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S.1. Proofs of main results. There are three subsections in this part.
In each subsection we first accumulate some first hand or second hand of
understanding before the proofs of main theorems are presented. Considering
many proofs are involved, we postpone some of them as auxiliary results in
the next section. They are interesting in their own right.

In this paper we use the following notation. For a sequence of random
variables {Uy; N > 1} and a sequence of constants {ay; N > 1}, the no-
tation Un = op(an) means that Uy /ay — 0 in probability as N — oo; we
write Uy = Op(an) if {Un/an; N > 1} is stochastically bounded, that is,
lim 40 limsupy_,oo P(|[Un/an| > A) = 0. In particular, if Uy = Op(an)
then Uy = op(anby) for any sequence of numbers {by; N > 1} with
limpy_oo by = 0o0. We write ay ~ by if limy_o0 % = 1 for any two se-
quence of numbers {ay; N > 1} and {by; N > 1}.

S.1.1. The proofs of Theorems 1 and 2. The proof of Theorem 1 is
lengthy. The main tool is the Lindeberg-Feller central limit theorem for
martingales. Automatically many computations of conditional means and
variances as well as higher moments are needed for sample correlation coef-
ficients p;;. They are non-trivial. To make the proof organized, we decide to
put key steps in a few of sections. This may best facilitate the understanding
of readers.

S.1.1.1. Basic technical lemmas towards proofs of Theorems 1 and 2.
The proofs of the results in this section will be presented in Section S.2.1.

LEMMA 1. Let € be a random variable with E€ = a. Let T > 2 be given.
The following holds.
(i) If a = 0, then

E[|€* — BE[T] < 327 - B(|¢]*").
(i) If a # 0, then

B[ - B
< 167 (|| Var(¢)” + VE(E — o)

[Jlal” + la| =" - Var(¢)” + V(€ - aP")|.
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The following is the Marcinkiewicz-Zygmund inequality; see, e.g., p. 386
and p. 387 from [6].

LEMMA 2. Letm > 1 and {&; 1 < i < m} be independent random
variables with E§; = 0 for each i and sup;<;<,, E(|§]7) < oo for some
T > 2. Then there exists a constant K. > 0 depending on T only such that

E(& 4 +&ul") <K - E[(&+ -+ )7 (S.1)
<Kp -mTP N EIG+ -+ Elgnl). (S2)

S.1.1.2. Mizing moments on random wvariables uniformly distributed on
spheres. In this subsection we develop some identities and inequalities re-
garding moments of random vectors with the uniform distribution on high-
dimensional unit spheres. The tools and methods are of independent interest.
The proof of Lemma 3 is given in this section to show the main idea and
starting point. The remaining proofs of other lemmas will be presented in
Section S.2.2.

Recall the setting above (8) and notation P; and ¢; = (e, -+ ,eiT), €
RT for each i. The notation S™! represents the unit sphere in the m-
dimensional Euclidean space.

LEMMA 3. Setm =T —p. Let O; be a T x T orthogonal matriz such
that

I, O

=0, 4 <i<N. .
P; oz<0 0)01, 1<i<N (S.3)
Write O; = (U;, V;) for each i, where U; is a T xm submatriz. Let {€;;; 1 <

i < N,1 < j < T} be independent random variables with €;; ~ N(0,0?),

o; > 0, for all © and j. Write ¢; = (€1, -+ ,eiT)/ € RT for each i. Let
S1, -,y be i.i.d. random wectors uniformly distributed on S™~'. Then
(IIEEH S ngzx”) and (Uysy, -+, Unsy) have the same distribution.

Proof of Lemma 3. By the scale-invariance of HE’Z%?H’ without loss of gen-
erality, assume o1 = --- = oy = 1. Evidently, (U;,0)¢; = U;n; for each i,
where 1; = (€;1, -+ , €im)’. By the orthogonality and (S.3),

U/U; =1, and U;U,=P;. (S.4)
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By the orthogonal invariance of normal distributions and (S.3) again, P;e; =
(U;,0)Ole; has the same distribution as that of (U;,0)¢; = U;n;. Then
%, as a function of P;¢;, has the same distribution as that of

Ui U;n; i

Umill — (U Um)2 Il

for each ¢ by the first identity of (S.4). The desired conclusion then follows
from the independence among {e1,--- ,en}. O

LEMMA 4. Let U;’s be as in Lemma 3. The following holds.

(i) Set My; = UjU;ULU; for any 1 < i < j < N. Then both M;; and
I,, — M;; are non-negative definite.

(ii) Let M be a m x m non-negative definite matriz satisfying that I, — M
is non-negative definite. Then I,, — M? is also non-negative definite.

LEMMA 5.  Let {M;,i = 1,2} be non-negative definite matrices. Assume
M, is idempotent, that is, M3 = My. Then tr (M1My) < tr (My).

LEMMA 6. Let M; and My be n X n non-negative definite matrices.
Then, tr(MiMs) > 0 and [tr(MiMy)]* < 7 - tr((M1M3)?), where r :=
rank(M1Msy) < n.

Recall notation (2m — 1)l =1-3---(2m — 1) for any integer m > 1. By
convention we set (—1)!! = 1.

LEMMA 7. [Lemma 2.4 from [14]]. Suppose m > 2 and Zy,- -+ , Z,, are
i.i.d. N(0,1)-distributed random variables. Define U; = Z2/(Z3 + -+ + Z2)
for1 <i<m. Letaq,-- - ,an, be nonnegative integers. Set a = a1+ -+ Q.
Then

B(UNUS2 ... Utm) = —di= .

LEMMA 8. Letm >2 and {Z;; 1 <i < m} be i.i.d. N(0,1)-distributed
random variables. Set d = (Z1,-- , Zp) [(Z2 4 --- + Z2)/2. Let M be a
symmetric matriz. Then

1

(i) E(d'Md)= p tr(M);

(i) BU@MAP] = e {21(M?) + (M)

/ ___ 2 . _ 2 . 2
(797) Var(d'Md) = 1 2) tr(M?) 2 (m £ 2) [tr(M)]
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LEMMA 9. Let {Z;; 1 < i < m} be i.i.d. N(0,1)-distributed random
variables. Set d = (Z1,- -+, Zm) [(Z3 + -+ Z2)/? for 1 <i < m. Let M

be a m x m symmetric matriz. Let T > 1 be given. Then,

C

1
< 2T 2y
< {tr(M)

E[|d'Md — E(d'Md)|"] E[tr(M)]?}T/ ’

for allm > 47 + 1, where C- > 0 is a constant depending on T only.

LEMMA 10. Let {Z;; 1 < i < m} be i.i.d. N(0,1)-distributed random
variables. Set d = (Zy,--- , Zm)' [(Z% + - 4+ Z2)? for 1 < i < m. Let
a € R™ be a vector and M be a m x m symmetric matriz. Let 7 > 1 be
given. Then, E(|a'd|*") < C.||al|*" /m™ and

C

B(@Md)" < == {jer(M)[ + [r(M?) - ;WM)]Z}T/Q}

for all m > 27 + 1, where C; > 0 is a constant depending on T only.

LEMMA 11. Let {h,hy, ha} be i.i.d. R™-valued random vectors, where
h has the same distribution as d in Lemma 9. Let A, B and C be m x m
matrices. Then

(i) E[(h’Ah)(h'Bh)| =
symmetric.

(i3) Var{(h}Chg)?] < tr((C ) )] /2, where K > 0 is a constant.

(iii) Cov[(h'Ahy)?, (h ’ 2] = 5~ tr(AA'BB’)— tr(AA’)-
tr(BB').

m [2 tr(AB) +tr(A) 'tr(B)] if A and B are

2
mT(mT2)

A quick reminder is that, although we assume that A and B are symmetric
in (i) above, we do no need that A, B or C are symmetric in (ii) and (iii).

LEMMA 12. Recall P; in (8) and pi; in (9). Recall U; and s; from
Lemma 3 and M;; = UngUgUi from Lemma 4. The following statements
hold for all i # j.

() By = 0 and (7)) = ol - w(PiPy).
(ii) Elpilsi] = 0 and Elp[s)) = L - sl Mys;.

In the following we will use notation Var(£3]&1) for conditional variance,
which is defined by E(£3]¢1) — [E(&2€1)]? for any random variables &; and

&o.
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LEMMA 13. Recall P; in (8) and p;; in (9). Recall U; and s; from
Lemma 12 and M;; = U;UjU;-Ui from Lemma 4. The following statements
are true for all i # j.

(i) E[(pi;)*]si] = m(m+2 - (s Miysi)”
(i1) Bl(piy)"] = sorrirgre - {26[(PP))?] + [tr(PP,)]2).

(111) Var(,ﬁ?ﬂsz) ,sg?znj%) (SiMmSl) :

. ~ m2—2m—
(iv) Var(p?j) = W . tr[(PZ-Pj)Q] + w . [tr(Pin)]z.

S.1.1.3. Calculations of variances of sums related to sample correlation
coefficients. In (1) and (6), we see parameters p, N,T" and variables x;.
In the rest of the paper, we will use or develop many inequalities where
a constant C' will appear frequently. The constant C' does not depend on
p, N, T or x;’s and it can be different from line to line. The proofs of the
lemma in this section will be given in Section S.2.3.

LEMMA 14. Recall the notations p,T, N and P; in (8). Let p be fized
and m = T —p > 1. For any set S C {1,2,--- ,N} with ¢ = |S| €
{1,--- N — 1}, define Ps = ;.o Py. Let j ¢ S. Then there exists a con-
stant K > 0 depending on p but not on N, T or P; such that the following
statements hold uniformly for all 1 <i < j < N and N > 4.

(1) 1{ |[tr(P;P;))* — T?| < K.
(i) |tr((PiP;)?) —T\ <K.

(i) tr(PsP;))* — T%¢*| < K.

1
Tq?
1

a2

(iv) }tr (PsP;)?) Tq2| < K.

(v) Statements (i)-(iv) still hold if symbol “T” is replaced by “m”.

LEMMA 15. Recall U; from Lemma 8 and M;; = UngUgUi from
Lemma 4. Let e have the uniform distribution on S™ 1. Then there is a
constant C' > 0 free of N,T and p such that sup;<;j<y Var((e'M;je)?) <
Cm=2 as N >C.

LEMMA 16. Recall P; in (8) and pi; in (9). Recall U; and s; from
Lemma 3 and M;; = U;U;UU; from Lemma 4. Define Pja = Py —1p,
for2 <j < N. By Lemma ZZ

Jj—1 Jj—1

XJ - Z[szj (Tﬁ?j‘sl)] = ZTAQ - ZS szsz

=1 i=1



for 2 < j < N. Then,
1

T2

1 j—
om—8 L= om? +4
2 _
B(X?) = 5 +22§:trPP m4m+2 E:trPP

m{tr((PjAPj)2) - % [tr(P5aP5)] }

A quick comment is that the last of the three terms on the right hand
side of the above display is non-negative by Lemma 6.

LEMMA 17.  Let X; be defined as in Lemma 16 for 2 < j < N. Assume
p is fized and N = o(T?) as N — oo. Then

li EX2
Ngnoo N2 Z

LEMMA 18. Recall U; and s; from Lemma 3 and M;; = U;UjUgUi
from Lemma 4. Assume p is fized and T = Ty — oo. Then

N j-1
Var[jz:; (ZS;MUSZ')2] — O(g)

In particular, the variance above is of order o(N*T?) if N = o(T*) as N —
0.

LEMMA 19. Recall U; and s; from Lemma 3. If p is fixed and T =
Ty — o0, then

N* N°®
/ /
el Sl (oo, T} o+ )
as N — co. In particular, the variance is of the order o(N*) if N = o(T?).

S.1.1.4. Preliminary verifications of the Lindeberg-Feller condition toward-
s proof of Theorem 1.

LEMMA 20. Recall U; and s; from Lemma 3 and M;; = U’-U-U’-U'

from Lemma 4. Let py be as in (13). Set B; = L Ef 11 siMjjs; for2 < j <
N. If p is fived and N = o(T?) as N — oo, then

V() -] o
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in probability as N — oo.

Proof of Lemma 20. By (S.4), U; U} = P;. Then
tI‘(Mij) = tr(UiUngUz-) = tr(Pin). (85)
It follows from Lemma 8(i) that
T~ T
= R ZE(S;MZJSZ) = W Ztr(Pin)
i=1 i=1

for 2 < j < N. Therefore,

N N j—1
MN:EZB]' = 2Z:Z:terP
7j=2 m 71=21=1

sul(TR) 2}
e ()] - 5

by the fact that tr(P;) =T — p = m for each i. On the other hand,

N j—1

N
/
E B; = EE E s; M js;
7j=2 7=21i=1
N

T N—-1
= EZ Z s;Mijsi

i=1 j=i+1
N-1
T 3
= — SiMiSi
m <
=1

where M,y := Z;‘V:i—f—l M;;. By independence among {s;}’s and Lemma 8,

2 N-1
Var(ZB ) po Z Var s szsz)
2 N-1
T m? — {m(m2+ 2) tr(My) m2(n3—|—2) [tr(M")]z}
2 N-1
Ay o M) o ML (59
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From Lemma 4, we know I,, — M;; is non-negative for each i # j. Since
the sum of non-negative definite matrices is still non-negative definite, we
see that (N — i)I,, — M,y is also non-negative definite. By Lemma 4(ii),
(N —i)%L,, — M2, is non-negative definite. In particular,

tr(M%) < (N —i)*m. (S.7)
Moreover,
N N
tr(Miv) = > tr(My;) = > tr(P;P;) (S.8)
j=i+1 j=i+1

by (S.5). Now we estimate tr(P;P;).

Recall (8). Set A; = x;(x/x;)7!x} for 1 <i < N. Then A; isa T x T
idempotent matrix with rank p and tr(A;) = p for each i. Since P; = Ip7— A,
we see

P,Pj =1Ir + By
where Bij = AZA] — ‘AZ — Aj. By Lemma 6,
t[‘(Fng) >0

for any non-negative definite matrices Fy and Fy. As a result, tr(A;A;) > 0.
Easily, tr(A;A;) < p by Lemma 5. Thus,

—2p < tr(By;) < —p.

Therefore, we have tr(P;P;) > T — 2p. Hence, tr(M;y) > (N — i)(T — 2p)
by (S.8). This and (S.7) tell us that

fr(MZ,) — % Ter(Miy)]

< (N = iPm— (N = )T 2p)”
— (N—i)lﬁﬂi(mip)?
< 2(N —i)%p "

by recalling the notation m = T — p. Plugging this into (S.6) we get

Var(ZB) L Z IN?p < Up)T°N?

m3(m + 2) m4
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By the Chebyshev inequality, for any 7 > 0,

1|/ 1 al
P(WKZBJ') _“N‘ >7) < 472N? 'Var<ZBj)
Jj=2 7j=2
2
. p TN
- (T-pt
which goes to zero provided N = o(T?). O

Let {s1,---,s;} for 1 < j < N be defined in Lemma 3, which are i.i.d.
random vectors uniformly distributed on S™~!. Set

Fo=A{0,Q} and F; =o(s1, - ,sj) (S.9)

which is the o-algebra generated by {si,---,s;} for 1 < j < N. Here Q is
the sample space on which random variables {¢;;} are defined on.

LEMMA 21. Let X; be defined as in Lemma 16 and F; be as in (S.9).
Assume N = o(T3). Define

N
1
ZN = N2 ZE[X]2|‘F7_1]
j=2

Then Var(Zy) — 0 as N — oo.

Proof of Lemma 21. Set H;; = UjU;s;s/U’U; for 1 <i,j < N, where
U;’s and s;’s are defined as in Lemma 3. Then ngijSi = s;-Cijsj, where

Ci]‘ = U;UZSZSQU;U]
Since s;U;U;s; = (s;U;Ujs;)" = siU’U;s; € R, we have
,512]- = S;- (U;UiSiSQU;Uj)Sj = S;-Ciij. (S.lO)
By Lemma 8(i) and the independence between s; and s;, we have that
. 1 1 1
E(pfj|sl) = %tr(Cij) = ES;U;UJU‘;UlSZ = ES;MZ‘jSi

for i < j, where M;; = U;jU;U’U;. Then
1.,
~2 ~2
fXj = Z[pij - E(pij|si)]
i=1

i1 1
/ /
— E 1 [SJ(:Z]S] — 7mSZMZ]s’L]
i=

:S;Dij —Wj (Sll)
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for 2 < j < N, where

Jj—1 J—
1
D] = E Cij and VVJ ::E E s;'MijSi- (812)
i i=1

In view of the independence among s;’s, it is easy to check from Lemma 8
that

1 1
E(siDjs;| Fj-1) = —tr(Dy) = — > tr(Cy).
i=1

Since tr(C;;) = tr(U;-Uising;Uj) = s;M,;s;, we have that
Wj = E(S;-Dij‘./_"j_l).
This, (S.11) and Lemma 8 imply

ﬁE[X2|.Fj_1] =Var (S;-Dij ‘./Tj_l)
2

:m . tr(D?) —

2

ey [tr(D;)]?. (S.13)

From (S.12),

j—1
= Ztr( ij) Zs M jsi;

J—1 9
tr(D?) —tr[ ZC,J) } :tr[(ZUgUiSis;U;Uj) }
i=1
by the definition of C;;. Thus, we conclude from (S.13) that
i—1

ﬁE[X2|]'—jfl] _ m(m2—|—2) 'tf[(iU;UiSing;Uj)Z] _

it (s’
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It follows that

N
1
WZN = ﬁg E[X32|fjfl]
Jj=2

9 N 7j—1
— /
j=2 i=1
N -1

<Z S: M”sl> .

Recall T'= m + p. Since Var(&; + &2) < 2Var(€;) + 2Var(€s) for any random
variables &1 and &2, to show Var(Zy) — 0, it is enough to prove the following
two facts.

m2(m + 2)

M

N J—1 9

Var{ N [( YU Uisis;U;U]) } } = o(N4); (S.14)
j=2 i=1

var[ZN: (Z s;MUsZ) ] = o(N4T?). (S.15)

Il
N

J

Under restriction N = o(T?), the assertion (S.14) is confirmed in Lemma 19
and (S.15) is proved in Lemma 18. The proof is completed. O

LEMMA 22. Let X; be defined as in Lemma 16 and F; be as in (S.9).
Assume N = o(T*). Then

N
1
i ZE(Xﬁ}-jfl) — 0
=2

in probability as N — oo.

Proof of Lemma 22. It suffices to show
1 N
Vi Y B(X}) =0 (S.16)
=2
as N — oo. By (S.11) and (S.12),

1 1 &
TXj = S;Dij — E ZS%M@'S@ (S.l?)
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for 2 < j < N, where M;; = U;UjU;-Ui and

j—1
Dj—g C;; and CZ]—UjUstsiUZ-UJ.
i=1
Notice
j—1
s'’D;s; = s'U"U;s;s U U:s;
A/ A 3 B A R Al AV
i=1
7j—1
!
= E SiHijSz'
i=1
where

Hij = U;UijSQU;-UZ'
for 1 <i< j < N.By Lemma 8,

1 1
pij = B(siHysils;) = —tr(Hij) = —s;Mis;;

1 1
Vij = E(S;Mjl‘sj‘) = Etr(Mﬁ) = Etr(Pin) (818)

for any 1 <i < j < N. We rewrite (S.17) to have

Jj—1 Jj—1 Jj—1

1 1 1
75 = > (siHyjsi — pg) — — D (siMijsi — vij) + > (i — —Vij)
=1 =1 =1
= Aj + Bj + Cj.
Therefore,
1
7B <3 [B(A4;1Y + B(1B;Y) + B(IC;1)]. (S.19)

Note that A; is the sum of independent random variables. By (S.2) with
T =4,

j—1
E(|A;"s;) <C- (G —1)- > E[(siHys; — pij)*[s;]
=1
RS YA 22
<C X {erE) — —for(EL) } (5.20)
. 7—1
<C- -y [(E)],

1

<.
Il
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where the second inequality follows from Lemma 9, and where the fact
that tr(Hfj) > Lltr(H;;))? from Lemma 6 is used in the last step. Easi-
ly, tr(H?j) = (S;-MjiSj)2. Take another expectation to see

PRES
E(|A;]Y Cr Z (s Mis)%]. (S.21)

By Lemma 10 with 7 = 4 and the fact that tr(M?) > L[tr(M)]? for any
m X m symmetric matrix M from Lemma 6, we obtain

C

E[(siMyis;)"] < poowr {tr(Miz) - %[tr(Mﬁ)F}Q + % : [tr(Mji)]4
< S+ S )

It is used before that tr(Mj;) = tr(P;P;) and tr[Mj?Z-] = tr[(P;P;)?]. By
Lemma 5, both quantities are bounded by m. Hence, E[(S’Mﬂs)"‘] < C
uniformly for all 1 <4 < j < N. We conclude from (S.21) that

-2
E(lay <02 (8.22)

3

uniformly for all 2 < 57 < N.
Now we estimate Bj. Replace “H;;” in (S.20) with “M,;” to see

j—1

E(|Bj|*) <C- —; - mi : {tr(M?j) - %[tr(MiJ’)]Q}Q
1

—_
W
<

%

<.
|
—

. g [tr((PjPi)Q) _%(tr(PJ‘Pi))Q}Z

i=1

<C- (S.23)

where the last step holds by (i) and (ii) from Lemma 14.
Finally, by (S.18),

134 1
Cj = —> [siMjis; — —tx(P;P;)]
1=

1

= —[siMjus; — E(sjMjas;)],
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where
j—1
M;, = E M;;.
i=1

Since tr(Mj;) = tr(P;P;), by defining

j—1
P, = Z P;,
i=1
we have tr(M;,) = tr(P;,P;). Recall (S.4), U;U; = P;. Easily,
tI‘(M]’iMjk) = tI‘(PiP]’PkPj)
for any 1 < 14,5,k < N. It follows that
J—1 9 )
tI‘(M?A) = tr[(ZM]‘Z) :| = Z tI‘(PinPkPj) = tI‘((PjAPj) )
i=1 1<i,k<j—1

On the other hand, recall m = T — p. By Lemma 14(v), there exists a
constant K not depending on 7" or N such that

|[er(PaPy)? = m?(j — 1)*| < K,

myj2
1 .
e |tr((PjaPy)?) —m(j = 1)°| < K
for every 2 < j < N. It follows from the triangle inequality that

tr((P;uP;)2) — % [tr(PjaP))?| < 2K

for 2 < j < N. Consequently, by taking 7 = 4 in Lemma 9 we have that

BICY) < oo (o) - o))
= % : {tr[(PjAPj)g] - %[tr(PjAPj)]Q}Q

4

< Oy

uniformly for all 2 < j < N. Combining this with (S.19), (S.22) and (S.23),
we arrive at

it

B(X)) = ori(+ L4 L)
5 gt
s Ot
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uniformly for all 2 < j < N as N is large (reviewing m = T — p and
T =Ty — 00). As a result,

N
1 1 N
i D E(X)) :0(N +W> =0
=2
as N — oo as long as N = o(T*). We obtain (S.16). O

LEMMA 23. Let X; be defined as in Lemma 16. Assume N = o(T?) as
N — oo. Then % Z;VZQ X; — N(0,1) in distribution as N — oo.

The Proof of Lemma 23. Recalling Lemma 16, we know

-1

jfl
Xj [szg szg|sl Zszj Z S;Mijsi
1 i:

Q.

7

for 2 < j < N. Let F; be as in (S.9). Next we will verify that, for each
N > 2, {X;;2 < j < N} forms a sequence of martingale differences with
respect to the o-algebras {F;; 1 < j < N — 1}. Define J; =0 and

Jj = ZTpZ]

for 2 < j < N — 1. By Lemma 3, p;; depends on s; and s; only. From
independence of {s1, - ,sy} and Lemma 12,

E(J;|Fj-1) ZE Tpl]\s, = Zs M, js;

for 2 < j < N, where M;; = UngU;-Ui. Therefore,
X;=J;—E(Jj|Fj-1), 2<j <N, (S.24)
forms a martingale difference with respect to the o-algebras {¥;;2 < j <

N}.
Now, in order to prove

1 N
N2

j=2
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in distribution as N — oo, we will employ the Lindeberg-Feller central limit
theorem (see, for example, p. 476 from [1] or p. 344 from [9]). To achieve so,
it is enough to verify that

N
1

In =3 > EIXZ|Fia] 1 (S.25)

j=2

in probability and
1 N
WZE(X;H}}_Q -0 (S.26)
j=2

in probability as N — oo. Lemma 22 has showed (S.26). Now, to prove
(S.25), it suffices to show

E(Zyn) =1 (S.27)
and
Var(Zy) — 0 (S.28)

as N — co. Lemma 17 proves (S.27) under the assumption N = o(7?). The
assertion (S.28) is confirmed in Lemma 21 by assuming N = o(7?). Inspect
all restrictions between N and T in the lemmas used earlier, the condition
N = o(T?) meets all requirement. The proof is then completed. O

S.1.1.5. Finale: proofs of Theorems 1 and 2. With the preparations in
Sections in S.1.1.1-S.1.1.4, we now are ready to prove the central limit the-
orem stated in Theorem 1. The main idea is to write the sum of squares of
sample correlation coefficients as sums of martingale differences. Then the
Lindeberg-Feller martingale CLT is applied.

Proof of Theorem 1. Recall J; = 0 and
7j—1
Jj = Z Tﬁ?j
i=1

for 2 < j < N —1. Then Sy = ZjVZQ J;. Recall Fy and F; in (S.9). By
Lemma 12, the conditional expectation,

j—1
T J
Bj = E(Jj|Fj-1) = > siMyjs;
=1
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for 2 < j < N, where M;; = UjU; U U;. As in (S.24),

forms a martingale difference with respect to the o-algebras {¥;;2 < j <
N}. Therefore - (Sy — pn) can be further written by

= = (%) + 5 [(7) -]

From Lemma 20,

Vl(38) -] =0

in probability as N — oco. By Lemma 23,

N

1
~ > X; - N(0,1)
§=2

in distribution as N — oco. The proof then follows from the Slutsky lemma.
O

Proof of Theorem 2. Set m =T — p. First,

Vo lay =2y s (5.29)

v
=1 j=1+1 Nij

It is easy to see

o= a0l

as N — oo. It follows that

aw = Slro()] -2

By Lemma 14(i) and (ii), there exists a constant K > 0 depending on p but
not on N, T or P;’s such that

T HtT(PP) T2‘<K and !tr [(P;P;) T‘<K
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uniformly for all 1 <4 < j < N and N > 4. Therefore, by the definition of
vNij, we have

2 6 1
Ry = [l 0( )| -2+ o)+ 75 [1+0(5)] - I+ o)
= 2+0(3)
uniformly for all 1 <i < j < N as N — co. Immediately,
1 1 1
iy &) o(7) (S.30)
Then
C
sup  |wnij| < r (S.31)
1<i<j<N

as N > 4. By Lemma 12, Eﬁgj =m ™. It follows that

\fN_l al mng KNij
N2 T
m Nl N
= TZ Z —m” i) (1 + wnig)
m 1 m i~ &
= ?'N(SN_,UN NZ Z WNij PZ] sz)v

where Sy is defined as in Theorem 1. By the Slutsky lemma and Theorem
L,

m

T N(SN UN)_>N<0 1)

in distribution as N — oco. Recall (S.29). To prove Qn — N(0,1) in distri-
bution, by the Slutsky lemma again, it is enough to show

N Z Z wnij (P — Epy) = 0 (S.32)

zl] i+1
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in probability as N — oo. Since ﬁ?j and p3,; are independent if {7, j}N{k,l} =
(), then

Var(Ap) = (%)2 1<i<Zj<NZw]2VijCOV(pAz2japAil)

where the last sum runs over all (k, 1) with 1 < k <1 < N and {i,j}n{k,(} #
(). The total number of such (k,[)’s is no more than 2N + 2N = 4N. Since
|Cov(U, V)| < [Var(U)]'/? - [Var(V)]'/? for any random variables U and V,
we have from (S.31) that

m\2 C? 1 -2
Var(An) () 7z NN =1 (4N) - max V()
<(2C*N)- max Var(py,). (S.33)

1<i<j<N

By Lemma 5, tr(P;P;) < tr(P;) = m and tr[(P;P;)?] < tr(P;) = m. By
Lemma 13(iv),

m2— m —
Varh) = et ul@R+ B e P
6,2
= B e

Thus, Var(,[)?j) < % for all 1 <i < j < N. Combing this with (S.33), we
get

Var(A,) < C- N

T2—>0

by the assumption N = o(T?). This implies (S.32). The proof is completed.
Il

S.1.2. The proofs of Theorems 3, 4 and 5. Theorems 3-5 will be proved
via approximating Ly = maxi<;<j<n |pi;| for any p > 0 by Ly for the case
p = 0. The latter one has the asymptotic result known in [3]. The main job
is reduced to show the difference between the two versions of Ly is small
enough.

S.1.2.1. Auxziliary results towards proofs of Theorems 3, 4 and 5. The
results stated in this section will be proved in Section S.2.4.

LEMMA 24. Let m > 1 and {&; 1 < i < m} be i.i.d. random variables
with B¢, =0, BEE =1 and E(|€1]7) < oo for some T > 2. Let {a;; 1 <i <
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m} be constants such that a3 + --- + a2, = 1. Then, there exists a constant
K > 0 satisfying
K

T

P(’alfl“‘""f‘amfrn’ ZZ’) <

8

for all x > 3.

It is easy to see that the bound in the lemma is tight by simply taking
ai=1land ay =---=a,, =0.

LEMMA 25. Let m > 1 and {&; 1 < i < m} be i.i.d. random variables
with B¢ =0, B =1 and Ee*l8l < oo for some w > 0. Let {a; 1 <i <
m} be constants satisfying a3 + - -+ a2, = 1. Then, there exists K > 0 such
that

P(|CL1§1 + - +am§m| > x) <K- eix/K
for all x > 0.

The above inequality is tight, which can be seen by taking a; = 1 and
a; =0for 2 <i<m.

Recall the definition of subgaussian random variables defined before the
statement of Theorem 5.

LEMMA 26. Let m > 1 and {&;1 < i < m} be i.i.d. subgaussian
random variables. Let {a;; 1 < i < m} be constants such that a? + --- +
a2, = 1. Then, there exists a positive constant K not depending on m or

{a;; 1 <i < m} such that

2

P(larés + - + ambm| =2 @) <275
for all x > 0.

The upper bound in the lemma is optimized, which can be seen evidently
by choosing a; =1 and as = --- = a,, = 0.

S.1.2.2. Approzimation of sample correlation coefficients by simple ver-
sions. Recall the setting in (6), (8) and (9). Let p be fixed. Let e; = ”E—z”
and p;; = elej for 1 < 7,7 < N. In this section, we always assume that
{€ij; 1 >1,j > 1} are i.i.d. continuous random variables. The “continuous”
requirement guarantees that p;; in (9) is well-defined. See the comment be-
low (15).
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LEMMA 27. Assume {eij; i >1,j > 1} are i.i.d. continuous random
variables. Let p;; be defined as in (9). Set A; = x;(x}x;) "%, for 1 <i < N.
Then,

max (i — pii| < 14 - max e.A;e;).
1§i<j§N‘pU P%J{ > (1§i§j§N jEN J)

Proof of Lemma 27. Notice P;e; = ¢; — Aj¢;. It follows that

ePiPje; = (e — Ajei) (¢j — Ajej)

= E;Ej — €;Ai€j — e;Ajej + GgAiAjGj.
Take ¢ = j to see that
IPieil* = [leil|® — €} Ases,
since A? = A;. In particular, ||¢;]|? — €;A;e; > 0, hence
0<eAe <1 (S.34)
for each 7. Combining the last two identities, we have

€€ — G Aje; — e Aje; + ;A Aje;

pij = — y :
[€:l|* — et Aiei - /ll€]* — €5 A e;

Dividing the numerator and denominator by ||| - ||¢;]|, we have

pij =pij — € Aiej — €jAje; + ejA;Aje;]

. (1 — e;Aiei)_l/Q(l — e;-Ajej)_l/Q (835)

Write

1 1 _ 1—:6—1: T

I—z I—z (WVI—z+1yv1I-—2
It is easy to see |1 —(1—z) /2| < 2|z| if |2| < 1. Then (1-2)71/2 < 1+2|z| as

lz] < % For brevity of notation, set h;; = (1 —e;Aiei)_l/Q(l —e;-Ajej)_l/2
Then

0<hij—1 < (1+2eAe;)(1+2ejAje;) -1
= 262141'62' + 2e;-Ajej + 4(egAiei) . (e;-Ajej)
< 4(ejAie; + €A je;)
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provided maxj<;<n €;A;e; < %, and at the same time h;; < 2 by definition.
From (S.35),

ﬁij - ﬁij + ﬁz‘j(hi]‘ — 1) + (—e;Aiej — egAjej + e;AiAjej) . hij. (836)
By the Cauchy-Schwartz inequality and the fact A? =A,,
lejAiAjej| < ||Aiei]l - [|Ajes].

Similarly, |e;Aiej| < ||Alel|| . ||Ale]” and |e;Ajej\ < ||AJeZH . HAjejH since
A? = A,;. Consequently

|Pij(hij — 1) + (= ejAie; — ejAje; + ejAiAje;) - hyj
< 4(ejAie; + €A ey )
+2(]|Ades]| - [|Asej]| + 1A el - 1A el + [[Aieil - [ Aje;l))

by the fact |p;;| < 1. Use the trivial fact that 2zy < 2 4+ y? to see

max ‘ﬁ”(h” — 1) + ( — eéAiej — e;Ajej + egAiAjej) . hij‘

1<i<j<N
< 1SIZ¥%N{6(eQA¢eZ- + €A ej) + (e Aie; + e[Aje;)}
/
< 14- (1;%5});]\[ einej)

provided maxj<;<n €;A;e; < %, where in the last inequality we use the fact
that each term is bounded by maxi<;<j<n e;-Aiej. We then have from (S.36)
that
5o — 5l <14 . 'Ae; .

(Jmax [pig —pig| <14 (| max ejAie;) (8.37)
provided max;<;<y €/A;e; < % If max;<;<y €}A;e; > %, (S.37) holds auto-
matically due to the facts that |p;;| <1 and |p;;| < 1 for all ¢, j. The proof
is completed. O

PROPOSITION 1. Assume {€;;; 1 > 1,5 > 1} are i.i.d. continuous ran-
dom wvariables with Fe1; = 0 and E(|e11|”) < oo for some T > 4. Suppose
T/(N®/7log N) = 0o as N — oo. Then

VTlog N - max |pi; — pij| — 0

1<i<j<N

i probability as N — oo.
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Proof of Proposition 1. To prove the result, by the homogeneity of p;;
from (9), without loss of generality, we assume FE(e3;) = 1. Set ay =
1/y/Tlog N. Then ay — 0 as N — oo by assumption. From Lemma 27,
for any h € (0,14),

h
~ /
P(Krlriz;)éN ‘pw pij‘ > aNh> < P(lgr%e;)éNeinej > ﬁaN) (S.38)

Next we estimate the last probability.
For any v > 0,

P< max e}Aiej > 2vaN> <N?. max P(e Ae; > 2an)

1<i<j<N 1<i<j<N
2.
=N 11<nza}§vP<e1A e > 2an) (S.39)

Now

P(e'lAiel > 2aNU) :P(e’lAiel > QOéNU||61”2)
1
}%qu>vMTﬂ%Nj+P@qW§§T)(Sw)

Note that ||e;]|? = Z]T:1 e%j. Since E(e2;) =1 and E(|e11]™) < oo, we see
1 T
Pl = ) <n([ St -] )
7=1
T
7/2 7'/2
<(7)" B2 -0[")
7j=1

:O<#> (S.41)

by (S.2), where the Markov inequality is applied in the second inequality.
Write Q = I"DI" where I' = (7ij)TxT is an orthogonal matrix and

_ (1 O
oo (4 0)
Then €,Qer =Y 7_, (Z;‘.le ykjelj)Q. It follows that

P(1 Qe > v\/T/ log N)

<
<p- lrgkaé(pP( Z’Ykﬁl] > T/logN)

=p- fg‘?‘%{pP(‘ ; jerj] > ' (T log N)1/4>7 (S.42)
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where v := (v/p)"/2. Note that E]Tﬂ%%j =1 for each 1 < k < p by
orthogonality. Thus, from Lemma 24 we have that there exists some K > 0,
such that

P(e1Qer > v\/T/log N) < % (T/log N)~ /4,
v
Join this with (S.39), (S.40) and (S.41) to get

N2 N2
/ . P e R
P(1§I%E}}§NeerJ > 2aNU) = O((T/logN)T/4) +O(TT/4).

By taking v = 2, we have from the above and (S.38) that

287
2 2
P(g?l?’;v ﬁ”’_ﬁ"j’ZO‘Nh> = O((T/lcf\gfzv)r/él)*O(z{\:/zl)
2 /4
- o(Y (1;520 )+o((10gjlv)7/4),

which goes to zero by the assumption that T/(N®/™log N) — 0o as N — co.
O

PROPOSITION 2.  Assume {€;;; 1 > 1,5 > 1} are i.i.d. continuous ran-

dom wvariables with Ee;y = 0 and Ee*l1!l < oo for some w > 0. Suppose
log N = o(T"/%) as N — oo. Then

\/TlOgN' max ],6”—;3”‘%0

1<i<j<N

i probability as N — oo.

Proof of Proposition 2. To prove the result, by the homogeneity of
pij from (9), without loss of generality, assume E(e?) = 1. Set ay =
1/y/Tlog N. Then ay — 0 as N — oo by assumption. From (S.38), we
have that, for any h € (0,14),

h
~ ~ /
P(lglzg&;)éN ‘pij — pij‘ > aNh> < P(lgrzy%zzéNeinej > ﬁoqv>, (S.43)

as N is sufficiently large. So to finish the proof it suffices to show the second
probability goes to zero.
For any v > 0, by (S.39) and (S.40),

P( max eg»Aiej >2an)

1<i<j<N
1
<N?. max P(¢ Az > vy/T/log N) + N2 P<||el||2 < §T). (S.44)
1S
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Since E(e?,) = 1, by large deviations, there exists a constant 79 > 0 such
that

1 1 1
P(HqHz < §T> - P(T e < 5) < emoT (S.45)
j=1

for large enough T'; see, for example, [7]. By (S.42),

P(e1Aier > v\/T/log N)

T

1/4

< v P el > 010 )),
J:

where v/ := (v/p)"/2. Note that Z};l 'y,%j =1 for each 1 < k < p by
orthogonality. From Lemma 25, there exists K > 0 such that

P( max e;A@-ej>2an)
1<i<j<N

T

< 2‘[ . < o / 1/4) —nOT]

< N--|p 1211?%{pp ’Zlyquj‘>v(T/logN) +e
]:

< N2. [(pK)e—w//K)(T/logN)l/‘* i e—noT}

as T is large enough, where v/ := (v/p)"/?2 and K > 0 is a constant not
depending on p, N, T' or 7y;’s. It is easy to see the above goes to zero if

T/(log N)® — co. It follows that

P( max e;Ae; > 2anv) — 0
1<i<j<N

provided T'/(log N)® — oo. The proof is completed. O

PROPOSITION 3. Assume {€;;; 1 > 1,5 > 1} are i.i.d. continuous and
subgaussian random variables. If log N = o(T"/3), then

\/TlogN- max ’p}j—ﬁij‘%o

1<i<j<N
i probability as N — oo.
Proof of Proposition 3. First, the subgaussian assumption implies that

Eevlenl® < oo for some w > 0. Hence Eetletll < oo for all ¢ > 0. We will
use the same notation as in the proof of Proposition 2. Recalling (S.44) and
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(S.45), to get our desired result, it suffices to show that NQ-maxlgiSN P(e’1 Ae; >
2an) — 0 for any v > 0.
By (S.42), for each 1,

P(e1Aser > v\/T/log N)

T
< . e / 1/4)
< p lréll?%cpPO;fqu]‘ > v'(T/log N) ,

where v/ := (v/p)"/2. Note that Z;‘Ll fy,%j =1 for each 1 < k < p by
orthogonality. From Lemma 26, there exists K > 0 such that

P(eiAser > vy/T/log N) < (2p) - exp (— Kv?\/T/log N).
Therefore, by (S.44) and (S.45), there exists a constant 5y > 0 such that

NZ. max P(ejAser > 2anv) < (2pN?) - exp(—Kv?\/T/log N ) + N2e=hoT,
<i<

It is easy to see the above goes to zero if log N = o(T"/3). a

Assume {€;;4 > 1,5 > 1} are ii.d. continuous random variables. Set
& = (1/T) Z;.le €ij for all i. Define 1 = (1,...,1)’ € RT. The Pearson
correlation coefficient p;; is then defined by

_ (e —&l)(g —&1)
lei — &1 - [lej — &1]]

Pij (S.46)

for 1 <4,7 < N. Similar to the clarification below (15), the “i.i.d. continu-
ous” assumption justifies that p;; is well-defined.

PROPOSITION 4. Let p;j be as in Lemma 27. Assume Ee;; = 0 and
E(lenn]™) < oo for some T > 4. If w — 0, then

v/Tlog N- max ‘ﬁij —pij‘ —0

1<i<j<N
in probability as N — oo.

Proof of Proposition 4. The proof consists of two steps. In the first step
we will show

€2

max |pij — pi| < (12T) - max (S.47)

1<i<j<N 1<i<N [l€]|2
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By using this we will prove the desired conclusion in the second step.
Step 1. Set §; = /T - ”f—’” for each . Recall p;; = % Write
1 T J

cie; — TEEj

TN

= (B — 05,1 =) 2(1 —5j) 2,

Pij

It follows that

pij — Bij =pij - (1= 87) 721 = 65)71/% —1] -
8;0;(1 — 62) M2 (1 — o)~ (S.48)

By the inequality (1 — 2)~%/2 < 1 + 2|z| for |z| < 3 appeared in the proof
of Lemma 27, we have

0 < Q-6)21-0H)"2-1
< (1+267)(1+267) — 1
< 4(67+67)
provided max;<j<n |0;| < % Under this restriction, (1 — 522)_1/2 < % <2

for each i. Therefore,
8:6;(1 — 02)"1/2(1 — 55.)*1/2‘ < 41665
Since |p;;| < 1, the above two estimates joining with (S.48) implies that
\Jnax lpig =iyl < max [4(67 + 87) + 4]0:41]
< 12- max (52

1<i<N

as maxj<i<n |0;| < % Moreover, the above naturally holds if max;<;<n |d;] >
1. This leads to (S.47).

Step 2. Set ay = 1/y/T'log N. Then limy_,o any = 0. From Step 1, for
any t > 0,

P( max |pz-j—ﬁij|2aNt) < P<12 max5 >aNt)
1<i<j<N 1<i<

P( max §; > (a—]\[t)lﬂ)

1<i<N 12

IA
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Therefore, to show /T'log N - maxi<;<j<n |pij — pij| — 0, it is enough to
prove that

P( max (5i>s\/@> —0

1<i<N

for any s > 0. In fact,

P(lrgnizgjivdi > s\/aN)

&1+ + &
< N-P(\/ﬁ>8\/M)
< N'P(§%+"'+€%S;T>+N'P(’£1+"'+ET’>\231—‘\/@>7

where {{;; 1 < j < T} are i.i.d. random variables with the same distribution
of €11. The reason we switch the notations from {e;;}’s to {§;;1 < j < T}
is for the brevity of symbols. By (S.41),

P(§%+---+§%§ %T) :o(ﬁ).

By the Markov inequality and (S.2) as used in (S.41),

P(Ifl +o+érl > %ST\/@) = O((TI\;ZTZV)T) - (W)

since ay = 1/4/T log N. Combing the above assertions, we arrive at

P( max d; > s\/ﬁ) :O( N )—i—O(W),

1<i<N TT/4 TT/4
. . T/4 . 4/t
which converges to zero provided N(l(;gTiJ/\Q — 0, or equivalently, NiTlogN —
0 O

S.1.2.3. Finale: proofs of Theorems 3, 4 and 5. With preparations earli-
er, we are now ready to prove the main theorems on the maximum statistics
of sample correlation coeflicients.

Proof of Theorem 3. Under the condition E|e11|® < oo, [13] and [18] show
that

TL? —4log N + loglog N (S.49)
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converges weakly to a distribution with distribution function F(y), where
L/N = MaXj<i<j<N ’pij| and Pij is as in (8.46). Set L/]([ = MaX]<<j<N ’ﬁw‘
and p;; is as in Lemma 27. Observe that

Ly — Liy| <|Ly — Liy| + [Ly — L]
< s — D Dii — 05l .
< Jnax 16ij = pigl + | Sr;g%NIpu pij] (5.50)

Since Ele11|” < oo with 7 > 8, by using the assumption T/N — ¢ € (0, 00),
we see that limy_.oo 7/(N® 7 log N) = oco. Hence, by the Proposition 1

\/TlogN- max ]p}]—ﬁl]‘%O

1<i<j<N

in probability as N — co. On the other hand, since T/N — ¢ € (0, 00) and

N4/7log N
T

T > 8 we have — 0. Then, by Proposition 4,

\/m-lggg}é]v!ﬁij —pij| =0
in probability as N — oo. From (S.50) we see that
VTlogN - (Ly — Lly) =0 (S.51)
in probability. Set A = Ly — L'y. Then
TL3 =T(Ly + A)? = TLR + 2T Ly A + TA. (S.52)

The Slutsky lemma and (S.49) say that (T'/log N)'/2L);, — 2 in probability.
Consequently,

T \1/2
/ . I
TLA = (710gN) Ly (VTlogN A) =0
1
TA? = [\/TlogNA]* - ——
[ og ] log N —0
in probability by (S.51). These together with (S.52) conclude that

TL% = TLE + o,(1). (S.53)

By the Slutsky lemma again, this fact and (S.49) imply the desired result.
O

Proof of Theorem 4. By assumption, Fe“l11l < 0o and log N = o(T1/5).
Using Theorem 3 and Remark 2.1 from [4] with “u = 0” and “a = 17, we
get

T(L})* —4log N +loglog N (S.54)
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converges weakly to a distribution with distribution function F(y), where
L’](, = maxi<ij<;j<n |pij| and p;; is as in Lemma 27. By Proposition 2,

v/Tlog N max ‘ﬁw —ﬁij‘ —0

1<i<j<N

in probability as N — oco. Recall Ly = maxi<;<j<n |pi;j|. By the triangle
inequality, the above says that

VTlogN - (Ly —L7%) =0

in probability as N — oco. Repeating the argument from (S.51) to (S.53),
we obtain

TL% = T(LX)? + 0p(1)
as N — oo. The conclusion follows from (S.54). O

Proof of Theorem 5. By assumption, log N = o(T'/3). Taking “u = 0”
and “a =2” in Theorem 3 and Remark 2.1 from [4], we have

T(L})* — 4log N +loglog N (S.55)

converges weakly to distribution function F(y) for y € R, where L%, =
maxi<i<j<n |pij| and p;; is as in Lemma 27. Recall Ly = maxi<ij<j<n |pijl-
By Proposition 3, under the restriction log N = o(T1/3),

Tlog N - bii — Pij| — 0
VTlogN - max = |pij — pijl
in probability as N — oo. By the triangle inequality, the above says that

VTlogN - (Ly —L%) =0

in probability as N — oo. From the argument between (S.51) and (S.53),
we have

TLA = T(L%)? + op(1) (S.56)
as N — oo. This and (S.55) yield the conclusion. O

S.1.3. The proof of Theorem 6. We create a new method to prove Theo-
rem 6 which gives the asymptotic independence between the sum Sy and the
maximum Lpy. The idea is employing the inclusion-exclusion formula twice.
We expect this method to work for other problems regarding asymptotic
independence between sums of and maxima of weakly dependent random
variables.



32 L. FENG ET AL.

S.1.3.1. Auxiliary results towards proof of Theorem 6. The results stated
in this section are about the estimates of probabilities of events related to
Gaussian random variables. They are useful in their own right. Their proofs
will be presented in Section S.2.5.

LEMMA 28. For each N > 1, let T = Tn > 2 be an integer. Suppose
s1 and sy are i.i.d. random vectors uniformly distributed on ST~1. Given
yeR, setly =T1/2. (4log N — loglog N + y)1/2 which makes sense for
large N. Assume log N = o(~/T) as N — oco. Then

lim N2%.P(s)sy > Iy) = /2,

e
N—o0 2\ 2

LEMMA 29. Suppose s1 and sg are two i.i.d. random vectors uniformly
distributed on ST~V with T > 2. Let {&1,--- , &} be random variables (not
necessarily independent), each of which has the same distribution as that of
sise. Then

1> < I. —Tt? /4 =T
P(1r£1?§|£2| >t)<k-e + (2k) -e

for all t > lT, where ¢ > 0 is a constant free of k, t and T.

LEMMA 30. Let {Z,Zy, - ,Z;} be i.i.d. standard normals. Let § €
(0,1) be given. Set v; = 6Z + /1 —0Z; for 1 <i <k. Then

o 1 y? 1 k(z —y)?
P(@I&U’”)S;“"(‘%)ﬂx_y)k'“p N 2(1—5)]

for all x >y > 0.

LEMMA 31. (Slepian’s lemma from [17]) Suppose (Uy,---,Ux) and
(Vi,---, V&) are two R¥-valued centered Gaussian random vectors such that
EU? = EV? and E(U;U;) < E(V;V;) for all 1 < i, j < k. Then, for any real
numbers ti,--- , t,

PU; < t; for all1 <i<k) < P(V; <t;forall 1 <i<k).

LEMMA 32. Suppose ay,--- ,a are constant unit vectors on ST~ for
some T > 2. Let s be a vector with the uniform distribution on ST—1. Assume
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maxi<;<;<k |aja;| <0 for some 6 € [0,1). Then

2k y2
i ! < . _Z _
P(lrélilgk]als\>z) < 3 exp( 25>+2exp( cT)
2k k(z 7"T—y)2
T PN . C ity
AT —gk Y 2(1—9)

forall z >0,y € (0,2v/rT), r € (0,1) and ¢ is a constant depending on r
only.

LEMMA 33. Let p;; be as in (9). Suppose assumption (15) holds with
{eij3 1 < i < N,1 < j < T} being Gaussian random variables. Recall U;
and s; from Lemma 3. Let T > 2 be given. Then

K

E[|p3 — E(p3ls0)|7] < v

mT m2T
Jj=i+1
and
j—1 r - 1N\T/2 s 1\T
o[ S - s <[5 U2
=1

foralll <i< j< N and N > 3, where K is a constant depending on T
only.

S.1.3.2. Key steps in the proof of Theorem 6. After collecting some useful
facts in Section S.1.3.1, we are now ready to prove Theorem 6. To make the
discussion easier to follow, we give the outline first.

First, Let Sy, Ln and pux be as in (10), (11) and (13), respectively. Recall
the framework between (8) and (11). In particular,

/ . . .
€, PiPje;

—t - 7 S.57
Picll- 1Py (8:57)

pij =

for 1 <i,j < N. Assume (15) holds with ¢; ~ N7 (0, 02I) for each i. Then

e = ﬁ 1<i<N, (S.58)
€;



34 L. FENG ET AL.

are i.i.d. uniformly distributed over the T-dimensional unit sphere S”~!. For
fixed y € R, set

Iy =T"%. (41og N —loglog N + y)'/2. (S.59)

Here is the structure of the proof of Theorem 6.

1. Let e; be as in (S.58). Define Ly = max;<;<j<y |€}e;|. To show that
TL% —4log N +loglog N and (Sy—un)/N are asymptotically independent,
it is enough to prove that TL?V —4log N + loglog N and (Sy — pun)/N are
asymptotically independent (Lemma 34). The benefit of this step is that
{ele;; 1 < i < j < N} are identically distributed. This is not true for
{pij; 1 <i < j < N} appeared in definition of Ly.

2. Recall (S.59). To show the asymptotic independence, it suffices to prove

lim p(l(sN ) S by >y = 8(@) [ F)] (5.60)
N—oo N

for any real numbers z and y, where ®(z) is the cdf of N(0,1) and is al-
so the limiting distribution function of % (Sy — pn); F(y) is the Gumbel
distribution and is also the limiting distribution function of Ly. Recall the
definition of Ly, we are able to write the event in (S.60) as the union of (gf )
many events which are exchangeable. Then, by using the inclusion-exclusion
formula, the probability in (S.60) is sandwiched between two bounds [(S.91)
and (S.92)]. The advantage is that we reduce the probability on the global
maximum “Ly” to sums of probabilities on “local maxima”.

3. In dealing with the “local maxima”, each probability in the sum is of
the form P(+(Sy — pun) < z, lej, e | >IN, - |} ej,| > Iy), where n is a
fixed number free of N and T, and where the indices {(i;,;); 1 <1 < n} are
different. Recall Sy is the sum of (e;ej)2 over all 1 <i < j < N. Remove
the terms related to {e;lejl; 1 <1 < n} from Sy, in other words, eliminate
the terms (efe;)? for all (4,7) with {i,5} N {i, ji} # 0 for some 1 <1 < n.
Then the resulting sum is independent of {e}e;; 1 < [ < n}, and hence
P(%(Sy — pn) < @,]€} e | > In,--- ,|€] ej,| > Iy) is asymptotically the
product of P((Sy — un) < @) and P(l€} ej,| > Iy, ,|€] e;,| > Iy). Of
course we have to handle the “loss” after removing the terms. It turns out
that the removed terms are very concentrated at their mean values by the
second and third conclusions from Lemma 33. So the probability P(+(Sy —
pin) < o) and the modified version P(+(Sy — jin) < x) are asymptotically
equal. The total errors in the above approximations is negligible (Lemma
36).

4. In step 3, we have showed that
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P(%(Sn — pun) < z,l€f e | > In, - €] ej,| > In)

is asymptotically the product of P(+(Sy — pun) < ) and P(le} ej| >
In,--- e} ej,| >In)in (S.91) and (S.92), where Ay = {&(Sn—pn) < 2}

and By = {|eje;| > In} for I = (i,j). We will use one more time the
inclusion-exclusion formula to regroup the sum of probabilities P(|ej, e;,| >
In,---,le; ej,| > In) and change it to P(maxi<;<j<n |€}e;| > [y). Note
that the original upper bound becomes the lower bound of P(maxi<;<j<n |€je;| >
In) and similarly the original lower bound becomes the new upper-bound.
There are some “middle” terms in between the bounds, we have to show
they are negligible. This is guaranteed by Lemma 35.

Now let us execute the steps streamlined above.

LEMMA 34. Let Sy, Ly and py be as in (10), (11) and (13), respective-
ly. Let {e;; 1 <i < N} be defined in (S.58). Set Ly = max;<;<j<n |eie;].
Assume N = o(T?) and (15) holds with ¢; ~ Nr(0,021) for each i. If
TE?V —4log N +loglog N and %(SN — uN) are asymptotically independent,
then TL3, — 4log N + loglog N and %(SN — un) are also asymptotically
independent.

Proof of Lemma 34. Let m = T — p. Under assumption (15) with ¢ ~
NT(0,0'?I) for each i, we know {e;; 1 < i < N} are i.i.d. uniformly dis-
tributed over ST~1. Define pij = elej for 1 <1i < j < N. To organize the
proof clearly, we list the relevant quantities as follows.

Ly = max |p;; and I~/N: max |p;il;
N 1§i<j§N’p”| 1§i<j§N‘p”|’
N j—1
Z 2 T Z
SN = Tpij and UN = W Ztr(Pin)
1<i<j<N j=2 i=1

where P; is defined in (8). By Theorems 5 and 1, the following hold.

TL% — 4log N +loglog N — F(y) = exp(—(1/v8m)e ¥/?) weakly; (S.61)
1

N(SN - ,uN) — N(O, 1) weakly. (8.62)

By Theorem 6 from [3], the assertion (S.61) is also true if “Lx" is replaced
by “Ly”. To show asymptotic independence, it is enough to show

1
lim P(—(SN —un) <z, TLA —4log N +loglog N < y) =®(z)- F(y)
N—oo N
(5.63)
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for any = € R and y € R, where ®(z) = (2r)~ /2 I . e~ /2 dt. Let Iy be as
in (S.59). Due to (S.61) and (S.62) we know (S.63) is equivalent to that

Jim P( (S pw) Sx Ly > Iy) = ®(a) - [1 - Fw)] (S.64)

for any z € R and y € R. By assumption, we know that

Jim P(S(Sy — ) <o, Ly >1v) = 0@) [1-F) (569

for any = € R and y € R. We show next that (S.65) implies (S.64).
By Proposition 3,

\/TlOgN' max ],62]—;3”‘%0

1<i<j<N

in probability as N — oo provided log N = o(T"/?) as N — oo. By the
triangle inequality,

VTlogN - |Ly — Ly| =0

in probability.
Given € € (0,1). Set

Oy = {\/TlogN' ‘LN —I~/N‘ < 6}
for N > 3. Then

lim P(Qy) = 1. (S.66)

N—o0

Now,

P(%(SN —un) <z, Ly > lN)

1
SP(N(SN —pun) <z, Ly >y, QN) + P(QY). (S.67)

On Qpu, if Ly > Iy then

€

VTIog N’

iNZLN_‘LN_EN‘ > Iy — (868)

Define

In=T"12. (4log N — loglog N +y — 56)1/2,
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which makes sense for large N. Use the formula v/z—./y = (z—y)/(vVZ+/y)
for any x > 0 and y > 0 to see

TV (Iy — Iy)
:(leogN—loglogN%—y)l/2 — (4log N —loglog N +y — 56)1/2

5e
 (4log N —loglog N +y)1/2 + (41log N — loglog N + y — 5¢)1/2
€
~ S.69
4+/log N ( )
as N — oo. Thus,
InN — ZNN > L
VTlog N

as N is sufficiently large. This and (S.68) conclude that
Ly >y

as N is sufficiently large. Recall (S.67). We have

1
P(ﬁ(SN —pun) <z, Ly > lN)
1 N 5
< P(N(SN—MN)S% LNZZN>+P( N)-

Immediately from (S.65) and (S.66) we get

1
limsupP(N(SN —un) <z, Ly > zN) < ®(z)-[1 - F(y — 5¢)]

N—oo

for any ¢ € (0,1). Inspect that the left-hand side of the above does not
depend on e. Letting € | 0, we obtain
1
timsup P(-(Sn = jn) <@, Ly > Iy ) <) - [L- F(y)]  (S.70)

N—o0

for any z € R and y € R. In the following we will show the lower limit.
Evidently,

P(i(SN —un) <z, Ly > lN)

EP(*(SN —un) <@, Ly > Iy, QN). (S.71)

2l—=
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Set
EV _ T—1/2 . (4logN —loglog N +y + 56)1/2.

Similar to (S.69), it is checked that

~ D€
TV (I = Iy) ~ ———
(Iy = In) 4+/log N
as N — oo. Therefore,
Iy > Iy + ——
NN TTog N

as N is sufficiently large. It is straightforward to verify that

{EN > i;\fv QN} C {f/N > Iy + ~' QN} - {LN > Iy, QN}

€
v1'log
as N is sufficiently large, where the last inclusion follows from the definition
of Qn. By (S.71),

P(%(SN — /LN) <z, Ly > lN>

1 - -
> P(N(SN —un) <z, Ly >y, QN>~

Thus, from (S.65) and (S.66) we get
o 1
l}gggofP(N(SN —un) <z, Ly > ZN) > ®(z) - [1 — F(y + 5¢)]

for any € € (0,1). Sending € | 0 we see

o 1
lﬂlng<N(SN —pn) <, Ly > lN) > ®(x) - [1 - F(y)]

for any € R and y € R. This together with (S.70) concludes (S.64). O

We need some notations now. Let Sy, Ly and py be as in (10), (11) and
(13), respectively. Let {e;; 1 <i < N} be as in (S.58). Define

Av={(i,§); 1<i<j< N}
1

for any I = (i,j) € An. To make a clear presentation, we impose a trivial
ordering for elements in Ay. For any I} = (i1,71) € An and Iy = (i2,j2) €
Ay, we say I} < Iy if i1 < i or i1 = is but j; < jo.
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LEMMA 35.  Recall the notations from (S.59) and (S.72). Assumelog N =
o(VT) as N — oco. Assume {e;; 1 <i < N} are i.i.d. uniformly distributed
over ST=1 which is particularly true if (15) holds with ¢; ~ Nr(0,021) for
each i. Set

H(N,n) = > P(B;, By, -+~ Br,).
L<Ia<--<IneEAN

Then lim,, o limsup y_, o H(N,n) = 0.

Proof of Lemma 35. For I; appeared in H(N,n), write I; = (i, j;) for
Il =1,---,n. Now we classify the indices Iy < Is < --- < I, € Ay in
the definition of H(N,n) into three cases. Let I'y; be the set of indices
(I1,---,I,) such that no two of the 2n indices {i;,j;;l = 1,--- ,n} are
identical. Let I'y 2 be the set of indices (Ii,---,I,) such that either i; =
“+s =1y Or j1 = -+ = jn. Let 'y 3 be the set of indices I1 < Ih <--- < I, €
Ay excluding 'y 1 UT' v 2. In the following we will estimate

F’j = Z P(BhBIz o 'Bfn)
Il<12<"-<InEFN’j

for j = 1,2,3 one by one. We will see F; contributes essentially the sum in
the expression of H(N,n) by an easy argument; the term Fy is negligible
and its computation is trivial; the term F3 is also negligible but its estimate
is most involved.

Step 1: the estimate of Fi. Recall By = {|ele;| > In} if I = (i,)) €
An, where [y is defined in (S.59). By the definition of I'y 1, we know that
By, By, -+, By, are independent. By Lemma 28 and the symmetry of €] es,

C
foax P(By) = P(lejea| > Iy) =2P(eley > Iy) < N2 (S5.73)
for all N > 3. Then, by the elementary fact (ﬁ) = Lk(k—1)--- (k—n+1) <
%Lforallk>n21.

FléN?n’( Z >§n!. (S.74)

Step 2: the estimate of F». Evidently, the size of I'y2 is no more than
() - (Y) -2 < 2N™1. We first claim that {€}es,e)es, - ,eje,} are inde-
pendent. In fact, let e be uniformly distributed on ST~!. Then, a’e has the
same distribution as that of (1,0,---,0)'e for any a € ST~! (see, e.g., The-

orem 1.5.7(i) and the argument for (5) on p.147 from [16]). Since ey, --- , e,
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are i.i.d. random vectors, we know that, conditioning on e;, the random
variables {€|eq,€les, - ,€eje,} are i.i.d. with a common distribution of
(1,0,---,0)e. In particular, their conditional distributions do not depend
on ep. This proves the claim. Consequently,

Fy SQNTL—H . P(]e’legl >y, ]e’len_H\ > lN)
n+1 / n 20"
=2N"*1 . [P(lejes] > In)]" < Nt (S.75)
by (S.73).

Step 3: the estimate of F3. Fix a tuple (I1,1s,---,1,) € I'ng. By the
ordering imposed on Ay, we see that iy < iy < --- < i,. There are two
different cases: (1) i1 < i2; (2) there exists 2 < k < n — 1 such that i; =
cee =1 <ik+1.

Under case (1), let F; be the set of random vectors {e; ,e;,e;;2 <
I < n} (the first index is “j;” which is different from the third one “j;”).
Then, by independence and the property “taking out what is known” for
the conditional probability,

P(BrBr,---Br,) = E[P(BnBr, - Br,|F1)]
n
— E[P(lefe;| > tles,) - [T 1(B1)).
1=2
As a fact used earlier, the conditional distribution of e; e;, given e;; and
the unconditional distribution of e; ej, are identical. Therefore, by (S.73),

C
P(BpBr,---By,) < W~P(BIZ-~BI”). (S.76)
Let us study case (2). Without loss of generality, for notational clarity,
we assume i} = --- = i, = 1 and ix41 = 2. Denote by F» the set of random
vectors {e;;,e;; 1 <1 <n} excluding e;. Recall I; = (i, 5;) for [ =1,--- ,n

and By = {|ele;| > Iy} if I = (4,7). Then use independence and “taking
out what is known” property for conditional expectation to see

P(Bp By, -+ Br,) =E[P(Br, By, - - - By, | F2)]

:E[P1<1rgli£k e, | zm)- I1 I(BIZ)}, (S.77)
- l:4;#1

where P; stands for the condition probability given F» and I(By,) is the
indicator function of Bj, which is equal to 1 or 0 depending on whether
the event By, occurs or not. Although the idea is simple, the notation is a
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bit heavy. To see it clearly, let us consider a simple example. Take Fy =
o(eg,e3). Then

P(|e'1e2| > lN, |e'1e3| > lN, ‘6/263‘ > lN)
= E{E[I(\e/leg\ > ZN)I(]ellegl > ZN)I(‘eéeg‘ > ZN)‘.FQ]}
E[P(\e'leg\ > lN, \e’leg\ > ZN‘FQ) -I(|e’2e3| > ZN)]

By independence, the last probability in (S.77) is computed by treating e;

as a random variable while fixing the values of e;,,- - ,e;, . To study the P,
we need to understand all inner products among vectors {e; ,--- ,e;, }. To
do so, set
nlog N
Q :{ max |e) e; <5} and oy =4 .
N j1§l1<l2§jk| ! ]l2| N N T

By Lemma 29 and the fact k < n,

P(Qy) <2k - [exp ( - iTé?V) + e*cT}
3n

< (S.78)

as N is sufficiently large provided log N = o(T"). Notice that

P1<1I£li£k e, | > zN) < 1(9%) + Pl(lrélligk efes | > Ly) - (). (S.79)

We claim that, for any € € (0,1), there exists an integer N. > 1 such that

1
3 / > . L —
Pl ( 1_‘[21?[{: |ele]l | lN) I(QN) 2%—e (S80)

€
4k>

y = (logN)/*, 2z = Iy, 6 = dy in Lemma 32. Observe that 2¥/y — 0. By
(S.59), Iy ~ 24/(logN)/T as N — oo, and hence y = o(zvrT). Also,
dn — 0 since log N = o(T).

/ I
as N > N.. On Qp, we know max;, <, <1,<j, |ejllejl2] <O0n.Taker =1—

k(z i — y)2

20 =) ~ (2rk) -log N.

Thus, by the lemma, use the facts that 2rk > 2kz—%e and that zvrT—y — oo
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to get
2 ( min [fe; | > zN) ()
< exp ( - W(1og N)I/Q) + exp [ W} + 2exp(—T)
< exp ( - V\F) +exp [— (Qk — Ze) -1ogN} + 2exp(—eT)
B S

as N > N, thanks to the assumption log N = o(ﬁ), where N, > 1 is an
integer depending on € only. This leads to (S.80).
Now, combining (S.79) and (S.80), we arrive at

P1< min |e}e;,| > ZN> <I1(Q%) + -+ 2exp(—cT)

1
2<I<k+1 N2k—e

as N > N.. This together with (S.77) and (S.78) implies

1 3n
P(BhBIQ BIn) Ngk P( m Bl) N3n —|—2€Xp( CT)

L #1

as IV is sufficiently large. In summary, by using the above conclusion and
(S.76), for any € € (0,1) and any (I3, - ,1I,) € I'y 3,

1 3n
P(B1,Bry -+ Br,) < wapms - P () Bn) + v + 2exp(—cT)

L >11

as N > N, where k; is the number of elements on the i1-th row of {I1,--- , I, }.
In words, when we consider P(By, By, - - - By, ) based on the positions of I;’s
appeared in the upper triangular matrix Ay = {(4,7); 1 < i < j < N}
after reducing the first row we see the connection between the old and new
probabilities. Similarly, let k; be the number of elements from {I1,---,I,}
on the j-th row for 5 > 1. Then

1
P(BIIBIQ e Bln) N2k176 ’ |:N2k2 € ) (ﬂ Bl)
3n 3n
+N3 + 2exp(— cT)} Nan + 2exp( cT)

S N2]€1+2k2 26 (m Bl> + 2- + 4 eXp( CT)
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where the two intersections above run over all elements from {Iy,---,I,}
excluding the first two rows. Continue the process recursively to see
1 3n
P(BhBIQ BIn) N 2k1+-+2k,—be +b- N3n + Qbexp( CT)
where b is the total number of rows of {I1,---,I,} in the upper triangular

matrix Ay = {(¢,7); 1 < i < j < N}. Obviously, k&1 + -+ + ky = n and
b < n. Therefore, for each € € (0,1),

1 3n?
P(Bp, By, - Brp,) < Nonne + N + 2nexp(—cT)
for N > N.. This gives that
Fy = > P(Bp, B, -+ Br,)
I <Iz<--<In€lpn3
1 3n2 —cT
: (NQn_m N + 2ne” ¢ ) (S.81)

Recall I} = (i, ji) for each 1 <1 < n. In view of the definition of Iy 3, there
are at least two of the 2n indices from {(i;,j;); 1 <1 < n} are identical for
any (I,---,I,) € Ung. Let & = |{if, ji; 1 <1 < n}| for such (11, I, -, Ip).
Easily, n+1 < k < 2n—1. To see how many such (11, -- - , I;,) with [{i;, j;; 1 <
[ < N}| = &, first pick £ many indices from {1,2,---, N}, which has the
total number of ways (]: ) < N, then use the x many indices to make a

(I1,---,1I,) € I'ng. The total number of ways to do so is no more than x>".
Therefore,
2n—1
‘FN,3’ < Z N*F. /@2”' < (2n)2n . N2n—1'
r=n-+1

As a consequence, for each € € (0,1), from (S.81) we have

m 1 3n?
F3 < (2n)™"- (Nl_ne + et Tt 2n exp(—cT))

as N > N.. Take € = % to see limpy_,o0 3 = 0. Joining this with (S.74) and
(S.75), we eventually arrive at

limsup H(N,n) <

N—o0

(S.82)

=1Q

for each n > 3. The desired conclusion then follows by sending n — co. [
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LEMMA 36. Recall the notations from (S.59) and (S.72). Assume (15)
holds with €; ~ Nr(0,021) for eachi. If N = o(T?) as N — oo, then

> [P(ANBr, By, -+ By,) — P(Ax) - P(Br,Br, -+~ By,)] = 0
L<Ia<-<InEAN
as N — oo for each n > 1.
Proof of Lemma 36. From assumption that (15) holds with ¢; ~ N7 (0, 021)
for each i, we know from (S.58) that {e;; 1 < ¢ < N} are i.i.d. uniformly

distributed over ST For I} < [ < --- < I, € Ay, write I} = (i, ;) for
[1=1,2,--- ,n. Set

Ay ={(ig)siv<j < N1<i<n}|J{G,q);1<i<j1<1<n}

for n > 1. It is easy to check that [A, x| = D (N — 4 + j; — 2). Since
i < j; for each [, we see that

n
n(N=1) < |Apn| <D (N +j;) < 2nN.
=1

Recall m =T — p and

N j—1
= D, Tiy and py=ESy=— Z tr(P;P;)
1<i<j<N 71=21i=1

J—

where P; is defined as in (8). Define

Av(a)={ (8w —pn) <z}, weR,

for N > 3 and
SN = Z pr
(Zvj)eAn,N

for N > n > 1. Observe that By, By, - - - By, is an event generated by random
vectors {e;,ej; (1,7) € Apn}. A crucial observation is that Sy — Sy, is
independent of By, By, - -- By, . It is easy to see that

N ji—1
Z Z T'OZIJ+ZZTPZ11 ZZTpms
=1 j=u+1 =1 =1 s=1[1=1

= Qn1+Qn2—OQng3.
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For any integer 7 > 2, from a convex inequality we have

)

N
Eln - Eur) = vt 3(] 3 1

Jj=i+1
/2 T
< Cn™T7 - (N ]\72 )
m” m=T
< C- nTNT/Q

by Lemma 33, where the constant C' is free of N and T, and where the last
step follows from the assumption N = o(T?). Similarly,

E(|Qn2— EQnp2|") < C- n"NT/2,

Lastly, by Lemma 33 again,

n

n
E(|Qns — EQnsl") < T7-n?1. ZZE (167, — Epi,j.|"]

s=1[=1

C’~n27

IN

Therefore,
E|Snn — ESny|” < C(n"N™/2 4 n?7).

Fix € € (0,1). By the Markov inequality,

1 C’ n’
i > < —
P<N|SN’H ESNn| 6) ~ ET 7_/2
O
=C'-—7 (S-83)

for all N > n?, where C’ is a constant depending on e but free of N, T or
indices {I1,---,I,}.
Fix 1 < I < --- < I, € An. By (S.83) and the definition of Ay(x),

P(An(x)Bp, By, -+ Br,,)

NT/2
[(Sn = Svn) = E(Sx = Sa)l S@+ ¢ BB, By,) +C'-

IN

1
P(Ax(@)B1, B+ Bi,s +o|Sxn — ESwal <e> +C

IN
g
A~~~

T

N‘r/2
[(Sx = Snn) = B(Sn = Sw)] S @+ ¢) - P(ByBr, -+ Br,) + '

T

NT/2
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by the independence between Sy — S, and By, By, - - - Br,,. Now

P(%[(SN ~ Syn) — B(Sy — )l <2 +c)

IN

1
P((Sy = Swa) — B(Sy — Swa) S+

nT

N‘r/2

1
1SN — ESyal <€) +C'-

1 n’
< P(N(SN — ESy) < ZL’+2€) +C" - N
nT
< P(An(z+2¢) +C"- N2

Combing the two inequalities to get

P(An(z)Br, By, -+~ Br,)

nT

NT/Q'

<P(An(z +2¢)) - P(Bp, By, -~ By,) +2C" -

Similarly,

1
P<N[(SN — SN,n) — E(SN — SN,n)] <z -—g¢, B[lB[2 cee

IN

nT

NT/2
1 /
< P(N(SN — ESN) < Z, B]lB[2 c 'B[n> +C

1
~N SN = ESNal < f) +C

n’T

’ NT/Q'

In other words, by independence,
P(AN(z)Bp, By, -+ Br,)
1
> — - - - <z—¢)-
> P(5(Sn = Sxn) ~ B(Sy — Sna)] Sz —c)

nT

P(BIIBIQWB]n) -0

Furthermore,

P(%(SN ~ BSy) < —2)

IN

n

IN

P(%[(S}V — SN,n) — E(Sy — SN,n)] <z-— 6) +C-

1
P~y = Sxn) = B(Sy = Sx)] S @ — €, B, Br, -

1 1
P(N(SN — BSy) < 7= 26, 1|Snm — ESnal < e) e

T

(S.84)

nT

N‘r/2

NT/Q'
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The above two strings of inequalities imply

P(An(z)Br, By, -+ Br,)

nT

> p(%(sN ~ ESy) <@ —2€) - P(By Bl By, ) — 20"

which joining with (S.84) yields
|P(AN(2)Br, By, -+~ Br,) — P(An(x)) - P(Br, B, - By,)|

T

< A P(ByBy,--By,) +4C"
where
Ane: = |P(An(2)) = P(An(z + 2¢)[ + [P(An(2)) — P(An(2 — 2¢)|.
In particular,
Ane = |P(x + 2€) — D(x)]| + |P(x — 2€) — ()] (S.85)
as N — oo by Theorem 1. As a consequence,
C(N,n): = > [P(An(2)Br, Br, - Br,) —

L<Ip<--<In€EAN
P(Ax(z)) - P(Br,Br, -+ Br,)]

nT
> [Awe PGB By a0 )
Li<Ix<--<IneAN

IN

< AN,€~H<N,n)+(4C/).<%N<N —1>> n’

n T NT/2’

where
H(N,n) = > P(Bp, By, -+ Br,)
L<Ia<-<IpnEAN

as defined in Lemma 35. From (S.82), we know limsupy_, H(N,n) < C/nl,
where C' is a universal constant. Picking 7 = 6n, and using the trivial fact
(g) < r® for any integers 1 < s < r, we have that

1

sN(N —1) n’ n’ n’

2 . < N2n. <
< n > N2 SN N S e

Hence, from (S.85)

C
limsup ((N,n) < - limsup A ¢
N—o0 n: N—00

= O 0+ 20— a(@)] + @G — 20) — 2(2)]

for any € > 0. The desired result follows by sending € J. 0. O
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S.1.3.3. Finale: proof of Theorem 6. We now are ready to assemble ev-
erything together.

Proof of Theorem 6. Recall {e;; 1 < i < N} in (S.58). By assumption
(15), we see that {e;; 1 <i < N} are i.i.d. uniformly distributed over S”—1.
As in Lemma 34, define

Ly = 1§I£%§N|e;ej|.
Let m =T — p. Recall
Ly = Diil;
N 1§?§}}§N |hijl;
T N j—1
SN = Z TpAZZj, UN = W ZZU‘(PZP])
1<i<j<N j=2i=1

By Theorem 3 and Remark 2.1 from [4] and Theorem 1, the following hold.

TL% — 4log N +loglog N — F(y) = exp(—(1/v/8n)e¥/?) weakly; (S.86)
1
N(SN —pun) — N(0,1) weakly. (S.87)

To show asymptotic independence, by Lemma 34, it is enough to show

1

lim P(N

N—oo

(Sy = ux) < @, TL% — dlog N +loglog N < y) = @() - F(y)

for any z € R and y € R, where ®(z) = (2m)~1/2 [ e~*/2 dt. Recall (S.59)
to see

Iy =T7%. (41og N —loglog N + y)'/2, (S.88)

which makes sense for large N. Because of (S.86) and (S.87), the above is
equivalent to that

1 -
i — — < — 1=
A}gnoop( ~(Sx —py) <@, Ly > zN) O(x) 1-F(y)]  (S.89)
for any x € R and y € R. Recall notations Ay, Ay and By for any I =
(1,7) € Ay in (S.72). Write
1 -

P(N(SN —puy) <z, Ly > zN) - P<16LAJ ANBI). (S.90)

N
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Here the notation Ay By stands for Ay N By. From the inclusion-exclusion
principle,

P(U AvBr) < X PAvBL) = Y. P(ANBLB)+-+
IeAn LeAn I1<I2eAN
Z P(ANBI1BI2 o 'B12k+1)
11<12<"'<12k+1€AN
(S.91)
and
P( U ANB[> > Z P(ANBh)— Z P(ANBllBIQ)+"‘—
IeA N IieA N I<lseAN
Z P(ANB1, By, -+ Bry,)
L<Ip<-<IspEAN
(S.92)
for any integer k > 1. Recalling the definition
H(N,n) = > P(ByBp---Br)
L<Ilp<-<In€EAN
for n > 1 in Lemma 35, we have from the lemma that
lim limsup H(N,n) = 0. (S.93)
n—oo N—00
Set
¢(N,n)
= > [P(AnBr,Bi, -~ B1,) — P(Ax) - P(Br, By, -~ By,))

L <lo<--<In€EAN

for n > 1. By Lemma 36,

lim ¢(V,n) =0 (S.94)
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for each n > 1. The assertion (S.91) implies that

P( U ANBI)

IeAN

SP(AN)[ Z P(By,) — Z P(Bp,Bp,) + - —

LeAy Ii<I2EAN
2k
3 P(BhBIQ--~BI2k)} v [Zg(N,n)} 4 H(N, 2k +1)
I <Ia<--<Igp€AN n=1
2k
<p(an)-P( U Br)+ | cvm)] + BV, 2k 4 1), (.95)
IeAn n=1

where the inclusion-exclusion formula is used again in the last inequality,
that is,

P( U BI) = [Z P(Br)— Y, P(BypBn)+---—

IEAN IlEAN 11<IQEAN

Z P(By, By, "'szk)
Li<Ip<-<IppEAN

for all £ > 1. By the definition of {; and (S.86),

P( U BI> = P(Ly > Iy) = P(TL% — 4log N + loglog N > y) — 1 — F(y)
IeAN

as N — oo. By (S.87), P(An) = ®(x) as N — oo. From (5.90), by fixing k
first and sending N — oo we get from (S.94) that

1 ~
limsupP<N(SN — ,uN) <, Ly > ZN>

N—o00
< ®(x)-[1— F(y)] + limsup H(N, 2k + 1).
N—o00
Now, let k — oo and use (S.93) to see

limsupP<%(SN —un) <z, Ly > ZN) < ®(x)-[1 = F(y)]. (S.96)

N—oo

By applying the same argument to (S.92), we see that the counterpart of
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(S.95) becomes

P( U avBr) = PAN)| X P(BL)— > P(BiBy)+-+

IeAy LeAN I<I2eAN

Z P(BIIBIQ‘.'BIQkfl)} +
L<Ia<-<Ior_1EAN
2k—1

[ > cn)| = H(N, 2k)

n=1
2k—1

> P(AN)-P< U B,)+ [Z <(N,n)} — H(N,2k).

IEAN n=1

where in the last step we use the inclusion-exclusion principle such that

P(UBI) < [ZP(BA)— > P(BLBn)++

IEAN IléAN Il<]26AN

Z P(BhBIz"'szk—1)

I1<Ip<--<Ipp_1€AN

for all k£ > 1. Recall (S.90) and repeat the earlier procedure to see
1 -
lim ian(—(SN —un) <z, Ly > zN) > ®(z) - [1 - F(y)]
N—o00 N

by sending N — oo and then sending k — co. This and (S.96) yield (S.89).
The proof is completed. O

S.2. Proofs of auxiliary results. In this part we will prove the tech-
nical results stated in the previous section. We create same number of sub-
sections to accumulate the proofs of the claims in the corresponding section.

S.2.1. Proofs of auziliary results in Section S.1.1.1. We prove the lem-
mas in the order of their numerations.

Proof of Lemma 1. The conclusions are about even functions of £. So,
without loss of generality, assume a > 0. Set E¢? = b? for some b > 0. Then
b > a. Note that

Elle? - B[] = Bl €+ bl]

[E’f _ b‘QT]1/2 . [E|§+b’2T]1/2

IN
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by the Cauchy-Schwartz inequality. Notice
BlE—b*T <2277 [la — 0" + B|€ — af*"]
and

E[€ + b*"] 2271 (la + b)*T + E|¢ — af*T)

<
< 247-—2 X “a _ b|27— + (2&)27— + E|§ _ a‘QT]
< 20772 (|la - b]* + ¥ + B|¢ — af*T).

Use the inequality /z+y+2z < Vo + /y+ /2 forall > 0, y > 0 and
z > 0 to see

E[|¢* - EE*[")
<270 {lb—al” + VEIE — al"] - [[b— a]” + a7 + VEIE - a’T]. (8.97)

If a =0, then

B¢ - B < 277 Var(e)? + VE(ET) |
< 167 [Var(e)" + B

This leads to (i) since Var(&)™ = [E(£2)]” < E(J€)*7) by the Holder inequal-
ity. Now, if a # 0, we continue from (S.97) to see

(b —a?)" 1 1
b—al” = = Y T<—-Vi T
b=l = T = g V(e < oz Var(©)
We get (ii). The proof is finished. O

S.2.2. Proofs of auxiliary results in Section S.1.1.2. In this part we de-
velop some identities and inequalities regarding moments of random vectors
with the uniform distribution on high-dimensional spheres. We will focus on
developing basic tools. They are of independent interest. Recall notations
P; and ¢; = (ql, s ,GZ'T)I S RT in (6) and (8)

Proof of Lemma 4. (i) Notice M;; = (U;U;)'(UU;). Automatically M;;
is non-negative definite. To show I—-M;; is non-negative definite, it is enough
to prove

x'M;jx < x'x (S.98)
for any x € R™. In fact, let z = U;x. Then

x'M;jx = HU;ZH2 = Z/UjU;Z =7'Pjz
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by (S.4). By (8) and (S.4) again,
ZP,z < 7'z = x'U,U;x = x'x.

The above two assertions lead to (S.98).
(ii) Since I — M is non-negative definite, then all of the eigenvalues of M
are in the interval [0, 1]. So is M2. This gives the conclusion. O

Proof of Lemma 5. Note
tI‘(FlFQ) = tI‘(FQFl) (899)

for any matrices F; and Fo. Write M; = H' diag(1,--- ,1,0,--- ,0)H where
H is an orthogonal matrix, and the number of 1’s is equal to r := rank(Mj).
Recall (S.99). Then

tr (MiMy) = tr[diag(1,---,1,0,--,0)(HM,H’)]
= tr (the upper-left r x r submatrix of HMyH’)
< tr (HMLH)
= tr(My)

by (S.99), where the inequality is obtained because HMoH' is nonnegative
definite and hence all of its diagonal entries are non-negative. The conclusion
follows. O

Proof of Lemma 6. Pick a non-negative matrix M}/Q such that M}ﬂ :

Mi/ 2 = M;. Recall the fact that AB and BA have the same eigenvalues

for any square matrices A and B. Then M;M- and Mi/2M2Mi/2 have the
same eigenvalues. Since the latter one is readily seen to be a non-negative
definite matrix, we know that all of the eigenvalues of M;Ms are non-
negative. In particular, tr(M;Mz) > 0.

The second conclusion holds trivially for » = 0. We next assume r > 1.
Let M # 0 be an n X n real matrix. Assume all eigenvalues are real and the
non-zero eigenvalues are \1,--- , A\, with 1 < v <n. Then,

tr(M?) = AP 4 A2 >

S|

- A)? = %[tr(M)}Q. (S.100)

From the singular value decomposition theorem (see e.g., p. 150 from [11]),
we see v is the same as the number of non-zero singular values of M. Let s1 >
.-+ > s, be the singular values of M, that is, the eigenvalues of (M/M)/2,
Assume |[A] > -+ > |\,| without loss of generality. We then have from the
Weyl inequality that |A; -+ Ag| < s1--- s for all 1 < k < n; see, for example,
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p. 454 from [11]. This implies that v is no more than the number of non-
zero eigenvalues of (M/M)'/2, which is the same as the number of non-zero
eigenvalues of M'M, which is again equal to rank(M'M) = rank(M). That
is, v < rank(M). This and (S.100) yield the desired conclusion by taking
M = M1 Mo,. U

Proof of Lemma 8. First,
Var(d'Md) = E[(d'Md)?] — [E(d'Md)]*.

Then (iii) follows if (i) and (ii) are valid. Let us prove (i) and (ii) next.
Write M = H' diag(\1, -+ , A\p)H where H is an orthogonal matrix. Set
= (Z1, -+ ,Zpm)". Observe Hd = ”H 7- By the orthogonal invariance of

Gaussian distributions, Hn and 7 have the same distribution, so are Hd and

d. As a consequence, d’Md and % have a common distribution.
Easily,
MZE+ - A Z2 1
B 121+ m2m: 5 1 Z'E:Ai:*'tr(M)
Z1+"'+Zm Z1+"'+Zm P m

by Lemma 7 with a; = 1 and other a;’s being equal to zero. We get (i). Now,
use the formula (a1 + -+ 4 am)® = Y70, a7 + 201 <5<y, @04 to sce that

=1 2
(M Z2+ - AnZ2)?
(25 + -+ Z3)7

= E Z M)+ E 2273 i
- (Zl2+“'+Z72n)2'<Z 73)7L (Zf+---+Z2)2' Z i
By Lemma 7,

g zZt 3 7373 1
(Z2+---+22)2 m(m+2) (Z2+---4+22)2 m(m+2)

Hence,

E[(d'Md)?]

3 (i 9
= —— (X)) ——( X )

m(m + 2) P m(m + 2) e
Write 2371 oo Aidj = (200124 Ai)? =3 A2, Use the relations tr(M) =
S A and tr(M?) = Y7 A2 to see that
2
m(m + 2)

1

E[(d'Md)?] = m

tr(M?) + - [tr(M)]?. (S.102)



55

We get (ii). O
Proof of Lemma 9. First, by Lemma 8, E(d'Md) = - tr(M). As shown in
the proof of Lemma 8, without loss of generality, we assume M = diag(A1, -+, Am)-
Write
1 MZZ2+ -+ A 22 M4+ A
dMd - —tr(M) = L nom m
mr( ) 72+ + 72 m
=N D4+ O = N2, 1)
B Z:+---+ 2%

where A = % For clarity, set a; = A\; — X and & = ZZ-2 — 1 for
t=1,---,m. By Holder’s inequality,
/ 1 T
E [d Md — —tr(M)}
m

1/2

<(Elaréy + - + am&m™) *  [B(Z2 + -+ Z2) 7] (S.103)

From (S.1), there exists a constant K, > 0 depending on 7 only such that
Bl + - 4 aménl” < Ko B+ +ap,80)"

Set b; = a?(a?+---+a2) tfori=1,---,m. Then by +---+bp = 1. Notice
o(x) := 27 is convex over [0,00) since 7 > 1. Then

(01&7 + -+ 4+ b&2)7 < b1lG]*T + -+ + b|ml] "
This implies that
(@& + - +anén) < (@i +-+ap) - (afla] + -+ al,&ml*T).
Hence

E|alfl +--+ am£m|2T
<Kr-(af+--+an) " [af(BIGT) + - + an E(|ém]*)]
=K, (al+ - +a2)" - E(|&|"). (S.104)

Now we bound the last term in (S.103). Since Z? + --- + Z2, has the x?
distribution with m-degree of freedom,

1 oo
E(Z?+ ...+ 72)% = / =21 (m/2)-1,-x/2 4
(Zi+---+ 2Z7) P (m2) o x x e x
2(m/2)=27((m/2) — 27)

2m/2T (m/2)
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It is known that

lim I'(xz+a)

=1
z—oo x'(x)

for any a € R, see, e.g., Lemma 2.4 from [8]. Therefore, there exists a
constant K. such that

1
m27’

E(Z} 44+ 72) <K..

T

(S.105)

for every m > 47 + 1 in which case I'((m/2) — 27) is finite. This, (S.103)
and (S.104) conclude

E[d’Md - %tr(M)r <Cr (@@t ta2)2 L

m
m‘l’

for all m > 47 4 1, where C; is a constant depending on 7 only. Trivially,

m m m m
Sa2=S -0 = Ao LS
i=1 i=1 i=1 L
_ 2y 1 2
= tr(M?) m[tr(M)] .
The lemma is proved. U

Proof of Lemma 10. From Lemma 8, E(d'Md) = Ltr(M). The second
conclusion comes from Lemma 9 directly by using the formula (z + y)” <
27 1(2™ + y7) for all x > 0 and y > 0. Since b := a/||a|| is a unit vector,
then

A

b’d and
an (212_1_‘“_‘_27271)1/2

have the same distribution;

see, for instance, Theorem 1.5.7 (i) and (5) on p. 147 from Muirhead (1982).
It follows that

‘21’27—
(Z3 +-+23)7
< |’ (B|Zu*)V? - [B(Z + -+ 22) 77

E(adP’T) = [alP*"- B

1/2

The first conclusion then follows from (S.105). O
Proof of Lemma 11. (i) Trivially,

(’Ah)(h'Bh) = %{ [W(A +B)h]” — (WAh)? — (WBh)?}.  (S.106)
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From (ii) of Lemma 8, we know

E[(h'Mh)?] = - [260(M?) + (tr(M))?]

m(m + 2)
for any symmetric matrix M. Then, by (S.106),

2m(m +2) - E[(h'Ah)(h'Bh)]
= 2tr((A +B)?) + (tr(A + B))? —
[2tr(A%) + (tr(A))?] — [24x(B?) + (tx(B))?].

A simple manipulation leads to (i).

(ii) By singular value decomposition, write C = Hjdiag(\1, - , Apm)Ho,
where H; and Hy are orthogonal matrices, and where /\%, -+, A2 are the
eigenvalues of CC’. Now h)Chy = (Hih;) diag(\1,- -+, M) (Hahg). Since
h; and hs are i.i.d. and orthogonal-invariant, we know Hih; and Hohs are
also i.i.d. and have the same distribution as that of h. So we are able to
write

1 m
h/ Chg TR TEEETEEETE )\Z’UZ’LUZ
' [l flwll ;

where v = (v1, -+ ,0p), w = (w1, ,wy,) and {v;, w;; 1 <i < m} are i.id.
N(0, 1)-distributed random variables. By the definition of variance and the
Cauchy-Schwartz inequality,

Var[(hjChy)?] < E[(h}Chy)!]

(E4”v|]8 ,1||W||8)1/2 : [E(; Aivz‘wi)g] v
1/2

B0 - [E(30 )]

where the last step follows from independence. By (S.2),

E< in: )\iviwi)g < Km3 i A= Km3 - tr[(CC')Y,
i=1 i=1

where K is a constant. Take 7 = 2 from (S.105), we have

Kl

m4

E(|lv|™*) <
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where K’ is a constant. This concludes

Kl /
Var[(h}Chy)?] < TN -/ tr[(CC’)4
(iii). Notice

Cov[(h'Ah;)?, (h'Bhy)?]
= BE[(h'Ah;)’(WBhy)’] - E[(h'Ah)?] - B[(h'Bhy)?].

Observe E(hh') = E(hih}) = L1, because of the structure of h appeared
in Lemma 8. Then, use the fact h’Ah; = h} Ah and independence to have

E[(WANh)?] = Etr[A(hih))A’(hh)]
= tr{A[B(hih})]A'[E(hN)]}

1

The above is also true if A is replaced by B. For a vector a € R™, we see
that E(a'hy)? = E(hbaa'hy) = L||a||? by (i) of Lemma 8. Conditioning on
h, using independence and by the proved (i), we obtain

E[(WAh;)?(W'Bhy)?] = %.E(]\A’h”QHB’hHQ)
- # E{[W/(AA")h] - [W'(BB)h]}
- mi”(r:w?) 2tr(AA'BB') + tr(AA’) - tr(BB')).

Combing all of the above equalities, we have
Cov[(h'Ah;)?, (h'Bhy)?]
= 1 2u(AABB) + tr(AA) - x(BB))] - — tr(AA") - tr(BB)
m

m3(m + 2)
2 2
= ————— tr(AA'BB') - ————tr(AA’) - tr(BB/).
m3(m + 2) x ) m*(m + 2) x ) tr( )
The proof is completed. O

Proof of Lemma 12. From Lemma 3 and the fact that P;e; /|| P;€;|| = U;s;,
{;32-]-; 1 <i < j < N} has the same distribution as that of

{S;U;U]‘Sj, 1<i<y < N}

We will use this fact repeatedly to prove the results next.
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By independence, E[p;j|s;] = s;UU; - Es; = 0 for i # j. Hence Ep;; = 0.
Since 5;U;U;s; = (s;U;U;s;)" = s;U5Uss; € R, we have
Py = 85(UjUisisiUTU; )s;. (S.107)

Let B = U’ U;s;s;U;U;. Conditioning on s;, we see from independence that
1
E[sj(U}U;sis;U Uy )sjlsi| = E(sBsjls;) = Etr(B) (S.108)

by Lemma 8. By (S.99), tr(B) = s{(U;U;U’U;)s;. The above assertions
conclude that

1
E[sj(UjUisis;Uj U )sj|s;] = m s;Mjsi (S.109)

by the notation M;; = U;U; U’ U;. Combining (S.107) and (S.109) together,
we obtain F [ﬁ?j |s;] = L -s}Mjjs;. Now, taking a further expectation, we have
from Lemma 8 again that Ep}; = -5 - tr(Mj;). By (S.4), U;Uj = P;. By
(S.99),

tl“(Mij) = tr(UiU;UjU;) = tr(Pin). (S.llO)

We get the second conclusion from (ii). O

In the following we will use the conditional variance Var(&z|€1), which is
defined by E(£3]&1) — [E(£2]€1))? for any random variables &1 and &.

Proof of Lemma 13. (i) Recall (S.107) and the notation B = U, U;s;s;U;U;.
Then
(pij)" = (s7Bs;)*. (S.111)

Since s;s) is a rank-one matrix, we know the rank of B is no more than 1.
As a consequence tr(B?) = [tr(B)]? = (s;M;;s;)? since tr(B) = s/M;;s; by
(S.99). Use independence and Lemma 8 to yield

3
Bl(s5Bsy)’lsi] = gy - (M)’ (s.112)
and hence
R 3
Blow)'le] = oy M)’ (5.113)

by (S.111). We obtain (i).
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(ii) Taking expectations for both sides of (S.113), we get from Lemma
8(ii) that

3

EUR] = Sy EeMus)
= 7712(7713—1—2)2 {2tr(M3)) + [t (M)}

By (S.110), tr(M;;) = tr(P;P;). Also, from (S.4) and (S.99),
tr(M?j) = tr(U;U, U, U, U U; UL U;) = tr[(P;P;)?.

We have proved (ii).
(iii) Notice

Var(pflss) = E[(piy)"ls:] — [E(p}1s:)]”

_ 3 Mos)? - [L Mo ]
= mmt2) (siM”sZ) [m siMusz}
2(m—1) 2
" ) (M)
by (i) proved above and (ii) from Lemma 12. O
(iv) By (i) of Lemma 12 and (ii) proved above,
Var(ﬁ?j)
3 2 2 1 2
= 2miaR {26((PiP;)"] + [tx(PiP)]*} — {W'tr(PiPJ)
6 2(m? —2m — 2)
= . u|(PP;)? - [tr(PiP)))%.
mQ(m+ 2)2 I‘[( ]) ] + m4(m+2)2 [ 1"( J)]
We finish the proof. O

S.2.3. Proofs of auziliary results in Section S.1.1.3. Recall the interpre-
tation of constant C before the statement of Lemma 14.

Proof of Lemma 14. Recall (8). Set A; = x;(x!x;)"1x} for 1 < i < N.
Then A; is a T x T idempotent matrix with rank p and tr(A;) = p for each
i. Since P; = Iy — A;, we see

Pin =1Ir+ Bij (8.114)
where Bij = AlA] — Al - Aj. By Lemma 6,

tr(F1F3) > 0 (S.115)
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for any non-negative definite matrices Fy and F. As a result, tr(A;A;) > 0.
Easily, tr(A;A;) < p by Lemma 5. Thus,

—2p < tr(Byj) < —p. (S.116)
Expand [A;A; — (A; + A;)]? and use (5.99) to see

tr(BY;) = tr(AA;AGA;) — 2tr(A; A A;) — 2tr(A; AGA; ) + tr((As + Aj)?).
(S.117)

By (S.115), tr(A;A;A;A ;) = tr[A;(A;A;A )] > 0 because AjA;A; is non-

negative definite. So each trace in (S.117) is non-negative. Also, tr((A; +
Aj)?) = tr(A2) + 2tr(AA) + tr(A?) < 4p by Lemma 5. Observe

max{tr(A;A;A;), tr(A;A;A;)} < tr(AA;),
tr(A;A;A;) < tr(A2) and tr(AjAA;) < tr(A?) by Lemma 5. Therefore,
2tr(A; A A;) + 2tr(A; A A ) < tr((A; + A )?) < 4p.
It follows that
0 < tr(B3;) < 5p. (S.118)

With the above preparation, we now derive the conclusions. In fact, from
(S.114),

[tr(P;P,))? = T% + 2tr(Byj) - T + [tr(By;)]*
This implies (i) by (S.116). Now, from (S.114) again,
tr((PiP;)?) = T + 2tx(By;) + tr(BF)). (S.119)

Then (ii) follows from (S.116) and (S.118). Let us show the remaining two
claims next.
By the definition of B;; and the notation ¢ = |S],

PsP; =qlr — Y Ay - (Ir — A)

€S
:qIT — qu — [Z AZ:| + Z AzA]
€S €S
=qIr + ) B (S.120)

i€S
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Hence,

tI‘(PSP]’) = qT + Ztr(Bij).
1€S
The inequality from (S.116) implies that ) . ¢ tr(B;;) is between —2pg and
—pq. This leads to (iii) by a trivial equality (x + y)? = 22 + 22y + y? for all
z,y € R.
To get (iv), we start from (S.120) again such that

q(PSP 2 =Tp+ = (ZB”) (ZB”)

€S €S

Then

—tr((PsP;)? [Ztr ”]thr[( ZBWH

€S zES
::T—}—Cij. (8.121)

By the Cauchy-Schwartz inequality, for any 7" x T" matrix M = (m;;)rxr,
we have [tr(M?)| = ’Zlgi,ng mijmy;| < Z1gi,j§T m?j = HMH%«W where
IM||F := /tr(MM’) is the Frobenius norm of M. By the triangle inequality
and then Lemma 5, ||Byj[|r < [|AiA||F+ [|As|lF +[|Aj]|F < 3y/p. Tt follows
that

tr[(;ZBi])?} ‘1/2 . HiZBij Z IBijllr < 3vp.  (S.122)

€S i€S ZES

This and (S.116) conclude that —13p < Cy; < Tp for all i,j. We then get
(iv) from (S.121).

Now we prove (v). Obviously (i) and (ii) still hold if symbol“T™ is replaced
by “m”. On the other hand, by the triangle inequality and the facts T =
m + p and T? — m? = 2mp + p?,

1 2 2 2
|l (PsP — e
1 2 g2 2 2y 2
S mE {|[tr(PsP)]* — T%¢%| + (2mp + p°)q* }
_ p 1 2 2 p?
= <1+E> Tq | [tr(PsP; )P —T?% | +2p+ o

Since p is fixed, (iii) is also true if “T™ is replaced by “m”. The remaining
part of (v) is obtained similarly.
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The constant K is taken to be the maximum of the five bounds in (i)-(v).
O

Proof of Lemma 15. By (S.4), U; U} = P;. Use this fact and (S.99) to see
tI‘(Mij) = tI‘(PZ'Pj) and tr(M?j) =1tr [(PZPJ)Q] .
Let ¢ = ¢’M;je. By Lemma 8, E¢ = Ltr(P;P;) and

2

Var(§) = m

1 2
{tf[(Pin’)Q] - — - [r(P:Py)] }
By taking o = 4 in Lemma 9, we get
C 1 212
Bl - B < —{u[(PP)?] - — - [u(PiPy)]*}
m m
asm > 4a + 1, that is, T' > p + 17 since m = T — p and o = 4. Notice
rank(P;P;) < rank(P;) = m. By Lemma 6, Lemma 14(v) and the triangle
inequality,
1
0 < tr[(PiP;)*] — [tr(P;P;)]* < C.

This says that

max {Var(f), E[(¢ - Eg)ﬂ} < %

From Lemma 5, E¢ < 1. Recall T = m+p. By (i) of Lemma 14, there exists
a constant K > 0 such that

1 1 1
BE = —u(PP)) > /T2 ~TK > 5
m m

as N > C since T'=Txn — oo as N — 0o, where C' > 0 is a constant free of
N, p and T'. By using the above two inequalities and Lemma 1, we see

B[(¢? - B¢
< 162 [4-Var(©)? + VE(E — BET)] - [1+4- Var(&)? + VE(E - B¢l
< £
< =
The proof is completed. O

Proof of Lemma 16. The second expression of X; follows from Lemma
12. Now we start to compute E(X7).
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Evidently, s;U;U;s; = ;U U;s; € R. We have from (S.107) that
py; = i (U U;sisiUGU; )s; = s;(UjU;s;s5 UG U )s;.
Let H;; = U;Ujsjs;-U;Ui. Recall M;; = U;UjUg»UZ-. Write
1, & 1
TXJ' = z; [siH,js; — Engijsi] (S.123)
=

for 2 < j < N. Given sj, the conditional mean of the term in the sum above
is equal to

1
E(SgHijSi ‘S]’) — EE(S;M”SZ)

1
S/-MjiSj 1
= e PR

by Lemma 8 and (S.4). Observe that, given s;, the terms in the sum from
(S.123) are independent. Also, it is true that E(¢ + ¢)? = Var(y) + ¢ for
any random variable ¢ with mean zero and constant c. Thus,

j—1
1 d 1
E<7T2 XJQ‘S]) = E Var[(s;Hijsi — ES;MijSi) ‘SJ}
=1

+ []i (Sgl\:;lsj - # ' tr(Pin))r. (S.124)

i=1

In what follows we exam the last two terms carefully. Write
1
SgHijSi — EngijSi = SéDijSi

where
D;; .= H;; — %
Define
Tij = Var[(s;Hijsi — %s;Mijsi) ‘sj].

Therefore, we get from Lemma 8 that

T, = m(m2+2) tr(D2) — [tr(Dy;)]2. (S.125)

m2(m + 2)
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First,
, 1
tr(Dyj) = s;Mjis; — p tr(P;P;),
hence
2tr(P;P; 1
[tr(D3j))* = (sjMyis;)? — (ml]) -sMjisj + 5 - [tr(PiP)].

(S.126)
Second,

‘ tr(H;; M) n tr(M?j)'

m m?

Observe the rank of s;s’ is at most one, since H;; = UjU;(s;s})USU;, we
know rank(H,;;) < 1. As a consequence,

tr(HE;) = [tr(Hij))? = [sjMyis;]*.
Now, by the definition of M;; and the fact U;U; = P; in (S.4),
tr(H;;My;) = tr(UjU;s;s,US U UjU; U U ) = s5M;s;;
tr(M3;) = tr(UjU; U U, U U, U U;) = tr((PP;)?), (S.127)
where (S.99) is used above. Combining the above identities to see

SMGs; | tr(PiPy)Y)

m m?

tI‘(DZZj) = [S}M]’iSjP -2

This together with (S.125) and (S.126) implies that

= 2 'M.is.)>2 s;MZs;  tr((PiP))?)
= ey (M) =2 S S
2 tr(P;P;) 1
m{(S3MjiSj)2 —2 L (M) + — - [ir(PP) .

By a trivial sorting, we obtain

2m—2 2 4 e 4tr(P;P;)
:m - (sjMis;)” — m -8, Mj;s; m -8 Mjis;j+
2 2
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Now we analyze the expectation of each term above in order to compute the
mean of the conditional variance. It is easy to check

tl“(MjiMjk) = tI‘(PinPkPj) (8129)

for any 1 <1i,j,k < N. Now, by Lemma 8,
1

E(siMys;)® = e {2tr(M3) + [tr(M:)]?}
= m(m1+2) A2tx((P;P;)?) + [tr(P;P;)]*}

since tr(Mj;) = tr(P;P;). By Lemma 8 again,

E(SQM?iSj) = tf(M?z) = — - tr((P;P;)?);

3|=3-
3=3-

E(S;-Mjisj') = . tI‘(Mji> = . tr(Pin).

Take expectations for both sides of (S.128) and use the above facts to see

dm — 4 4 2
EYi; =tx((PiP;)") {m3(m 122 mdm+2)  m(m+ 2)]
2m — 2 4 2
O e e E s e Bl ]
m — m2
—tr((PiP;)?) - M + [tx(P.P,)]2 m (8.130)

Now we turn to study the mean of the last term from (S.124). Write

i—1
Hij: o= ]Z <S;1\/Imﬂsj _ # -tr(Pin)>
i=1
/ . .
- DS L p,p),
for 2 < j < N, where we define
Jj—1 j—1
Mj, =Y My and Pj, =) P; (S.131)
i=1 i=1
By using Lemma 8,
siMjas;  tr(Mja) 1 -
B = — g = WZtr(Mﬂ).
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Since tr(Mj;) = tr(P;P;), the above is equal to

1 1
2 Ztr(Pin) = 2 . tr(PjAPj).

As a byproduct,
tr(M]‘A) = tI‘(PjAPj). (8132)
Therefore

1
=2
E(=3) =3 Var(s;MjAsj)
_ 2 2 1 2
by Lemma 8. Note that
Jj—1 9 )
o(MZ) =t (M) [ = Y (PP PPy = tr((PuPy)’)
i=1 1<i,k<j—1
(S.134)
by (S.129). This, (S.132) and (S.133) conclude

E(=}) = m3(ni—|—2) . {tr((PjAPj)Q) - % : [tr(PjAP]‘)]2}. (S.135)

Recall the notations =;; and T;;, the conclusion follows from (S.124), (S.130)
and (S.135). O

Proof of Lemma 17. By Lemma 16,

om—8 12 om?+4 =
- m3m+2 Ztr ((P:P;) m4m+2 ZtrPP

m{tr((PjAPj)Q) - % - [tr(PjaP;)] }

for 2 < j < N. We next analyze the above three terms.
Recall m = T — p. From Lemma 14(v), there exists a constant K not
depending on T or N such that

1 .
2 Htr(PjAPj)]Z —m?(j — 1)2‘ <K,
1

12

2 [Pt —m - 12| < K
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for all 2 < 5 < N. By the triangle inequality,

1 2 .
‘tr((PjAPj)Q) — — - [(PuP)] ‘§2K]2 (S.136)
for 2 < j < N. This, (i) and (ii) from Lemma 14 imply
1 2m — 8
—E(X7 = (T+K)(j— 1
B < (T K- 1)
2m? +4 ) 4K 52
———T*“+KT)(j— 1)+ ——F———.
m4(m—|—2)2( +ET)( )+m3(m+2)
It follows that
| X
2
73 0 B(XJ)
j=2
2m — 8 1 2m? +4
< —T+K) - -(N-1)N+ —=5T*+KT) -
- m3(m+2)2( + )2( ) +m4(m—|—2)2( +KT)
1 4K 1
“(N-1)N+ ———— - =N(N+1)(2N +1).
N =N gy g (Y DN D
Similarly, by the lower bound from (S.136),
| X
2
73 0 B(XJ)
j=2
2m — 8 1 2m? +4
> T -K)- - (N-1) N+ ———=(1T° - KT) -
- m3(m+2)2( ) 2( ) +m4(m—|—2)2( )
1 4K 1
“(N—-1)N - ——— - |=N(V+1)2N+1)—-1].
N =N = gy NV HDEN )

Inspecting the above two bounds carefully, the dominating term is

2m? +4 _, 1 T2N?
— =T - (N —-1)N = 1 1
il (V= DN = S (14 o(1)
provided
4K

1 T2N?
o ~8N(N+1)(2N+1):o( — )

This is equivalent to that N = o(T?). Therefore

N 2 A2
D E(X3) = T (14 o(1)
j=2



69

as N — oo. Consequently,

1 N
2
e Y B(X7)—1
=2
as N — oo since m =T — p and p is fixed. O
Proof of Lemma 18. Set
Jj—1 9
Rj = <ZS§M1‘]‘SZ‘> N 2 S] < N.
i=1
Then
N 7j—1 9 N
Var [ Z ( Z s;Mijsi) } :Var< Z Rj)
j=2 =1 j=2

N
<(N 1) [Z Var(Rj)] (S.137)
=2

by the convexity of function f(z) := 22 for z € R. We next calculate Var(R;)
for each j.

Fix 2 < j < N. For simplicity of notation, set & = Zz;ll s;Mjs;.
Then R; = &%. Note that tr(M;;) = tr(P;P;) by (S.110) and tr(M?j) =
tr[(P;P;)?] from (S.129). Then

1A 1A 1
Bt =— ;tr(sz) = ;tr(Pin) = —tx(PuP;)), (S.138)
1= 1=

where P, is defined in (S.131). By independence and Lemma 8, we obtain

j—1
Var(g) :ZV&I‘(S;MUSZ)
=1
2 i-1 1 2
s S ) - (v}
=1
) J—1 9 1 2
ST RO D (L (L Bl (01 SCRED

=1
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Furthermore, by (S.2) and then Lemma 9,

j—1

4
E[(§ - E5)4] <(Kj) - E[S;Mz’jsz' - E(S;Mijsi)]
i=1

y . J—1

IS (o) - v}
i=1
L -1

ZI;;E {tr[(Pin)Q] - %[tr(Pin)]z}z (S.140)

=1

asm >4-441=17. Now we estimate the terms from (S.138)-(S.140).
First, from (S.114) and (S.116) we see that

T—-2p<tr(P;P;) <T—p

for any 1 <4 < 57 < N, which implies that
Py, . .
1-2) -1 <<t
( SJU-) =B (G-1)
by (S.138), the definition of P;, and the notation m =T — p. Now, by (i)
and (ii) from Lemma 14,

l(PiP;)?] — - [ir(PiP)]” < [(PiP)] — [r(PPy) <O (S141)

m
for 1 <i< j < N. Hence

¢y

. o
S <BE<j Var() < 3 and E[(§- B9 <

uniformly for all 2 < j < N as N is sufficiently large, where the “%” appeared
in the lower bound of E¢ is not essential, it can be any positive number less
than one. We then have from (ii) of Lemma 1 (taking oo = 2) that
2 j*
Var(R;) = Var(¢”) < C'- p
uniformly for all 2 < 7 < N as N is sufficiently large. This implies that

N
jz:; Var(R;) = O (]j\f;l)

as N — oo.
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Proof of Lemma 19. Similar to the last inequality from (S.137), we have

Vo ﬁ;tr[(iuguisisgugujm
<(N - 1) ZVar{tr[(ZU’UszsUU) }} (S.142)

7j=2
Use the formula that (a1 + -+ an)? = Y1 <; <, @iak for any real numbers
a;’s to see

Jj—1 9
tr[( U;Uisisgung) }
=1
= > (UjU;ss;UU; U Ugsysi UL U; )
1<i,k<j—1
= (s/ULU,; U Uysy,)?
1<i,k<j—1

since
tr(U/U S;S 'U’U U’ UkskskUkU )
= tr[(s; U;U]UjUksk)(skUkUJU;-Uzsi)]
= (sjUjU,;U}Ussy)?
by (S.99). Set
Jijr = U;UjU;Uk (S.143)

for all 1 < 4,5,k < N. Of course, J;;; = M;; which appears in Lemma 4.
Furthermore, Ji’jk = Jyji for all 4, j, k. Then siJ;jisk = (sidijisk) = s Ikjisi-
Thus,

j—1
Z (S;U;UjU;‘UkSk)Q = Z (S;Mijsi)2 +2 Z (ngijksk)Q.

1<i k<j—1 i=1 1<i<k<j—1
Thus,

Jj—1 9

Var{tr[( Z U U;s;s {U;-UJ) } }
=1
j—1

SQ-Var[Z (/M) }+8-Var[ 3 (s;Jijkskﬂ (S.144)
=1 1<i<k<j—1
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by the formula Var(g; + g2) < 2Var(g;) +2Var(g2) for any random variables
g1 and go. Now we estimate the last two terms one by one.
First, by independence,

Jj—1 Jj—1

Var[z (séMijsi)Q} = ZVar[(ngijsif].
i=1 i=1
By Lemma 15, Var((s;M;;s;)?) < % Therefore,
jfl C]
2
Var[; (siMjs;) ] < pn (S.145)
uniformly for all 2 < 7 < N.
Second,
Var[ Z (S;Jijksk)2:|
1<i<k<j—1
— Z Var[(s;Jijksk)z] + Z COV((s;Jijksk)Q, (s:,.]rjsss)z), (S.146)
1<i<k<j—1

where the last sum runs over all pairs {7, k} and {r, s} in the set {(i,k); 1 <
i < k < j—1} satisfying (i, k) # (r, s) and {i, k} N {r, s} # 0. Our remaining
tasks are to evaluate the terms in the above two sums.

By (ii) of Lemma 11,

C
Var[(sidijrsi)?] < —7 [or((Toud ) H)] 2 (S.147)
Write
Jijrdisn = U;U; U UL UL U; UL U, (S.148)

Now we need a fact from linear algebra that
tr(U’'AU) < tr(A) (S.149)

for any T' x T nonnegative-definite matrix A and any T x m matrix U
satisfying U'U = I;,. In fact, take U to be an T x (T —m) matrix such that
(U, U) is orthogonal. Easily,

_ _ UAU *
/ f— — —
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This leads to tr(A) = tr(U’AU) + tr(U’AU), and then we get (S.149) since
U’AU is non-negative definite matrix.
Looking at (S.148), we have from (S.149) that

tr(Jiij;jk) < tI‘(UjU;-UkUZ,UjU;-) <. < tI‘(UkU;) =m (S.150)

since U} Uy, = I,, from (S.4). By the same argument, tr((Jiijgjk)‘l) < m.
This and (S.147) imply
C
Var[(s;Jijksk)Q] < et

Hence, by (S.146),

Cj?
Var[ Z (SgJiijk)ﬂ < m—jz + Z Cov((ngijksk)2, (s;JTjsss)Z),
1<i<k<j—1
(S.151)

where the last sum runs over all pairs {i,k} and {r,s} as stated below
(S.146). Since there are only three free indices among those two pairs, it is
easy to see that the total number of those pairs is no more than (’ ;1) (5 —
3) -2 < j3. Recall the fact aforementioned that siJ;jxsp = s}y is; for all
1<4,j,k < N. By (iii) of Lemma 11,

Cov[(5'A81)?, (§Bs,)?
2 2

i m T 2) tr(AA') - tr(BB')

for any m x m matrices A and B, where s, s; and Sy are i.i.d. random
vectors uniformly distributed over the m-dimensional sphere S™~!. Since
§'As; = 8| A’S, the above also implies that

Cov|[(5]AS8)?, (§Bs2)?]
2 2
= ———  tr(A’/ABB/) - ————
tr( ) mA(m + 2)

m3(m +2) tr(AA’) - tr(BB’).

By the same argument, we get similar bounds for Cov[(s]AS)?, (8,Bs)?]
and Cov[(§'As1)?, (8;Bs)?]. Hence, the maximum of the absolute values of
the four covariances is dominated by

2
— [tr(AA'BB’) + tr(A’ABB’) + tr(A’AB'B)

1
+tr(AA'B'B) + —tr
m

(AA) - tr(BB')] (S.152)
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(the bound above is an easy choice and we may choose a different one).

So the maximum of \Cov((sfi.]l-jkskf, (s;JTjSSS)Q)] from (S.151) is bound-
ed by the maxima of the quantity in (S.152) with A = J;;, and B = J,s.
Now, recalling (S.99) and (S.143), by using the same procedure as those in
(S.149) and (S.150), we know that each trace from (S.152) is bounded by
m. Therefore,

10
|Cov((s§.]ijksk.)2, (s;Jrjsss)2)| < ponc
This joining (S.151) says that
9 Cj2 ng
Var[ E (S;Jijksk) :| S W + W

1<i<k<j—1

uniformly for all 3 < j < N. Combining (S.144), (S.145) and the above, we
see

Var{tr{(jz_iU}UiSz‘SQU;UjY} } < C (# + 7]7122 + 73;)
=1
< 00 (7 + o)

Recall T'= m + p with p being fixed. By (S.142), we arrive at

N = N R
Var{ Ztr[(ZUjUiSiSiUin> |}= O(ﬁ N ﬁ)
Jj=2 i=1
as N — oo. The proof is finished. .

S.2.4. Proofs of auziliary results in Section S.1.2.1. Although the re-
sults stated in Section S.1.2.1 serve the understanding of sample correlation
coefficients p;;, their proofs have their own merits.

Proof of Lemma 24. First, by the Chebyshev inequality,
1
P(’algl + -+ amfm‘ Z x) S? ' E(alfl + -+ am§m>2
= (S.153)

since the last expectation is equal to a3+ - -+a2, = 1. Let {5}, 1 <i<m}be
an independent copy of {&;; 1 < i < m}. Then, we see P(|a1&1+- - +am&m| >



75

x/2) < % < 1 for z > 3, and hence P(|a1& + -+ + amém| < 2/2) > 3.
Consequently,
P(lari& + - + amém| > @)
<2P(Jarés + -+ + amém| > @, |a1&1 + - + améml < g)
<2P(laym + -+ + ] = ), (S.154)

-2
where n; = & — & for 1 < i < m. The advantage in doing so is that
7;’s are symmetric and i.i.d. random variables with mean 0, variance 2 and
Elm|” < oo. Set S, = aym + -+ + amnm. By a different version of the
Hoffmann-Jggensen inequality (Lemma 2.2 from [15]), for any integer j > 1,
there exist positive constants C; and D; such that

P(ISnl > 5) < €5 P( i lam| = ) + Dy P15l > %)J (S.155)

1<i<m
for any « > 0. Similar to (S.153),

x 3252
> — ) < —. .
P(|Sm| > 4j) <= (S.156)

Furthermore,

m

X X
P(1§%}§z’ami| > Z> S;P(WWH > Z>

<(2j)T - E|m|” 'Em:‘ay'
=TT m i
i=1
25) Elni|"
SM (S.157)
X

since > ;% |a;|” <1 as 7 > 2. Combing (S.155)-(S.157), we have

o _C, D
PIsnl 2 5) < 22+ 5

for all z > 0, where C} and D’ are constants depending on j and 7. Taking
integer j > 7/2, we have

P(|Sml 2 5) < s

:L»T

for x > 3, where K is constant depending on 7. The desired conclusion
follows from (S.154). O
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Proof of Lemma 25. By the Taylor expansion, eV =14y + %yQ + %y?’ep
for any y € R, where p is between 0 and y. It follows that

RIS}

1 1
1+ 6& + 5925% + 6935’@#

1 1
< 1406 + 0% + 0P 6 el

for all @ € [~w/2,w/2]. Set A = LE(|&[3e*81/2). Then A < oo since
Eevlé1l < oo, Tt follows that

1 1

Ee% <1+ 502 + M6]? < exp (592 - /\\913)
for all 0 € [—~w/2,w/2]. Now, notice |a;|] < 1 for each i, by the Markov
inequality and the above,

P(a151+'-~+am§m2$)

< e—TJ:EeT(alfl—i-m—i-amfm)
m
— e—T{E HEeai’T.ﬁi
i=1
<

m
1
e " Hexp (5(1?72 + )\|a7;]2|7]3)
i=1
for any x > 0 and 7 € [0,w/2]. From the assumption that a3 + --- + a2, =1
we see
1

Plai&+ -+ amém >x) <e ™ -exp (572 + )\]7\3)
for all 7 € [0,w/2]. By taking 7 = w/2, we get

P(algl + -t amém > x) < ew2+>\w3 : e—wz/Q

)

for all x > 0. Obviously, the above also holds if “a;” is replaced by “—a;’
By taking K = 2e%" A" 4 2 "we have that

P(algl'i_“’"’_amém ZI) SK'eix/K.
The proof is completed.

O
Proof of Lemma 26. Since £; is a subgaussian random variable, there

exists o > 0 such that Ee¢ < e /2 for all t > 0. Hence,

Plai& + -+ amém >2) <

6ﬂexEexp(t(algl +--+ amgm))
m
_ e—tr H Eetaifi
=1

etz e(a%+---+agn)0'2t2/2

_ 2,42
e tatott /2
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for all ¢ > 0. Take t = %5 to get
Plai&+ -+ amém > ) < e~/ (207)

Similarly, P((—a1)é1 + -+ + (—am)&m > 2) < e /(%) The results then
follows by taking K = 1/(202?). O

S.2.5. Proofs of auziliary results in Section S.1.3.1. Recall ST~! stands
for the unit sphere in the T-dimensional Euclidean space.

Proof of Lemma 28. By Theorem 1.5.7(i) and the argument for (5) on
p.147 of [16], the density of s|sq is given by

) (1*P2)(T_3)/2

L Il < 1.
(L) o

Hence

1 &
Plsisa > 1) = o2 [ (1= AT
N

Let t =t, € (0,1) for each ¢ > 1 satisfying qtg — 00 as ¢ — 00. By Lemma
6.2 from [5],

1
1
| =R dp = = o)

as ¢ — 0o. Now, by taking ¢ = T'—3 we have ¢l% = (T—S)‘%(H-o(l)) =

4(log N)(1 4 o(1)) — oo. By (33) from [5],

as N — oo. Consequently,

Plisn 1) = G g BT o)

1 1
2/ 27 . Viog N

- exp [g log (1 — ZJQV)] -(14+0(1))

since

_ 4log N —loglog N +y

2
Iy T
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By the Taylor expansion, log(l — z) = —z + O(2?) as  — 0. Then

T T
Flog(1-1%) = [k +O0(Iy)]

log? N )

1 1
= —2logN + i(loglogN) — fy—l—O( T

2

as N — oo. Then the conclusion follows from the assumption log N =

o(V/T). O

Proof of Lemma 29. For any vector a € ST—!, the distribution of a’sy
is independent of a; see, e.g., Theorem 1.5.7(i) and the argument for (5)
on p.147 from [16]. Hence, by taking a = (1,0,---,0)’ € ST~! and using
independence, we see s|s2 has the same distribution as that of Z1(Z7 +-- -+
Z%)_1/2, where Z1,---, Zp are i.i.d. N(0,1)-distributed random variables.
Then

> < . >
P(max |6l >1) < k- P(&] > 1)

| Z1|

zt).
VZi+ -+ 2%

By the large deviation bound for the sum of i.i.d. random variables (see,
e.g., page 27 from [7]),

- k.p(

k
P(i;deA) SQ-exp{—kéggl(fc)}

where A C R is any Borel set and A(x) = supger{fz — log E€9§2}, where &
is a N(0,1) random variable. Since log Ee?s* = —3log(1 —26) for § < 1/2,
it is easy to check that

lop_1— : .
Az) = 5(x —1—logz), if x> 0;
00, if x <0.

Observe that A(x) is decreasing for x € (0,1), A(1) = 0 and A(0+) = oo.
Hence, for any r € (0, 1),

P(Z 4+ 23<rT) <27 (S.158)
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where ¢ = A(r) > 0. Thus,

P( max [6i] > ¢)

A
124] 2t,Zf+---+Z%>rT)+
\Zi 4+ 27
k-P(Z}+ -+ ZF <rT)
< k-P(|Z1]| > tVrT) + (2k) - e~

< k:-P(

Take r = % and the result follows by the well-known inequality that P(|Z| >
x) < e /2 for ¢ > 1. O

Proof of Lemma 30. First,

min v; = VoZ +vV1-14- 1r<r11£1kZZ
_l_

1<i<k

If minj<;<;v; > 2 and V6Z <y, then

: T—y
Zi > .
e RV

Then, for the event {min;<;<;v; > x}, considering if V6Z < y occurs or
not, we have from independence that

. . r—Yy
) < )
P(lrgnilgkvl > :U) < P(\/EZ > y) +P<@1§kZZ > m)
y -y \*
< P(z>-%)+P(z> )
NG RV
Use the inequality that P(Z; > t) < \/217t€_t2/2 for any ¢ > 0 to have

o 1 Y 1 k(z —y)*
P(min o> 0) < pexp (= 35) + =g e | - 55y |

The proof is completed. O

Proof of Lemma 32. Let Z1, - ,Zr be ii.d. standard normals. Write
Z = (Zy,---,Zr) € RT. Then, s has the same distribution as that of Z-

1z|l-
Therefore, for each r € (0,1),

P( min |ajs| >z) = P(

min |ajZ| > z - | Z]])
1<i<k <i<k

1<
< P(win [a}Z] > =+ 12|, |1Z] > ViT) + P(12]| < VoT)
1<i<k

< P( min [a}Z| > 2VrT) +2- e
1<i<k
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where ¢ = ¢, > 0 is a constant and the inequality in (S.158) is used in the
last step. Observe that

{ min |ajZ| > Z\/T’T} C U{ min €a;Z > z\/rT}
1<i<k

1<i<k

where the union is taken over 2 many events such that ¢; = +1 for each
1 <i < k. Hence,

P( min |a/Z| > Z\/TT) < ZP( min e;alZ > Z\/’I“T) (S.159)
1<i<k

1<i<k

where the sum runs over all possible ¢; = +1 for all 1 < i < k. Easily, the
k-dimensional centered Gaussian random vector

613.’1
u:= : W/
epal
kQk/ kxT
has covariance matrix
e1a]
Y =Euu) = o | B(ZZ)) - (e1a1,-- -, epag)
ekafc
. /
= (€i€;a5a;)kxk-

Obviously, the diagonal entries of 3 are all equal to 1 because a;’s are unit
vectors. By assumption, we have

/
max ia; ai) < 0.
1§z‘<j<k;(62 Z) (6] J) -

By Lemma 31, we have that for all possible values of ¢;’s

P( min eiagz > erT) < P( min v; > z\/rT),
1<i<k 1<i<k

where (vy,- -+ ,v) is a centered Gaussian random vector such that E(v?) =
1 for each ¢ and E(v;v;) = § for all ¢ # j. Consequently, it is seen from
(S.159) that

P<lr£1j£1k\a;Z\ > erT) <2k -P( min v; > Z\/T’T).
_l_

1<i<k
Without loss of generality, we are able to write

Ui:\/SZ-l- vl—(SZZ'
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for 1 <i <k, where {Z,Z;,--- , Z} are i.i.d. standard normals. We get the
inequality by Lemma 30. O
Proof of Lemma 33. Recall Lemma 3, we know {p;;; 1 <i < j < N} has
the same distribution as that of

{siU/U;s;, 1 <i<j<N}, (S.160)

where sq,---,sy be i.i.d. random vectors uniformly distributed on S™~1.
Set M;; = U;U;UU; for any 1 <i < j < N. By Lemma 12,

N R 1
E[p1j|Sl] =0 and E[p123|sl] = E . s;Mijsi; (8161)

. 1
Ep;; = — -tr(P;P;). (S.162)
Observe from (8.160) that {p;;; 1 < j < N, j # i} are conditionally indepen-
dent random variables given s;. Denote by P;, E; and Var; the conditional
probability, the conditional expectation and the conditional variance given
s;. Take £ = p;; in Lemma 1(i). Then, by (S.161),

1
and
a 2T S/‘Mi‘Si r
Ei(|€°") = E1(|as ) < C - I HT —C. %
m m

by Lemma 10, where a’ = s;U’U;. Lemma 1(i) says that

A A2 T "M..s:)"
E (|03 — Eipg]") gC.W_
Therefore,
T C
Bllos = Biyl) < 3 - PleMys)T]: (8.163)

Now we estimate the last expectation. By (S.110) and Lemma 5,
tr(Mi]‘) = tr(Pin) <m.
By (S.127) and Lemma 5 again,

tr(M?j) = tr((P;P;)?) < m.
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It then follows from Lemma 10 that

E[(siM;jsi)7] S% : {[tr(Mi )"+ [ (M2 )~ %[ tr(M; )]2} 7/2}
<o (i) + [irnz)] )
<C (S.164)

by Lemma 6. Then, (S.163) and (S.164) lead to the first conclusion. Now we
prove the second one. Notice

E’ Z (P — Ep%;)

Jj=t+1

.
<. g Z 7% — B[ +27 B Z (Pls:) — Bi]
Jj=i+1 Jj=i+1
(S.165)

By (S.2) and the fact that {p;;; 1 < j < N, j # i} are conditionally inde-
pendent random variables given s;, we see that

N N
T
E1‘ g [ﬁ?j - E(ﬁfjlsz)] ‘ <K (N —4)/271, E El‘ﬁ?j — E1p7
j=it1 j=it1

Take expectation for both sides of the above and use the first conclusion to
see that

N
R R T N_ T/2
E’ > [p?j_E(Pij’Si)]’ SC-(mTZ). (S.166)
j=i+1

Now we estimate the last term from (S.165). By (S.161) and (S.162),

T

N
o7 1
E‘ Z E(p;si) Epfj]’ Zg'E‘ > [siMysi — E(siMyjs;)]
j=i+1 Jj=i+1

1
:77_ . ElSéMini — E(S;Mlvsl)

m

. (S.167)

where

N
= > M.

j=it+l
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By Lemma 9 again,

- 1 /2
FE SgMivSi — E(sgl\/["sl)‘ S g |:tI‘(MZ2v) [tI‘(Miy)P . (8168)
mT
First,
N
tI‘(Miy) = Z tI‘(PZ‘Pj).
Jj=i+1

Easily, tI‘(Mi]’Mik) = tT(P]PZPkPZ) since Mij = U;U]U;Ul and UlU; =
P; for each i = 1--- N as stated in (S.4). Hence,

oMy = Y a(MyMg) = > tw(PPPP) ftr[( Z PPH

i<j, k<N i<j, k<N j=i+1

Define Pjo = SV ., | P;. Then tr(M%) = tr((P:P;)%). It follows that

Jj=t+1
]tr(Mf,) - %[tr(l\/[iy)]z‘ - ‘tr((Pi.Pi)Q) - %[tr(Pi.Pi)P]. (S.169)

By taking S = {i+ 1,i+2,--- , N}, we get from (v) of Lemma 14 that
1 oy 1 2
e ’tr((Pi.Pi) ) = —[tx(PiaPy)] ‘ <.
This together with (S.168) and (S.169) concludes that
E[siM E(siM "< S vy
[Si ivs; — E(s; z‘sz')} W< —1)7,

which joins (S.167) to yield

2|7 C .
B S (B - B[ < G-y
Jj=i+1

The second inequality then follows from the above, (S.165) and (S.166).
The third inequality is similarly obtained by simply replacing “ij:i 41 to

“Zf;ll ” in the above argument. O
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S.3. Application. In this section, we apply the six tests to the secu-
rities in the Standard & Poor (S&P) 500 index of large cap U.S. equity
market. As seen earlier, they are Sy, Ly, Cn, Qn, CD, ES in (10), (11),
(12), (17), (27), (28), respectively. This demonstrates the practical useful-
ness of the proposed tests. The S&P 500 index is primarily intended as a
leading indicator of U.S. equities. The composition of this index is monitored
by Standard and Poor to ensure the widest possible overall market repre-
sentation while reducing the index turnover to a minimum. In this section,
we consider 374 securities that have been included in the S&P 500 index
during the whole period from January 2005 to November 2018.

In particular, the panel data on the safe rate of return, and the market
factors are obtained from Ken French’s data library web page. The one-
month US treasury bill rate is chosen as the risk-free rate (rs;), the value-
weighted return on all NYSE, AMEX, and NASDAQ stocks from CRSP
is used as a proxy for the market return (r,,), the average return on the
three small portfolios minus the average return on the three big portfolios
(SM By), and the average return on two value portfolios minus the average
return on two growth portfolios (HM L;). SMB and HML are based on the
stocks listed on the NYSE, AMEX and NASDAQ. All data are measured in
percent per month. During January 2005 to November 2018, a total of 163
consecutive observations are obtained.

The Fama-French three-factor model [10] is given as follows:

Yit = it — 5t = Boi + Bri(Tme — 74) + P2uSM By + B3 HM Ly + € (S.170)

foreach 1 <i < N and 1 <t <T. We are interested in the following null
hypothesis:

Hy :€1,€6,--- ,en are independent random vectors, (S.171)

where ¢; = (€1, ,€7) . That is, we are testing that the N vectors are
independent.

First, we investigate the factor structure of the residuals under the Fama-
French three-factor model. Figure S.1 presents the scree plot of the eigen-
values of the sample covariance matrices of the residuals of all of the above
data. We have found that the top eigenvalue is eventually larger than the
others. This hints there may be at least one latent factor in the Fama-French
three-factor model, which means the cross-sectional independence assump-
tion may not be true.

The design of the test is as follows. From the 374 variables, we randomly
choose N = 50,100, 150 of them and implement the six corresponding tests
in (S.173). We randomly sample T' = 22,25, 28 observations from the 163
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monthly returns. At each value of T', the experiment is repeated 1000 times.
We can treat the case as the errors not being serially correlated for each
experiment because we in fact randomly choose only a few numbers from
the whole data. Though there may be some serial correlations between the
errors of the whole data, the probability of the existence of two such strong
serial-correlated errors in each of our experiments is very small. Now we
evaluate the performance of the six tests in Section 4.2, that is, Sy, Ly, Cy,
Qn,CD, ES in (10), (11), (12), (17), (27), (28), respectively. The results are
summarized in Table S.1. It suggests that all tests except the max test always
reject the null hypothesis of cross-sectional independence. So this indicates
the definite cross-sectional dependence among stock returns under the three-
factor model by Fama-French. In particular, for fixed N = 50, 100, 150, the
percentage of the max test rejecting the null hypothesis increases as T' grows.
To understand this phenomenon, we point out a well known fact that there
may exist a large number of underlying dependencies between stocks in the
same industry or relevant industries. This leads us to believe that this is
indeed a non-sparse case in which the sum and max-sum tests are more
effective.

Next, we consider the one latent factor model with ¢;; = A; f; + &, where
A; is the factor loading and f; is an unknown factor with identification
restriction E(f;) = 0 and Var(f;) = 1. Similar to [12], we estimate the
factor f; and ft by the principal eigenvector of the é¢’, where é = (é;1)nxr
is the residual matrix. Look at the factor pricing model:

Yit = it — Tyt = Boi + Bri(rme — 751) + BiSM By + B3 HM Ly + N fy + &it,
(S.172)

foreach 1 <i < N and 1 <t <T. We are interested in the following null
hypothesis:

Hy: &1, -+ ,&n1 are independent, (S.173)

that is, the N sections are independent. Now, we take the same procedure as
that in studying model (S.170). The summary of the imulation results for all
tests is shown in Table S.1. From Figure S.1, we observe that the second and
third eigenvalues of the sample covariance matrix of the residuals are larger
than zero. So we believe that there are still some cross-sectional dependence
between £11, - ,&n1. The Ly and CD tests perform less powerful than the
“no latent factor” model. This is because the covariance matrix of {fﬂ}ﬁil
is smaller than that of {€;1}/, in the sense that the difference between the
latter one and the former one is non-negative definite. For the “one latent
factor” case, the Ly test does not perform as well as the sum-type test and
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our max-sum test Cp, which leads us to believe that the “one latent factor
model” is still a non-sparse case.

TABLE S.1
The rejection rates (%) of testing cross-sectional independence for the S&P stock panel
data, where N = 50,100,150 and T = 22,25,28. For each T', 1000 data sets are sampled.

N =50 N =100 N =150
T=22 T=25 T=28|T=22 T=25 T=28|T=22 T=25 T=28
No latent factor
QN 100 100 100 100 100 100 100 100 100
CD 100 100 100 100 100 100 100 100 100
Ly 63.1 89.0 97.1 34.5 82.9 97.7 13.5 71.2 97.4
SN 100 100 100 100 100 100 100 100 100
Cn 100 100 100 100 100 100 100 100 100
ES 100 100 100 100 100 100 100 100 100
One latent factor
Qn 100 100 100 100 100 100 100 100 100
CD| 36.8 38.4 38.9 60.5 66.2 70.5 79.4 82.2 83.4
Ln 25.3 48.1 64.7 11.0 45.6 77.8 6.5 34.6 7.7
SN 100 100 100 100 100 100 100 100 100
Cn 100 100 100 100 100 100 100 100 100
ES 100 100 100 100 100 100 100 100 100

S.4. Additional simulation results. In this section, we consider large
panel data models with serial correlations. The settings are all the same as
in Section 4.1 from the main text except that €; are serially correlated.
Here we also compare our methods with the testing procedure proposed by
[2] (abbreviated as C' DR hereafter). Similar to [2], we consider three datum
generating process with

(1) AR(1): € = 0.1€it—1 + &ur;
(2) MA(1): €t = &it + 0.1&3—1;
(3) ARMA(l) €t = 0.1ep—1 + & + 0.1&'1‘/71,

where &1 = ojwit, wir ~ N(0,1) and 07 ~ g X3. Table S.2 shows the empirical
sizes of these methods. The empirical sizes of Qn, Sy, Cn and ES are larger
than the significant level in most cases, especially under MA and ARMA
models. It is not surprising. As shown in [2], @y exhibits serious size bias
when there is a serial correlation in the disturbances. So do Sy, Cn and ES.
The max test Ly can control the empirical sizes in all cases. The asymptotic
distribution of the above test under the null hypothesis for the case of serially
correlated errors deserves some further studies. The C DR test can control
the empirical sizes in all cases.
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Fic S.1. Scree plot of the eigenvalues of the sample covariance matriz of the residuals of
(S.170).

Next, we also compare the powers of all tests. Here we only consider the
AR(1) model because the sum-type tests—Qn, Sy, Cy can not control the
empirical sizes for the MA and ARMA models. All the settings are the same
as Figure 1 in the main test except that ¢; = 0.1¢;;_1 + & and &; has the
same structure as the errors in Figure 1. Figure S.1 reports the empirical
power of these tests. We observe that the results are similar to Figure 1 in
the main text.
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TABLE S.2
Empirical size (%) of tests in serially correlated case

P
T N | 50 100 200 [ 50 100 200 50 100 200

AR(D)

50 QN 5.8 5.3 5.5 4.4 5.9 6.6 4.9 6.6 6.3
CD 4.4 4.8 4.6 4.8 6.0 3.8 3.5 5.6 5.7

CDR | 44 4.3 5.1 5.8 4.2 4.4 5.7 4.3 5.2

Ly 0.7 0.6 0.2 0.9 0.7 0.2 0.5 0.7 0.2

SN 5.6 4.5 4.9 4.2 4.8 5.2 4.6 5.9 4.7

Cn 3.2 2.5 1.8 2.3 2.7 2.6 3.0 3.2 3.1

ES 5.8 5.3 5.5 4.4 5.9 6.6 4.9 6.6 6.3

100 QN 4.8 5.3 5.0 5.6 6.2 5.1 5.7 6.0 5.2
CD 5.3 5.4 4.9 5.8 6.1 5.5 5.0 5.2 4.5

CDR 5.6 5.6 4.3 3.9 5.4 4.3 4.5 4.5 4.1

Ly 2.9 1.1 1.5 3.1 2.9 1.9 2.0 2.2 1.0

Sn 4.6 5.1 4.9 5.3 6.0 5.3 5.7 6.1 5.3

Cn 3.1 3.8 3.4 3.8 5.1 3.6 3.9 3.3 2.2

ES 4.8 5.7 5.1 5.6 6.3 5.2 5.8 6.0 5.2

MA(L)

50 QN 7.7 10.1 228 | 6.8 7.8 14.2 4.8 6.6 6.6
CD 5.4 5.7 5.3 5.3 4.2 4.7 4.2 5.7 5.9

CDR 4.5 5.1 4.5 5.9 4.9 5.2 5.3 5.8 5.3

Ly 1.0 0.4 0.7 1.2 0.6 0.3 1.5 0.9 0.3

SN 7.3 10.0 22.2 | 6.3 7.3 11.6 4.4 6.2 5.2

Cn 4.6 5.8 15.6 | 2.7 5.3 6.5 2.4 3.8 2.9

ES 7.7 10.1  22.8 | 6.8 7.9 14.2 4.8 6.6 6.6

100 QN 10.2  20.0 40.1 | 9.0 159 315 9.9 13.3 25.2
CD 5.0 5.6 4.3 5.9 6.1 4.5 6.0 5.0 5.2

CDR 5.4 5.1 4.4 5.7 4.5 6.0 5.2 4.1 4.9

Ly 2.2 2.2 1.5 3.6 2.8 1.2 2.2 2.9 1.9

SN 9.7 195 39.5 | 87 15,5 309 9.4 129 253

Cn 5.2 13,5 28.6 | 5.7 9.4 21.0 6.0 8.7 17.3

ES 10.3 202 40.1 | 9.2 159 315 | 10.1 134 253

ARMA(1)

50 QN 7.9 11.2 21.7 | 5.8 7.6 12.4 5.4 6.9 7.5
CD 5.0 4.7 4.9 4.4 5.6 4.1 3.9 5.5 5.8

CDR 4.9 5.7 4.8 4.2 4.2 5.2 5.3 4.2 4.2

Ly 0.8 0.8 0.2 0.7 0.9 0.2 0.6 0.8 0.2

SN 7.6 10.5 21.0 | 5.3 6.8 10.7 5.4 6.5 5.5

Cn 5.0 6.0 13.6 | 3.0 4.1 7.1 2.9 3.6 3.0

ES 7.9 11.2 21.7 | 5.8 7.6 12.4 5.4 6.9 7.5

100 QN 8.8 16.6 389 | 9.0 164 29.0 8.5 13.2 228
CD 5.2 5.2 4.8 5.7 6.4 5.5 5.4 5.0 4.4

CDR 5.2 7.1 5.4 5.4 5.9 3.9 5.6 4.7 5.4

Ly 3.0 1.4 2.0 3.0 3.1 1.8 1.9 1.8 1.3

SN 8.4 16.3 387 | 8.8 16.1 28.2 8.4 12.9  22.0

Cn 6.4 11,5 268 | 6.5 11.1  20.5 5.9 7.9 14.6

ES 9.0 17.0 389 | 9.0 16.5 29.2 8.7 13.2 229
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1.0

Power

0.4

0.2

CD‘R

number of nonzero correlation

Fi1G S.2. Empirical power curves of tests vary with n. Here n indicates the degree of sparsity
of correlation coefficients. The larger the value of n is, the lower the sparsity is.
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