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Abstract

Testing covariance structure is of significant interest in many areas of statistical
analysis and construction of compressed sensing matrices is an important problem in
signal processing. Motivated by these applications, we study in this paper the limiting
laws of the coherence of an n x p random matrix in the high-dimensional setting where p
can be much larger than n. Both the law of large numbers and the limiting distribution
are derived. We then consider testing the bandedness of the covariance matrix of a high
dimensional Gaussian distribution which includes testing for independence as a special
case. The limiting laws of the coherence of the data matrix play a critical role in the
construction of the test. We also apply the asymptotic results to the construction of
compressed sensing matrices.
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1 Introduction

Random matrix theory has been proved to be a powerful tool in a wide range of fields
including statistics, high-energy physics, electrical engineering and number theory. Tradi-
tionally the primary focus is on the spectral analysis of eigenvalues and eigenvectors. See,
for example, Johnstone (2001 and 2008), Bai, Miao and Pan (2007), and Jiang (2004b).
For general background on the random matrix theory, see, for example, Bai and Silverstein
(2009) and Anderson, Guionnet, and Zeitouni (2009).

In statistics, the random matrix theory is particularly useful for inference of high-
dimensional data which is becoming increasingly available in many areas of scientific inves-
tigations. In these applications, the dimension p can be much larger than the sample size
n. In such a setting classical statistical methods and results based on fixed p and large n
are no longer applicable. Examples include high-dimensional regression, hypothesis testing
concerning high-dimensional parameters, and inference on large covariance matrices. See,
for example, Candes and Tao (2007), Cai, Wang and Xu (2010a), Bai and Saranadasa
(1996), Bai, Jiang, Yao and Zheng (2009), and Cai, Zhang and Zhou (2010).

In the present paper we study the limiting laws of the coherence of an n x p random
matrix, which is defined to be the largest magnitude of the off-diagonal entries of the sample
correlation matrix generated from the n x p random matrix. We are especially interested
in the case where p > n. This is a problem of independent interest. Moreover, we are
particularly interested in the applications of the results to testing the covariance structure of
a high-dimensional Gaussian variable and the construction of compressed sensing matrices.



These three problems are important in their respective fields, one in random matrix theory,
one in statistics and one in signal processing. The latter two problems are seemingly
unrelated at first sight, but as we shall see later they can both be attacked through the use

of the limiting laws of the coherence of random matrices.

1.1 Limiting Laws of the Coherence of a Random Matrix

Let X, = (x;;) be an n x p random matrix where the entries z;; are i.i.d. real random
variables with mean p and variance o? > 0. Let zq, 9, - ,Zp be the p columns of X,.
The sample correlation matrix I'y, is defined by Iy, := (p;;) with

_F\T (e 5

where zj, = (1/n) > | i, and ||-|| is the usual Euclidean norm in R™. Here we write x; —Z;
for x; — z;e, where e = (1,1,--- ,l)T € R™. In certain applications such as construction
of compressed sensing matrices, the mean  of the random entries z;; is known (typically
= 0) and the sample correlation matrix is then defined to be T',, := (f;;) with

~ (zi — M)T(%‘ — 1)

pij = , 1<ij<p (2)
D i =l g — el

One of the main objects of interest in the present paper is the largest magnitude of the
off-diagonal entries of the sample correlation matrix,

L= max |pg| and Ly = max |pj|. (3)
In the compressed sensing literature, the quantity L, is called the coherence of the ma-
trix X,,. A matrix is incoherent when L, is small. See, for example, Donoho, Elad and
Temlyakov (2006). With slight abuse of terminology, in this paper we shall call both L,
and in coherence of the random matrix X,,, the former for the case p is unknown and the
latter for the case p is known. The first goal of the present paper is to derive the limiting
laws of the coherence in the high dimensional setting.

In the case where p and n are comparable, i.e., n/p — v € (0, 00), asymptotic properties
of the coherence L, of random matrix X, have been considered by Jiang (2004a), Zhou
(2007), Liu, Lin and Shao (2008), and Li, Liu and Rosalsky (2009). In this paper we focus
on the high dimensional case where p can be as large as e’ for some 0 < B < 1. This is a
case of special interest for the applications considered later.

The results given in Section 2 show that under regularity conditions,

v/n/logpLy L9 asn— oo



where 2 denotes convergence in probability. Here and throughout the paper the log is the
natural logarithm log, . Furthermore, it is shown that nL2 — 4logp + loglogp converges
weakly to an extreme distribution of type I with distribution function

F(y) = 67\/%6_11/2, y € R.
Same results hold for L,. In contrast to the known results in the literature, here the
dimension p can be much larger than n. In the special cases where x;; are either bounded
or normally distributed, the results hold as long as logp = o(nl/ 3.

In addition, motivated by application to testing covariance structure, we also consider
the case where the entries of random matrix X,, are correlated. More specifically, let X,, =
(xij)1<i<n<j<p, Where the n rows are i.i.d. random vectors with distribution N,(u, ).
For a given integer 7 > 1 (which can depend on n or p), it is of interest in applications to
test the hypothesis that the covariance matrix ¥ is banded, that is,

Hy:045 =0 for all |i — j| > 7. (4)
Analogous to the definition of L, and L,,, we define

Ly, = max |p;] (5)
li—j|>7

when the mean p is assumed to be unknown and define

Ly = max |5l (6)

li=jl=T
when the mean p = (p1, po, ..., f1p) is assumed to be known. In the latter case p; ; is defined
to be -
(i — pi)” (x5 — pj)
s = paall - Nl = gl

pij = 1<u,5<p (7)
We shall derive in Section 2 the limiting distribution of L, , and I:nﬁ under the null hy-
pothesis Hy and discuss its application in Section 3. The study for this case is considerably
more difficult technically than that for the i.i.d. case.

1.2 Testing Covariance Structure

Covariance matrices play a critical role in many areas of statistical inference. Important
examples include principal component analysis, regression analysis, linear and quadratic
discriminant analysis, and graphical models. In the classical setting of low dimension and
large sample size, many methods have been developed for estimating covariance matrices
as well as testing specific patterns of covariance matrices. In particular testing for inde-
pendence in the Gaussian case is of special interest because many statistical procedures are

built upon the assumptions of independence and normality of the observations.



To be more specific, suppose we observe independent and identically distributed p-
variate random variables Y1,...,Y, with mean u = pu,x1, covariance matrix X = X,y
and correlation matrix R = R,x,. In the setting where the dimension p and the sample
size n are comparable, i.e., n/p — v € (0,00), testing of the hypotheses Hy : ¥ = I versus
H, : ¥ # I, assuming p = 0, has been considered by Johnstone (2001) in the Gaussian
case and by Péché (2009) in the more general case where the distribution is assumed to
be sub-Gaussian and where the ratio p/n can converge to either a positive number ~, 0 or
oo. The test statistic is based on the largest eigenvalue of the sample covariance matrix
and relies on the important results in their papers that the largest eigenvalue of the sample
covariance matrix follows the Tracy-Widom distribution asymptotically.

The hypothesis Hy : ¥ = I is too restrictive for many applications. An arguably more
practically important problem is testing for independence in the Gaussian case. That is,
one wishes to test the hypothesis Hy : X is diagonal against the hypothesis H, : 3 is not
diagonal, or equivalently in terms of the correlation matrix R, one wishes to test Hy : R =1
versus H, : R # I. Tests based on the largest eigenvalue of the sample covariance matrix
cannot be easily modified for testing these hypotheses.

In this paper, we consider testing more general hypotheses on the covariance structure
of a high dimensional Gaussian distribution which includes testing for independence as
a special case. More specifically, we consider testing the hypothesis that ¥ is banded
with a given bandwidth 7 (which may depend on n or p), i.e., the variables have nonzero
correlations only up to lag 7. In other words, for a given integer 7 > 1, we wish to test the
hypothesis Hy: o; j = 0 for all [i—j| > 7. This problem arises, for example, in econometrics
when testing certain economic theories and in time series analysis. See Andrews (1991),
Ligeralde and Brown (1995) and references therein. The special case of 7 = 1 corresponds
to testing for independence. We shall show that the limiting laws of L, » developed in the
present paper can be readily applied to construct a convenient test for the bandedness of
the covariance matrix. In the special case of 7 = 1, the limiting laws of the coherence of
the data matrix Y play a critical role in the construction of the test.

1.3 Construction of Compressed Sensing Matrices

In addition to testing the covariance structure, another important application of our results
on the limiting laws of the coherence of a random matrix is to the construction of com-
pressed sensing matrices. Compressed sensing is a fast developing field which provides a
novel and efficient data acquisition technique that enables accurate reconstruction of highly
undersampled sparse signals. See, for example, Donoho (2006a). It has a wide range of
applications including signal processing, medical imaging, and seismology. In addition,
the development of the compressed sensing theory also provides crucial insights into high
dimensional regression in statistics. See, e.g., Candes and Tao (2007), Bickel, Ritov and
Tsybakov (2009), and Candes and Plan (2009).



One of the main goals of compressed sensing is to construct measurement matrices
Xpnxp, with the number of measurements n as small as possible relative to p, such that for
any k-sparse signal # € RP, one can recover § exactly from linear measurements y = X
using a computationally efficient recovery algorithm. In compressed sensing it is typical
that p > n, for example, p can be order "’ for some 0 < B < 1. In fact, the goal is often
to make p as large as possible relative to n. It is now well understood that the method of ¢
minimization provides an effective way for reconstructing a sparse signal in many settings.
In order for a recovery algorithm such as ¢; minimization to work well, the measurement
matrices X, must satisfy certain conditions. Two commonly used conditions are the so
called restricted isometry property (RIP) and mutual incoherence property (MIP). Roughly
speaking, the RIP requires subsets of certain cardinality of the columns of X to be close to
an orthonormal system and the MIP requires the pairwise correlations among the column
vectors of X to be small. See Candes and Tao (2005), Donoho, Elad and Temlyakov (2006)
and Cai, Wang and Xu (2010a, b). It is well known that construction of large deterministic
measurement matrices that satisfy either the RIP or MIP is difficult. Instead, random
matrices are commonly used. Matrices generated by certain random processes have been
shown to satisfy the RIP conditions with high probability. See, e.g., Baraniuk, et. al.
(2008). A major technical tool used there is the Johnson-Lindenstrauss lemma. Here we
focus on the MIP.

The MIP condition can be easily explained. It was first shown by Donoho and Huo
(2001), in the setting where X is a concatenation of two square orthogonal matrices, that
the condition

(2k —1)L, < 1 (8)

ensures the exact recovery of # when [ has at most k nonzero entries (such a signal is called
k-sparse). This result was then extended by Fuchs (2004) to general matrices. Cai, Wang
and Xu (2010b) showed that condition (8) is also sufficient for stable recovery of sparse
signal in the noisy case where y is measured with error. In addition, it was shown that this
condition is sharp in the sense that there exist matrices X such that it is not possible to
recover certain k-sparse signals § based on y = X3 when (2k — 1)I:n =1.

The mutual incoherence property (8) is very desirable. When it is satisfied by the
measurement matrix X, the estimator obtained through /; minimization satisfies near-
optimality properties and oracle inequalities. In addition, the technical analysis is particu-
larly simple. See, for example, Cai, Wang and Xu (2010b). Except results on the magnitude
and the limiting distribution of L,, when the underlying matrix is Haar-invariant and or-
thogonal by Jiang (2005), it is, however, unknown in general how likely a random matrix
satisfies the MIP (8) in the high dimensional setting where p can be as large as e’ We
shall show in Section 4 that the limiting laws of the coherence of random matrices given
in this paper can readily be applied to compute the probability that random measurement
matrices satisfy the MIP condition (8).



1.4 Organization of the Paper

The rest of the paper is organized as follows. We begin in Section 2 by studying the
limiting laws of the coherence of a random matrix in the high-dimensional setting. Section
3 considers the problem of testing for independence and bandedness in the Gaussian case.
The test statistic is based on the coherence of the data matrix and the construction of the
tests relies heavily on the asymptotic results developed in Section 2. Application to the
construction of compressed sensing matrices is considered in Section 4. Section 5 discusses
connections and differences of the our results with other related work. The main results

are proved in Section 6 and the proofs of technical lemmas are given in the Appendix.

2 Limiting Laws of Coherence of Random Matrices

In this section, we consider the limiting laws of the coherence of a random matrix with
i.i.d. entries. In addition, we also consider the case where each row of the random matrix
is drawn independently from a multivariate Gaussian distribution with banded covariance
matrix. In the latter case we consider the limiting distribution of L, , and En’.r defined in
(5) and (6). We then apply the asymptotic results to the testing of the covariance structure

in Section 3 and the construction of compressed sensing matrices in Section 4.

2.1 The i.i.d. Case

We begin by considering the case for independence where all entries of the random matrix
are independent and identically distributed. Suppose {¢, xi;, 4,5 =1,2,---} are i.i.d. real

random variables with mean g and variance 02 > 0. Let X,, = (%4)1<i<n1<j<p and let
x1,T2,- -, Tp be the p columns of X,,. Then X,, = (21,22, - ,xp). Let T = (1/n) > 7| zik
be the sample average of xp. We write z; — z; for x; — Z;e, where e = (1,1, - - ,l)T € R”.

Define the Pearson correlation coefficient p;; between z; and x; as in (1). Then the sample
correlation matrixz generated by X, is I';, := (p;;), which is a p by p symmetric matrix with
diagonal entries p;; = 1 for all 1 < ¢ < p. When the mean p of the random variables x;;
is assumed to be known, we define the sample correlation matrix by T',, := (pij) with p;;
given as in (2).

In this section we are interested in the limiting laws of the coherence L,, and IN/n of
random matrix X,,, which are defined to be the largest magnitude of the off-diagonal entries
of sample correlation matrices ', and T',, respectively, see (3). The case of p > n is of
particular interest to us. In such a setting, some simulation studies about the distribution
of L, were made in Cai and Lv (2007), Fan and Lv (2008 and 2010). We now derive the

limiting laws of L,, and L.



We shall introduce another quantity that is useful for our technical analysis. Define

7~ max [(zi — )T (zj — ) ()
" 1<i<s<p o2 '

We first state the law of large numbers for L,, for the case where the random entries x;;
are bounded.

THEOREM 1 Assume |z11| < C for a finite constant C > 0, and p = p(n) — oo and
logp =o(n) as n — oco. Then \/n/logp L, — 2 in probability as n — oo.

We now consider the case where x;; have finite exponential moments.

THEOREM 2 Suppose Eel™11l" < 0o for some o > 0 and to > 0. Set 3 = /(4 + a).
Assume p = p(n) — oo and logp = o(n®) asn — oo. Then \/n/logp L, — 2 in probability
as n — oo.

Comparing Theorems 1 and 2, it can be seen that a stronger moment condition gives a
higher order of p to make the law of large numbers for L, valid. Also, based on Theorem
2, if Eel*1l" < oo for any a > 0, then 3 — 1, hence the order o(n?) is close to o(n), which
is the order in Theorem 1.

We now consider the limiting distribution of L,, after suitable normalization.

THEOREM 3 Suppose Ee'l®11l® < 0o for some 0 < a < 2 and tg > 0. Set f = o/ (4+ a).
Assume p = p(n) — oo andlogp = o(n?) as n — co. Then nL2 —4logp+loglogp converges

weakly to an extreme distribution of type I with distribution function

_ 1 /
Fly)=c v=" " yeRr.

REMARK 2.1 Propositions 6.1, 6.2 and 6.3 show that the above three theorems are still
valid if L,, is replaced by either Ly, or J, /n, where L, is as in (3) and J,, is as in (9).

In the case where n and p are comparable, i.e., n/p — v € (0, 00), Jiang (2004a) obtained
the strong laws and asymptotic distributions of the coherence L, of random matrices.
Several authors improved the results by sharpening the moment assumptions, see, e.g.,
Li and Rosalsky (2006), Zhou (2007), and Li, Liu and Rosalsky (2009) where the same
condition n/p — 7 € (0,00) was imposed. Liu, Lin and Shao (2008) showed that the same
results hold for p — oo and p = O(n®) where « is a constant.

In this paper, motivated by the applications mentioned earlier, we are particularly
interested in the case where both n and p are large and p = o(enﬁ) while the entries of X,
are i.i.d. with a certain moment condition. We also consider the case where the n rows
of X,, form a random sample from N,(p,X) with ¥ being a banded matrix. In particular,

the entries of X,, are not necessarily independent. As shown in the above theorems and in



Section 2.2 later, when p < e’ for a certain B > 0, we obtain the strong laws and limiting
distributions of the coherence of random matrix X,,. Presumably the results on high order
p= o(enﬁ) need stronger moment conditions than those for the case p = O(n®). Ignoring
the moment conditions, our results cover those in Liu, Lin and Shao (2008) as well as others
aforementioned.

Theorem 1.2 in Jiang (2004a) states that if n/p — v € (0,00) and E[£]3%t¢ < oo for
some € > 0, then for any y € R,

P (nLi — 4logn + loglogn < y) — g~ He™v/? (10)

where K = (v2v/87)~!, asn — oco. It is not difficult to see that Theorem 3 implies Theorem
1.2 in Jiang (2004a) under condition that n/p — v and Fefol*1l® < oo for some 0 < a < 2
and tg > 0. In fact, write

nL?I —4logn + loglogn
= (nL? —4logp + loglog p) + 4log L <loglogn — loglogp).
n
_ L -y/2
Theorem 3 yields that nL2 — 4logp + loglog p converges weakly to F(y) = exp vsr® !
Note that since n/p — 7,

4log P, —4logy and log(logn) —loglogp — 0.
n

Now it follows from Slutsky’s Theorem that nL,QZ — 4logn + loglogn converges weakly to
F(y + 4log~), which is exactly (10) from Theorem 1.2 in Jiang (2004a).

2.2 The Dependent Case

We now consider the case where the rows of random matrix X,, are drawn independently
from a multivariate Gaussian distribution. Let X,, = ($ij)1gz'§n,1§jgp, where the n rows
are i.i.d. random vectors with distribution N,(u,X), where p € RP is arbitrary in this
section unless otherwise specified. Let (ri;)pxp be the correlation matrix obtained from
¥ = (04j)pxp- As mentioned in the introduction, it is of interest to test the hypothesis that
the covariance matrix ¥ is banded, that is,

Hy:o;=0forall [i —j| > 7 (11)

for a given integer 7 > 1. In order to construct a test, we study in this section the asymptotic
distributions of L, , and L, , defined in (5) and (6) respectively, assuming the covariance
matrix % has desired banded structure under the null hypothesis. This case is much harder
than the i.i.d. case considered in Section 2.1 because of the dependence.

For any 0 < 0 < 1, set

I'ps ={1<1i<p; |rij| >1—06 for some 1 < j <p with j #i}. (12)



THEOREM 4 Suppose, as n — 00,

(i) p = pp — 00 with logp = o(n'/?);

(ii) T = o(p') for any t > 0;

(iii) for some § € (0,1), |I'y 5| = o(p), which is particularly true if maxi<i<j<p<oo |Tij| <
1—09.
Then, under Hy, nL?%T — 4logp + loglogp converges weakly to an extreme distribution of
type I with distribution function

/
Fiy)=e¢ v " yeR
Similar to J, in (9), we define

(i — pi)" (5 — 1)

Unr = max (13)
1<i<j<p,|i—j|>T 00
where we write z; — p; for z; — e with e = (1,1,--- , )T € R", u = (pq,- -+, pp)’ and

012 ’s are diagonal entries of X.

REMARK 2.2 From Proposition 6.4, we know Theorem 4 still holds if L,, ; is replaced
with Uy, » defined in (13). In fact, by the first paragraph in the proof of Theorem 4, to see
if Theorem 4 holds for U, r, we only need to consider the problem by assuming, w.l.o.g.,
u = 0 and o;’s, the diagonal entries of 3, are all equal to 1. Thus, by Proposition 6.4,
Theorem 4 holds when L,, - is replaced by U, ;.

Theorem 4 implies immediately the following result.

COROLLARY 2.1 Suppose the conditions in Theorem 4 hold, then %Lnﬁ — 2 in

probability as n — oc.

The assumptions (ii) and (iii) in Theorem 4 are both essential. If one of them is violated,

the conclusion may fail. The following two examples illustrate this point.

REMARK 2.3 Consider ¥ = I, with p = 2n and 7 = n. So conditions (i) and (iii) in
Theorem 4 hold, but (ii) does not. Observe
1 2
{(i,j); 1<i<j<2n, yi—jyzn}:n+(n—1)+~--+1:"(";)NI;
as n — 00. So Ly, ; is the maximum of roughly p?/8 random variables, and the dependence
of any two of such random variables are less than that appeared in L, in Theorem 3. The
result in Theorem 3 can be rewritten as

2 2
2 _ P P
nL; — 2log 5 + loglog 5 log 8 converges weakly to F

10



as n — oo. Recalling L,, is the maximum of roughly p?/2 weakly dependent random vari-
ables, replace L,, with L, , and p?/2 with p?/8 to have anm —2log % + loglog % —log8
converges weakly to F, where F' is as in Theorem 3. That is,

(nL?L’T — 4logp + loglog p) + log 16 converges weakly to F' (14)

as n — oo (This can be done rigorously by following the proof of Theorem 3). The difference
between (14) and Theorem 4 is evident.

REMARK 2.4 Let p = mn with integer m > 2. We consider the p x p matrix ¥ =
diag (Hy, - -+ , Hy) where there are m H,’s in the diagonal of ¥ and all of the entries of
the n x n matrix H, are equal to 1. Thus, if ((1,---,(p) ~ Np(0,%), then (i1 = (ny2 =
o= (qyn for all 0 <7 <m —1and (1, ui1, -+ 5 Cm—1)n41 are i.i.d. N(0, 1)-distributed
random variables. Let {¢;j; 1 <i < n,1 < j < m} be iid. N(0,1)-distributed random
variables. Then

Gty e 1 Gt Gizs ot 1 Gizs ot 3 Cimy o 5 Gim) ERPL 1 <4 <,
—

n n n

are 1.i.d. random vectors with distribution N, (0, ¥). Denote the corresponding data matrix
by (Zij)nxp. Now, take 7 =n and m = [6”1/4]. Notice I',, 5 = p for any § > 0. Since p = mn,
both (i) and (ii) in Theorem 4 are satisfied, but (iii) does not. Obviously,

L, = max lpis| = max |p;]
T <i<g<p, li—jl>r 7 1<i<jem Y

where p;; is obtained from ((jj)nxm as in (1) (note that the mn entries of ((ij)nxm are
i.i.d. with distribution N(0,1)). By Theorem 3 on maxi<i<j<m |fij|, we have that nL7  —
4logm + loglogm converges weakly to F, which is the same as the F' in Theorem 4. Set
logy x = loglog x for x > 1. Notice

nL?N —4logm +logam = nL?M —4logp+ 4logn + logam
~ (”Li,r — 4logp + logy p) + 4logn

since p = mn and log, p—logy, m — 0. Further, it is easy to check that 4logn—161log, p — 0.
Therefore, the previous conclusion is equivalent to that

(anW — 4logp + loglog p) + 16 log log p converges weakly to F (15)

as n — oo. This is different from the conclusion of Theorem 4.

3 Testing the Covariance Structure

The limiting laws derived in the last section have immediate statistical applications. Testing

the covariance structure of a high dimensional random variable is an important problem in

11



statistical inference. In particular, as aforementioned, in econometrics when testing certain
economic theories and in time series analysis in general it is of significant interest to test
the hypothesis that the covariance matrix X is banded. That is, the variables have nonzero
correlations only up to a certain lag 7. The limiting distribution of L,, ; obtained in Section
2 can be readily used to construct a test for the bandedness of the covariance matrix in the
Gaussian case.

Suppose we observe independent and identically distributed p-variate Gaussian variables
Yi,..., Y, with mean p,1, covariance matrix ¥,y , = (0;;) and correlation matrix R, =
(rij). For a given integer 7 > 1 and a given significant level 0 < o < 1, , we wish to test
the hypotheses

Hy: 05, =0 for all |i — j| > 7 versus H, :0;; #0 for some [i —j| > 7. (16)

A case of special interest is 7 = 1, which corresponds to testing independence of the
Gaussian random variables. The asymptotic distribution of L,, » derived in Section 2.2 can
be used to construct a convenient test statistic for testing the hypotheses in (16).

Based on the asymptotic result given in Theorem 4 that

1 -y/
P(nLiJ—éllogp—l—loglogpgy)—>e Ve © y2, (17)
we define a test for testing the hypotheses in (16) by
T = I(L?W > n"!(41logp — loglog p — log(87) — 2loglog(1 — a)_1)>. (18)

That is, we reject the null hypothesis Hy whenever
Lzm_ >p ! (4 log p — loglog p — log(8m) — 2loglog(1 — a)_1>.
Note that for 7 =1, L, ; reduces to L, and the test is then based on the coherence Ly,.

THEOREM 5 Under the conditions of Theorem 4, the test T' defined in (18) has size o
asymptotically.

This result is a direct consequence of (17).

REMARK 3.1 For testing independence, another natural approach is to build a test based
on the largest eigenvalue Apax of the sample correlation matrix. However, the limiting
distribution of the largest eigenvalue Apax is unknown even for the case p/n — ¢, a finite
and positive constant. For 7 > 2, the eigenvalues are not useful for testing bandedness of

the covariance matrix.

12



4 Construction of Compressed Sensing Matrices

As mentioned in the introduction, an important problem in compressed sensing is the
construction of measurement matrices X,,«, which enables the precise recovery of a sparse
signal 3 from linear measurements y = X3 using an efficient recovery algorithm. Such a
measurement matrix X is difficult to construct deterministically. It has been shown that
randomly generated matrix X can satisfy the so called RIP condition with high probability.

The best known example is perhaps n x p random matrix X whose entries x; ; are iid
normal variables

zi; Y NO,n ). (19)

Other examples include generating X = (z; ;) by Bernoulli random variables

{ 1/y/n with probability %;
ij =

20
—1/y/n  with probability % (20)

or more sparsely by

3/n with probability 1/6;
z;j =14 0 with probability 2/3; (21)
—+/3/n  with probability 1/6.

These random matrices are shown to satisfy the RIP conditions with high probability. See
Achlioptas (2001) and Baraniuk, et al. (2008).

In addition to RIP, another commonly used condition is the mutual incoherence property
(MIP) which requires the pairwise correlations among the column vectors of X to be small.
In compressed sensing L, (instead of L,,) is commonly used. It has been shown that the
condition

(2k — 1)L, < 1 (22)

ensures the exact recovery of k-sparse signal ( in the noiseless case where y = X3, and
stable recovery of sparse signal in the noisy case where

y=XpB+z.

Here z is an error vector, not necessarily random. The MIP (22) is a very desirable property.
When the measurement matrix X satisfies (22), the constrained ¢; minimizer can be shown
to be exact in the noiseless case and near-optimal in the noisy case. Under the MIP
condition, the analysis of #; minimization methods is also particularly simple. See, e.g.,
Cai, Wang and Xu (2010b).

The results given in Theorems 1 and 2 can be used to show how likely a random matrix
satisfies the MIP condition (22). Under the conditions of either Theorem 1 or Theorem 2,

. 1
L~ 2y 22
n
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So in order for the MIP condition (22) to hold, roughly the sparsity k& should satisfy

1
k<= n .
log p

In fact we have the following more precise result which is proved in Section 6.

PROPOSITION 4.1 Let X,, = (IL‘Z'j)nXp where x;;’s are i.i.d. random variables with mean
u, variance o> > 0 and Eetolzul® < o for some ty > 0. Let Ly, be as in (3). Then
P(L, >t) < 3p?e~") where g(t) = min{I,(t/2), Is(1/2)} > 0 for any t > 0 and

I (z) = sup{0zx — log Ee?"} and I(x) = sup{fz — log Ee%Q}.
0eR OcR

and &,n, (x11 — p)/o are i.i.d.

We now consider the three particular random matrices mentioned in the beginning of
this section.
Example 1. Let 217 ~ N(0,n7!) as in (19). In this case, according to the above proposi-
tion, we have

P((zk—1)£n< 1) > 1—3p2exp{—m} (23)

for all n > 2 and k > 1. The verification of this example together with the next two are
given in the Appendix.
Example 2. Let x1; be such that P(z1; = +£1/y/n) = 1/2 as in (20). In this case, we have

P ((2k ~ 1L, < 1) > 1 — 3p exp{ - Wn—l)?} (24)

foralln > 2 and k > 1.
Example 3. Let x1; be such that P(x;; = £4/3/n) = 1/6 and P(x;; = 0) = 2/3 as in
(21). Then

P((zk—l)in< 1) > 1—3p2exp{—M} (25)

for alln > 2 and k > 2.

REMARK 4.1 One can see from the above that (23) is true for all of the three examples
with different restrictions on k. In fact this is always the case as long as Eetolenl® < oo for
some tg > 0, which can be seen from Lemma 6.8.

REMARK 4.2 Here we would like to point out an error on pp. 801 of Donoho (2006b)
and pp. 2147 of Candes and Plan (2009) that the coherence of a random matrix with i.i.d.

Gaussian entries is about 2\/@ not \/@
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5 Discussion and Comparison with Related Results

This paper studies the limiting laws of the largest magnitude of the off-diagonal entries of the
sample correlation matrix in the high-dimensional setting. Entries of other types of random
matrices have been studied in the literature, see, e.g., Diaconis, Eaton and Lauritzen (1992),
and Jiang (2004a, 2005, 2006, 2009). Asymptotic properties of the eigenvalues of the sample
correlation matrix have also been studied when both p and n are large and proportional to
each other. For instance, it is proved in Jiang (2004b) that the empirical distributions of
the eigenvalues of the sample correlation matrices converge to the Marchenko-Pastur law;
the largest and smallest eigenvalues satisfy certain law of large numbers. However, the
high-dimensional case of p > n remains an open problem.

The motivations of our current work consist of the applications to testing covariance
structure and construction of compressed sensing matrices in the ultra-high dimensional
setting where the dimension p can be as large as e’ for some 0 < B < 1. The setting is
different from those considered in the earlier literature such as Jiang (2004), Zhou (2007),
Liu, Lin and Shao (2008), and Li, Liu and Rosalsky (2009). Our main theorems and
techniques are different from those mentioned above in the following two aspects:

(a) Given n — oo, we push the size of p as large as we can to make the law of large
numbers and limiting results on L, and L, valid. Our current theorems say that,
under some moment conditions, these results hold as long as logp = o(n®) for a
certain 3 > 0.

(b) We study L, and L,, when the p coordinates of underlying multivariate distribution
are not i.i.d. Instead, the p coordinates follow a multivariate normal distribution
Np(p,>) with ¥ being banded and p arbitrary. Obviously, the p coordinates are
dependent. The proofs of our theorems are more subtle and involved than those in
the earlier papers. In fact, we have to consider the dependence structure of X in
detail, which is more complicated than the independent case. See Lemmas 6.10, 6.11
and 6.12.

Liu, Lin and Shao (2008) introduced a statistic for testing independence that is different
from L,, and L,, to improve the convergence speed of the two statistics under the constraint
cin® < p < cogn® for some constants ¢y, ca, & > 0. In this paper, while pushing the order of p
as large as possible to have the limit theorems, we focus on the behavior of L,, and L,, only.
This is because L,, and L,, are specifically used in some applications such as compressed
sensing. On the other hand, we also consider a more general testing problem where one
wishes to test the bandedness of the covariance matrix ¥ in Np(p, ) while allowing p to
be arbitrary. We propose the statistic L, - in (5) and derive its law of large numbers and
its limiting distribution. To our knowledge, this is new in the literature. It is interesting
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to explore the possibility of improving the convergence speed by modifying L,, - as that of
L, in Liu, Lin and Shao (2008). We leave this as future work.

6 Proofs

In this section we prove Theorems 1 - 4. The letter C' stands for a constant and may vary
from place to place throughout this section. Also, we sometimes write p for p, if there is
no confusion. For any square matrix A = (a; ;), define || A|| = maxi<;xj<y |a;;|; that is, the
maximum of the absolute values of the off-diagonal entries of A.

We begin by collecting a few essential technical lemmas in Section 6.1 without proof.

Other technical lemmas used in the proofs of the main results are proved in the Appendix.

6.1 Technical Tools

LEMMA 6.1 (Lemma 2.2 from Jiang (2004a)) Recall x; and Ty, in (1). Let h; = ||z; —
Z;i||//n for each i. Then

Il — XT X | < (B2, + 2bn 1 )Wab2 + b 202 o,
where

bp1 = max |h; — 1|, W, = max |.7}ZTZL‘j|, bpz = min h;, bp4 = max |T;|.
1<i<p 1<i<j<p 1<i<p 1<i<p

The following Poisson approximation result is essentially a special case of Theorem 1
from Arratia et al. (1989).

LEMMA 6.2 Let I be an index set and {By,a € I} be a set of subsets of I, that is,
B, C I for each o € I. Let also {ny, € I} be random variables. For a given t € R, set
A= e P(na >1t). Then

|[P(max e < 1) — e M < (TAXNY(by 4 by + b3)
ac
where

bi=3_ > Pl >t)Pls>1),

OZGIBEB&

b2::§: E: me1>t7m3>t%
a€l a#PBEBy

by =Y E|P(a > tlo(ns, 8 & Ba)) — P(n1a > 1),
acl

and o(ng, 3 ¢ Ba) is the o-algebra generated by {ng,B ¢ Ba}. In particular, if no is
independent of {ng, 8 ¢ Ba} for each o, then by = 0.
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The following conclusion is Example 1 from Sakhanenko (1991). See also Lemma 6.2
from Liu et al (2008).

LEMMA 6.3 Let &,1 < i <mn, be independent random variables with E&; = 0. Put

sn=> E&, o0.=) EBlG’ S.=) &
i=1 i=1 i=1
Assume maxi<i<n |&i| < sy for some 0 < ¢, < 1. Then
P(Sp > xs,) = 7@/ (1 — ®(2))(1 + Opo(1 + )5, 0,)
for 0 < x < 1/(18¢y,), where |y(z)| < 2230, and |0, < 36.

The following are moderate deviation results from Chen (1990), see also Chen (1991),
Dembo and Zeitouni (1998) and Ledoux (1992). They are a special type of large deviations.

LEMMA 6.4 Suppose £1,&2,--+ are ii.d. r.v.’s with B¢ = 0 and E€} = 1. Put S, =
Z:‘L:1 51 a

(i) Let 0 < o < 1 and {an; n > 1} satisfy that a, — 400 and a, = o(n2@==). If
Eel&l® < oo for some to > 0, then

1 Sn u?
: > ) —
nhm aZ IOgP(\/ﬁan > u) =-3 (26)

for any u > 0.
(i) Let 0 < a < 1 and {an; n > 1} satisfy that a,, — +o0 and ap, = O(n2@=2). If
Eetlal® < 0o for allt > 0, then (26) also holds.

6.2 Proofs of Theorems 1 and 2

Recall that a sequence of random variables { X,,; n > 1} are said to be tight if, for any € > 0,
there is a constant K > 0 such that sup,>; P(|X,| > K) < e. Obviously, {X,,; n > 1} are
tight if for some K > 0, lim, o P(|X,,| > K) — 0. It is easy to check that

if {X,; n > 1} are tight, then for any sequence of constants {e,; n > 1}

with lim €, =0, we have ¢,X,, — 0 in probability as n — oo. (27)
n—oo

Reviewing the notation b, ;’s defined in Lemma 6.1, we have the following properties.

LEMMA 6.5 Let {x;;; 1> 1,7 > 1} be i.i.d. random variables with Ex11 = 0 and Ex?, =
1. Then, bn3 — 1 in probability as n — oo, and {y/n/logpby1} and {\/n/logpb,4} are
tight provided one of the following conditions holds:

(i) |z11] < C for some constant C > 0, p, — oo and logp, = o(n) as n — oo;

(ii) Eeol®111* < oo for some 0 < o < 2 and ty > 0, and p, — co and logp, = o(n®) as

n — oo, where = a/(4 — a).
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LEMMA 6.6 Let {xz;;; 1 >1,j > 1} be i.i.d. random variables with |x11| < C for a finite
constant C > 0, Ex1; = 0 and E(23) = 1. Assume p = p(n) — oo and logp = o(n) as
n — oco. Then, for any € > 0 and a sequence of positive numbers {t,} with limit t > 0,

v, = E{P!(| zn:xklxk2| > tn\/@f} =0 <pt21_>
k=1

as n — oo, where P stands for the conditional probability given {xy, 1 <k < n}.

LEMMA 6.7 Suppose {z;;;i > 1,7 > 1} are i.i.d. random variables with Exi; =
0, E(z3,) =1 and Eel®1l" < oo for some tg > 0 and o > 0. Assume p = p(n) — oo and
logp = o(nf®) as n — oo, where B = /(4 + ). Then, for any € > 0 and a sequence of

positive numbers {t,} with limit t > 0,
Ty 2 1
v, = E{P <| Zazklajk2| > tn\/nlogp> } =0 <pt2—€>
k=1

as n — oo, where P stands for the conditional probability given {xy, 1 <k < n}.
Lemmas 6.5, 6.6, and 6.7 are proved in the Appendix.

PROPOSITION 6.1 Suppose the conditions in Lemma 6.6 hold with X, = (Zij)nxp =

(1, ,xp). Define W,, = maxi<i<j<p \m?x]] = maxi<i<j<p |Dp_q1 TkiTrj| . Then

W,

— =2
vnlogp -

i probability as n — oo.
Proof. We first prove
lim P W > 2+ 2¢

n—0o0 (J?ng ):0

for any € > 0. First, since {x;;; ¢ > 1,5 > 1} are i.i.d., we have

P(W,, > (2 + 2¢)\/nlogp) < @) : P(‘ Zn: xklxk2’ > (2+ 2€) \/@) (29)
k=1

for any € > 0. Notice E(|z11712]?) = E(J711]?) - E(|712/?) = 1. By (i) of Lemma 6.4, using
conditions Eel*112l < 00 and logp = o(n) as n — oo, we obtain

n
P § Tk1 T2
=1

2+ ¢)?
> (2+26)\/n10gp> < exp <—( 5 ) logp> < prae (30)
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as n is sufficiently large. The above two assertions conclude

1
P(W,, > (24 2¢)y/nlogp) < prs — 0 (31)

as n — oo. Thus (28) holds. Now, to finish the proof, we only need to show

lim P(in <2—):0 32
n1—>oo ./nlogp - € ( )

for any € > 0 small enough.
Set an, = (2 —€)y/nlogp for 0 < e < 2 and

n

M _ N

yij - kiTkj
k=1

for 1 <4,7 <n. Then W), = maxi<;<j<p |yf;L)] for all n > 1.

Take I = {(i,7); 1 <i<j<p}. Foru=(i,j) € I,set B, ={(k,l) € I; one of kand | =
iorj, but (k1) # u}, g, = \yl(]")|, t =ap and A, = A;j; = {|yl(]n)| > ap}. By the i.i.d.
assumption on {z;;} and Lemma 6.2,

P(Wn < an) < e_An + bl,n + b2,n (33)
where

-1
)‘n — p(pQ)P(Alg), bl,n S 2p3P(A12)2 and bQ’n S 2p3P(A12A13). (34)

Remember that yig)

is a sum of i.i.d. bounded random variables with mean 0 and variance
1. By (i) of Lemma 6.4, using conditions Ee!l®11%12l < oo for any ¢t > 0 and logp = o(n) as

n — oo, we know

. o (2—¢)?
nh_)rgo logp log P(Ai2) = N (35)
for any € € (0,2). Noticing 2 — 2¢ < (2 — €)?/2 < 2 — ¢ for € € (0,1), we have that
1 A 1
FSP( 12)§}ﬂ (36)
as n is sufficiently large. This implies
6_)\” < e_pe/?’ and bl,n < 4 (37)
p €
for e € (0,1/4) as n is large enough. On the other hand, by independence
P(Apdiz) = P(yiy| > an lyf3| > an) (38)
n
= E{Pl(\ Z$k1$k2| > an)2}
k=1
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where P! stands for the conditional probability given {zx1, 1 < k < n}. By Lemma 6.6,

P(A1pA;3) < 1)4346 (39)
for any € > 0 as n is sufficiently large. Therefore, taking € € (0,1/4), we have
bon < 2p°P(A12413) < plie — 0 (40)
as n — oo. This together with (33) and (37) concludes (32). [ |

PROPOSITION 6.2 Suppose the conditions in Lemma 6.7 hold. Let W, be as in Lemma
6.1. Then
W,
Vnlogp

— 2

in probability as n — oo.

The proof of Proposition 6.2 is similar to that of Proposition 6.1. Details are given in the

Appendix.

Proof of Theorem 1. First, for constants y; € R and o; >0, ¢ =1,2,--- | p, it is easy to
see that matrix X,, = (@i )nxp = (T1, 22, -+ ,zp) and (o121+p1€, 022+ 26, - - -, OpTp+iipe)
generate the same sample correlation matrix I'y, = (p;;), where p;; is as in (1) and e =
(1,---,1)" € R™. Thus, w.l.o.g., we prove the theorem next by assuming that {x;;; 1 <i <
n,1 < j < p} are i.i.d. random variables with mean zero and variance 1.

By Proposition 6.1, under condition logp = o(n),

_Wn
vnlogp
in probability as n — oo. Thus, to prove the theorem, it is enough to show
nLy, — W,
vnlogp

in probability as n — co. From Lemma 6.1,

) (41)
—0 (42)

InLy — Wy| < |Inl'y — Xan I < (bozz,l + an,l)Wnb;% + nbr:,23b721,4‘

By (i) of Lemma 6.5, by, 3 — 1 in probability asn — oo, {\/n/logpby, 1} and {\/n/logpb, 4}
are all tight. Set b, ; = \/n/logpb,1 and b;, 4 = \/n/logpby 4 for all n > 1. Then {¥],;}
and {b], ,} are both tight. It follows that

|nLy — Wh| log p logp, o / W 9 logp, 9,0
Vnlogp = n n by 201 ) - W bn n bn3bnas
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which concludes (42) by (27). [

Proof of Theorem 2. In the proof of Theorem 1, replace “Proposition 6.1” with “Propo-
sition 6.2” and “(i) of Lemma 6.5” with “(ii) of Lemma 6.5”, keep all other statements the
same, we then get the desired result. |

Proof of Proposition 4.1. Recall the definition of L, in (3), to prove the conclusion,

w.lo.g., we assume p = 0 and 02 = 1. Evidently, by the i.i.d. assumption,

~ 2 /
P(Ln > t) < gP(M > t)
2 [z - [zl
2 / 2 2
pe (el _ty P [ "
< —P(7>7> P op <z 43
- 2 n - 2 + 2 n - 2 (43)

where the event {||z11]|?/n > 1/2, |x12)?/n > 1/2} and its complement are used to get
the last inequality. Since {z;;; ¢ > 1, j > 1} are i.i.d., the condition Eetolz1il® < oo implies
Eetolinzzl « o0 for some ty > 0. By the Chernoff bound (see, e.g., p. 27 from Dembo and
Zeitouni (1998)) and noting that E(x11712) = 0 and Ez?; = 1, we have

2
P(‘x,lx2‘ > f) < 9¢-(t/2) and P [Ez1] < 1 < 9e—n12(1/2)
n 2/ n 2/

for any n > 1 and ¢t > 0, where the following facts about rate functions I1(z) and I(y) are

used:
(i) Ii(x) = 0 if and only if x = 0; I2(y) = 0 if and only if y = 1;
(ii) I;(x) is non-decreasing on A := [0, 00) and non-increasing on A¢. This is also true

for I5(y) with A = [1, 00).
These and (43) conclude

P(L,>t) < p2enh(t/2) | 9p2.-nl2(1/2) < g420—mg(®)

where g(t) = min{I;(¢/2), I2(1/2)} for any t > 0. Obviously, g(t) > 0 for any ¢ > 0 from
(i) and (ii) above. [

LEMMA 6.8 Let Z be a random variable with EZ = 0, EZ? = 1 and Ee?l < o for
some tg > 0. Choose o > 0 such that E(Z%e®1?1) < 3/2. Set I(x) = sup;cp{tr —log Eet?}.
Then I(x) > 22/3 for all 0 < x < 3a/2.

Proof. By the Taylor expansion, for any z € R, ¢ =1+ x + %eex for some 6 € [0,1]. It
follows from EZ = 0 that

t2 t2 3
Bet? =1+ EE(Z%"tz) <1+ 5E(Z2et|z|) <1+t
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for all 0 < t < a. Use the inequality log(1+2) < x for all z > —1 to see that log Fe!? < 3t2/4
for every 0 < t < . Take tg = 2x/3 with 2 > 0. Then 0 < tp < a for all 0 < z < 3a/2. Tt
follows that

x2

3
I(z) > tox — 12 = —. [ ]
(x) > tox 4t0 3

6.3 Proof of Theorem 3

LEMMA 6.9 Let &1,---,&, be ii.d. random wvariables with E& = 0, & = 1 and
Eetlail® < oo for some tg > 0 and 0 < a < 1. Put S, = Y1 1 & and B = a/(2 + a).
Then, for any {pp; n > 1} with 0 < p, — oo and logp, = o(n®) and {y,; n > 1} with

Yn —y >0,
—y2/2 _
P s ) 2 o) 1
nlogpn Vamy
as n — oo.

PROPOSITION 6.3 Let {x;;; ¢ > 1,7 > 1} be i.i.d. random variables with Ex1, = 0,
E(22)) =1 and Eetl*1l® < oo for some 0 < a <2 and tg > 0. Set = a/(4+ ). Assume
p = p(n) — oo and logp = o(n®) as n — co. Then

2
P <WTL — Oy, < Z> R e*Ke_z/Q

- <
as n — oo for any z € R, where o, = 4nlogp — nlog(logp) and K = (v/8m)~L.
Proof. It suffices to show that

P( max |y < Vap + nz) — e—Kefz/z’ (44)

1<i<j<p

where y;; = > ), Trixrj. We now apply Lemma 6.2 to prove (44). Take I = {(i,j);1 <
i < j < p} Foru=(i,j) € I, set Xy, = |y;;| and B, = {(k,l) € I; oneof k and | =

i or j, but (k,l) # u}. Let a, = /o, + nz and Aj; = {|yij| > an}. Since {y;j; (i,7) € I}
are identically distributed, by Lemma 6.2,

|P(W,, < ap) — e ™| < by + bap (45)
where

-1
)‘n — p(pQ)P(Alg), bl,n S 2p3P(A12)2 and bQ’n S 2p3P(A12A13). (46)

We first calculate \,,. Write

2
_pP=p |yl an
A = P(\/ﬁ >,/—n +z> (47)
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and y12 = > &, where {§;1 < ¢ < n} are i.i.d. random variables with the same
distribution as that of z11x12. In particular, £¢ = 0 and E&% = 1. Note ag := /2 < 1.
We then have

2 2.\ a1
€T €T
1+ 12> <

1
|z11212|*" < < 5 Tl(|x11|a + |:z12|°‘).

Hence, by independence,
Eetolil™t = petolrnzal™t o
Let y, = \/(5® + z)/logp. Then y, — 2 as n — oco. By Lemma 6.9,

n
() - )
p¥i/(logp)"V?  e#? 1
2vor  Br P
as n — oo. Considering Ex;; = 0, it is easy to see that the above also holds if 312 is replaced
by —y12. These and (47) imply that

N p2 —p ' 6—2/2 1 e

A . )
2 Ver p* 8w

(48)

as n — oo.
Recall (45) and (46), to complete the proof, we have to verify that b; ,, — 0 and bg,, — 0
as n — oo. By (46), (47) and (48),

IN

bin 2p°P(A1s)?

8p° A2 1
s e
(»* —p) p
as n — oo. Also, by (46),

ban < 2p3P(|y12| > Vay +nz, |yis| > Van +nz)
n
2
= 2p3E{P1(| Z:pklxm[ > tn\/nlogp) }
k=1

where P! stands for the conditional probability given {zr1;1 < k < n}, and t, =

Van, +nz/y/nlogp — 2. By Lemma 6.7, the above expectation is equal to O(pc™*) as
n — oo for any € > 0. Now choose € € (0, 1), then by ,, = O(p~!) — 0 as n — oo. The proof
is then completed. |

Proof of Theorem 3. By the first paragraph in the proof of Theorem 1, w.l.0.g., assume
¢ =0 and ¢ = 1. From Proposition 6.3 and the Slusky lemma, it suffices to show
nQLgL — Wg .

n

0 (49)
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in probability as n — oco. Let A,, = |nL, — W,,| for n > 1. Observe that
In2L2 — W2| = [nL, — Wy - [nLp + Wa| < Ay - (A, +2W,,). (50)

It is easy to see from Proposition 6.3 that

W
vnlogp

in probability as n — oco. By Lemma 6.1,

— 2 (51)

Ap < |nly — Xr:LFXnm < (b%,l + Qbml)Wnb;,% + nb;,%b?z,4-

By (ii) of Lemma 6.5, b, 3 — 1 in probability as n — oo, {\/n/logpb, 1} and {\/n/logpb, 4}

are tight. Set bj, ; = \/n/logpb, 1 and by, 4 = \/n/logpby 4 for all n > 1. Then {b;, ;} and
{b,, 4} are tight. Tt follows that

ATL logp /2 / n —2 —2172
< |4/ bo, +2b c——— b 5+ b _%b
logp = ( n n,1 n,1 /7,” log n,3 n,3°n,4

which combining with (51) yields that

{loAgnp} is tight. (52)

This and (51) imply that {A!,} and {W]} are tight, where A := A, /logp and W, :=
Wh/+v/nlogp. From (50) and then (27),

n2L2 — W2 (logp)A;{(logp)A;l + 2\/nlong,’l}
n o n
1 3 1
< 2\/( L) (\/ LA+ W) =0 (53)
n n
in probability as n — oo since logp = o(n'/3). This gives (49). |

6.4 Proof of Theorem 4

We begin to prove the Theorem 4 by stating three technical lemmas which are proved in
the Appendix.

LEMMA 6.10 Let {(up, ug2, ups, ura)’; 1 < i < n} be a sequence of i.i.d. random vectors
with distribution Ny(0,%4) where

, ] < 1.

S 3 O =
o O = O
S = O 3
— o O O
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1/2

Set a, = (4nlogp — nlog(logp) + ny)'/* for n > e® and y € R. Suppose n — o0, p — o0

with log p = o(n'/3). Then,

n n
1
sup P(| E Up1Uk2| > ap, | E Ug3Upa| > an) = O( 476> (54)
Ir|<1 k=1 k=1 p

for any € > 0.

LEMMA 6.11 Let {(up1, ug2, ups, ura)’; 1 < i < n} be a sequence of i.i.d. random vectors
with distribution N4(0,%4) where

1 0 T1 0
0 1 0
5, = "2 Il <1, Jre| < 1.
r T9 1 0
0 0 0 1
1/2

Set a,, = (4nlogp — nlog(logp) + ny)'/* for n > e and y € R. Suppose n — o0, p — 00

with logp = o(n1/3). Then, as n — oo,

n n
_8
sup P(|Zuk1uk2| > an, | Y ukgupal > an> = O<p 3+6)
1], [ra|<1 k=1 k=1
for any € > 0.

LEMMA 6.12 Let {(up, g2, ups, ura)’; 1 < i < n} be a sequence of i.i.d. random vectors
with distribution N4(0,%4) where

1 0 T 0
0O 1 0
Yy = " ;o <1, ] < 1
rr 0 1 0
0 9 0 1

Set a, = (4nlogp — nlog(logp) + ny)'/? for n > e and y € R. Suppose n — co, p — 00

with logp = o(n'/3). Then, for any & € (0,1), there exists eg = €(6) > 0 such that

n n
sup P<| Zumuw\ > G, |Zukauk4\ > an> = O(pﬁ*eo) (55)
k=1 k=1

IT1], [r2|<1-6

as n — oo.
Recall notation 7, ¥ = (04;)pxp and X, = (2ij)nxp ~ Np(p, X) above (11).
PROPOSITION 6.4 Assume p =0 and o5 =1 for all 1 <1i <p. Define

Vo=Vhr=  max \xZTa:J] (56)
1<i<j<p, |j—i|>7
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Suppose n — 00, p = p, — oo with logp = o(n'/3), 7 = o(p') for any t > 0, and for some
d€(0,1), T'ps| =o(p) as n — oco. Then, under Hy in (11),

P (V”Z — O < y) o Kev?
n

as n — oo for any y € R, where a,, = 4nlogp — nlog(logp) and K = (v/8m)~L.

Proof. Set a,, = (4nlogp — nlog(logp) + ny)1/2,

A:{',';1<'<'<,'—'>, <14, A <1—6},

p=1(0,7); 1<i<j<p,j z_Tlgrgclgfép{!mkl}_ 1§r,51§;<§p{\r]kl}_
n

V! = max

(i7j)€AP

k=1

Step 1. We claim that, to prove the proposition, it suffices to show

Tim P (V) <ay) = e K" (58)
for any y € R.
In fact, to prove the theorem, we need to show that
Tim P (V> ay) =1—e " (59)

for every y € R. Notice {xy;, 1;; 1 < k < n} are 2n ii.d. standard normals if |j —i| > 7.
Then

P(V,>a, < P (VA > an) + ZP(| kalxk7+1| > an>
k=1

where the sum runs over all pair (4, j) such that 1 <i < j < p and one of 7 and j is in I, 5.
Note that 21121 +41] < (23, +27,,1)/2, it follows that Eelrnzir1l/2 < o0 by independence
and Eexp(N(0,1)%/4) < oc. Since {xp1,Zr,41; 1 < k < n} are i.i.d. with mean zero and
variance one, and y,, := a,/v/nlogp — 2 as n — oo, taking @ = 1 in Lemma 6.9, we get

1 " a
L P
vnlogp kzl vnlogp
5 p_y%/Q(logp)_l/Q C_y/2 1
' 2om NG

as n — o0o. Moreover, note that the total number of such pairs is no more than 2p |}, 5|.

(60)

Therefore,

n
P(Vy>an) <P(Vy>a,) < P(V)>an)+2p| Tyl P<\ Zxklxkr—H’ > an>
k=1

< P(Vy>an)+ o(p?) - O(plz) (61)
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by the assumption on I'y 5 and (60). Thus, this joint with (59) gives (58).
Step 2. We now apply Lemma 6.2 to prove (58). Take I = A,. For (i,5) € I, set Z;; =
| 22 k=1 Thihsl,

B;; ={(k,1) € Ap; |s —t| < 7 for some s € {k,l} and some t € {3, j}, but (k,{) # (i,))},
an =+Va, +ny and A = {|Z;;| > an}.

It is easy to see that | B; ;| < 2:(27+27)p = 87p and that Z;; are independent of { Zy;; (k,1) €
Ap\B; ;} for any (i,j) € Ap. By Lemma 6.2,

‘P(Vn < an) - 6_)\”‘ < bl,n + b2,n (62)
where
An = Ap| - P(A1741), bin <> ) P(A1)? =87p°P(A1+41)° and (63)
deA, d'€B,
b27n < Z Z P(Zd >t Ly > t) (64)

deA, d#d'€B,

from the fact that {Z;;; (i,7) € A,} are identically distributed. We first calculate A,,. By
definition

2

p . o o
5>!Ap! > ‘{(17])§1§Z<]§p>]_127}_2p"rp,6|
p—T
= > (p—7—i+1)—2p Tpsl.
=1

Now the sum above is equal to Y"1 j = (p — 7)(p — 7 +1)/2 ~ p*/2 since T = o(p). By
assumption |I', 5| = o(p) we conclude that

2
p
Ayl ~ 2 (63)

as n — oo. It then follows from (60) that
e_y/Q e_y/z

1
V2T 'PN V8w

2
p
>\TL ~ —
. (66)

as n — 0o.
Recall (62) and (66), to complete the proof, we have to verify that b; ,, — 0 and bg,, — 0
as n — oo. Clearly, by the first expression in (63), we get from (66) and then (65) that

. 8T 3/\721 T
bl,n < 87—p3P(AlT+1)2 - b 2 O <> —0
|Ap| p

as n — oo by the assumption on 7.
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Step 3. Now we consider by ,. Write d = (dy,d2) € A, and d' = (d3,ds) € A, with di < do
and d3 < dy. It is easy to see from (64) that

bom <2 P(Zg> an, Zg > an)
where the sum runs over every pair (d, d’) satisfying
d,d € Ay, d#d, di <ds and |d; — dj| < 7 for some i € {1,2} and some j € {3,4}. (67)
Geometrically, there are three cases for the locations of d = (dy,d2) and d' = (ds, d4):
(1)d2 < dsz; (2)d1 <dg <dy <dp; (3)d1 <d3 <da <dy. (68)
Let ©; be the subset of index (d,d") with restrictions (67) and (j) for j = 1,2,3. Then

3
bon <2> > P(Zg> an, Za > ay). (69)
i=1 (d,d")eQ;

We next analyze each of the three sums separately. Recall all diagonal entries of X in
N,(0, ) are equal to 1. Let random vector

(w1, wa, -+ ,wp) ~ Np(0, X). (70)

Then every w; has the distribution of N(0,1).
Case (1). Evidently, (67) and (1) of (68) imply that 0 < d3 — da < 7. Hence, || < 7p3.
Further, for (d,d') € 4, the covariance matrix of (wg,, wq,, W4,, Wq,) is equal to

o o o =
O R = O
= =)
= =)

for some 7 € [—1, 1]. Thus, the covariance matrix of (wg,, w4, , W4y, wa,) is equal to

1 0 v~ 0
01 00
v 0 1 0
0 0 01

Recall Zg = Zg, 4, = Zdydy = | Y p—1 Thdy Tkd,| defined at the beginning of Step 2. By
Lemma 6.10, for some € > 0 small enough,

Z P(Zy> an, Zy > an) = Z P(Zayq, > an, Zay,dy > an)
(dd)e (dd)e
1 T
3 _
< p -O(pH) _0<p176) -0 (71)
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as n — oo since 7 = o(p') for any t > 0.
Case (2). For any (d,d’) € Qg, there are three possibilities.
(I): |dy —ds| < 7 and |d2 —da| < 7; (II): |d1 —ds| < 7 and |dy —d4| > 7; (II): |dy —ds| > T
and |da — dy4| < 7. The case that |dy — d3| > 7 and |d2 — d4| > 7 is excluded by (67).

Let Qo be the subset of (d,d’) € Qg satisfying (I), and Qg ;7 and Qg 77 be defined
similarly. It is easy to check that [Qg ;| < 72p?. The covariance matrix of (wg, , Wy, Wz, Wa, )

is equal to
1 0 Y1 0
0 1 0 v
v 0 1 0
0 Y2 0 1

for some 1,72 € [-1,1]. By Lemma 6.12,

7.2
N P(Zi> an Zy > an) = O(TO) =0 (72)
(d,d,)EQQ’] p
as n — oo.

Observe |Q9 77| < 7p. The covariance matrix of (wg, , Wa,, Was, wq,) is equal to

1 0 ~ O
01 00
, hl<L
v 010
00 01
By Lemma 6.10, take ¢ > 0 small enough to get
SN P(Zi> an Za >an):O< 177) 0 (73)
p

(d,d")eQa 11

as n — oo.
The third case is similar to the second one. In fact, |Q 77| < 7p3. The covariance
matrix of (wq, , wa,, Wy, wq,) is equal to

100 0
01 0 ~

<1
001 0| M=
0~ 0 1

Thus, the covariance matrix of (wq,, w4, , Wq,, W4,) is equal to ¥4 in Lemma 6.10. Then, by
the same argument as that in the equality in (71) we get

N P(Zi> an Za > an) = O( 17_) —0 (74)
(d,d")€Qa 1171 p
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as n — oo by taking € > 0 small enough. Combining (72), (73) and (74), we conclude
> P(Zg>an, Zy > an) >0
(d,d")eQa
as n — oo. This and (71) together with (69) say that, to finish the proof of this proposition,
it suffices to verify

> P(Zg>an, Zg > an) >0 (75)
(d,d/)eﬂg

as n — 00. The next lemma confirms this. The proof is then completed. |
LEMMA 6.13 Let the notation be as in the proof of Proposition 6.4, then (75) holds.

Proof of Theorem 4. By the first paragraph in the proof of Theorem 1, w.l.o.g., we
prove the theorem by assuming that the n rows of X,, = (2i;)1<i<n,1<j<p are i.i.d. random
vectors with distribution N,(0,%) where all of the diagonal entries of ¥ are equal to 1.
Consequently, by the assumption on X, for any subset E' = {i1,i9, - ,in} of {1,2,--- p}
with |ig — i > 7 for all 1 < s <t < m, we know that {zy;; 1 <k <n,ie€ E} are mn iid.
N(0, 1)-distributed random variables.

Reviewing the proof of Lemma 6.5, the argument is only based on the distribution of
each column of {z;;}nxp; the joint distribution of any two different columns are irrelevant.
In current situation, the entries in each column are i.i.d. standard normals. Thus, take
a = 2 in the lemma to have

bn,3 — 1 in probability as n — oo,

{ logp bn,l} and {1 /é bn74} are tight (76)

as n — 00, p — oo with logp = o(n), where by, 1, by 3 and by, 4 are as in Lemma 6.5. Let

Vi = Vir = (vij)pxp be as in (56). It is seen from Proposition 6.4 that
Var
vnlogp

in probability as n — 0o, p — oo and log p = o(n'/3). Noticing the differences in the indices

— 2 (77)

of maxi<j<j<p|pij| and max,<;cj<p |i—j|>r |Pij| = Ln,r, checking the proof of Lemma 2.2
from Jiang (2004a), it is easy to see that

A, = max
1<i<j<p, li—j|>7

Now, using (76), (77) and (78), replacing W), with V,, ; and L,, with L,  in the proof of
Theorem 3, and repeating the whole proof again, we obtain
L2, V2,
n
in probability as n — oo. This joint with Proposition 6.4 and the Slusky lemma yields the

npij — Vij n

< (b} 1 + 2bn,1) Vi b 3 + mby 307 4. (78)

— 0

desired limiting result for L,, ;. |
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7 Appendix

In this appendix we prove Proposition 6.2 and verify the three examples given in Section
4. We then prove Lemmas 6.5 - 6.7 and Lemmas 6.9 - 6.13 which are used in the proof of

the main results.

Proof of Proposition 6.2. We prove the proposition by following the outline of the proof
of Proposition 6.1 step by step. It suffices to show

W,
i > _
Tlim. P( 2 2+2e) 0 and (79)
. W,
tm P(togy =2 ¢) = (50

for any € > 0 small enough. Note that |z11712]| = |211]2 - |212]¢ < |211]%2 + |212]?@ for
any ¢ > 0. The given moment condition implies that E exp (to]l’u!w /=6 )) < 00. Hence
Eexp (|x11|%) < oo and Fexp (]x11x12|%) < 00. By (i) of Lemma 6.4, (30) holds for
{pn} such that p, — oo and log p, = o(n”). By using (29) and (31), we obtain (79).

By using condition E exp{to\xu\%} < 0o again, we know (35) also holds for {p,} such
that p, — oo and log p,, = o(n”). Then all statements after (32) and before (38) hold. Now,
by Lemma 6.7, (39) holds for {p,} such that p, — oo and logp, = o(n?), we then have
(40). This implies (32), which is the same as (80). [ |

Verifications of (23), (24) and (25). We consider the three one by one.

(i) If 211 ~ N(0,n7 1) as in (19), then ¢ and 7 are ii.d. with distribution N(0,1). By
Lemma 3.2 from Jiang (2005), I>(z) = (z —1—logx)/2 for x > 0. So I»(1/2) > 1/12. Also,
since Bef1 = Eef8/2 = (1 — 62)71/2 for |0] < 1. 1t is straightforward to get

Vax?+1-1 1. V4?2 +1+1
Lz)=———— = Zlog————, =z >0.
2 2 2

Let y = 7“15‘2;'1_1. Then y > 222 /3 for all || < 4/5. Thus, I1( ) =
for |z| < 4/5. Therefore, g(t) > min{Il;(}), 5} > mm{12 &1}
1/(2k — 1) < 1if k > 1. By Proposition 4.1, we have

y— %21 g(l+y) > §> %
= L for |t| < 1. Since

- n
P(@k-1)Ly<1)21-3pfexp{ — " 1
( JLn <1) 21—3p°exp 22k —1)? (81)
for all n > 2 and k > 1, which is (23).
(ii) Let z1; be such that P(x;; = £1/y/n) = 1/2 as in (20). Then £ and 7 in Proposition
4.1 are i.i.d. with P(¢ = 1) = 1/2. Hence, P(én = £1) = 1/2 and &2 = 1. Immediately,
Ir(1) = 0 and Ir(z) = +oo for all # # 1. If a = log 3 ~ 0.405, then E(Z2e%l) = e < 3
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with Z = &n. Thus, by Lemma 6.8, I1(z) > x2/3 for all 0 < z < % < 370‘ Therefore,
g(t) > % for0<t< g. This gives that

- n
P(@k=1)Ly<1)21-3pfexp{ — " 2
( Jln <1) =1—3p°exp 22k — 1) (82)
provided %%1 < g, that is, k > % We then obtain (24) since k is an integer.
(iii) Let 11 be such that P(x1; = £4/3/n) = 1/6 and P(z11 = 0) = 2/3 as in (21). Then
¢ and 7 in Proposition 4.1 are i.i.d. with P(¢ = £4/3) = 1/6 and P(¢ = 0) = 2/3. It follows
that P(Z = 43) = 1/18 and P(Z = 0) = 8/9 with Z = &n. Take o = $log3 > 0.13.
Then B(Z2e%?l) = 2X9¢3% = 3 Thus, by Lemma 6.8, I1(z) > 2?/3 for all 0 < z < 32
3log 3 ~ 0.2027. Now, P(¢? =3) = § =1 — P(¢? = 0). Hence, £?/3 ~ Ber(p) with p =
It follows that

W=

I(z) = sup {(39)§ — log E€39(€2/3)}
S 3

-G ()

for 0 < z < 3 by (b) of Exercise 2.2.23 from [21]. Thus, I>(3) = #log 3+ 2log 2 ~ 0.0704 >
%. Now, for 0 <t < %, we have

t 1 21 12
£) = '{17,17}> -{7’7}:7_
g(t) = min L1(3), I>(3) p 2 ming 15, 757 = 15

Easily, t := Tl—l < % if and only if £ > %. Thus, by Proposition 4.1,

. n
Pk DE < 1) 21 ylen] ")
(2k—-1)L,<1) > 3p”exp 202k = 1) (83)
for all n > 2 and k > I. We finally conclude (25) since k is an integer. [

Proof of Lemma 6.5. (i) First, since x;;’s are i.i.d. bounded random variables with mean
zero and variance one, by (i) of Lemma 6.4,

P(y/n/logpb,4s > K) = P< max

1<i<p

1 n
k=1

1 n
< o (b el 2 )

1
< p.e (K*/3)logp R 0 (85)

as n — oo for any K > +/3. This says that {\/n/logpb,.4} are tight.
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Second, noticing that [t—1| < [t?—1]| for any ¢ > 0 and nh? = ||z; —z;||* = 2] 2; —n|z;|?,

we get that
1 n
2 2
bui < max b —1l < max | kz_fx’“' TR Zx’“
= Zn+biy, (86)

where Z,, = maxi<i<p ‘n Oy 1(95%Z ‘ Therefore,

logp 2
./ ‘ / . 87
logp 10 logp ) (87)

Replacing “zy;” in (84) with “:1:,“ — 1”7 and using the same argument, we obtain that
{\/n/logp Z,} are tight. Since logp = o(n) and {\/n/logpb, 4} are tight, using (27) we
know the second term on the right hand side of (87) goes to zero in probability as n — oc.
Hence, we conclude from (87) that {\/n/logpby 1} are tight.

Finally, since logp = o(n) and {y/n/logpby, 1} are tight, use (27) to have b,; — 0 in
probability as n — oo. This implies that b, 3 — 1 in probability as n — oo.

(ii) By (85) and (87), to prove the conclusion, it is enough to show, for some constant
K >0,

P(‘\/niTgixm‘zK)HO and (88)

> K 0 89
(’\/nlog ; ‘ ) - (89)
as n — co. Using a, := v/Iog p, = o(n?/?) and (i) of Lemma 6.4, we have
1
) > K) K2/3 and

1 n
P( ’ vnlogp Z:Ukl

(’\/sz’“_l EE K2/3

as n is sufficiently large, where the first inequality holds provided E exp (t0]x11 ’2ﬁ/ (1+ﬁ)) =
E exp(to|z11]/*/2) < oo; the second holds since Eexp (to|z2, — 1|2%/0+0)) = Eexp(to|z?, —
1\0‘/2) < oo for some to > 0, which is equivalent to Ee'l*111* < oo for some ty > 0. We then
get (88) and (89) by taking K = 2. [ |

Proof of Lemma 6.6. Let G,, = {|>_}_; 27, /n — 1| < 6}. Then, by the Chernoff bound
(see, e.g., p. 27 from Dembo and Zeitouni (1998)), for any § € (0, 1), there exists a constant
Cs > 0 such that P(G¢) < 2e7"% for all n > 1. Set a, = t,\/nlogp. Then

TR 2 —nC,
U, < E{P (| kzlxklm\ > an) IGn} 4 2¢"Co (90)
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for all n > 1. Evidently, |zg12k2| < C?, El(zp1282) = 0 and E'(w1242)% = 2%, where E!
stands for the conditional expectation given {zx1, 1 < k < n}. By the Bernstein inequality
(see, e.g., p.111 from Chow and Teicher (1997)),

n 1
(22:1 $%1 + C2ay,) } Cn

a2

(14 5)nn+ C?%ay,) }

n
2
Pl(]Zxkla:k2| > an) Ig, < 4‘exp{ —
k=1

< 4-exp{—

1

ST (1)

as n is sufficiently large, since a2 /(n(1+8) +C?a,) ~ t2(logp)/(1+4) as n — oo. Recalling
(90), the conclusion then follows by taking § small enough. [ |

Proof of Lemma 6.7. Let P2 stand for the conditional probability given {zy2, 1 < k < n}.
Since {z;;; i > 1, j > 1} are i.i.d., to prove the lemma, it is enough to prove

U, = E{P2<\ ixklxm[ > tnm)Q} =0 (ptgl) (92)
k=1

as n — 00. We do this only for convenience of notation.
Step 1. For any z > 0, by the Markov inequality
P(max |zyo| > z) < nP(|z12| > z) < Cne~ 02" (93)
1<k<n

where C' = Fe'l*11® < 0. Second, the given condition implies that Betlen|/0+9 oy

for any ¢t > 0. For any € > 0, by (ii) of Lemma 6.4, there exists a constant C' = C, > 0 such
that

‘E:Z:1$z2“”‘ —CenP
P o) <e (94)

for each n > 1.
Set by, =n=0/4 4, = ExiiI(|xi| < hy),

Yij = wigl (|2ij] < hn) = ExijI(|2ij] < hn)

zij = wijl(|xij| > hn) — Exil(|2i;] > hn) (95)
for all ¢ > 1 and j > 1. Then, x;; = y;; + 2;; for all 4,5 > 1. Use the inequality P(U +V >
u+v) < P(U >u)+ P(V > v) to obtain

n 2
P2<| Zxklxm\ > tn\/nlogp)
k=1
n 2 n 2
< 2P20§:ymxm\>(%fﬂﬂvnk%p) +2PQO§:ZM$M\>5VQI£E)
k=1

k=1
= 24, +2B, (96)
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for any § > 0 small enough. Hence,
v, <2FA, +2EB, (97)

for all n > 2.
Step 2: the bound of A,. Now, if maxj<p<y, |Tk2| < hp, then |ypzie| < 2h2 for all k > 1. Tt

then follows from the Bernstein inequality (see, e.g., p. 111 from Chow and Teicher (1997))
that

Ar = P13 amial > (b= 0)v/nlogp )
k=1

(tn — 5)2nlogp
< 4. -
= Rexp { E(yd,) Sor, 22, + 2h2(tn — 6)y/nlogp p}
(tn - 6)271 logp
< 4. -
< 4o mﬁmewmwmnﬁm—&wmw}

for 0 < 0 < t,, and %# < e. Notice E(y?;) — 1 and 2h2(t, — 6)v/nlogp/3 = o(n)
as n — o0o. Thus,
(tp — 6)?*nlogp
E(y3))(n + en(B+1)/2) 4 2h2 (t,, — &)\/nlogp

n 2 _
as n — oo. In summary, if maxj<g<y, |zk2| < hy, and %# < ¢, then for any ¢ €

(0,£/2),

~ (t —0)*logp

1

as n is sufficiently large. Therefore, for any € > 0 small enough, take § sufficiently small to
obtain

EA, = E{P2(|zn:yk1xk2]>(tn—5)\/nlogp>2}
k=1

1

| > ke Ty — 1
s e TP loel 2 ha) + P (=i 2 )
1 —h% | _—CenP !
= F‘i‘cne i 4 g=Cen _O<pt2—e) #)

as n — 00, where the second inequality follows from (93) and (94), and the last identity
follows from the fact that A% = n® and the assumption logp = o(n?).
Step 3: the bound of By,. Recalling the definition of z;; and p, in (95), we have

VB, = Pz(\zzk1$k2!>5vn10gp)
=1

< P sumal{lonl > bl > 3v/alogp/2) + 113l > 5 5L )
k=1

.= Cyp+ Dy, (100)
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Now, by (93),

Cp < P(lgllfg(n |Zr1| > hp) < Cne ton = Cne~ton”. (101)

Basily, |pin| < Elz|I(|Jz11] > hy) < e 0M2E(|oy|ebolonl®/2) = Cemton"/2 Also, P(| Y5y el >
x) <> p i P(Ink| > x/n) for any random variables {n;} and = > 0. We then have

ED, — <|Z$k2|> dv/nlogp )

2(e™" + |nl)
dv/nlogp
< nP >
=" ('9“” 2n(e " + yun|)>
< nP<|x11| > etonﬁ/s) <e™" (102)

as n is sufficiently large, where the last inequality is from condition Eefol#11l* < oo, Conse-
quently,

EB, < 2E(C2) + 2E(D?) = 2E(C2) + 2E(D,) < e~ (103)

as n is sufficiently large. This joint with (97) and (99) yields (92). [ |

Proof of Lemma 6.9. Take vy = (1 — 3)/2 € [1/3,1/2). Set
= &1(1&) < 1), pn = Eny and 02 = Var(n), 1<i<n. (104)

Since the desired result is a conclusion about n — oo, without loss of generality, assume
on > 0 for all n > 1. We first claim that there exists a constant C > 0 such that

maX{|,u,n|, oy — 1], P(l&1] > nv)} < e /0 (105)
for all n > 1. In fact, since F¢; = 0 and ay = g,
il = |B& (1] > n)] < Elal(1&1] > n7) < E(Jerfe@17/2) emom"/2 (106)

for all n > 1. Note that |0, — 1| < |02 — 1| = p2 + E€21(|&| > n?), by the same argument
as in (106), we know both |0, — 1| and P(|¢1]| > n?) are bounded by Ce~""/C for some
C > 0. Then (105) follows.

Step 1. We prove that, for some constant C' > 0,

for all n > 1. Observe

&=mn for 1<i<n if max |§ <n. (108)
1<i<n
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Then, by (105),

vnlogp, — Yn vnlogp, 1<i<n

< P( Zi:l i
- vnlogp,

for all n > 1. Use inequality that P(AB) > P(A) — P(B°) for any events A and B to have

P2 2y) < P > a6l <) + Pl > 1))
=1

> yn) + Cne™’/C (109)

S, S,
P<7” > ) > P(7"> , | < 7)
vnlogp, — hn) = vnlogp, — Un lrg%)(fz‘gz| ="

Zn—1 i
vnlogp, — Yn: 1?% Gl = n

D i1 M —nBC
(\/nlogpn =Y ) e

where in the last step the inequality P(maxi<i<y [&] > n7) < Cne=""/C is used as in (109).
This and (109) concludes (107).
Step 2. Now we prove

n . —x2 /2
P(izzz1 B> yn) ~ < (110)
vnlogpy V21,
as n — 0o, where
=yl /logp, and 7, = =S Yn — n 1 (111)
First, by (105),
l1—0 1 n _nB
Y = ynl < | "’yn+—- —— || < e/ (112)
On On log pn,

for all n > 1 since both o, and y, have limits and p, — oc. In particular, since logp, =
o(n”),

zn = o(n?/?) (113)
as n — o0o. Now, set
i =
On
for 1 <i < n. Easily
Znﬂ i Znﬂ n; /
P(Z;> ):P(Z;’> ) 114
Vnlogp, — Yn Vnlogp, — In (114)



for all n > 1. Reviewing (104), for some constant K > 0, we have |n}| < Kn" for 1 <i <n.
Take ¢, = Kn"~Y/2, Recalling z,, in (111). It is easy to check that

n 1/2 n
Sp 1= (ZEnéz) =/n, op = ZE|17;|3 ~nC, |n| <cpsyand 0 < ¢, <1
i=1 i=1

as n is sufficiently large. Recall v = (1 — 3)/2, it is easy to see from (113) that

0< <
S 8¢,

for n large enough. Now, let v(x) be as in Lemma 6.3, since 3 < 1/3, by the lemma and
(113)

3
< 2:6”@” =0 (n%7%> — 0 and m

‘7(@) <

Sn

=0mP12) 0

3 3
Sn Sn

as n — oo. By (111) and (112), zys, = y,,v/nlogp, and x, — oo as n — oo. Use Lemma

6.3 and the fact 1 — ®(t) = ﬁe_ﬁ/z as t — 400 to obtain
> i1 / - ! e /2
P<#2y):P( n-sz)leq):c ~ 115
Vnlogp, — 7" ; L () V2mx, (115)
as n — oo. This and (114) conclude (110).
Step 3. Now we show
- —y2/2 -
e pn"(logpn) 2 =w (116)
Ve, Vary '
as n — oo. Since y, — y and o, — 1, we know from (112) that
V2rx, = V2my, (log pn)'/? ~ V2my (log pn) /2 (117)
n
as n — oo. Further, by (111),
2
o—72/2 Y 1
= o { = 2+ Dlogpa | = exp {5 (42— v2) logpn |- (118)
Dn"

Since y, — vy, by (112), both {y,} and {y/,} are bounded. It follows from (112) again that
ly2 — y2| < Clyn — Y| = O(e_”ﬁ/c) as n — co. With assumption log p, = o(n®) we get
e~Tn/2 p;y’% ? as n — 0o, which combining with (117) yields (116).
Finally, we compare the right hand sides of (107) and (116). Choose ¢’ > max{y2; n >
1}, since log p,, = o(n?), recall w, in (116),
2¢—"/C

Wn

= 22wy (logpn)l/Zp%’%/ze*”ﬁ/C

= 0O <n5/2 - exp {C’logpn — 715})

= O(nﬁ/Q-eXp{—gg}> — 0
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as n — oo for any constant C' > 0. This fact joint with (107), (110) and (116) proves the

lemma. [ |

Proof of Lemma 6.10. For any Borel set A C R, set Py(A) = P(Alugi, ugs, 1 < k <n),
the conditional probability of A with respect to wugy,ugs, 1 < k < m. Observe from the
expression of ¥4 that three sets of random variables {ugy, uks; 1 < k < n}, {ug; 1 <k <n}
and {ugq; 1 <k < n} are independent. Then

n n
P(! > ukiuga| > an, | urgtga] > an)
k=1 k=1

n n
= E{P2<!Zuk1uk2| > an)P2(|Zuk3uk4| > an)}

{E P2<| Zn:uklukgl > an>2}1/2 . {E Pg(\ zn:ukguM] > an>2}1/2

k=1 k=1

IN

by the Cauchy-Schwartz inequality. Use the same independence again

n n

Pg(\ Zuklukg\ > an> = P(] Zuklum\ > aplug, 1 < k< n); (119)
k=1 k=1
n n

P2<| Zuk3uk4\ > an> = P(] Zuk3uk4| > aplugs, 1 <k < n) (120)
k=1 k=1

These can be also seen from Proposition 27 in Fristedt and Gray (1997). It follows that

n n
sup P(| Zuklum[ > ay, |Zuk3uk4] > an>
k=1 k=1

Ir|<1
2
Ui, - aunl) }

n

< E{P<\ > uriupe| > an
k=1

Since {ug1; 1 < k < n} and {uge; 1 < k < n} are independent, and t, := a,/v/nlogp —

t = 2, taking o = 2 in Lemma 6.7, we obtain the desired conclusion from the lemma. ]

Proof of Lemma 6.11. Since ¥4 is always non-negative definite, the determinant of the
first 3 x 3 minor of ¥4 is non-negative: 1 —r% —r% > 0. Let rg = /1 — r% - r% and {ugs; 1 <
k < n} be ii.d. standard normals which are independent of {ux;; 1 < i < 4;1 < k < n}.
Then,

d
(w11, w12, w13, u14) = (U1, w12, r1UI1 + T2UL2 + T3ULS, Uld).
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Define Z;; = | Y p_, ugiug;| for 1 < i,j <5 and r5 = r3. By the Cauchy-Schwartz inequality,

n

n
1> (g + rowke + r3ugsYupsl <> il 1Y upitigl
k=1

k=1 i€{1,2,5}
/2

IN

1/2 1
(i +m3+03) " (2l + 28+ 22)
V3 - max{Z4, Zos, Zsa}.

IN

It follows from the above two facts that

n n
P(l > uriuge| > an, | urstupa| > an)
=1 k=1

< P<Z12 > ap, max{Z4, Lo, Zsa} > ai)

V3

IN

a
E P<Z12 > Ay, Zig > i)
1€{1,2,5} \/§

an an
= 2P<Z12 > Uy, L14 > ﬁ) + P<Z12 > an) -P<Z54 > ﬁ> (121)
by symmetry and independence. For any Borel set A C R, set P1(A) = P(Alugi, 1 <k <
n), the conditional probability of A with respect to ugi, 1 < k < n. For any s > 0, from
the fact that {ugy}, {uke} and {ugs} are independent, we see that

P(Z12 > an, Z1a > san) E(P1(212 > ay) - PY(Z14 > san)>

< {E PY(Z1y > an)Q}l/Q : {E PY(Zu > san)Q}I/z

by the Cauchy-Schwartz inequality. Taking t,, := a,/v/nlogp — t = 2 and ¢, := sa,/v/nlogp —
t = 2s in Lemma 6.7, respectively, we get

EP1(212 > an)2 = O(p_4+€) and EPI(ZM > san)2 = O(p_452+6)
as n — oo for any € > 0. This implies that, for any s > 0 and € > 0,
P(le > Qn, 214 > san> < O(p_2_252+5) (122)

as n — oo. In particular,

a _8
P(Zlg > Qp, Zg > 7%) < O(p 3+€) (123)
as n — oo for any € > 0.
Now we bound the last term in (121). Note that |ujjuiz| < (u?, +u2,)/2, it follows that

Eelvnu2l/2 < o6 by independence and E exp(N (0,1)2/4) < oo. Since {ug1, up; 1 < k < n}

43



are i.i.d. with mean zero and variance one, and y,, := a,/v/nlogp — 2 as n — oo, taking
a =1 in Lemma 6.9, we get

P(le > an> ( DT ZUk1Uk2| > W)

~yn/2(] —-1/2 -y/2 1
22w V2m p
as n — oo. Similarly, for any ¢ > 0,
P(le > tan) - o(p*ZtQ“) (125)
as n — oo (this can also be derived from (i) of Lemma 6.4). In particular,
a a 2
P(Z5> %) = P(Z2> %) =0(pi+) 126
54 /3 12 /3 p (126)

as n — oo for any € > 0. Combining (124) and (126), we know that the last term in (121)
is bounded by O(p‘§+5) as n — oo for any € > 0. This together with (121) and (123)
concludes the lemma. |

Proof of Lemma 6.12. Fix ¢ € (0,1). Take independent standard normals {ugs, uxs; 1 <
k < n} that are also independent of {ug;; 1 <1i < 4; 1 <k < n}. Then, since {ug1, ur2, ugs, ure; 1 <
k < n} are ii.d. standard normals, by checking covariance matrix ¥4, we know

d
(u11, 12, u13, u14) = (w11, w12, U1 + 71Ut T2ut2 + ThHUE) (127)

where r{ = /1 —r% and ry = \/1 — r3. Define Z;; = | Y}'_; ugjug;| for 1 <4, < 6. Then

n

| Z(Tlum + 7 ugs ) (roure + rouke)|

k=1
< ‘T‘lrg‘Zlg -+ |7“17"’2|216 + ’T/17“2’ZQ5 + ‘T’lré‘Zg)G
< (1 — 5)2212 +3max{Zl6,Z25,Z56} (128)

for all |rq], [ra] <1—0. Let a = (1+ (1 —-6)?)/2, 8 =a/(1 —§)? and v = (1 — a)/3. Then
G>1 and v >0. (129)

Easily, if Z19 < Bayn, max{Zi¢, Zos, Z56} < 7yan, then from (128) we know that the left hand
side of (128) is controlled by a,. Consequently, by (127) and the i.i.d. property,

n
P(Zi2 > an, Z34 > ap) = P(le > an, | Y (riugy + rius) (rauke + rhuke )| > an)
k=1

< P(212 > an7Z12 > ﬂan) + Z P(Z12 > Qp, ZZ'G > ’Yan)
1€{1,2,5}
= P(Z12 > Ban) +2P(Z12 > an, Z16 > Yan)

+ P(Z12 > an) . P(Z56 > van) (130)
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where “2P(Z19 > an, Z16 > 7yay)” comes from the fact (Z12, Z16) 4 (Z12, Zag). Keep in
mind that (Zi2, Z16) % (Z12, Z14) and Zsg < Z15. Recall (129), applying (122) and (125) to
the three terms in the sum on the right hand side of (130), we conclude (55). [

Proof of Lemma 6.13. Reviewing notation {23 defined below (68), the current case is
that dq < ds < ds < dy with d = (dy,d3) and d’ = (ds,d4). Of course, by definition, d; < ds
and d3 < d4. To save notation, define the “neighborhood” of d; as follows:

Ni:{de{l,---,p}; |d—d¢|<7’} (131)

fori=1,2,3,4.

Given d; < dg, there are two possibilities for dy: (a) dg—da > 7 and (b) 0 < dg—dy < 7.
There are four possibilities for ds: (A) ds € N2\N1; (B) d3 € N1\No; (C) d3 € N1NNo; (D)
d3 ¢ N1 U Ny. There are eight combinations for the locations of (ds,d4) in total. However,
by (67) the combination (a) & (D) is excluded. Our analysis next will exhaust all of the
seven possibilities.

Case (a) & (A). Let Q4 4 be the subset of (d,d’) € Q3 satisfying restrictions (a) and (A),
and others such as (), ¢ are similarly defined. Thus,

Z P(Zd > A, Ly > an) < Z Z P(Zd > A, Lyt > an) (132)
(d,d/)Eﬂg 0,0 (d,d/)eﬂg,@

where 0 runs over set {a, b} and © runs over set {A, B,C, D} but (0,0) # (a, D).
Easily, |Q4.4| < 7p® and the covariance matrix of (way, w4, , Was, wa,) (see (70)) is

1 0 ~ O
01 0 O

, <L
v~ 010
0 0 0 1

Take ¢ = 1/2 in Lemma 6.10 to have P(Zg > an, Zy > an) = pp = o(p~7/?) for all
(d,d') € Q4. Thus

> P(Zy>an,Zy > an) = |R| - py — 0 (133)
(d,d")eR

as n — oo for R =, 4.
Case (a) & (B). Notice |, g| < 7p% and the covariance matrix of (wa,, Way, Way, Wa,) i
the same as that in Lemma 6.10. By the lemma we then have (133) for R = Q, p.
Case (a) & (C). Notice |Qq.¢| < 72p* and the covariance matrix of (wgq,, wa,, W4, Wa,) is
the same as that in Lemma 6.11. By the lemma, we know (133) holds for R = Q, ¢.
Case (b) & (A). In this case, |Qj 4| < 72p? and the covariance matrix of (way, W, , Way, Wa, )
is the same as that in Lemma 6.11. By the lemma and using the fact that

P(Zq> an, Zy > an) = P(Z(45,d4,) > s Z(dy,dy) > On)
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we see (133) holds with R = Q 4.

Case (b) & (B). In this case, [ 5| < 72p? and the covariance matrix of (wg, , Wy, Way, Wa, )
is the same as that in Lemma 6.12. By the lemma, we know (133) holds for R = €, .
Case (b) & (C). We assign positions for di,ds,ds,ds step by step: there are at most p
positions for dy and at most k positions for each of ds,d2 and dy4. Thus, || < 7°p. By
(124),

P(Zy> an, Zg > ay) < P(Zg > ap) = P(I Zn:&nil > an) = 0(;)
i=1

as n — oo, where {&;,7;; i > 1} are i.i.d. standard normals. Therefore, (133) holds with
R=Oc.

Case (b) & (D). In this case, | ¢| < 7p* and the covariance matrix of (wg, , wa,, Wa, , W4, )
is the same as that in Lemma 6.10. By the lemma and noting the fact that

P(Zq> an, Zy > an) = P(Z(4,,d5) > s Z(dy,dy) > On)

we see (133) holds with R = Q p.
We obtain (75) by combining (133) for all the cases considered above with (132). [ |
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