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Abstract Let Aj,..., A, be random eigenvalues coming from the beta-Laguerre
ensemble with parameter p, which is a generalization of the real, complex and quater-
nion Wishart matrices of parameter (n, p). In the case that the sample size n is much
smaller than the dimension of the population distribution p, a common situation in
modern data, we approximate the beta-Laguerre ensemble by a beta-Hermite ensem-
ble, which is a generalization of the real, complex and quaternion Wigner matrices.
As corollaries, when n is much smaller than p, we show that the largest and smallest
eigenvalues of the complex Wishart matrix are asymptotically independent; we obtain
the limiting distribution of the condition numbers as a sum of two i.i.d. random vari-
ables with a Tracy—Widom distribution, which is much different from the exact square
case that n = p by Edelman (SIAM J Matrix Anal Appl 9:543-560, 1988); we pro-
pose a test procedure for a spherical hypothesis test. By the same approximation tool,
we obtain the asymptotic distribution of the smallest eigenvalue of the beta-Laguerre
ensemble. In the second part of the paper, under the assumption that n is much smaller
than p in a certain scale, we prove the large deviation principles for three basic statis-
tics: the largest eigenvalue, the smallest eigenvalue and the empirical distribution
of Aq,...,A,, where the last large deviation is derived by using a non-standard
method.
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1 Introduction

With the development of modern technology, high-dimensional datasets appear very
frequently in different scientific disciplines such as climate studies, financial data,
information retrieval/search engines and functional data analysis. The corresponding
statistical problems have the feature that the dimension p is possibly larger than the
sample size n. In particular, such feature is very common in the data of gene expression.
For example, in the data of “1000 Genomes Project,” which is by far the most detailed
catalogue of human genetic variation,  is usually at the level of 10° and p is at the
level of 107 or 108 [25]. In such cases, the classical statistical procedures based on
fixed p and large n are no more applicable. The applications thus request new theories.
For recent progress in this area, see, for example, [13-15,21,57].

In this paper, we study the spectral properties of a Wishart matrix formed by a
random sample of p-dimensional data with sample size n, where p is larger than n.
Wishart matrices are very popular and useful objects in multivariate analysis, see, for
example, the classical books by Muirhead [49] and Anderson et al. [2]. It usually
comes from the following formulation in statistics. Let yq, ..., ¥, be i.i.d. random
variables with the p-dimensional multivariate normal distribution N, (u, I,). Recall
the sample covariance matrix

] m B B B 1 m
S= - E (yi =Yy —y)* where y = -~ 'EIYL (1.1)
=

i=1

Then, mS and W := X*X have the same distribution, where X = (x;;), x p, the random
variables x;;’s are i.i.d. with distribution N (0, 1) and n = m — 1. The matrix W is
referred to as the real Wishart matrix (8 = 1). If x;; are i.i.d. with the standard complex
or quaternion normal distribution, then W is a complex Wishart matrix (8 = 2) or
quaternion Wishart matrix (8 = 4).

Assume p > n.Let A1 > --- > A, > 0 be the positive eigenvalues of W, which
are the same as the n eigenvalues of XX*. Write A = (A1, ..., A,). It is known that
the density function of A is given by

n
By _ n
fn,ﬂ()h) — Cﬁ’p H Ai — )Lj|ﬂ 'H)“iz (p—n+DH—1 e_% Y (1.2)

I<i<j<n i=1
forallA; > 0,..., A, > 0, where
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" r(1+%)
c,’f”’=2*§"PH ’ )
j=1T (1 + §j) r (Q(P —n +j))

(1.3)

See, for example, [35,49] for the cases B = 1 and 2, and [28,46] for § = 4. The
function f;, g(A) in (1.2), being a probability density function for any 8 > 0, is called
the B-Laguerre ensemble in the literature. See, for example, [23,24].

In this paper, we will study the properties of A = (Ay,...,A,) for all B > 0.
Precisely, there are two objectives. First, we show in Theorem 1 that, when p is much
larger than n in a certain scale, a “normalized” S-Laguerre ensemble can be roughly
thought as a f-Hermite ensemble with density function

e =kf [ ni—rjlf et Z0M (1.4)
I<i<j<n
forallA = (A1, ..., A,) € R", where
n T (1 + g)
Kf = @n)™/? H - 7 (1.5)
=T (1+4))
The eigenvalues A, ..., A, of the Gaussian orthogonal ensemble (GOE), Gaussian
unitary ensemble (GUE) and Gaussian symplectic ensemble (GSE) have the joint
density function fg(A) asin (1.4) with 8 = 1, 2 and 4, respectively. See, e.g., chapter
17 from Mehta [48] for more details.
By using Theorem 1 mentioned above (1.4) and some known results on S-Hermite

ensembles, under the assumption that p is much larger than » in a certain scale, we
obtain the following new results:

(i) The largest eigenvalue Amax and smallest eigenvalue Apni, in the B-Laguerre
ensemble as 8 = 2 are asymptotically independent (Proposition 1).

(ii) The condition number «; [see the definition in (2.6)] of an n x p matrix (x;;)
(x;;’s are ii.d. centered complex Gaussian random variables), when suitably
normalized, converges weakly to U + V where U and V are independent random
variables with a common Tracy—Widom law (Corollary 1). This is much different
from the exact square case that n = p studied by Edelman [27]: «,,/n converges
weakly to a distribution with density function i(x) = 8x3e=%/ * for x > 0.
Based on this result, a spherical test in statistics is proposed below Corollary 1.

(ii1) A linear transform of the smallest eigenvalue of the S-Laguerre ensemble con-
verges to the S-Tracy—Widom law for any 8 > O (Proposition 2). The counterpart
for the largest eigenvalues was studied by Ramirez et al. [52].

It is worthwhile to state that the condition number «,, mentioned in (ii) is an impor-
tant quantity in the field of numerical analysis dated back to [58].

In the second part of this paper, we study the large deviations for the eigenvalues of
the B-Laguerre ensembles when p is much larger than n. The large deviation for the
eigenvalues of random matrices is one of active research areas in random matrix theory.
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See, for example, a survey paper by Guionnet [31] and some chapters from Hiai and
Petz [33] and Anderson [3]. In particular, Ben Arous and Guionnet [8] investigate the
large deviation for Wigner’s semi-circle law; Ben Arous [7] and Anderson [3] study
the largest eigenvalues of Wigner and Wishart matrices; a corollary from Hiai and Petz
[34] says that a normalized empirical distribution w, of the positive eigenvalues of
real Wishart matrix X, , X}, follows the large deviation principle (LDP) such that

nxp
. 1 .
lim sup —210g P(un € F) < —inf I(v) and (1.6)
n—oo P veF
1
lim inf — log P(un € G) = — inf I(v) (L.7)
n—>oo p veG

for every closed set F' and open set G under the topology of weak convergence of
probability measures on R, where w, := % er‘l:l 8x;/p» the eigenvalues Ap, ..., Ay

have joint density f, 1(A) asin (1.2) withn/p — y € (0, 1], and

2
1) = —”7 //log Ix — y| dv(x)dv(y) + g/(x — (1= y)logx) dv(x) + Const,

which takes the minimum value zero at the Marchenko—Pastur law with density
function

1
h(x) = s—V(x =y (2 — x) (1.8)

2wy x

forx € [y1, y2]and y1 = (/¥ — 2and y, = WY+ 1)2. For the general framework
of the large deviation principle, its connection to the subjects of mathematics, physics,
statistics and engineering, see, for example, [18,29,53].

When p/n — oo, the LDP problem for p,, in (1.6) and (1.7) has been open until
now. In fact, we resolve the problem in Theorem 4 under the assumption that both p
and n are large with p/n*> — oo. Contrary to the Marchenko—Pastur law stated in
(1.8), we show that the rate function in Theorem 4 takes the minimum value at the
semi-circle law.

The large deviation principles for the largest eigenvalue Apax and the smallest
eigenvalue Ay of the B-Laguerre ensemble are also studied in Theorems 2 and 3 as
p/n — oo. Their rate functions are explicit.

The rest of the paper is organized as follows. In Sect. 2, we give a theorem that
the B-Laguerre ensemble converges to the S-Hermite ensemble as p is much larger
than n and present some implications; in Sect. 3, we give three theorems about the
large deviations for the largest eigenvalues, the smallest eigenvalues and the empirical
distributions of the eigenvalues of the §-Laguerre ensemble as p is much larger than
n in a certain scale. The proofs of the results stated in Sects. 2 and 3 are given in Sects.
4 and 5, respectively.

The reader is warned that the notation @ or pu, throughout the paper sometimes
represents a probability measure, a mean value or an eigenvalue in different occasions,
but this will not cause confusions from the context.
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2 Convergence of Laguerre Ensembles to Hermite Ensembles and Its
Applications

Let o and v be probability measures on (Rk, B), where k > 1 and B is the Borel
o-algebra on R¥. The variation distance ||z — v|| is defined by

I — vl =2 sup |u(A) — v(A)| = / () —g()ldxy...dx (2.1)
AeB
Rk
if i and v have density functions f(x) and g(x) with respect to the Lebesgue measure.
For arandom vector Z, we use L£(Z) to denote its probability distribution. The notation
an > b, means lim,_,  a, /b, = 400.

Theorem 1 Let A = (A1, ..., Ay) be random variables with density function f, g(1)
as in (1.2) and p = (u1,..., uy) be random variables with density fg(u) as

in (14). Set x; = /%(% - ,8) for 1 < i < n. Then ||£((x1,...,xn)) -
ﬁ((m, . ..,,un))ll — 0if (i) n — ocand p = p, > n>or(ii)nisfixedand p — oc.

Roughly speaking, Theorem 1 says that a “very rectangular-shaped” g-Laguerre
ensemble is essentially a S-Hermite ensemble. This can be seen from a simulation
study as shown in Fig. 1. It indicates that the maximum, the minimum, the median and
the range of the former one are close to those of the latter one. Theoretically, comparing
the density functions of both ensembles, with the transform given in Theorem 1, the
essential understanding is that (1 + %)"e_}‘ ~ e * 1M a5 n — 00, The left-hand
side is from the pdf of the Laguerre ensemble, and the right is from the Hermite
ensemble. The term J := [, ., _;, [Ai — 2; | under the linear transform ai + b is
identical to a#"~1/2 J Multiplying both sides of “~” by J, we then see that the two
density functions are asymptotically identically as p is much larger than n. The literal
argument is given in (4.16).

Theorem 1 can also be understood through random matrix models. For example,
take the Wishart matrix W = XX* where X = (x;;),x p and x;;’s are i.i.d. random vari-
ables with the distribution of N (0, 1) and p > n. For simplicity, let n be fixed, then the
entries of (W — plI)/./p are asymptotically independent normals. In other words, the
limit is an Hermite ensemble. Finally, according to Dyson’s threefold way of classical
random matrices [26], three types of random matrices are of great interest: Hermite,
Laguerre and Jacobi matrices. This paper together with the work by Jiang [36,37]
says that, as the parameters of the last two matrices are in extreme relationships, we
have

Jacobi — Laguerre — Hermite.
See Theorem 1 here and Theorem 6 from Jiang [36]. The notation “—” is inter-

preted by “is reduced to” in words or the variation approximation as in Theorem 1
literally.
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Distribution of Eigenvalue of Wishart and Wigner Matrix
Complex Wishart Matrix with n=50 and p=1250000
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Fig. 1 Histogram of Theorem 1. Simulation is run to compare distribution of eigenvalue of Laguerre
ensemble with n = 50, p = 1250000 and § = 2 and those of Hermite ensemble with n = 50. Picture
on fop row shows empirical distribution of largest, smallest, range and median of eigenvalue of Laguerre
ensemble with suitable normalization. Picture on bottom row shows corresponding distribution of Hermite
ensemble

Now, by combining Theorem 1 with some known results on the 8-Hermite ensem-
bles, we obtain several new results. To state them, let us first review the Tracy—Widom

distributions. Set
— 2
R =ew (- [0-000d). xR 22)

where ¢ is the unique solution to the Painlevé II differential equation
q"(x) = xq(x) +2¢° () 2.3)

satisfying the boundary condition g (x) ~ Ai(x) as x — oo, where Ai(x) is the Airy
function. It is known from Hastings and McLeod [32] that

g =51+ o)

as x — —oo. The distributions for the orthogonal and symplectic cases [54] are

Fi) = exp / g() dy) (Fa(x)'? and 24)

NI'—
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o]

1
Fix/V2) = cosh (5 / 40 dy) (Fa(e)) /2 2.5)

X

for all x € R, where cosht = (e’ +e7")/2fort € R.

Our first result following from Theorem 1 is on complex Wishart matrices (8 = 2).
In fact, data matrices with complex-valued entries arise frequently, for example, in sig-
nal processing applications (e.g., [17]) and statistics (e.g., [35,51]). Given Ay, ..., A,,
set Amin = min{Ay, ..., A} and Apax = max{iq, ..., Ay}

Proposition 1 Let A = (A1, ..., A,) be random variables with density f, g(1) as in
(1.2) with B = 2. Set up1 =2p —4./np, pn2 =2p +4/np and o, = Zﬁn_l/G.
If p=py — ocand p > n37 then (()\min - Mn,l)/ana (Amax — ,U«n,Z)/Un) e R?
converge weakly to (—U, V), where U and V are i.i.d. with distribution function F>(x)
asin (2.2).

Basor [6] heuristically show that Proposition 1 istrue asn/p — c. Our result above
is rigorous. It remains open at this moment if Proposition 1 is still true for 8 # 2 under
the assumption p/n — y € [1, oo].

Let X = (x;j)uxp and x;;’s be i.i.d. complex random variables with the distribution
of (& 4+ in)/~/2 where & and 7 are i.i.d. with N (0, 1) distribution. Suppose Amax and
Amin are the largest and smallest eigenvalues of the matrix XX* [the density of the
eigenvalues of this matrix corresponds to 8 = 2 in (1.2)]. Recall the condition number
defined by

Ky 1= (’\m“)l/z. (2.6)

Amin
An immediate consequence of Proposition 1 is the following result about ;.

Corollary 1 Letd = (Aq, ..., Ay) be the eigenvalues of XX* stated above. If p >> n?,
then oy, (ky, — By) converges weakly to U + V, where o, = 2@11”6, Bn=1+ 2\/%,
and U and V are i.i.d. with distribution function F>(x) as in (2.2).

In the exact square case that p = n, Edelman [27] proves that «,/n converges
weakly to a distribution with density function A (x) = 8x3e™%/ * for x > 0. In the
rectangular case such that p > n3, Corollary 1 shows a very different behavior of «,,
(Fig. 2).

LetY = & +inbe amultivariate complex normal distribution where § ~ N, (0, 1)
andn ~ N, (0, X») are independent. Consider the spherical test Hy : X1 = X» = pl,
vs H, : Hy is not true, where p > 0 is not specified. Let Yq, ..., Y, be a random
sample from the population distribution of Y with p > n. The classical likelihood ratio
test (see, e.g., [49]) does not work here simply because p > n. Ledoit [44] suggest to
use certain alternative test statistics when p/n — y € (0, 00). Jiang and Yang [38]
and Jiang and Qi [39] investigate the test through obtaining the central limit theorem of
its likelihood ratio test statistic under p/n — y € [0, 1]. Birke and Dette [11] further
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Distribution of Condition Number

(n=50, p=500) (n=50, p=2500) (n=50, p=25000)  (n=50, p=1250000)
> S > S >3 >3
B B B o D
c S c S c S c S

[ [ [ [0

[a] 5 [a] 5 o e o S

g mﬁﬁl gV A o .. g -

-5 5 15 25 -5 0 5 10 -6 -2 2 6 -6 -2 2 4

an(Kn - Bn) an(Kn - Bn) Ocn(Kn - Bn) an(Kn - Bn)

Fig. 2 Histograms of Corollary 1. Simulation is run with » = 50 and p = 500, 2500, 25000, 125000.
Solid curve, as density of U + V, fit well to histogram of oy (k;, — Br) when p become large. This is
consistent with Corollary 1. The solid curve is simulated according to the R-package by Johnstone et al.
[42] see the link in the reference

extend Ledoit and Wolf’s result to cover the case of y = 0 or co. Corollary 1 in our
paper supplements these results by providing another way of running the sphericity
test when p is much larger than n and the data are complex-valued. In fact, we can carry
the test in the following way. Set X = X, x, = (Y1,..., Y,,)'. Then, the n positive
eigenvalues of X*X/p? have the joint density function Sfn,p(A) asin (1.2) with g = 2.
Recall that Apax and Apmin are the largest and smallest positive eigenvalues of X*X,
respectively. Then, «;, = (Amax/ Amin)l/ 2 does not depend on the unknown parameter
p. By Corollary 1, the region to reject Hy with an asymptotic 1 — o confidence level
is {otn |k — Bn| > s}, where s > 0 satisfies P(|U + V| > s) = «. The value of s can
be calculated through a numerical method by using (2.2), (2.3) and the independence
between U and V.

Now we study the limiting distribution of A, in the B-Laguerre ensemble for all
B > 0. To do so, consider the random operator

Hp = —— +x + —=b, 2.7
X

where b, is a standard Brownian motion on [0, +00) (), is not the derivative of
b, since it is not differentiable almost everywhere). We use Eq. (2.7) in the follow-
ing sense. For A € R and function ¥ (x) defined on [0, +00) with {(0) = 0 and
fooo ((lp’)2 + (1 —I—x)wz) dx < oo, we say (¥, A) is an eigenfunction/eigenvalue

pair for Hp if [;° ¥ (x) dx = I and

” _i
W(X)—ﬁ

holds in the sense of integration-by-parts, that is,

Y (0O)b + (x = DY (x)

2

/ — 4 (0) =
Vi(x) — ¢ (0) N/

X 2 X
bx+/——b, '(y)d +/ - dy. (2.8
Y (x) J N y¥'(y) dy J =My dy. (2.8)
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Theorem 1.1 from Ramirez et al. [52] shows that, with probability one, foreachk > 1,
the set of eigenvalues of g has well-defined k-lowest eigenvalues (Ao, ..., Ag_1).
Our result on Apj, of a B-Laguerre ensemble is given next.

Proposition 2 Let f > 0 and A = (A1, ..., Ay) be random variables with density

Ju,p(A) as in (1.2). Set u, = B(p — 2/np) and o, = ﬂ\/ﬁn’l/ﬁ. If p=pn > o0
and p > n3, then, as n — 00, (Amin — Mn) /0y converges weakly to the distribution

of Ao.

Itis known from Ramirez et al. [52] that — A¢ has the distribution Fg(x) asin (2.4),
(2.2) and (2.5) for $ = 1,2 and 4.

Under the less restrictive condition that p >> n, Paul [50] obtains Proposition 2 for
B = 1 and 2. Further, assuming p/n — y € (1, 00), Baker [5] show that, if 8 = 2,
then (Amin — vn)/T, converges weakly to the distribution function 1 — F>(—x) (the
distribution of — A for § = 2), where v, and 7, are normalizing constants. Ma [45]
obtains a similar result for 8 = 1. Here, Proposition 2 holds for any g > 0.

For largest eigenvalue Apyax, Johansson [40], Johnstone [41] and Karoui [43] obtain
its limiting distributionas § = 1,2, 4 and y € [0, oo]. For general 8 > 0, the limiting
distribution of Apax is obtained by Ramirez et al. [52] for the S-Laguerre ensembles
[thatis, A = (A1, ..., A,) has density f, g(A) asin (1.2)] as p/n — y €[], 00). We
derive the asymptotic distribution of Api, for the same f-Laguerre ensemble when
p > n in Proposition 2. At this point, it is not known if a result similar to Proposition
2 still holds as p/n — y € (0, 00). So we run a simulation to study the limiting
behavior of the largest and the smallest eigenvalues under several different settings,
see Fig. 3.

Largest and Samllest Eigenvalue of Complex Wishart Matrix

(n=50,p= 500) (n=50,p=2500) (n=50,p=750000) (n=50,p=1250000)
> 3 >3 >3 >3
C o C o c C o
O o O o [ O o
(=] (=] (a] (=]
3 —r 1T T 11 3 1 T T 11 S r—r T T T 1 3 1 T T 1
-6 -2 0 2 4 -6 20 2 4 -6 -2 0 2 4 -6 -4 -2 0 2
(}"max - un,Z)/Gn (}‘max - un,Z)/Gn (}‘max - un,Z)/Gn (xmax - “n,Z)/Gn
(n=50,p= 500) (n=50,p=2500) (n=50,p=750000) (n=50,p=1250000)
>° >° z S z s
7} 7] 7] 7]
c o c « c C o
© o O © [0) O o
(a] (a] (a] (a]
-2 0 2 4 6 2 0 2 4 6 -4 0 2 4 6 -4 0 2 4 6
(xmin - un,z)/cn (xmin - un,z)/(’n (7"min - un,z)/(’n (7"min - un,z)/cn

Fig. 3 Histogram of Proposition 2 and discussion below. Simulation is run to compare Tracy—Widom law
(solid curve) and histogram of largest and smallest eigenvalue with 8 = 2. It is seen that Tracy—Widom
law fit histogram well with increase of p

@ Springer



J Theor Probab (2015) 28:804-847 813

Although the proof of Theorem 1 suggests that the order of p >> n> in Theorem 1
is the best one to make the approximation hold, the orders appearing in Propositions
1 and 2 and Corollary 1 could be relaxed. This is because Theorem 1 is a uniform
approximation, and the three results are specific cases. One can see improvements in
a different but similar situation in [20].

3 Large Deviations for Eigenvalues

In this section, we study the large deviations for three basic statistics as p > n : the
largest eigenvalue Ay, the smallest eigenvalue A, and the empirical distribution of
Al, ..., Ap, which come from a §-Laguerre ensemble. One can check, for example,
[18] for the definition of the large deviation principle (LDP). The first one is about the
largest eigenvalue.

Theorem 2 Suppose Ay, ..., A, have the density f, g(1) as in (1.2). Assume p =
pn > nasn — 00. Then, {)"?;"‘; n > 2} satisfies the LDP with speed {p,; n > 2}
and rate function I (x) where

Iy =) T T Tlg ifxzf
00, ifx <§p.

For the smallest eigenvalue, we have the following.

Theorem 3 Suppose Ay, ..., A, have the density f, g(1) as in (1.2). Assume p =
pn > nasn — o0o. Then, {}”';i“; n > 2} satisfies the LDP with speed {p,; n > 2}
and rate function I (x) where

-8B B : .
) — )‘T—Elog%, if0<x<§;
00, otherwise.

Since Amax/p and Apyin/ p are all positive, it can be seen from Theorems 2 and 3 that
the two rate functions on (0, co) look “symmetric” with respect to the line x = 8,
see Fig. 4. When p/n — (0, 00), the large deviations for An,x/p are known, see,
for example, [3]. The LDP for Amax has a potential use in statistical tests. For exam-
ple, Maida [47] investigates the LDP for Amax of rank one deformations of Gaussian
ensembles when p/n converges to a constant (corresponding to the Laguerre ensem-
ble with 8 = 2). Bianchi et al. [10] uses Maida’s work to develop a statistical test
for detecting single source. One may use Theorem 2 and 3 in this paper to perform
some statistical tests for the case p > n. Now we consider the large deviation for the
empirical distribution of the eigenvalues.
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Rate Function

Amax (B=1) Amax (B=2) Amin (B=1) Amin (B=2)
w0
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1.0 14 1.8 20 24 28 00 04 08 00 05 1.0 15 20
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Fig. 4 Rate function in Theorems 2 and 3 for largest and smallest eigenvalue with § = 1, 2, respectively

Theorem 4 Given > 0, letd = (A1, ..., Ay) have the joint density function f, g(A)
as in (1.2). Set x; = %(% — ,B)forl <i<nand
1 n
= - Sxi. 3.1
o ; 5 3.1)

If p = pp — o0 and p > n?, then {u,; n > 2} satisfies the LDP with speed {n*}
and rate function Ig(v), where

1 )—]/ d d)—f—'Bl '3—3 3.2)
p(v =3 g(x, y)v(dx) v(dy qloes gﬁ 3.
R2
and
1,.2 2y . . .
g(x,y):[zu %) = Bloglx = I, if x # 33)
+o00, otherwise.

Theorem 4 is consistent with Theorem 1, which says that the S-Laguerre ensemble
is “essentially” a B-Hermite ensemble when p is large enough relative to n.

The proof of Theorem 4 is different from the standard method of proving large
deviations for the empirical distributions of eigenvalues (see, e.g., [8,31,34]). In fact,
reviewing (1.6) and (1.7), we estimate P(u, € A) for a set A by making a mea-
sure transformation such that the underlying 8-Laguerre distribution is changed to a
B-Hermite distribution. After an approximation step similar to that in Theorem 1, we
use the known result on LDP for B-Hermite ensembles to complete the proof.

As stated in Theorem 1.3 from Ben Arous and Guionnet [8], Ig(v) is the rate
function of the large deviation for wu, in (3.1) with p = n when xi, ..., x, come
from a B-Hermite ensemble with density fg(x) as in (1.4), and the rate function
Ig(v) takes the unique minimum value O at the semi-circle law with density function
gp(x) = (Br)~'y/2B —x2 for any |x| < /2B and B > 0. This fact implies a
weak convergence of the spectral distribution: under the setting of Theorem 4, with
probability one, 1, converges weakly to a probability distribution with density gg(x).
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Empirical Spectral Distribution of Complex Wishart Matrix

(n=100, p=2000) (n=100, p=10000)  (n=100, p=100000)  (n=100, p=10000000)
3 3 3 3
> 3 > 3 > 3 > 3
C o C o c o c o
[ [ D D
a - Q - Q - o -
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
ESD ESD ESD ESD

Fig.5 Histogram of Proposition 3. Picture shows that density of semi-circle law (solid curve) fit histogram
of eigenvalue well even p is not very large

When g = 1, the underlying matrix is the real Wishart matrix, Bai and Yin [4] show
the weak convergence with the relaxed condition p >> n. Our next result says that for
all B > 0, if p > n, the limiting empirical distribution of the eigenvalues is still a
semi-circle law with a different radius, see Fig. 5.

Proposition 3 Given B > 0, suppose A = (A1, ..., Ay) has the density f, g(X) as
in (1.2). Let x; and ju, be as in (3.1). If p > n — oo, then, with probability 1, i,
converges to the semi-circle law weakly with density gg(x) = (Br)~1\/28 — x2 for
x| < V2B

Finally, the order p > n in Theorems 2 and 3 is the best order to make the
theorems hold when one considers the case p being much larger than n. From the
proof of Theorem 4, we see the order p > n? is “almost necessary.” Even so, the
large deviation principle may still hold with a different rate function and/or a different
speed as p > n, whereas the condition “p >> n>” does not hold. We leave it as a
future work.

4 Proofs of Results in Sect. 2

We start with a concentration inequality on the S-Hermite ensembles.

Lemma 4.1 Suppose A = (A1, ..., Ay) has the joint density function fg(1) as in
(1.4). Then, there exists a constant C > 0 depending on 8 only such that

P( max |4 > ﬁz) < C.emgnHCnt
1<i<n
forallt >0,n>2and B > 0.

Ben Arous [7] study the above probability for the case 8 = 1 in their Lemma 6.3. Our
Lemma 4.1 is stronger than theirs when ¢ is large. In fact, their bound of the above
probability is e=3""* with some § € (0, 1/2).

Proof It is easy to see that the order statistic A(j) > --- > A(,) has density function
hg(Ai, ..., Ay) = nlfg(Ay, ..., A,) for Ay > --- > A,. Further, maxj<;<, |A;| =
Ayl V [A@)l. It follows that
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P( max |4 > ﬁr)
1<i<n

— kb / [T 1= 2j1f e 2255 dny L dry,

DAt MgV 2 s SIS

B n—1
n!K
L R / [T = nal?

B
(n—2)Kk? -
e PR W AV WS T

n—1

_ 124,52
AT = alP e 2@ dagdag, - g A1) AR ddy
j=2

where K,’? is as in (1.5) and

_lsn=1,2
g0a ) = =KL, ] i—rlf e E=N @

2<i<j<n—1

for Ay > --- > A,_1. Notice

n—1 n—1
[T =2l TT 1% = 21l < Qal + @27
i=1 j=2

)T <amad e

< (2(x% +22)
for Ay > -+ > Ay,. Further, if [A1| V [A,| > /nt, then A} + A2 > nt?. Therefore,

P( max 3] = Var) 4.2)
1<i<n
B
< n22Pn Ii}n . (2 4 y2) I8 =50 gy
Kn—2

x24y2=ni?

/ g, ..., Ay—1)dAg .. dAy—

Ap>>Ap—
Kb 1 1,2, .2
= D [ e et s gy )
"2 243252
since g(A2,..., A,—1) is a probability density function. By making transform x =

rcosf and y = rsin@ with r > /nt and 6 € [0, 2], the last integral is equal to

o0 (o)
27 / FQn=3)p+1 ,=r2/2 dr:n/yg(zn_”e_y/zdy 4.4)
Jnt

nt?
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by making another transform y = r2. To compute the last integral, let us consider /
= fboo y¥e™¥/?2dyforb > 0and @ > 0. Use e ¥/ = —2(e~¥/?)" and the integration-
by-parts to have

o0
bl < /y"’“e—y/2 dy =209 e b2 4 2(a 4+ 1)1,
b

which implies that

o0

2

1 Z‘/yo{eiy/2 dy < mba‘kleib/z (45)
b

ifa > 0and b > 2o + 2. Now, suppose ¢ > /4P + 4, then nt>2 —(BQ2n—3)+2) >
%ntz. By (4.5), the right-hand side of (4.4) is bounded by

21

12— p(2n —3) S ()OI < ) () e (4.6)
ntc — n—>3)—

Now we estimate the term K ,’13 /K 5_2 appeared in (4.3). By the Stirling formula (see,
e.g., [1, p. 204] or [30, p. 368]),

1 1 1
log'(z) = zlogz —z — s logz +logV27n + — + 0| 4.7
2 127 X

asx = Re (z) — +o0. Itis easy to check that there exists an absolute constant C > 0
such that I'(1 4 x) > x¥e¢~* for all x > 0. Now, recalling K,’? as in (1.5), we have

ﬁ2

kP, 2 r(1+§(n—1))-r(1+§n

) <Cp (g(n - 1))75("71)‘@/3”?

Usen — 1 > n/2 to have

Ga-0) " <[G) 1] (G) " =t

n

. —Bn=1)
since (5)

= (2”’1n)/3n’5” < 4Pnp—Bn, Combining the last two inequalities,

we see that K,‘?/Kff2 < an_ﬁ"ecg". This together with (4.3) and (4.6) concludes
that, for some constant y depending on § only,
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1
P(gﬁ;ﬂ Ail = «/th) < yn’t"" -exp ( - E’”z + yn)
1
<y ~exp(— Ent2 + yn(t +2))
1
< 2y) - exp ( — 5+ (2y)nt) 4.8)

for all t > /4B + 4, where the inequality n” Vv "7 < e¥™ is used in the second
inequality. Note that the last term in (4.8) is increasinginy > 0.Sety’ = y+4/B + 1,
then 2y'nt > nt? for all 0 < t < /4B + 4. It follows that

1
inf {(zy’) . exp ( — 5ni+ (2J/)m)} > inf 2 - > 1

0<r</4B+4 0<t</4p+4
Therefore, (4.8) holds with C = 2y forallr > 0, 8 > O and n > 2. O

Proof of Theorem 1 Let f, g(A) = fug(A1,...,A,) be as in (1.2). Recall x; =
/%(% —/3) forl <i <nandX; = pB+./2Bpx;. By (1.2),x = (x1, ..., x,) has

density function

n f 8
~ - 2 F(p—n+D—-1  _ [Bp5n .
Jn,p(x) = Cg’p | | | xi —Xj|ﬁ . | | (1 + 5)&‘) ’ -e > =i i

I<i<j<n i=1
forall x; > — ’%p withi =1,...,n; fn,,g(x) = 0 otherwise, where
Ef’p — C,/?’p . (2ﬂp)%n(n—1)ﬂ+%n . e—%npﬂ . (pﬂ)%n(p—n-ﬁ—l)ﬂ—n. (4.9)

Let i1, ..., iy have density function fg(u) as in (1.4). Then, by (2.1),

IL(xt, - xn) = Lt ooy )| =/|fn,/3(x)_fﬁ(x)|dxl---dxn

Rn
o p (X
S ELYIC O (4.10)
f8(X)
where the random vector X = (x1, ..., x,) € R”" has density function fg(x) (replac-

ing A and A; in (1.4) by x and x; accordingly). Now,

£ ~B.p n Bip— -1 P~ n
fnpX) _ G H(l n /ﬂiXi)z(p RRENLD Y BRSSOV AE @.11)
D

X kfo

forall x; > — ’%p withi =1, ..., n, and it is equal to 0, otherwise.
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Recall the two conditions: (i) n — oo and p = p, > n3 and (ii) n is fixed and
p — o0. In case (i) we choose constant #, > O for all n > 1 such that

3
tn — 00 and 1+ = =0 (4.12)
P

as n — o0. In case (ii) we choose ), for all p > 1 satisfying

3
tp— oo and - -0 (4.13)
p

as p — oo. From now on, we will only prove the theorem for case (i). The proof for
case (ii) will be carried through by replacing “#,” in (4.12) with “¢,,” in (4.13) and
“n — 00” with “p — 00” in the context.

By Lemma 4.1, P(maxlg,-fn x| > ﬁtn) <C- e~ s 0asn — oco. Set

Qn:{max x—gtn}, n>1. (4.14)

Then P(£2,) — 1 as n — oo. By the Taylor expansion, there exists €y € (0, 1) such
that

1 1
log(l +x) = x — zxz + §x3 +u(x) with |u(x)] < |x[* (4.15)

for all |x| < €g. Notice ,/%ml < €p on 2, as n is large enough by (4.12). It follows

that
logilil1 (1 + \/gxi)g(p_nﬂ)_1
- (g(p —n+1)— 1) iz;:log (1 + /%xi)

n

B 2« 1
:(E(p—n—i-l)—l)( %in—ﬁl;x,?

i=1

1| 8 « - 2
+§ ng?‘f‘;M(\/%xz)) (4.16)
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on 2, as n is sufficiently large. By writing g(p —-n+1)—-1= gp - (M”T_l) +1),

we have
(4 )53
U= (5(p—n+D—1) [—= D x
2 'Bp i=1
n

n 3 .
z\/?;xwan,l - (”;)”2(; =) @17)

with |8,,1] < Cg,1, where Cg 1 > 0 is a constant depending on 8 only. Second,

1 n n n
LS ena (23)
i=1 p i=1
= —— X +8 2 n
PR

B | <
Un,2 = —(E(p—n—i-l)— 1) . nglz

(4.18)

on £, with |8, 2| < Cg2, where Cg > > 0 1is a constant depending on 8 only. Now,
. ﬂ 1 8 n 3
Uns = (5 —n+D-1) 3 W;‘xi
312 2 N3
n X;
= 8ps- (—) (—) (4.19)
G 2

with |8, 3] < Cg 3, where Cg3 > 0 is a constant depending on § only. On €2, by

(4.15)
Una = (g(p —n+1)— 1) - ‘ S M(\/gxi)
i=1

(4.20)

IA
>
=
N
—~
S| =
e
S
N—"
A
(=2}
S
~
S
~

with [8, 4] < Cp 4, where Cg 4 > 01is a constant depending on 8 only. We claim that

ﬂp n 1 n
Uni =% ;xi +op(). Una=—3 l;x? +op(D),
Uns = 0p(D), Ups=op(1) @21)
as n — 0o, where by Z, = op(1) we mean Z, — 0 in probability as n — oo.

Looking at (4.18) and (4.20) together with (4.12) and the fact P(2,) — 1, the
claims for Uy, 2 and U,, 4 in (4.21) are obviously true. By Theorem 1.2 from Dumitriu
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and Edelman [24], for each integerk > 1,27, (x;/ /n)?*~1 converges in distribution
to N (0, okz) with akz < ooasn — oo.Reviewing (4.17) and (4.19), from the condition
P> n3, (4.12) and the fact P(§2,) — 1, we see that the claims for U, and U, 4 in
(4.21) hold true. (If p, = p > 2 for all n > 1, then the claims for U, ; and U, 3 are
evidently true by (4.17) and (4.19) together with the fact P(2,) — 1.)

Now, from (4.16)—(4.20), we have

n 8
[2 \4p-nt)-1
1ogH (1 + %xi) ’ =Un1+Up2+Us3+Uns
i=1

on 2,. Consequently, from (4.11), (4.21) and the fact P(2,) — 1, we conclude
that

fap (0 (55”’)—1 o

(4.22)
fpX) \ kP
in probability as n — oo. Next we show
Eﬂsl’
. n
lim —F = 1. (4.23)
n—o00 Kn
Recall (1.3) and (1.5), we know
B.p n
Cnﬁ _ (271’)"/2 . 2—/3np/2 1
K =i T (B =n+i)
n—1 1
= (2m)"/? .27 Prr/2 (4.24)

0T (8 -0)

From (4.7), we have

logI’ (g(p — i)) = g(p —i)log (g(P - i)) - g(P —1)

1 1
—Elog(g(p—i))—Hog\/ﬁ—FO(p_i)

_B._. i (P _PY ()
—2(19 i)log(p 1)+(210g2 2)(17 i)

1 1 1
——log(p—i)——logE +logVv2r + O | — (4.25)
2 2 2 p
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as n — oo uniformly for alli = 0, 1,...,n — 1. Use the condition p > n and the
fact
. i n?
log(p — i) =log p — = + 0(—2) (4.26)
p p

uniformly forall0 <i <n — 1 asn — oo to have

1= 1 n?
—EZIOg(p—i)z—Enlogp+0(;) (4.27)

i=0

as n — 00. Moreover,

n—1
(élog———) Z(p— )_%(Elogé—ﬁ)n(Zp—n+l) (4.28)

By (4.26) again,

n—1 n—1 . 3
gZ(p—i)IOg(p—i)=[§Z(p—i) (Ing—l—>]+0(n—)
i=0 i=0 p p
= £ tog pync2 —n+1)—[é§<i—f)]+o(”_3)
= 7 (log p)n(2p 2 205 .

=—(ogpyn2p—n+1)——-nn—-1)+0|—
4 4 p

as n — oo, where we use the fact Z:‘l:_ol (i — %) = %n(n -1+ 0(%) in the last
step. This joint with (4.25), (4.27) and (4.28) leads to

log H ( (p—n+n) =—Zlogr( (p_,))

= —g(logp)n(Zp —n+ 1)—§ (logg—l) np
1 3
+§ (log g) n?+ znlogp + O(n + %)
(4.29)

as n — oo under the restriction that p > n only. Consequently,
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B.p n—1

Cn n Bnp B :

1 —log(2m) — == log2 — > logI' | =(p —

%8~ F =3 og(2m) — —=log . og (2(p z))

n

1 1 1
= —ﬂ%plogZ—l-(ilogg)n—i-inlogp—i (glogg —g)n(Zp—n—i-l)
3
P logpm@p—n+ 1+ Bam—n+o0 (”—) (4.30)
4 4 P

as n — 00. Reviewing (4.9),

ebp Br 1 1
log - = log “ + (01 = DB + Sn) log@Bp) — Snpp
K K 4 2 2

n

1
+(§n(p—n+ A —n) log(pp). 4.31)

Combining this with (4.30), by a routine but tedious calculation (see it in “Appendix”),
we have

l 5£sp n3
0g—p = ol—)—-0 (4.32)
K; p

as n — oo, which implies (4.23). Finally, by (4.22) and (4.23),

fap(X)
N
f(X)
in probability as n — oo. Obviously, E 5 ’;/’f((;)) = 1 for all n > 2. By a variant of the
Scheffé Lemm~a (see, e.g., Corollary 4.2.4 from Chow and Teicher [16]), the two facts
imply that E| £ ;"f(%) — 1| = 0as n — oo. The desired conclusion then follows from
(4.10). O

Proof of Proposition 1 Let&, ..., &, have density function f>(&1, ..., &,) asin(1.4)
with § = 2. Then y; := El/\/i, ey Yp = E,,/«/E have density function

32
SO, ..., yn) = Const - H lyi — yj|* - em 2=t

1<i<j<n
for (y1,...,y,) € R". It is shown by Bornemann [12] (see also [9]) that the two

random variables Ypmin := \/Enl/ﬁ(ymin + 4/2n) = nl/(’(émin + 24/n) and Yk =
V2nY/ 6(ymX —/2n) = nl/o (Emax — 2+/n) are asymptotic independent, that is,

P(ymin €A, Ymax € B) - P(ymin € A) : P()N’max € B) —0 (4.33)

@ Springer



824 J Theor Probab (2015) 28:804-847

as n — oo for any Borel sets A and B. Further, yn.x goes weakly to U and ypi, goes
weakly to —V, where U are V are i.i.d. with the distribution function F>(x) as in
(2.2) (see also [55,56]). By the assumptions, A = (Aq, ..., A,) has density function
Ja2(A) asin (1.2). In (4.33) replacing &pin in the expression of ypyin by */Tﬁ ()% — 2)
and &max in the expression of ymax by ‘/Tﬁ (’\';% — 2), respectively, we obtain from
Theorem 1 that

P()Lmin — Mn,1 cA, Amax — Mn2 c B)
On On

Amin — A —
—P( min — Mn,1 c A) ) ( max — Mn,2 c B) -0 (4.34)
lof

On n

asn — 0o, where wn1 = 2p — 4/, Un2 = 2p +4/pn and 0, = 2./pn~1/5.

That is, (Amin — tn.1)/0n and (Amax — tn.2)/0, are asymptotic independent.
Finally, using the same argument as in the above, the weak convergence of ymax

to U and that of yn,i, to —V, we obtain that Am‘”‘o# converges weakly to U and

A““%“"" converges weakly to —V as n — oo. This together with (4.34) gives the

. n .
desired conclusion. O

Proof of Corollary 1 Let Ay, ..., A, be the eigenvalues of XX*. As mentioned before
(1.2), we know A = (Ag, ..., A,) has density function f, g(1) asin (1.2) with g = 2.

Recall uy1 =2p —4./pn, pun2 =2p+4/pnand o, = Zﬁn_l/ﬁ in Proposition
1. Since 0, — oo and p,,1/(2p) — 1, by the Slusky lemma, Apin/(2p) — 1 1in

probability as n — oo. Set §,, = 4 \/% . Write

A n
1/6(& _1-4 /_)
pn
\/_ Amin P

B 2_p . Amax — (1 + 8,)Amin

On Amin
2 A - Amin — —(1+54

— P ) ( max — Mn,2 —(1+8) min — Mn,1 + Mn,2 ( n),un,l).
Amin On n Oon

It is easy to check the last term in the parenthesis is equal to 827/ p~1/2 — 0 since
p > n’. Also, 1 +8, — 1 and /\zm—pm — 1 in probability as n — oo. These and
Proposition 1 conclude that

A
N @) (435)
min

converges weakly to U + V, where U and V are i.i.d. with distribution function F;(x)
as in (2.2). Now, let &, = 2,/pn'/®, B, = 1 +2 \/; . Recall «, defined in (2.6).
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Observe

e — B = o (22— g2) - (/32 1 p,)

Amin Amin
Ao 4n7/6 Ao -1
Z{ﬁnl/ﬁ(ﬁ_1_4/ﬁ)_ " }( mdx+ﬁn) 2.
Amin p \/ﬁ Amin

From (4.35), we see that Apmax /Amin — 1 in probability as n — oo. Also, 8, — 1 and
4n’/6/ /P — Osince p > n3. The desired conclusion then follows from the Slusky
lemma and (4.35). O

Proof of Proposition 2 Leté&y, ..., &, have density function fg(§1, ..., §,) asin(1.4).
Then y; := \/% &, 1 <i < n, have density function

_Bsmn 2
fO1 oy =Const [ lyi—yjlf e a2y

1<i<j<n

for (y1, ..., yu) € R". Since —&nin and &k have the same distribution, by Theorem

1.1 from Ramirez et al. [52], n'/%Q2/n + 2/B &Emin) 4 n'0Q2n — 2/B Emax)
converges weakly to the distribution of Ao, which is defined below (2.8). Let A =
(A1, ..., Ay) have density function f, g(1) as in (1.2). By Theorem 1,

P(g"( %(A;in _ﬂ)) = x) - P(gn(fmin) < x) -0

asn — oo forany x € R and any sequence of Borel measurable functions {g, (¢); t €
R, n > 2}. Taking g,(t) = n'/%Q2/n + /2/B 1) to get

Pl e ) {2+ /% ) =) = 0

where u, = B(p — 2./np) and 0,, = ﬂﬁn_l/ﬁ. By the earlier conclusion, the last
probability goes to H (x) = P (Ao < x) for all continuous point x of H (x). This leads
to the desired conclusion. O

5 Proofs of Results in Sect. 3

This section is divided into two subsections. In Sect. 5.1, we prove Theorems 2 and 3
for the large deviations for the largest and the smallest eigenvalues of the -Laguerre
ensembles. Section 5.2 is devoted to the proof of Theorem 4 for the large deviations
for the empirical distributions of the eigenvalues from the same ensembles.
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5.1 Proof of Theorem 2

Proof of Theorem 2 1t is easy to check that I (x) > O forall x # B, I(8) = O,
{I(x) < c}1is compact for any ¢ > 0, and I (x) is strictly increasing on [8, 00). Now,
to prove the theorem, we need to show the following

1 A
limsup—logP(ﬂ € F) < —inf I(x) 5.1
n—oo P p xeF
. . 1 )\max .
lim inf — log P(— e G) > _inf I(x) (5.2)
n—oo p p xeG

for any closed set F C R and open set G C R.
The proof of (5.1). Obviously, the joint density function of the order statistics Apax =
Ay > > Amyisg(Ar, ..., Ay) =nlfu gy, ..., Ay) forall Ay > -+ > A,. Write

gL, ..y An)
B.p n
nlc B(p—n+D)—1 _1
:#-(,\f portD=l =4 H(M—/\i)’g)~Ln(A2,...,kn) (5.3)
(n = Dle, 7y i=2
Ay By
where
Ln()\'Za IR )\'Yl)
n
_ B(p—n+1)—1 no
= =D T =l T2 iR s

2<i<j=n i=2
. " B Bn—1) .
Notice that [[;_, A1 — AP < A} forall A\; > --- > A,. This gives
Eotp-1-1 5.
B, < A{ e M2,

Thus, from (5.3), we have

P(Ama" zx)z / PICT TR i U T
P PX<Ay, A1>->X, >0
o
< A, ~/M§("+”*””e‘k1/2dm
px
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/ Ly(Ap, ..., Ap)dAy. .. dAy,

Ap>->A, >0
o
B
= Ay / y2 Pl 2 gy (5.5)
px
since L, (A2, ..., A,) is a probability density function. We claim, as n is sufficiently
large, the following hold:
o.¢]
/yg(,,ﬂ,,]),le,y/z dy < 2 (pr) S +P=D=px/2 iy o g
f— _ _ _ 2 9
A pix—p)—pn+B
(5.6)
px
ﬁ(p—n+])—1 —y/2 2 ﬁ(p—n+]) —px/2
y2 e dyfm(px)2 e if0 <x < B.
0
5.7

In fact, taking o = g(n 4+ p—1)—1and b = px in (4.5) and using the fact x > S,

we obtain (5.6). To prove (5.7), set J = fob y*le=/2dy with @ = g(p —n+1),
b = px and 0 < x < B. By integration-by-parts,

| =

b
al = /(y"‘)/efy/2 dy = b%e /% 4 5
0

b
/y‘)‘eﬂ’/2 dy < b%e % + éJ.
0

Solve the inequality to have

pe—b/? < 2 (px)g(p—n—q—l)e—px/Z’

J <
T 20D “(B—x)p—pn

which leads to (5.7).
Now we estimate A, in (5.3). In fact, by (1.3),

p.p  p2-Pltp=bi2p (1 + f—’)
ch 2
=n ﬂ,p—l = ’3 ’B . (58)

Use the fact I'(x + 1) = xI"(x) to have

Ay

, 2-Berp=D2p (1 + g)
A, ==
()
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By (4.7),

logA, = —g(n +p—1Dlog2 —logI (gn) —logT’ (gp) + o(p)

__# _# BB e
= —5(og2)p = Znlogn + = p — = plog(= p) + o(p)
=—§p(log2—1+log§)—gnlogn—gplogp—i—o(p) 5.9

as n — 0o. Combining (5.5) and (5.6), we have

A
logP( > x) < —gp(log2 —1+4log é) — énlogn - gplogp
D

2 2
X
—%+§(p+n—1)1ogp+§(p+n—1)1ogx+o(p)
= p(g - glogﬂ — %—i—glogx)—gnlogn—i—gnlogp—i—o(p)
(5.10)
asn — oo for all x > B. Since —gnlogn + gnlogp = —gnlog% = o(p) as
n — 00, we arrive at
1 A -
limsup—logP( - Zx) < _(x p — EIng) (5.1D)
n—oc P p 2 2 7B

for any x > 8, and hence the same holds for x > f§ since the right-hand side of (5.11)
is equal to zero when x = S.
Now, if %Amax <x € (0, B), by the definition of f,; g(A) in (1.2), we see

n
Bp—nt+1)—1 noy
Fap) < cg,P(px)ﬁn(n—l)/Z'H)Liz(p n+1) .e_%ziz, Ai

i=1

where ¢£°? is as in (1.3). It follows that

px
P(Amax Sx) < Cf,p(px)ﬁn(n—l)/z . (/y§<p-n+1)—1 e V2 dy)n
P 0
2 B n
< C,/fvp(px)ﬁn(n—l)/Z . ((/3 e v (px)j(p—n+l)e—px/2)

< ol _Cgsp . (px)ﬂnp/Z . p—n .e—npx/2
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as n is sufficiently large, where C is a constant not depending on n and the second
inequality follows from (5.7). Consequently,

1 A 1
llmsup—logP( = < x) = —%C + = P log x —i—hmsup—log( ﬁ””/zc,‘?’p).
P np

n—oo Nnp 2 n—oo
(5.12)
From (1.3), we have
1
— log ( pﬂnp/ch,p)
np
. ~1
B B 1 B .
Elogp—510g2+—log l—Il E(p—n+])
]:
oe (T PN 5.13
o og(HF(l—i-E])) +o(1) (5.13)

j=1

as n — oo. It is known from the paragraph below (4.6) that I'(1 4 x) > x*e~¢* > 1
for x > €, where C is an universal constant. Then,

logH (1+ ]) i('g)log('i) cz i+o0)

j=1

n
=03 jtogj + 0w
j=2

asn — oo.Notice >7_, jlog j > [[' xlogxdx = (%leogx—§)|” = In?logn+
o(nz). Hence,

logH (l—i— ]) > En 10gn+0(n2)

as n — oo. From this and (4.29), we get that the sum of the third and fourth terms in
(5.13) is bounded by

1
E( g10gp)n(2p—n+l)—é(log§—l)

1
g (log /;) n* + Enlogp — gnz logn) +o(1)
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=—§logp—(g)%log%—g(log§—1)+0(l)

B B B
=——1 — —[log=—1 1
> ogp > og ) + o(1)
as n — 00. Therefore,

1
lim sup — log (pﬁ"p/ch’p) < —glogﬂ—i—g. (5.14)

n—oo Nnp

This joint with (5.12) yields that

max

. 1 A x—pB B X
hmsup—logP(—Sx)f—( ——10g—)<0
n—soo NP P 2 2 "B
since 0 < x < B. Therefore,
. 1 Amax
lim sup — log P(— < x) = —00 (5.15)
n—oo P p

for all 0 < x < pB. To prove (5.1), without loss of generality, we assume F C
[0,00) and B ¢ F. Since F is closed, then either F C [0,a], F C [b, 00) or
F C [0,a]U[b, co) for some constantsa € F and b € F with0 < a < B < b. Thus
(5.1) follows trivially from (5.11) and (5.15).

The proof of (5.2). To prove (5.2), it is enough to show

1 A
lim inf — log P( max G) > _1(x) (5.16)
p

n— oo p

forallx € G, where G isanopensubsetof R. If x < g, then (5.16) holds automatically
since I (x) = oo. If x = B, noticing /(x) = 0 if and only if x = B, we then know
from (5.1) that A';‘f" — B in probability as n — oo, thus P(A';% € G) — 1, hence
(5.16) is also true.

Now assume x > . Since G is open, choose constants r, a, b with  <r < a <
x < band (a, b) C G.Recall (5.3) and (5.4). Under the restriction that pa < A1 < pb
and A, < --- < Ay < pr, we know

L p Bn—1)
H A1 —Ail” = (p(a — r)) and
i=2
pb
/ AT MG 2 p(b— a)(pa) ST,

pa
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Then, by the same argument as in (5.5), we have

A A A
P(F™™ eG) = Pla< ™ <b = <¥)
p p p
pb
:An-/Bnd)nl- / Ly(Ap, ..., ) dry...dA,
pa pr>iy>-->i, >0

s
> Ay - (pla— )P0 p(b —a) - (pa) s POl pb2 P(;2 <7)

(5.17)

where A,,, B, and L, are defined in (5.3) and (5.4), and ]3(%2 < r) stands for the
probability of {%2 < r} with the underlying probability distribution having density

function L, (A2, ..., Ay). Observe from (5.4) that the original beta-Laguerre ensemble
with parameter (n, p,, 8) becomes L, (A2, ..., A,) with parameter (n — 1, p, — 1, B).
Since lim, o pn/n = 00, we know that p), := p,4+1 — 1 — oo and p,/n — 00 as

n — 00, according to the arguments below (5.16), we have lim,,_, o P ()‘72 < r) =1

since » > f. Thus,

1 A
—logP( max ¢ G) >
p

Bnlogp B B
p p

b
log A, + — +Elogp+zloga——+o(1)

1
p 2 2
(5.18)

as n — 00. By (5.9), the right-hand side of the above is equal to

B B\ B 1
2 1062 =1+100 = Ly | —_ b+ K
2 %8 8y) T84T, g

where

K, = (— Prlogn Elogp) + (énloﬂ + éIOgP) +o(1)

2 p 2 2 p 2
Bn n
=———log—+o(l) >0
2p "p

as n — 0o. Now taking lim inf,,_, o, for the both sides of the inequality in (5.18), and
then letting @ 1 x and b | x, we arrive at

I A I
liminf—logP( max eG) > P (log2— 141062 + Brogx — Ly = —1(0)

which gives (5.16) for x > B. O

Proof of Theorem 3 1t is easy to check that I(x) > O forall x # B, I(B8) = 0,
{I(x) < c}is compact for any ¢ > 0, and I (x) is strictly decreasing on (0, 8]. Now,
to prove the theorem, we need to show that
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1
lim sup — log P

n—oo P

()\min
p

1
liminf — log P

n—o00 p

()\min

— €
p

€ G)

F) < —inf I(x) and (5.19)
xelF

> —inf I(x) (5.20)
xeG

for any closed set F C R and open set G C R.
The proof of (5.19). Obviously, the joint density function of the order statistics Apin =

Ay < -+ < Aayis g(Ag, ..

’ )\'n)

n!cf’p

=t

g, ...

(,\

n

) = n!fn,ﬁ()"l, ..

bp-nt=1 _1;,

L Ag)forallAy > --- > A,. Write

n—1

[T =2 ) - LaGras )

i=1

A, B,
(5.21)
where
Ly(At, .o dp—t)
n—1
_ B —1D—=(n— — n—1

SR LA | (TSR VTR | B e
1<i<j<n-—1 i=1

(5.22)

Observe that []7—]

e — il < 2P D forall oy > -

> A, > 0. This gives

B(p—n+1)—1
By < (pM)f 37 0T a2

provided A1 < pM > 1. By Theorem 2, for any M > g, we know that

P ()\max
p

as n is sufficiently large, where yy; = MTﬂg —

have

P ()\min
P

< x) < P(Am—i“ < x, Dmax
p

< ze*P}’M V4

> M) < e PYm

(5.23)

log

g % Thus, forany 0 < x < 8, we

< M) + e Pvm

gty .o A dAg ... diy

PM A1 > >y, Ay <px

< 2e7PM v (pM)P"
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/ Ly(A, ..., Ap—1)dAq...dr,—g

A>>A,—1>0

px
Bip— —
—2e P\ (pMYP! . A, - / AZPTIDT 2y  (5.04)
0
Dy
since L, (A1, ..., Ay—1) is a probability density function. By (5.7), the last integral is

bounded by 75 (px) 2 P=1+De=Px/2 a5 1 is sufficiently large. Thus, by (5.9),

2
—x)p—pn

log D,, < Bnlog(pM) — gp(log2— 1 4 log g) — Enlogn - gplogp

2
2 B pXx
+log m + E(p —n+ 1)(log p +logx) — -5 + o(p)
_ B/n n
=np — E(Elog ;)p +o(p)

asn — oo, wheren = —§(10g2— 1+log g) —i—glogx— 5. Since p > n it follows
that

1
li;ri)s;pzlogDn < —g(logZ—l—Hogg) —i—glogx—%
x—B8 B X
:—( ——log—).
2 2 B

Consequently, by the notation y;; and (5.24), we get

lim sup — ! logP( r;m <x) <_[(x—ﬂ _EIng) (M_ﬁ_él gﬂ)]

(5.25)
forany M > B. Send M — oo to have
1 A
lim sup — log P( min x) < 1) (5.26)
n—oo P p

forany 0 < x < B.
Now, if %)‘min >x > fand %)\max < M for some M > x, by the definition of
fn.p(}) in (1.2), we see

Fap ) < el (payfnn=b/2. Hm“’ I DI

i=1
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834
where cﬁ P is as in (1.3). It follows that
o
Amin Amax B.p Bn(n—1)/2 Bp—n+D—1 —y/2 !
P > x, <SM) <" (pM) : y?2 ~e2/7dy
p p
px

i
< Cf,P(pM)ﬁn(nfl)/Z ) ((px)j(p7n+l)e*px/2)

< an . c’/?,P . (px)ﬂnp/Z . e—npx/Z

asn is sufficiently large, where C = C(x, M) > Oisaconstantnotdepending onn, and
the second inequality follows from (4.5) withb—2a—2 = p(x—f)+Bn—B—2 — oo.

This implies

)

1 A A
hmsup—logP( min sy, 2o < M)
p

n—oo NP o 4
1
<14 b log x + lim sup — log (pﬂ"p/ch’p). (5.27)
2 2 n—oo Np

This joint with (5.14) gives
()\min > Amax SM) < _(x_ﬂ —Elogf) <0

1
lim sup — log P > x,
p p

n—oo Np

since x > fB. Therefore, by (5.23),

1 Ami
lim sup — log P( m zx)
n—oo P p
Ams
< lim sup — [logP( min ﬁ <M)\/10gP( e ZM)]
n—oo P p
M
e
T B

forall M > x > B. By letting M — oo, we see that

1 Ami
lim sup — log P( = > x) = —00 (5.28)
n—oo P p
for all x > B. Since P(Amin > 0) = 1, by the same argument as in the paragraph
below (5.15), we get (5.19) from (5.26) and (5.28).
The proof of (5.20). In order to prove (5.20), we only need to show
(5.29)

(Ami“ € G) > 1 (x)

1
lim inf — log P
p

n—o0 p
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for all x € G N (0, B], where G is an open subset of R. If 8 € G, since I (x) = 0 if

and only if x = 8, we then know from (5.19) that )“;i“ — [ in probability asn — oo,

thus P(%ﬂn € G) — 1, hence (5.29) is true for x = B.

Now it is enough to prove (5.29) for allx € G N (0, B) # @. For such x, since G is
open, choose constants a, b, r with0 <a <x < b <r < B and (a, b) C G. Review
(5.21) and (5.22). Under the restriction that pa < A, < pband pr < Ay,_1 < -++ <
A1, we have

n—1

5 Bn—1)
H |Ai = Anl” = (p(r - b)) and
i=1
pb
B _
/ Jt P R = p(b — a)(pa) D02,
pa

Then, by the same argument as in (5.17), we have

Ami A An—
P(—mmeG)zP(a<—n<b, nl>r)
p p p
o ph
= Ay, / (/B,,dx,,)Ln(xl,...,An_l)dxl e
A > >Ay_1>pr  pa

~(Ap—
> Ap- (p(r = b)YV b —a) - (pa) 5PV 02 P(—”p L>r)

where A,,, B, and L,, are defined in (5.21) and (5.22), and P (% > r) stands for the

probability of {)‘”T‘] > r} with the underlying probability distribution having density
function Ly (A1, ..., Ap—1). Noticing p, := pp41 — 1 — oo and p),/n — o0 as
n — oo since lim,_, o, p,/n = 00. Then, by (5.19) and the argument between (5.17)

and (5.18), we have lim,_, oo P(A”T‘l > r) = 1 since r < B. Thus,

nlo b
logA,,—l-E pgp +§logp+§loga——+0(l)

1 )hmin
—1 P( € G) >
8 = 2 2

1
p p p

(5.30)

as n — 00. By (5.9), the right-hand side of the above is equal to

B B B 1
21062 =1+10s = Ly | —_ b+ K
2 \ 8 By ) TR, "
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where

nlogn nlo
Kn=(—E g —élogp)—i-(g pgp

B
Py ) 1
2 ) 2 +20gp +o(1)

B o) > 0
2p “p

asn — oo. Now taking lim inf,,_, «, for the both sides of (5.30), and then lettinga 1 x
and b | x, we arrive at

1 A 1
liminf—logP( min eG)z—é log2 — 1+1og 2 ) + L rogx — 2x = —1(x)
n—oo p p 2 2 2 2

for all x € G N (0, B), which concludes (5.29). O

5.2 Proof of Theorem 4

To prove Theorem 4 next, we need to review some terminology. Let M(R) be the
collection of the Borel probability measures defined on R associated with the stan-
dard weak topology, that is, u, converges to u weakly as n — oo if and only if
lim,, 5o f f(x) pup(dx) = f f(x) u(dx) for every bounded and continuous function
f(x) defined on R, where {u, u,; n > 1} € M(R). For further reference, see, e.g.,
chapter 11 from Dudley [22]. When we mention open and closed sets in M (R) in the
following, the corresponding topology is the weak topology.

Proof of Theorem 4 By Theorem 1.3 from Ben Arous and Guionnet [8], Ig(v) is a
good rate function, that is, /g(v) > 0 for all v € M(R) and {v € M(R); Ig(v) <[}
is compact under the weak topology for any / > 0. So we only need to show

1
lim sup — log P(un € F) < — 1nf Iﬂ(v) (5.31)
n—oo
for any closed set F C M(R) and

1
liminf — log P (i, € G) > — inf Ig(v) (5.32)
n—oo n veG

for any open set G C M(R).
The proof of (5.31). Define

En©) = { max 1”1~ p| < /26e] (5.33)
<i<n p

for0 < e < %(\/B A 1). By Theorems 2 and 3, there exists a constant § = §(¢) > 0
such that

P(E, (e))<P(ﬂ>ﬂ+fe)+P(ﬂ<ﬁ \Fe)<2e—f”<S (5.34)
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as n is sufficiently large. By (1.2),

P(un € F) <277 4 P({iy € FY N En(€))
=2eP 7 / [T =21

{un€FINE,(e) 151<i=n

n
1)—1
Hm(’) R DY R P T

Since x; = / (A’ —pB).ThenX; = p(B+ x,)w1thxl > —/Bp/2forl <i <n.
It follows that

P(in € F) <2e77° 4+ CI7 - / [T i—x1?

(n€FINEn(ey 1SI=I=n
n B
2 \NSp-ntD-1  _ [
.H(1+ /—x,-)z e VBl dx;...dx, (5.35)
Pl B
where

maxi<j<p |Xi|

JP

Cy/?ﬁp — Cg’p . (Zﬂp)n(n—l)ﬁ/4 . (pﬁ)gn(P—n-‘rl)—n . e—np,B/2 . (2,3}7)"/2 (537)

E,(¢) = { < e} and (5.36)

By inequality log(1 + x) < x — % + X; for all x > —1, we have

logl‘li[1 (1 + \/%x;‘) Homeb
S(g(p_n+1)—l)< %;&—é;x? 363/2p 3/22 )

for x; > —/Bp/2 withi =1, ..., n. Now, on E,(¢)’ we have Z;’:I |xi| < n./pe,
it follows that

Uy = (§<p —nt 1) — 1)( pz—ﬂ;x) = \/?gxi +e-0m?) (538

as n — oo. Similarly, on E, (€)', we have >/, |x; |* < npe?, which leads to

I’A :=—(§(p—n+1)—1)'é;xizz_%éxiz‘ﬂ'o(”z) (5.39)
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asn — o0 since 0 < € < 1. By the same argument, on E,, (¢)’, we have Z;’zl |xi |3 <

JPe X1 |xi|?, hence,

W, = (g(P —n+1)— 1)(353/2 372 Z'x’ ) = %é‘x’z (>40)

Combining all the above, we get

(p—n+1)—1
logl_[(1+—)2
<U,+V,+W, <,/ﬂ—pix-—%ix~2+eo0(n2)
= Un n n= 2 - i 2 - i
i= i=

on E, (€)' asn — oo, where

-2 ) (5.41)
i =1—— > .
‘ VB
for0 < e < %(\/E A 1). From (5.35), we see that
P(uy € F)
< 2P 4 CPP exple - 0n?)) - [T ti—xilf e F 2 dy L dy
iR 1si<jsn
(5.42)
as n is sufficiently large. Let A1, ..., A, have the density function fg(Ai, ..., A,) as

in (1.4). Set y; = A;/ /o fori =1, ..., n. We know that (yq, ..., y,) has density
Bntn—1)+12 <2
hpn o) =ad ™ TUKE T iyl e TR (5.43)
I<i<j<n

for (y1,...,yn) € R". By Corollary 5.1 from Ben Arous and Guionnet [8] (taking
a=ae, V(x)=ax?and f(x) = 0) that v, = % > 8y, satisfies the LDP with
speed {n%; n > 1} and rate function o - I g/a. (V) where

1 b b 3
I,(v) = /gb(x y)v(dx) v(dy) + — log h —b (5.44)
RZ

for any b > 0 and

1,.2 2 .
s(x*+y°) —blog|x —y|, ifx ;

gr(x,y) = [2 Y gy >y (5.45)
+o00, otherwise.
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We see from (5.42) that

5 chr 2 —Bam—1)—1
P(u, € F) <2 7° 4 o7 cexple - O()}) o * 2.P(v, e F) (546)

n

as n — oo. It follows that

1
lim sup — log P(un € F)
n

n—oQ
B.p
1
< limsup — log (<5~ ) = inf {a - Ipa, )] — B logac+e-00) (547
n K, veF 4

n—oo

where the condition p > n? is used in the inequality. For the constant and rate function
above, we have the following facts.

C,f'p
B
n

= 0(n+n3p_l)asn — o0. Inparticular,

Lemma 5.1 Ifp = p, > n, thenlog
it is of order O(n) if p > n>.

Lemma 5.2 Let I,(v) be defined as in (5.44). Let A be a set of Borel probability
measures on R. Set Jo(A) = inf,eals - Ips(v)} foralls > 0. If {s, > 0; n > 1} isa

sequence with lim,_, oo s, = s € (0, 00), then lim,,_, oo J;, (A) = Js(A).

The proofs of the two lemmas will be given at the end of this section. Let us continue
now. From (5.47) and Lemma 5.1,

. 1 .
limsup — log P (s, € F) < — inf {aE : Iﬁ/ag(u)} - glogae te-0(1) (548)

n—o00

for any € € (0, %(\/E/\ 1)). Now passing € |, 0, we know from (5.41) that o — 1,
hence it follows from Lemma 5.2 that

1
lim sup — log P(un € F) < — inf Ig(v). (5.49)
n veF

n— 00

The proof of (5.32). First, by the Taylor expansion, there exists €y € (0, 1) such that
1, 3
log(1+x) > x — Ex — |x| (5.50)
for all |x| < €p. Without loss of generality, assume
1
0<ey< Z(\/E/\ 1). (5.51)
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Review (5.33) and (5.35) to have

P(u, € G) (5.52)
> P({un € G} N E,(€))

n
B(p— _
=cp? / H I)»i—)»j|ﬂ'H)»,-2(p T e r Xt gp L day

(n€GINE, () 1SI=i=n

ch,n, / H _x]|ﬁ H(l-i-\/» )z(P n+1)—1

(n€GINEy ey 1SI=T="

_ [Bp S5 .
VR dx; ... dx, (5.53)

where E, (€)' is defined in (5.36) and Cf’p in (5.37). Now, by the inequality in (5.50),
on E, (¢)’, we have

n B (pnt)—
logilj[l( ﬂf}ﬁ) S
= (B —ntn-1)( %:lef—éi =55 3/2Z|x‘|3)

i=1

=U,+V,=3W,

where U,, V,, and W,, are defined in (5.38), (5.39) and (5.40), respectively. Thus,

. ﬁ( xi )g(pfnﬂ)fl - /ﬂ_pix__ﬁzn:x2+e.0(n2)
gizl BJP V2 i=1 C2 i=l l

on E,(¢) asn — oo, where

6e
Ve =1+ ﬁ >0 (5.54)

for any 0 < € < €. This joint with (5.53) yields that

P(un € G)
> PP 00 / H lxi — x;1? e FELY dxy L dx,
{n€GINE, (e) 1Si<i=n
Cﬁvp —Bum—1—1
_ 1:"5 0 ) mTDTE b (i € GY N En(e))
n

by the same arguments as those in (5.43) and (5.46), where P; stands for the probability
such that x = (xi,..., x,) appearing in the definitions of w, and E,(¢)’ has the
probability density function
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~ B —1H+z € n 2
IICITIUNE S EEvE ey YA N PRSI, DEE

1<i<j<n

for (x1,...,x,) € R". From Lemma 5.1, we get
o]
lim inf =) log P(u, € G)
n—oo n

1
> lim inf — log Pi({ptn € G} N E,(€)) +€-0(1) — glog Ye  (5.55)
n

n—oo

for any 0 < € < €g. Denote J<(G) := infyec{ye - 15y (v)}. We claim that (5.55)
implies

1
lim inf — log P(up € G) = —Jc(G) —e+€-0(1) — é log ye (5.56)
n—>oo n 4

for all 0 < € < ¢€g. In fact, the above is trivially true if J.(G) = oco. Assume now
Je(G) < oo. Then, by the LDP discussion between (5.43) and (5.46), we know
Pi(u, € G) > exp{—nz(JE(G) + €)} as n is sufficiently large. From Lemma 4.1,

PI(En(€))
= P max xil = /pe) = P( max iy] = Va(/p/nyle)) = e
I<i=n I<i<n

as n is sufficiently large since p > n, where (A1, ..., Ay) 1= )/61/2 -(x1,...,x,) has
the joint probability density function fg(A1, ..., A,) asin (1.4). Hence,

Pi({ptn € GYNVEn(€)) = Pi(juy € G) = Py(Ey(€)) = e U+ _ gmprec’/3
= e UDTO (] 4 o(1))

as n — oo by the condition p > n2. This and (5.55) lead to (5.56). Finally, letting
€ | 01in (5.56), we have (5.32) from Lemma 5.2. O

Proof of Proposition 3 Letvg be the measure with density gg(x) = (Br)~'/2B — x2
for any |x| < /2B, and define Fg = { € R; p(u, vg) > €}, where p(-, -) is the
Prohorov distance, see, e.g., chapter 11 from Dudley [22]. Then, Fg . is a closed set
under the weak topology. Recalling the definition of «¢ in (5.41) and Lemma 5.1, we
have from (5.46) that, for € small enough,

P(tn € Fpo) < 2e7 P + Ce 00 . p(v, € F)
<2677 4 €0 exp | — (n?/2) - inf {ate - Ipja, ()]
ve

by the large deviation principle mentioned in (5.44), where v, is defined between (5.43)
and (5.44). By Lemma 5.2, the infimum goes to a positive constant since vg ¢ F. So
the desired result follows from the Borel-Cantelli lemma. O
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Proof of Lemma 5.1 Review (5.37). Notice

Cf’p c,‘f‘p

= (zﬂp)n(nfl)ﬁﬂ ) (pﬂ)gn(pfn+l)fn e—nPB/2 (zﬂp)n/2
KI’L Kﬂ

z_gn,, Q)2 ﬂgn(p—nﬂ)—n  pPn@p=n+ /A= (1D = Brp/2 (9 g)Bn(n=1)/4+n/2)

D,
- B Y\ !
(TIr (E(p_nﬂ))) . (557)
j=I
Observe
B n B
log D, = —5(log2)np + 5 log(2r) + E(logﬁ)n(p —n—+1)—nlogp

+§n(2p —n+1)logp — glogp - énp + (gn(n -+ %) log(2B)

2
= g(log pnR2p—n+1)+ g(logﬂ)n(p —n) — g(l + log2)np
log(2
—g log p + an + O(n)

= g(log pnRp—n+1) — g (log g) n? + g(logﬁ —1—1log2)np
—glogp—i-O(n)

as n — 0o, where O (n) is a function of n which does not depend on p. Join this and
(4.29) with (5.57), we conclude

B.p 3
C
log nﬂ = O(n—i-n—)
K p

n

as p > n — oo. In particular, it is of order O (n) if p > n?. O

Proof of Lemma 5.2 . Recalling the expression of I, (v) in (5.44) and (5.45), to prove
the lemma, it is enough to show that

H, = ing/ (an(x2 +y?) —log|x — y|) v(dx)v(dy)
ve
RZ

— H:=inf / (a(x2 +32) —log|x — y|) v(dx)v(dy) (5.58)

VEA
R2

as n — 0o, where {a, > 0; n > 1} is a sequence with lim, . a, = a € (0, 00).
We first claim that

t
t(x? +y*) —loglx —y|+C > 5<x2 +y?) (5.59)
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forany ¢t > 0,x > 0and y > 0, where C = C; = —% -infy~o{tu — logu} is finite.
In fact,

t t 1
502 +y%) —logly — y| = S = ) = S loglx — y)* = —C,
2 2 2

which yields (5.59). The inequality in (5.59) implies that

/ (t(x2 + y2) —log|x — y|) v(dx)v(dy) is finite if and only if

R2
/xzv(dx) < 0o and /log |x — ylv(dx)v(dy) is finite. (5.60)
R R2

The inequality in (5.59) also says that the sequence { H, H,; n > 1} is bounded below.
Now, if H < oo, take any v € A such that [p2(a(x* + y*) — log|x —
v v(dx)v(dy) < oco. By (5.60),

Hy < an / o + y)u(dv)v(dy) — / log [x — y] v(dx)v(dy) < o0
R2 R2

for all n > 1. Passing n — oo and taking the infimum over all v € A for both sides,
we get

limsup H, < H. (5.61)

n—o0

Obviously, the above is also true if H = oo.
On the other hand, if H < o0, by (5.60), H, < oo foralln > 1. Forany n > 1,
take v, € A with

1
Hot o> / (an(® + 5%) — Tog x — 1) va(dr)un(dy)

R2
> [ (286245 ~toglx = 1) n @y, @)
]RZ
> 5 / o2 4 ) un (@) vn(dy) — C (5.62)
RZ

where 26 := inf{a,; n > 1} and the last inequality follows from (5.59) with C = Cs.
This and (5.61) imply that

n>1

M = sup/(x2 + yz)vn(dx)vn(dy) < 0.
RZ
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Therefore, from (5.62),

1
Hyt = [ (a6 457 ~toglx = 3]} 0u(@0)un@y) = Mla, - a
R2
> H — Mla,, —al.

Letting n — oo, we have liminf,_, - H, > H. Further, (5.60) says that H = oo if
and only if H, = oo for all n > 1. Thus, liminf,_, . H, > H also holds if H = co.
These and (5.61) prove (5.58). O
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6 Appendix
In this part, we verify the validity of (4.32).

Proof of (4.32) . Set

1 1 1
A:_'BﬂlogZ—f-(zlogg)n—l——nlogp——(Elogﬁ—g)n@p—n—kl)

2

—g(logp)n(Zp —n+1)+ gn(n —1);

1 ] 1 |
B= (Zn(n — DB+ En) log(2Bp) — 5npf + (En(p —n+ 1B — n) log(pB).

To show (4.32), by (4.30) and (4.31), we need to check that A + B = 0. First, separate
the terms with log p from others in the expression of B and then sort out for log 8 to
have

B= (ln(n — DB+ ln) log p + (ln(n — 1B+ 1n) log(28)
4 2 4 2
+(1”(P —n+ 1B — n) log p + (ln(p —n+ 1B — n) logB — lnp,B
2 2 2
_(B 1 1 ,
= (Epn log p — (Zn(n - DB+ En) logp) + B
where
I 1 1 1
B = @((21) —nt+ 1) — 2) n (Zn(n — DB+ En) log2 — Snpp.
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Comparing the two coefficients of log p in A and B, we find that their sum is identical
to 0. Thus, by setting

B

_PBnp B
2

2

A = og2+ (llog
2

1(B. B B B
)n—z (Eloga — E) n(2p—n+1)+zn(n— 1),

we only need to check A’ + B’ = 0. In fact, write

/ 1 1
A= —'B¥log2+ (510 g)n - %(2;7 —n+1p
log?2
+W(2P—n+1)+gn(Zp—n+l)+§n(n—1) 6.1)
_ (logp)n 1 Bnin—1) n 1
= _T(zp —n+ 1B+ E(logﬂ)n + (— — 5) log?2 + Enp,B

where in the second equality, we first merge all terms with log 2 together by writing
(% log g)n = %(log B)n — %(log 2)n, and then sum the last two terms in (6.1) to

obtain %npﬂ. Now it is evident that A" = —B’. O
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