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Let V be the m x m upper-left corner of an n x n Haar-invariant unitary matrix.
Let Ay, ..., A, be the eigenvalues of V. We prove that the empirical distribution of a
normalization of A, ..., A, goes to the circular law, that is, the uniform distribution
on {z € C; |z] < 1} as m — oo with m/n — 0. We also prove that the empirical
distribution of A, ..., A, goes to the arc law, that is, the uniform distribution on
{z € C; |z] = 1} as m/n — 1. These explain two observations by Zyczkowski and
Sommers (2000). © 2012 American Institute of Physics. [doi:10.1063/1.3672885]

I. INTRODUCTION

Random unitary matrices (Dyson, 1962) are used in many physical applications such as chaotic
scattering and conductance in mesoscopic system (Beenakker, 1997) and statistical properties of
periodically driven quantum systems (Hakke, 2010). In applications, people often consider trun-
cations of large dimensional Haar unitary matrices, which are used to describe quantum systems
with absorbing boundaries (Casati et al., 1999). Applications of such truncated matrices are found
in optical and semiconductor superlattices (Gliick et al., 2002), problems of quantum conductance
(Forrester, 2006), distribution of resonances for open quantum maps (Fyodorov and Sommers, 2003;
Schomerus and Jacquod, 2005; Nonnenmacher and Zworski, 2007; Pedrosa et al., 2009).

On the other hand, truncations of Haar-invariant unitary and orthogonal matrices have applica-
tion in statistics. In particular, the singular values of such a truncation have the same distribution
as those of a Jacobi matrix (Collins, 2005). In literature, a Jacobi matrix is also called a MANOVA
matrix, which has been used extensively in the multivariate analysis from the field of Statistics.
Some applications of the truncations of Haar-invariant matrices can be found in, for example, Eaton
(1989), Diaconis et al. (1992), and Jiang (2009).

Certain theoretical work on truncations of Haar invariant matrices were carried out by several
authors. For example, Zyczkowski and Sommers (2000) derived the distributions of the absolute
values of the eigenvalues and simulated the empirical distributions of the eigenvalues; Petz and Réffy
(2004, 2005) analyzed the entries and proved a large deviation principle for the eigenvalues; Jiang
(2006, 2009) used independent normal random variables to approximate the entries; Khoruzhenko
et al. (2010) studied the distribution of the eigenvalues of a block of an Haar orthogonal matrix, and
Forrester (2010) further studied the same problem and deduced a formula for the zeros of the Kac
random polynomial.

In this paper, we shall study the spectra of a truncated block of an Haar unitary matrix. To
be precise, for each n > 2, let m = m,, < n be a positive integer. Let {U,; n > 1} be a sequence
of Haar-invariant unitary matrices defined on the same probability space, where U, isann x n
matrix for each n > 1. Denote by Uy, ,,) the m x m upper-left corner of U,,, and by A4, ..., A, the
eigenvalues of Uy, ;. Since the spectral norm of Uy, ,,) is bounded by that of U,,, which is one, we
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know that max | <; < m|Ai| < 1. Define

Mm = %Z(S}“"

Besides their deep theoretical results, Zyczkowski and Sommers (2000) made several simu-
lations about ,,. They found that the behavior of w,, is decided by the ratio m/n. In fact, taking
n=>35,m=2,and m = 4, respectively, and independently generating the m-dimensional vector (X1,

., A,p) Many times, they observed that

“For Us,4), there exist several eigenvalues close to the unit circle, while for stronger

truncation Uys 7) the eigenvalues are clustered closer to the origin.” (1

Through the study of the large deviations for the eigenvalues A, . . ., A,,, Petz and Réffy (2005)
obtained the following result: If m/n — « € (0, 1), then w,, converges weakly to the distribution v
with the probability density function

dvg = ————drdp, z=re"¥ 2)

on {z € C; |z| < /a}. The density, as a function defined on the complex plane, does not depend on
the angle ¢. Therefore it is rotation invariant.

In this paper, we will study u,, for the other two cases: « = 1 and « = 0.

Theorem 1 (Arc Law ): Assume lim,, _, . om/n = 1, then, with probability one,

Mm = %Z(SM

i=1

converges weakly to the uniform distribution on {z € C; |z| = 1}.

Recall the first part of the observations in (1). Thinking that m = 4 is “very close to” n = 5,
Theorem 1 says that not only “several eigenvalues close to the unit circle”, there are m — o(m) of
the eigenvalues close to the circle evenly, that is, they are uniformly distributed on the unit circle in
the limiting sense (see Figure 1).

Let X,, = (x;;) be an n x n Haar-invariant orthogonal or unitary matrix, that is, X,, generates
the Haar probability measure on the classical compact group O(n) or U(n). It is known that the
empirical distribution of the eigenvalues of X,, converges to the arc law as n — co. See, for example,
Diaconis and Shahshahani (1994) and Diaconis and Evans (2001) in this direction. Theorem 1 says
that the arc law still holds if the size of a truncated block of an Haar unitary matrix is large enough.

To state the result for « = 0, we need to review some terminology. Denote by M(C) the
collection of the Borel probability measures defined on the complex plane C. Let ¢ and v be two
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FIG. 1. (Color online) Arc Law as in Theorem 1 for Uy, », where the first is Upaoo, 185, the second is Ujsoo, 4771, and the
third is U[]()o()’ 968]-
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FIG. 2. (Color online) Circular Law as in Theorem 2 for Uy, »,, where the first is U200, 531, the second is Ujsop, 105], and the
third is U[]O()(), 177)-

probability measures on C (or R?). Define

p(, v) = sup , 3)

I fllL=1

/f(X)u(dx)—/ f)v(dx)
C C

where f is a bounded Lipschitz function defined on C with || f|| = sup,.c |f(x)| and | flz
= I/l + sup,,, [ f(x) — f(y)I/Ix — y|. This metric generates the topology of the weak conver-
gence of the probability measures on C (see, e.g., chapter 11 from Dudley (2002)), that is, w,
converges to u weakly as n — oo if and only if lim, _ f Sx) pun(dx) = f fix) u(dx) for every
bounded and continuous function f{x) defined on C, and if and only if p(u,, ) — 0 as n — co. We
endow M(C) with the standard weak convergence topology, which is, as explained, the same one
generated by p(u, v) in (3).

Theorem 2 (Circular Law): Suppose m — 0o and m/n — 0 as n — oo. Let |19 be the uniform
probability measure on {z € C; |z| < 1} and

1 m
My = ZZ](S T, n>1.
i=
Then,
(i) p(m, o) — 0O in probability as n — oo.
(ii) With probability one, ,, converges weakly to pg as n — oo if lim,_, o, m,/+/logn = oo.

In view of the second part of the observation in (1), thinking that m = 2 “is of a small portion”
of n =5, we indeed see from Theorem 2 that “the eigenvalues are clustered closer to the origin.” Fur-
ther, the theorem tells us that by magnifying the eigenvalues with \/g times, they are asymptotically
distributed on the unit disc uniformly (see Figure 2).

Now we make some comments about Theorem 2.

First, by measuring the variation distance between the entries of Uy, and m? independent and
identically distributed complex Gaussian random variables, Jiang (2009) showed that (i) of Theorem
2 holds when m — oo and m = o(y/n) as n — oo. Theorem 2 improves the order to m = o(n). In
fact, the order m = o(n) is the best one to make the circular law hold since a different limit law in
(2) appears when m/n — « € (0, 1).

Second, let Y, = (y;;) beann x nmatrix where y;;’s are independent and identically distributed
random variables. Let Aq, ..., A, be the eigenvalues of Y,,. The circular law problem, that is, the
empirical distribution of A1/+/7, - -+ , A, /+/n goes to the uniform distribution on {z € C; |z| < 1}
as n — 0o, has been studied by some authors including, for example, Girko (1984a, 1984b), Bai
(1997), Pan and Zhou (2010), Tao and Vu (2008, 2009, 2010). Theorem 2 presents a circular law
when the entries of the matrix, unlike those of Y,,, are dependent random variables.

Finally, based on the ratio m/n — o fora =0, € (0, 1) and @ = 1, Theorem 1, (2) and Theorem
2 give a complete characterization of the empirical distributions of Ay, ..., A,, as n — oo.
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The proofs of Theorem 1 (¢ = 1) and Theorem 2 (o = 0) are different from the proof of (2)
(o € (0, 1)) by Hiai and Petz (1998). The limiting law in (2) is proved by large deviations. Now we
state our methodology.

Theorem 1 is proved by using a polynomial method. Let g(z) = det(zL, — Uppm)) = 2"
+ by 12" 4 - -« + by be the characteristic polynomial of Uy, ,,;. We first study the coefficients
b;’s by using the symmetric functions associated with the partitions of integers, an identity from
Diaconis and Evans (2001), the Selberg integral and the Jacobi ensembles. Based on the work of
Erdos-Turdn (1950), Granville (2007) and Hughes and Nikeghbali (2008) give the convergence of
the empirical distribution of the roots of a polynomial converging to the uniform distribution on
{z € C; |z| = 1}. The two steps are then combined to complete the proof.

The main focus of the proof of Theorem 2 is to estimate P(o(u;,, (o) = €). By using an
inequality we first transform the original problem to that on the Ginibre ensemble. An important
ingredient of the estimate is a large deviation for the eigenvalues of the Ginibre ensemble by Hiai
and Petz (1998).

Remark 1.1: In Theorems 1 and 2, we consider blocks of Haar unitary matrices. Similar results
should also be true for Haar orthogonal matrices. In fact, Theorem 5 from Jiang (2009) shows that
Theorem 2 still holds if U, is replaced by an Haar orthogonal matrix and m = o(\/n). Further,
Khoruzhenko et al. (2010) and Forrester (2010) studied the density function of the eigenvalues of a
truncated block of an Haar orthogonal matrix, which is not as explicit or clean as the case for an
Haar unitary matrix. We leave this as a future work.

The rest of the paper is organized as follows: the proof of Theorem 1 is given in Sec. Il A and
the proof of Theorem 2 is given in Sec. II B.

Il. PROOFS

From now on, for brevity of notation, we write m = m,, if there is no confusion.

A. The proof of Theorem 1

Let U, be an n x n Haar-invariant unitary matrix, that is, the entries of the unitary matrix U,
are random variables having the same joint distribution as that of VU, and that of U,V for any n
X n unitary matrix V.

Lemma 2.1 : (Theorem 2.1 from Diaconis and Evans (2001)) Consider a = (ay, ..., a;) and
b=(by,....b)witha, b€ {0,1,2,...}. Thenforn > Y5_ ja; v Y "_, jb;.

k i k
E[ [reu)y (tiys | = o, [ ] ;! )
j=1 j=1
where 8, is Kronecker’s delta.

See also Diaconis and Shahshahani (1994) for this. The following well-known formula can be found
in many places, e.g., Mehta (1991) and Forrester (2007).

Lemma 2.2: (Selberg integral) Let N > 2 be an integer, and o, B and y be positive numbers.
Then

1l 1 N
/// [Te'a =™ T b —xldxidx,---dxy
0o Jo 0 i

1<j<k<N

N-1

_ 1—[ F'd+y+iy)fa+Iy)LB+1y)
- T+ y)Ta+B+N+I1—1y)

1=
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Letfy(x) =a0 + ai1x + --- + aqx? where ay, ..., ag are complex numbers with apa; # 0.
Define
1 d
L(f) = ——= ) _lajl. )
Vlaoaql ; !

The following result comes from Theorem 1.3 from Granville (2007), which is an improvement of
Erdos-Turan (1950). See also Theorem 7 from Hughes and Nikeghbali (2008) in the same spirit.

Lemma 2.3: Suppose fi, f>, ... is a sequence of polynomials of complex coefficients where fy
has degree d and f3(0) # 0. Let 1y, . . ., Aq be the roots of f; and

|
Ha = EZ(SA’
=1

be the empirical measure for d > 1. If% log L(fs) — 0 as d — oo, then g converges weakly to the
uniform distribution on {z € C; |z| = 1}.

From Lemma 2.3, it is trivial to see that the empirical distribution of the roots of a Kac
polynomial (the coefficients of the polynomial are independent standard normals) converges weakly
to the uniform distribution on {z € C; |z| = 1} as the degree of the polynomial goes to infinity. The
same is also true for a Littlewood polynomial (the coefficients of the polynomial are independent
symmetric Bernoulli random variables).

Lemma 2.4: Let I'(x) be the gamma function and a be a real number. Then

I'x +a)
m ——=1
x—+400 x9T"(x)

Proof: By the Stirling formula (see, Gamelin (2001) or Ahlfors (1979)),

1 1 1
logl'(z) = zlogz —z — zlogz+logV2r + — + O | —
2 12z x3

as x = Re(z) —> + 00. Then
I'(x 4+ a) 1 1
log—— =(x+a)log(x +a) —xlogx —a — - (log(x +a) —logx)+ O | — (6)
I'(x) 2 x
as x — 4+ oo. First, use the fact that log (1 + ) ~t + O(t*) ast — 0 to get
1
(x +a)log(x +a) —xlogx =alogx +a+ O <—)
x

as x — + oo. Evidently, log (x + a) — logx = O(1/x) as x — + oco. Thus, we have from (6)

I'(x 4+ a) 1
log— =alo o\ -
€T et (x)
as x — + oo. The proof is complete. |
For n > 2 and variables x|, ..., x,, recall the elementary symmetric function and power
symmetric function as follows:
=X, X)) = Y XX, (N
1<ij<--<iy<n
n
PkZPk(xh"',xn):ZX,k and py = px P, ®)

i=1

for any partition A = (A, Ay, ...) withey = pg = 1.

L1:%€:01 ¥20¢C YdielN 9z



013301-6 Dong, Jiang, and Li J. Math. Phys. 53, 013301 (2012)

Lemma 2.5 : Let the characteristic polynomial of an n x n Haar invariant unitary matrix U,
be denoted by

fu@) =detzl, —U) ="+ a,12" "+ +ap
forallz € C. Then E(|ax)?) =1 forO<k<n — 1.

Proof: First, let the eigenvalues of U, be zy, ..., z,. Then we know
an- = (—D'er(z1, -+ . 20) ©)
for 1 < k < n. Second, we know the basic formula between ¢; and p;:
e =Y &z p (10)
Ak

where the sum runs over all partition A = (1™2"2...) of k, €, = (— 1)¥ ~ '™ with I(L) = m,
+ my + ... being the length of the partition A and

ao=]]i"m
izl

See Proposition 7.7.6 from Stanley (2001) or (2.14") from Macdonald (1998). From (9) and (10) we
see that

E(lan+«) = E(les) = Y €602;'2, E (piP,) (11)
Ak, pk
for all 1 < k < n. Notice px = pi(z1, -+, 20) = tr(Uﬁ). Thus, for A = (1™2™2...), we have
pr=pupn=]] (tf(Uf;)) g
j=1

It then follows from (4) that
E(Ip:1*) =z, and E (p3p,) = 0for A # p.

By (11) we have
1
E(a)=) —=1
kS
fork=0,1,...,n — 1, where the last identity holds since the conjugacy class associated with A in
the symmetric group Sy has k!/z, permutations, so that Y ,-¢k!/z; = k!. |

Lemma 2.6 : For I <m <n, let U, be an n x n Haar unitary matrix and Uy, ,,) be the m x m
upper-left corner of U,,. Set g(z) = det(zL,, — Uy, ) = 2" + 12"V + -+ by. Then

(%)
(&)

E(|bp—i|*) =

forallk=12..., m.

Proof: Tt is known that

(D bpi= Y det(Uj,... ;) (12)

I<ji<-<jk<m

for any 1 < k < m, where Uj, ... j, isthe k x k principal minor of Uy, ), hence the k x & principal
minor of U, formed by rows j, .. ., jx and columns ji, . . ., j; of U,. By the Haar invariant property,
exchanging any two different rows or/and exchanging two different columns do not change the joint
distribution of the entries. Thus, det(U}, ... ;) and det(U; ... ;) have the same probability distribution.
It follows that

E(|det(U,-l,...,,-k)|2) - E(|det(U1,...,k)|2) (13)

L1:%€:01 ¥20¢C YdielN 9z
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forany 1 <j; <... <ji < m.On the other hand, any two different k¢ x k minors det(U;, ... ;) and
det(Uy, ... ;) are uncorrelated, that is,

E(det(Uy,... ;) - deilUy 1)) =0 (14)
foranyl <j; <... <jp<mand1 <l <... <l <mwith{ji,....jk} #{L,. ...} Infact, suppose
js¢{h, ..., Ik} for some s € {1, ..., k}. For any 6 € R, set A = diag(1,1,---,1,€"“,1,---,1)

where ¢ appears at the sth position. Then, by the Haar invariance, AU, and U, have the same
distribution. Notice the transform AU, only changes the j;th row of U,, by multiplying each entry in
the row with ¢, and keep all of the other entries of U, the same. Consequently,

E(det(Uj,,..., - det(U,l,___,,k)) - E(det((AU,,) i) det((AU,,),l,...,,k))
= . E(det(Ujl,...,jk) : det(U,,,...,,k))

for any 6 € R, which implies (14). From (12), (13) and (14) we conclude

2 m 2
Elby—i|” = <k) : E(|det(U1,...,k)| ) (15)
for all 1 < k < m. Now define
det(ZIn -U,) = '+ anlen_l + .-+ ap.

Taking m = n in (15) and by Lemma 2.5 we have that

| = Elay_* = (Z) : E<|det(U1,m,k)|2)

for all 1 <k < n. This and (15) yield the desired conclusion. ]

Lemma 2.7: Let m = m,, be an integer with I < m < n for each n > 2. Let {U,;; n > 1} be a
sequence of Haar unitary matrices defined on the same probability space, where U, isann X n
matrix for each n > 2. Denote by Wy, ,,) the m x m lower-right corner of U,. If lim,, _, .om/n = 0,
then

1
lim — log |det (W, m)|l =0 a.s. (16)

n—>oo 1

Proof: For any € > 0, we claim that
1
P(—‘ log |det(w[n,m])|‘ > e) <o 17
n

as n is sufficiently large. If this is true, then the sum of the above probabilities over all n > 2 is finite.
Therefore, (16) follows from the Borel-Cantelli lemma.

Let U, the m x m upper-left corner of U,,. By the Haar invariance, Uy, ,,) and W, ,,; have
the same distribution. Thus, to prove (17), or to prove the lemma, it suffices to show, for any € > 0,

1
P(—‘ log |det(U|nm])|‘ > e) < e (18)
. ,

as n is sufficiently large. Now let us prove this.

Set Viy = Upym U, ,,,y for all n. Notice [det (V)12 = |det (Upn,mp)| < 1 since Uy, ) 1s a con-
traction map, and hence all of its eigenvalues are inside the unit circle on the complex plane.
Therefore,

P(%‘ logldﬁt(U[n,m]N‘ > e) = p(met(l—vm)] - ez”f)

1 —2nte 1
vy = ey 1
[det (Vm )] ()"1 )\m)

—2nte

IA
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013301-8 Dong, Jiang, and Li J. Math. Phys. 53, 013301 (2012)

for any ¢ > 0 by the Markov inequality, where 0 < A < ... < A, are the eigenvalues of V,,. By
(3.6) and (3.15) from Forrester (2006) or (2.5) from Jiang (2009) we know that A1, ..., A,, actually
come from the Jacobi ensemble with probability density function

VACSTREEIEY
L= ). M= A0 <A < < Ay <1, 20
C(mn)]"[( ) 1<J;[<m( PIO<A < <A < 1) (20)
where C(m, n) > 0 is a constant depending on m and n. Since f(Ay, ..., A,,) iS a probability density

function,

m

Cim,n) = // [Ja-rr=2" J] ®i—=2r)*dni--dn,

0<hr <Ay <1 =1 l<i<j<m
1 1 1 m
= ﬁ\/\ .. / 1_[(1 - )\,i)”*Zm . 1_[ ()"l _ )\-j)zd)\.l . d)\_m
0 0 =1 1<i<j<m

Now, takinga =1,8=n — 2m + 1,y = 1,and N = m in Lemma 2.2, we obtain

ri+2)rd+ nrm —2 I+1
Cm. n) = l—[(+)(+)(n m+1+1) @1
'zo reQrm—m+1+1)
On the other hand, for fixed ¢ € (0, 1), by (20),
1
E—
(A= Am)
m
= AL = A Ai— A dA---dh
C(mn) /H,( ) ]"[( P dag
0<iy<e<hy <1 1=1 I<i<j<m
1 1 1 m , ,
=—|[| ... AT = Ay Ai— AP dAy - -dA
m!c(mﬂ)fo /0 ]1 S =) 1<,-1<_,[<m( ) di
Takeao =1 —t,=n — 2m + 1,y = 1,and N = m in Lemma 2.2 to get
E 1 _ 1:[F(l+2)F(l—t+1)r‘(n—2m+l+1)
Ay A m'C(m n) i rQrn—m-—t+1+1)
_1;[ rdi—t+1 'n—m+1+4+1)
-0 ra+1) F(n—m—l—l—t—i—l).
Rearranging the index / above, and joint with (19) we conclude
1
P(—’log |det(U[,l,m])|( > e)
n
STl -1) 4 Tn-— l
< e—anel_[ ( )l_[ (I’l m + ) ) (22)
piin rd i 'n—m+1—1)
Now by Lemma 2.4, there exist integer mo > 2 such that
1x7’ < —F(x ) <2x~!
2 - T'(x) —

for all x > mg. Thus,

m

Tl —1) 1 " Tl —1) 2
E ro = G- Dy lgo ro = "y @9
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for m > mg, where

mgfl

Clmo, 1) = (Gmo — DO TT (14

=1

rd—1)
rd) )

is a constant depending on my and ¢ only. Therefore, from (23),

m

r'd—r) m
E W < C(my, I)W (24)

for all m > my. It is easy to check that (24) also holds when m < my — 1. Thus, (24) is true for all m.
On the other hand, from the assumption, we see that n — m — 00 as n — 00. By the same
argument as in the above,

m n

I'n—m+1) " - ¢ Am St Am n! '

=1 j=n—m+1

as n is sufficiently large. Combing (22), (24), and (25) we arrive at
1 t
P(—‘ log |det (U[n,m])|‘ > €) = COm, z)e—z"’f4'"<">
n m

as n is sufficiently large. By the Stirling formulam! = v2wm m™Me="+ 1 with O € (0, 1), we have

that (") < (%)m for all 1 < m < n. Consequently,

P(%‘ log |det (U[,,,m])|‘ > 5)
< C(mo, 1) - exp[ — [(26)% — log% _ log(41/’e)] m[] < C(mo, 1) - e~

as n is sufficiently large, where we use the inequality (2¢);- —log ;- — log(4'/'e) > (1.5€);- in the
last step since lim,,, « ;- = 0o. Taking t = 3/4, we get (18). The proof is completed. |

Lemma 2.8 : Let n > 2 and A be an n X n unitary matrix. Write

A A
A— 1 2 ’
Az Ay
where A and A4 are square matrices. Then |det(A )| = |det(A4)|.

Proof: Let Ay bep x pand Ay beg x gwithp > 1,4 > 1and p + g = n. Without loss of
generality, assume p > ¢. Looking at the (1, 1)-block of A*A = I,,, we get AJA| + AjA3 =1,. It
follows that

|det(A)|? = det(ATA ) = det(I, — A%Az) = det(l, — A3A%) (26)

since the eigenvalues of AJAj3 are the same as those of A3Aj plus 0 with p — ¢ fold. Looking at the
(2, 2)-block of AA* = I, we have A3A} + A4A; = [,. Thus

|det(Aq)|* = det(I, — A3A%),
which together with (26) yields the conclusion. |

Remark 2.1: Let n > 2 and U,, = (u;;) be an n x n Haar unitary matrix and Uy, ,_1) be the
(n — 1) x (n — 1) upper-left corner of U,,. According to Lemma 2.8 and the distribution of the
entries of U, (see, for example, Jiang 2010), we have
24 E+E
2121211 512

|det(Upnn— 1Dl = |t (27)
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where {&,, ..., €2, } are independent and identically distributed random variables with distribution

N(O, 1), and «d » means the last two random variables in (27) have the same probability distribution.
Thus, |det(Uy, ,_1))|* is asymptotically x*(2)/(2n) as n is large. Heuristically, |det(Uy, ,_1))| is
close to |det(U,)| = 1. However, (27) shows that det(Uy, ,_1)) is in fact very small. This seems
counterintuitive.

Proof of Theorem 1: Set g(z) = det(zl,, — Upmp) = 2" + 12"V 4+ -+ + by. By Lemma
2.3, to prove the theorem, it is enough to show that

1 —
— log (\/?ol ; |bj|) 0 as. (28)

as n — 0o, where b, := 1.
First, for any € > 0,

1 m l 1 m 2 1 1 m 5
Pz Wbl 2 e) < s B3 Ibyl) < oy e 3 B P)
Jj=0 Jj=0 j=0
by a convex inequality. From Lemma 2.6 we see that
( ,’;) oy
()

for all 1 <j < m. Recalling b,, := 1, the above two assertions give that

o0 1 my o0 1
ZP(WZ“’ﬂze)fzngz <
j=0

E(|bp—;1») =

n=1 nj n=1
for any € > 0 since m,/n — 1 as n — o0. By the Borel-Cantelli lemma, we have that

My

1 & 1
j=0

n j:()
as n — 00. Since b,, = 1, it is not hard to see
Liog 3 byl = 0 (29)
—1lo | — 0 a.s.
m gj:0 /

asn — oo.
Second, notice |by| = |det(Uy, »1)|. Write

U[n!m] *
U, =
* W[n,m,’]]

where Wy, /1 is the m;, x m), lower-right corner of U, with m), :=n —m. By Lemma 2.8, |by| =
|det(Wi,,m1)|. From Lemma 2.7,

1 1
—log |bp| = —log [det(Wy, )| — 0 a.s. (30)
n n

as n — oo since m),/n =1 — (m/n) — 0 by the assumption. Then (29) and (30) yield (28). The
proof is completed. |

B. The proof of Theorem 2

Suppose X, = (X;;) is an n x n matrix whose n® entries are independent and identically
distributed complex normal random variables with E(X;;) = 0 and E(| X |2) = 1/n. In other words,
X1, and (£ 4 in)/+/2n have the same distribution where & and 7 are i.i.d. N(0, 1)-distributed real
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random variables. In literature, X,, is called a complex Ginibre ensemble, see Ginibre (1965). Let

Als ..., A, be the (complex) eigenvalues of X,,. Their joint probability density function is given by
FOu ) =Cpre "B T 0 = 3 PdAy - diy, (31)
I<i<j<n

forall Ay, -+, A, € C, whered); - --dA, := [['_, d Re(x;) []i_, d Im(};) is the Lebesgue integral
in R*" and

nn(n+1)/2

B " [Temr KV

See, for example, (1.35) and (1.36) from Ginibre (1965) (note the notation dzdz* = 2dxdy for
z=x + iy in the paper).

Let 11 be the uniform probability distribution on the complex unit disc {z € C; |z| < 1}. Given
M, ..., Ay, define

Cy (32)

ln
P,=—) 6 33
HZIA (33)

as the empirical distribution of 11, . . ., A,. Recall M(C) above (3) and the associated weak topology.
We need the following large deviation result.

Lemma 2.9: (Theorem 9 from Hiai and Petz (1998)): Suppose Ay, . . ., L, have the joint density
functionf(ry, ..., Ay)asin(31). Then {P,; n > 1} satisfies the large deviation principle with speed
{n?; n > 1} and a good rate function I( i), which takes the unique minimum at jvo and I(jvo) = 0. In
particular,

1
limsup—zlogP(P,, eF)<—inf I(n) <0
n neF

n—oo

for any closed set F C M(C) with o & F.

Let 1 <m < n. Recall U, ;) is the m x m upper-left corner of an n x n Haar unitary matrix
U,. It is known from Zyczkowski and Sommers (2000) and Petz and Réffy (2005) that the joint

probability density function of Ay, ..., A,, the eigenvalues of Uy, ,,,}, is given by
g Am)=Clay [ P = 2P TJC = 1Py dy - d (34)
I<i<j<m i=1
with

m—1 . -1
! :n’"m!l_[(n_m_!_]_1> ;
C[n,m] =0 J n—m+ J

! m
_ o Al gt [ =m—11]". (35)
Hj:nfmjl

Lemma 2.10: Let {a, ;1 < i <nn > 1} and {t,;n > 1} be complex numbers such that
lim, _, 5ot, = 1. Set

n

1 1
U = - ZBM and p), = Y Z(S(tnan.f)
i=1

i=1

forn > 1. If u, converges weakly to a Borel probability measure v on C, then u, also converges
weakly to v.
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Proof: Let f(x) be a real-valued function defined on C with

sup [f)l =1 and [f(x) = f)] < alx —y| (36)

forall x, y € C, where « € (0, o0) is a constant. We need to show

1 n
Y S~ [ fwvdn
e C

as n — 00. By the given condition, the above is true with #, = 1. So it suffices to show

l n
Hy o= =3 | ftnan i) = flan )l = 0 (37)

i=1

asn — o0o. Forany r > 0, set F, = {x € C; |x| > r}. Using (36) we have

1 o 2 «
= 1 f ) = flan)l < =D Hlawi| = r}+ arlty — 1] = 2,(F,) + ar|t, — 11.
ni= n

i=l1

Then lim sup,,_, ., H, < 2v(F,). We get (37) by letting r — + o0. ]

Proof of Theorem 2: Set t, = \/(n —m — 1)/n and

, 1 m
o = — D 8 i (38)

i=1

for n > 1. We will first show that, for any € > 0, there exists a constant T = 7(¢) > 0 such that

P(p(ptl,, o) = €) < ™™ (39)

as n is sufficiently large, where p is as in (3).
(i) If (39) is true, then p(u,,, no) — O in probability as n — oco. Recall that random variable
T, — T in probability as n — oo if and only if for any subsequence {n;} of {n}, there is a further
subsequence {nk/.} such that T,,kj — T almost surely as j — oo. Notice lim, _, »f, = 1 since m
= m, = o(n) as n — oco. By Lemma 2.10, we have that p(u,,, ;o) — 0 in probability as n — oo.
(ii) If (39) is true, by the assumption lim,,_, o, m,/+/Togn = oo, we see that

Y P(p(,. o) = €) < 00

nzm;

for any € > 0. It follows from the Borel-Cantelli lemma that, with probability one, p(u,,, pto) — 0
as n — 00, equivalently, u, converges weakly to po as n — oo. By Lemma 2.10, with probability
one, [, converges weakly to (o as n — oo.

Now we prove (39). From (34), we have

P(p(u,,, o) = €)

m m
= Ciu / TT %=l T = mPy' T
Pty H0)Z€ | <j o

i=l1 i=1

m
m 2
< Cpami / [T i—a? e DX= W T d a,
P(I‘Invﬂo)zf I<i<j<m

i=1

where [/, dx; =[], dRe(x;) []/L, d Im(%;), and Cj,, ,y is as in (35) and the inequality 1

1
— x < e " for any x € R is used in the last step. Set y; = s,A; for i = 1, 2, ..., m, where
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Sp = /(n —m — 1)/m. Then

P(p(iy,, 1h0) = €)

(S )—m(ln+1)c ’ B " a m
< bl Co- I vi—yiP e E8bFTdy, @0
Cn PPy o)=€

I<i<j<m i=1

where C,, is as in (32) and

1 m
Pm :ZZZS”

i=1
is the same as the notation in (33). Observe that the integral in (40) is equal to P(P,, € F) where the
underlying probability measure P has density function f(Ay, ..., A,,) as in (31) and (32), and where
F :={u € M(C); p(u, o) > €} is a closed set in the weak convergence topology and puo&F. By
Lemma 2.9, there exists a constant T = t(¢) > 0 such that

P(P, € F) < e 27
as n is sufficiently large, and hence m = m,, is sufficiently large. This combining with (40) gives

(Sn)im(erl)C[ﬂ-,m] 672mzt

P(p(iyy» o) = €) < C (41)
as n is sufficiently large. Note that
—m(m n—1 i
(Sn) ( +1)C[n,m] _ (S )7m(m+1) . l_[j:nfm ]' ) 1 (42)
C n m mm(m+1)/2'
m [(n —m— 1)!]

Observethatjl=(n —m — Di(n —m)...j<(mn —m — D/ ~ "+ "+ foralln — m<j<n
— 1. Recalling s, = /(n —m — 1)/m, we get from (42) that

(sn)_m(l7l+l)c[n,m] - (S )—m(m+l) ‘ nm(m+1)/2
Cm — \n mm(m+1)/2

(l m + 1)—m(m+l)/2
n
which joint with (41) yields

. 1 ,
lim sup — log P(p(i,,, ko) > €)

n—o00
1 1
§limsup(—21—ﬂlog(l— mt )) =27
n—00 2m n

since m = m,, = o(n). Consequently,

Tm

)
P(p(thyys o) = €) < e
as n is sufficiently large. Thus (39) is obtained. The proof is completed. |
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