms a martingale difference with respect to Fa, Fs, ..., Fy. In fact, as in (B11]),
we write

(323) Cj = y;-Ajflyj

for any 2 < j < ¢, where the symmetric matrix A;_; is defined in (B.12) and is
independent of y;. Let pq,. .., sty be the eigenvalues of A;_;. By (8.2), 3.13)), and
independence,

E(yjA; 1y, Fio1) =B & =tr(A; 1) = tr [(Z;-1),),
i=1

where &1, ..., &, are i.i.d. standard normals. This confirms (3.22)).
Obviously,

k
By, ::ZXj’ k=2....q,
j=1
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1541

is a martingale relative to {F; k = 2,...,q}. Therefore,
q q
> Cj =B+ Y tr[(Zj1),):
j=2 j=2

By Lemma 3.4, when pg®/n — o,

tr[(Bj-1)p) —

M-

| Q

j=2
as n — oo. To get (BZI)), it is enough to show
(3.24) Var(B,) — 0
as n — oo. Since (X;)1<i<q is a martingale difference, it entails that
E(XiX;) = E[X;E(X;|F;-1)] =0
for any 2 <1i < j < q. Also, recall the conditional variance has the formula

Var(X;) = EVar(X,|F;_1)+ Var [E(X;|F;_1)]
= ]EVar(Xj|}'j,1)

since X; is a martingale difference, where
Var (X;|Fj-1) = E[(X; — E(X;|Fj-1)*|Fj-1];
see, for example, [4]. Therefore, by (B23) and then (B3]

Var(B Z Var(X

q
Z]E\/ar ] 1yJ|.7:] 1)

=2

q
= 2) Etr(A? )

<.

Jj=2

Repeatedly using the facts

2
I, 0 1, 0
2 =3, (5 0) :((1; 0), tr (UV) = tr (VU)

for any n x n matrices U and V, it is not difficult to see tr(A% ;) = tr[(2;_1)7].
From Lemma [3.4]

- _ palg=1)(p+2) | palg—1)(g—2)(n—Dp)
ZEtr(A?_l) B 2n(n + 2) + 3n(n—1)(n+2)

pq rq’ 1 1
<
C- (n2 + )_0(—q2+p—q)—>o

as n — oo by the assumptions ¢ — oo and % — o0 > 0. We get (8.24). The proof
is completed. (Il
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4. APPENDIX

In this section we will prove Lemmas [2.4] and 2171 We start with Lemma
2.4, which computes the mean values of monomials of the matrix elements from a
Haar-orthogonal matrix.

To make the monomials more intuitive, we give Figure [Il For each plot inside
the graph, the number of circles appearing in a corner means the power of the
corresponding matrix entry appearing in the monomial. For example, plot (d)
stands for the monomial 711712721732; plot (e) represents y11y127¥227237Y31733-

Proof of Lemma 24l Our arguments below are based on the unit length of each
row/column, the orthogonality of any two rows/columns, and that all row/column
random vectors are exchangeable. We will first prove conclusions (a) and (c), and
then prove the rest of them.

(a) Recall (F1). Taking a; = as = a3 = 1 and the rest of a;’s equal to zero in
Lemma [2.2] we get the conclusion.

(c) Since

n
7121'731(2 -1 =0,
j=1
take expectations to get
E(ﬁﬂgl) +(n— 1)]E(7%17§17%2) = E(V%ﬂ%)-
By using Lemma 221 we see

@y EGhR) = o

3
—_— E 4 2 =
nt 2), (711721) n(

n+2)(n+4)

Conclusion (c¢) follows.
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RANDOM ORTHOGONAL MATRICES AND INDEPENDENT NORMALS 1543

(b), (d) & (e). Since the first and the second columns of T, are mutually
orthogonal, we know

0=E ( D viavie Y vivis Y %1%3)
i=1 j=1 k=1

= nE(v}17i2713) + 3n(n — DE(V1712713722723)
+n(n—1)(n — 2)E(y11712722723731733) -

(4.2)

Similarly we have

n n

0= E( Z Y YizVis Z %’2%’3)
i=1 =1

(4.3)
= nE(v}175275s) + n(n — DE(Y71712713722723)
and
n n
0= E( > v Y %‘sz)
(4.4) i=1 i=1

= nE(7{1752) + n(n — DE(¥}712721722)-

Combining the expressions [@2), (3], and (4] together with conclusion (a) and
@1), we arrive at

) 1

E(y11712713722723) = — (n—Dn(n+2)(n+4) ’
3

E(7}1712722721) = — (n—1)n(n+2)(n+4) ;

2
n—2)(n—1n(n+2)(n+4)

By swapping rows and columns and using the invariance, we get

]E('711712722’Y23731733) = (

E(vf1712713722723) = E(v11712721722733);
E(W’n%ﬂmﬁz) = E(W’fﬂm%ﬂm)
The proof is completed. O

We will derive the central limit theorem appearing in Lemma 210 next. Two
preliminary calculations are needed.

Lemma 4.1. Lety = (&1,...,&) ~ Np(0,1,). Let a = (ai,...,a,)" € RP and
b= (01,...,8y) € RP with ||a|| = ||b|| = 1. Then

E[(a'y)*(b'y)?] = 2(a'b)® + 1.
Proof. Rewrite
a'yb'y = y'ab'y = y'ba’y = %y’(ab/ + ba’)y.
Define A = 1(ab’ + ba’). Then a'yb’y = y’Ay. By .2) and @.3),
E(y’Ay) = tr(A) and Var(y’'Ay) = 2tr(A?).
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1544 TIEFENG JIANG AND YUTAO MA

Note that tr(A) = a’b. Therefore,

E[(a'y)*(by)?] = 2tr(A?)+tr*(A)
1

= itr(ab'ab’ + ba'ba’ + ab’ba’ + ba’ab’) + (a’b)?

= 2(a’b)?+1
by the assumption ||a|| = ||b|| = 1. O
Lemma 4.2. Letu = (§1,...,&,) and v = (n1,--- ,np) be independent random
vectors with distribution N,(0,1,). Set w = (0'v)? — |[u||®. Then
(4.5) Elw|v] = [[v]* - p;
(4.6) E[w?[u] = 2[u*;
(4.7) Ew?|lv] = 3[v|*+ (p* +2p) — 2(p + 2)|[v[*.

Proof. The assertion (@A) follows from independence directly. Further,
E[w’[u] = E[(u'v)"—2[ulf*(u'v)*+ ul*|u]
= 3l = 2flu)* + ul|* = 2|u|".
We then obtain (8]). Finally, since [[ul|?> ~ x2(p), we have
Ew?lv] = E[((u'v)"+ [[u]* = 2]ul*(u'v)?)[v]
P
2
= 3]+ 0%+ 20) — 2E[Jul2(Y &m)’|v].
1=1
Expanding the last sum, we see from independence that

p P
Bl (Cem)?v] = Selnlel+ 3 nak(ulas

1<k#1<p
P 1 p

= () - (EY Ilze?)
=1 p =1

1
v - ]—DE(HHH“) = (p+2)[IvI?

by the fact E[||u|?£1£2] = 0 due to the symmetry of normal random variables. The
above two identities imply (@7]). O

Now we prove the second main result in this section.

Proof of Lemma [2I0. Since % — 0, we assume that, without loss of generality,
q < p for all n > 3. Let

1
T,=— > [(gig)*—pl,
P4 <izi<q

which can be rewritten as
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Plot of CLT
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FIGURE 2. The plots simulate the density
ﬁ 219‘75]‘3(1 [(gggj)z - p] in Lemma for (p,q)
(165, 30), (900, 30), (1600,40) in the top row, and (p,q)

of

(355,50), (2500, 50), (10000, 100) in the bottom row, respectively.
They match the density curve of N(0,1) better as both p and ¢

are larger.

Define Cy = 0 and

Ci =Y [(zig;)* - p|
i=1
for 2 < j < gq. It is easy to see
j—1
(4.8) B; :=E[C}|F;-] ZE (8/g5)” —p)IFi1) =D _(leill* = p),
i=1

where the sigma algebra Fj, = U(gl, go,. .. ,gk) for all 1 < k < q. Thus

j—1

(49)  X;:=C;—E[Cj|F] = [(gigy)’ — lleill’], 2<j<q,

i=1

form a martingale difference with respect to the o-algebra (F;)2<j<q. Therefore T,

can be further written as

q q
(4.10) Tn=EZXj+EZBj.
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By using (48] and changing sums, one gets

WSy

— 2 Bi= lg:l* = p)(g — ).

Pq = [ e
Since ||g;||* ~ x?(p) for each 1 < i < g, we know Var(||g;||* —p) = Var(||g;||*) =
Hence,

1< 1 & )
Var(—ZBj) = 2—2 —i)*Var(||g:[* — p)

Pq = P’ =
2 2

< B
p*q p

This together with the fact EZ?ZQ B; = 0 indicates that
14
— > "B;Ho0.
pa £

By (4I0), to prove the theorem, it suffices to prove

—ZX — N(0,1)

Pq;

weakly as n — oo. By the Lindeberg-Feller central limit theorem for martingale
differences (see, for example, p. 414 in [I4]), it is enough to verify that

1 q
(4.11) n::—qz [X31Fj-1]
and
1 q
412 -
(4.12) ey ;

as n — oo. To prove ([LI]), it suffices to show

(4.13) E(W,) — 1
and
(4.14) Var(W,,) = 0

as n — 00. In the rest of the proof, due to their lengths we will show the above
three assertions in the order of ({I3), ({12, and ([@I4]), respectively. The proof
will be finished then.

The proof of [@I3). For simplicity, given 2 < j < ¢, define

= (gig;)” — llgill®

for any i = 1,...,j — 1. Recall that a; := ”g’?” and ||g;|| are independent. We have

a useful fact that

(4.15) wi = |lgill*[(ajg;)* — 1] = llgill*(x — 1)
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given g;, where y is a random variable with distribution x?(1) and is independent of

llgil]. It is easy to see X; = Zf;ll w; from ([@9). By Lemma[2] for any 2 < j < g,
we see

S() = LB Y Bww

1<igtk<j—1
= ZE (wilg)] + > E(Elwiwlg;])
1<iAk<j
= 2> Elgl*+ > E(lgl®-p)?
1<i<j 1<iZk<j

= 20°+2p)(i - 1) +2p(j — 1)(j — 2),

where in the third equality we use the fact that w; and wy, are conditionally inde-
pendent given g; for any j # k and E[w;|g;] = ||g;]|> — p. Thereby,

—1

4q _ 3
E(W,,) = 1%2_: E(X2) = (»* + 2p)q (;J)qul) +O0(pg°)

as n — oo. This justifies ({I3)). In particular,
q
(4.16) Y E(X}) < Cp*¢
j=2

for all n > 4, which will be used later.

The proof of [@I2). Fix j with 2 < j < ¢. Observe that the (w;)i1<i<;—1 form
again a martingale difference with respect to the sigma algebra (F;)1<i<j—1. The
Burkholder inequality (see, for example, [33]) says that, for any s > 1,

B(Tw) = cs(Tw)”

1= 1=

where C is a universal constant depending on s only. By taking s = 4, we see from
X; =Y/ w; that

E(X})

IN

C Z E(w;) +C Z E(wiw})

1<i#k<j—1

(4.17) CZ]EUE(W?Igi)HC Y. E[E(Wlg) - E(wilg))]
i=1

1<itk<j—1
by using the conditional independence. From ({I5]),
E[Ewilg)] < E(lgl®) - -E[(x-1)"]

= E(X*(@*-E[(x -1
Cpt

IN
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by Lemma Now, from (4.0), the second sum in ([@I7) is bounded by

E[3lg;l|* + (0 + 2p) — 2(p + 2) g5 *]”
3[EGE()Y) + (0* +2p)° + 4(p + 2)°E( 3 (p)?)]
Ccp*

IN A

by the Minkowski inequality and Lemma [2.§ again. The above two estimates to-
gether with (£I7)) imply

E(X))<C-[(j—Dp"+ (i — 1) — 2)p"]

for 2 < j < g, where C is free of n and j. Consequently,

1 & 40‘1
pi 2500 < g 27

as n — oo. This concludes (£12).
The proof of ([@I4)). We need to prove that

1 q
ﬂVar{ZIE(Xﬂfj_l)} =0

pq =

as n — oo. Let us first compute E[X?|F;_1]. Set a; = &4 for 1 <4 < ¢. Then
Jj—1 )
E(X7IF-) = E[(w) |7
i=1

j—1
= S EWIF_)+1(G=3) Y. E(wiwilF1)

i=1 1<i#k<j—1

= Z”gi||4'E[(X_1)2]+I(j23)' > leilPlel®

1<idk<j—1
E[(eg;)*(ar8;)° — (ajg;)? — (ahgs)? + 1| Fj-1],

where I(j > 3) is the indicator function of the set {j > 3}. Given F;_1, evidently
0,

ajg; ~ N(0,1) for 1 < ¢ < j — 1. Therefore, from Lemma A.1] we have
j—1
E(X}1F-1) = 2) lleill* +21G=3)- > llgilPlleel®(oiew)?
i=1 1<itk<j—1
j—1
= 2) eill*+21G=3)- > (sier)
i=1 1<itk<j—1

By changing the order of sums, it is not difficult to verify that

q g—1 q—2 q—1
SE(XF1) =2 llglia -1 +4) Y (gign)*(a— k).
Jj=2 i=1 i=1 k=i+1
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Therefore,

Var[iE X2|F))]
j=2

,_A

q—2 gq—

< 8. Var{qzl gl q—z)]+32 Var{z Z glg] )]
i=1

-1
(418) = 8. <q—z‘>QVar<||gi||4>+3z.Var[ (a—) 3 (ge))?

1 j=2 i=1

L]

i

On the one hand, by Lemma 2.8 we know

(4.19) Z q—i)*Var(|lg:||*) < ¢* - Var[x*(p)*] = 8pa*(p+2)(p + 3).

Moreover, for 2 < j < ¢ fixed, recall the notation

j—1
Wi = (g;gj)z - ngH2a Xj = ZWZ
=1

Then
j—1 j—1 j—1
D (glg)? = (witllsill?) =X+ lleill®,
i=1 i=1 i=1
which implies
q—1 j—1 qg—1 qg—1 j—1
(=) (gig)® = D (a—NX+Y (a—)D el
j=2 i=1 =2 j=2 i=1
q—1 q—2 q—1
= > a=NX+ > llel® > (a—9)
j=2 i=1 j=i+1
q—1 1 q—2
= Y a-iX+5 2 lelPa—i- D).
j=2 i=1

Consequently we have

1 =
<q—j>X]] b5 var| Sl - - (a0

AN

N

g
(]

q—1 q—

— P Var(X;) + %Zw — i 12— ipVar (g 1)

j=2 i=

(4.20)

I
[N}
—
—

q
(4.21) < 2qQZE(XJ2)+q5 Var(||g1 )
=2

(4.22) C(p*q* +pd°),
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where we use the fact (X;)2< ;<4 is a martingale with respect to (F;)a<<q in ([@20);
the trivial bounds (¢ — j)? < ¢ and (¢ —i — 1)?(q — i)? < ¢* are applied in [@2]);
the last step is obtained by ([@I6) and the identity Var(||g: %) = 2p.

Plugging (A19) and (@22)) into (£I8)), we have from the fact ¢ < p that

1 2 5 Cp*¢®  C
p4—q4Var<Z]E[Xj |fj1]> < it = pa 0

j=2
as n — oo. This finishes the verification of (@I4]). The proof is completed. O

Now we prove Lemma 21T}

Proof of Lemma 2111 Write X = (g1, 82,...,8q), where g; ~ N,(0,I,). A repeat-
edly used fact is that ||g;||> ~ x?(p) for each i. Using this fact, independence,
Lemma 2.8 and (I5), we have

E(gig2)’ =p, E(gig2)* = 3E(|g1l*) = 3p(p +2);

Elllgil® - (g)82)%] = p(p +2);

E[(g1g2)*(g183)°] = E(llg1]l") = p(p + 2);

Elllgll*(g182)°] = E(llg:]®) = p(p +2)(p +4).
Easily, tr(X'X) = >°7_, |lg;[* and

(4.23) o[(X'X)) = > (sig)*+ Y llexll"
1<iZj<q k=1

(i) By using the set of formulas right before (£23)), we obtain

(4.24) Etr[(X'X)?*] = q(¢ — 1)p+ qp(p +2) = pa(p+ g+ 1).
From ({23]) we see
(4.25)
: 2 212 . 4 7o \2
(XX = (D llexl) "+ [ D) (gig)?]” +2) lleell* D (gig)™
k=1 1<i#j<q k=1 1<i#j<q
It is easy to check that
q 2 q
(4.26) (D leellt) =D lleel®+ > el *llesl*
k=1 k=1 1<i#j<q
and
2
> o) = Y (e ez Y (e

1<i#j<q 1<i#j#k#AI<q 1<i#j<q

(4.27) +4> (gig) (glen)’
1<iZi#k<q
and
q
2> el D (glg)?=2 > lekl*(gig)?
k=1 1<i#j<q 1<i#j#k<q

(4.28) +4 > el (gie)*

1<i#j<q
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By the formulas right before ([£23]), Lemma 2.8 (£26]), [@27), and 28], respec-

tively, we have that

]E( > Ingll‘L)2 =qp(p+2)(p+4)(p + 6) + q(q — 1)p*(p + 2)?
k=1
and
E[ > (gégj)ﬂ - q(q—1)(¢ —2)(q — 3)p* + 6p(p + 2)q(q — 1)
1<i#j<q

+4p(p +2)q(qg — 1)(g — 2)
and

a
B[ el Y (g = 2a-D(a-2p*p+2)
k=1 1<iZj<q
+4q(¢ = D)p(p + 2)(p + 4).
Putting all three of these expressions back into (£23]), one gets
Et?[(X'X)?] = qp(p+2)(p+4)(p+6) + qlq — Dp*(p +2)*

+a(g = 1)(g = 2)(q = 3)p* + 6p(p + 2)g(q — 1)

+4p(p +2)q(g — 1)(¢ - 2)

+2q(q = 1)(g = 2)p*(p +2) + 4q(g — Dp(p + 2)(p + 4).
This together with ([@24]) implies

Var (tr[(X'X)?]) = 4p*¢* + 8pq(p + q)* + 20pq(p + g + 1).
(ii) Recall [@23]). By independence,
Cov (tr(X'X), tr[(X'X)?))

q q
= Cov( Yl el + Y (sie)?)
i=1 i=1

1<i#j<q

Cov (llgil® lgil*) +2 > Cov(llell® (gig;)?)

1<i#j<q

[Elle:l®) - Edlg:l*) - E(llg:l*)]

|
.MQ

N
Il
-

|
.MQ

N =

K2

+2 > (Elllel® - (gigi)?] — Ellell®) - E(gig;)?).
1<iZi<q

From the formulas right before ([@23]) again, we have

Cov (t2[X/X], tr[(X'X)?]) = Z[p(p +2)(p+4) —p*(p+2)]
+2 Y [pp+2)-p
1<i#j<q

=4pq(p +2) +4pq(q — 1)
=4pg(p+q+1).
The proof is completed now. ([l
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