Physics Letters A 373 (2009) 2117-2121

www.elsevier.com/locate/pla —

Contents lists available at ScienceDirect

Physics Letters A

Scerertem

A variance formula related to a quantum conductance problem

Tiefeng Jiang !

University of Minnesota, 313 Ford Hall, 224 Church Street S.E., Minneapolis, MN 55455, USA

ARTICLE INFO ABSTRACT

Article history:

Received 17 November 2008

Received in revised form 23 March 2009
Accepted 11 April 2009

Available online 23 April 2009
Communicated by C.R. Doering

Let t be a block of an Haar-invariant orthogonal (8 = 1), unitary (8 = 2) or symplectic (8 = 4) matrix from
the classical compact groups O (n), U(n) or Sp(n), respectively. We obtain a close form for Var(tr(t*t)).
The case for g =2 is related to a quantum conductance problem, and our formula recovers a result
obtained by several authors. Moreover, our result shows that the variance has a limit (88)~' for 8 =1,2
and 4 as the sizes of t go to infinity in a special way. Although t in our formulation comes from a block

of an Haar-invariant matrix from the classical compact groups, the above limit is consistent with a formula
by Beenakker, where t is a block of a circular ensemble.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

We first describe a conductance problem relevant to a formula
that will be obtained in this Letter. Suppose some electron fluxes
travel through a wire with left and right edges. To be precise, let
the n-component vector I and m-component vector I’ stand for the
complex amplitudes of the available plane wave states traveling
into the left and right sides of the wire, respectively. Let O and
0’ be the m-component and n-component vectors for the same
states traveling out of the left and right sides of the wire. The so-
called scattering matrix S connects the two pair of quantities in
the following way:

i 0
5(7,)2(6,). (1.1)

For convenience of discussion, write

S — (fnxn thxm ) i (12)

tmxn  Tmxm

where t and f are transmission matrices, and r and 7 are re-
flﬁectionﬁ matricgs. Because of flux conservation, one has to have
[112 4+ |I'|2 = |0|? + |0’|2. This requires that S has to be unitary.
Since S is unknown, it is reasonable to assume that S is random
and unitary. There are three cases in the system: (a) there is no
time reversal symmetry; (b) there is a time reversal symmetry
with T2 = 1; (c) there is a time reversal symmetry with T2 = —1.
By the above statement, the conductance G is described through t:

G/Go = tr(t*t) = tr(tt*), (1.3)
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where (1/2)Go = e%/h is the fundamental unit of conductance. Re-
lating S to an evolution operator or a Hamiltonian, one may think
that S* = S. Assuming that S is a random matrix from the Circular
Orthogonal Ensemble (COE, 8 = 1), the Circular Unitary Ensemble
(CUE, B =2) or the Circular Symplectic Ensemble (CSE, g = 4), it
is shown in [1-5] that

ymm—-1+ymmn—-1+4+y)
(N=24+y)(N=14+y)2(N—1+2y)

Var(G/Go) = (1.4)
where N=m+n and y =2/8 for 8 =1, 2,4. For definitions and
properties of the three ensembles, one can see Chapter 9 from [6].
A formula of E tr((tt*)") for =2 and any n > 1 is given in [7]. It
is not difficult to see that (1.4) implies the following Beenakker’s
formula [8]

. 1
nlggo Var(G/Go) = @ (1.5)

with ¢ :==n—m+1— B! being fixed.

Note that an n x n random matrix from the CUE and an Haar-
invariant unitary matrix with the same size have the same proba-
bility distribution. An n x n Haar-invariant unitary matrix generates
the Haar probability measure on the unitary group U(n), which is
one of the three classical compact groups: the orthogonal group
O(n) (B =1), the unitary group U(n) (8 =2) and the symplec-
tic group Sp(n) (B =4). Now, assuming S in (1.2) is not in general
from a Circular Ensemble, but following the three Haar probability
measures, we next compute the corresponding variance of G/Gg
as in (1.3).

Theorem 1. Assuming S in (1.2) is a random matrix which is Haar or-
thogonal from O (n) (8 = 1), Haar unitary from U (n) (8 = 2), or Haar
symplectic from Sp(n) (8 = 4), we then have
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ym?n?

Varle/Co) = RO (N T )

(1.6)
foranym>1,n>1and B =1,2 and 4, where N=m+nand y =
2/B.

Evidently, the formulas in (1.4) and (1.6) are the same for g = 2.
This is because, as mentioned earlier, a random matrix from the
CUE and an Haar-invariant unitary matrix from U(n) of the same
size have the same distribution. Although the two formulas in (1.4)
and (1.6) are generally different for 8 =1 and B8 =4, fixing o :=
n—m+1— -1, the limits of the two are identical. In fact, we
have the following corollary from Theorem 1.

Corollary 1.1. Under the assumptions in Theorem 1, we have that
limpy— o0 Var(G/Go) = 1/(88) for B =1, 2 and 4, provided o :=n —

m+1— p~1isa constant.

As far as the mean values of G/Gg, we know

N, if S is from COE (8=1), CUE (8=2)
E(G/Ge) — or CSE (B =4);
(€/Go) %, if S is Haar-invariant on O (n), U(n) (17
or Sp(n),

where y = 2/8. The first identity in (1.7) is from (8) in [5]; the
second is from the Haar invariant property, see the first assertion
in (2.7). The two quantities on the right above are identical for
B =2, and very close to each other for 8 =1 and 4.

Remark 1. When S in (1.2) is an Haar-invariant orthogonal, unitary
or symplectic matrix from O(n), U(n) or Sp(n), respectively, the
eigenvalues of t;, .tnxm forms a Jacobi ensemble for 8 =1,2 or 4.
This connection is established recently by Collins [9]. For other re-

sults in this realm, one can see [10-15].

Remark 2. It is worthwhile to mention the difference and a con-
nection between our model behind formula (1.6) and the tradi-
tional models behind formula (1.4): our model t is based on a
truncation part of an Haar-invariant matrix from O(n) (8 = 1),
Um) (B =2) or Sp(n) (B =4). The t in the traditional model
(see, e.g., [1-5,16]) comes from a block of the Circular Orthogo-
nal Ensemble (8 = 1), the Circular Unitary Ensemble (8 = 2) or
the Circular Symplectic Ensemble (8 = 4). However, for 8 =2, the
Haar-invariant matrix from U (n) and the n x n Circular Unitary En-
semble have the same probability distribution, see [6].

Remark 3. The method of the proof of Theorem 1 is different than
that in [1-5,16]. Our method is based on the symmetry of the en-
tries of Haar-invariant matrices; the derivations mentioned in the
above literatures rely on the explicit expression of the joint density
function of eigenvalues A1, ..., Ay of r*r.

Remark 4. Now we discuss a possibility to generalize (1.6) for
B=1,2 and 4 to that for any B8 > 0. The classical random ma-
trix models, as described by Dyson [17] (see also Dumitriu and
Edelman [18]), are the Hermite ensembles, the Laguerre ensembles
and the Jacobi ensembles. In each of the three ensembles, there
are three cases: 8 =1,2 and 4, which correspond to the real, the
complex and the quaternion Gaussian distributions. Theorem 1 and
Corollary 1.1 are based on the Jacobi ensembles for g8 =1, 2, 4.

Recently, Dumitriu and Edelman [18] construct special tri-
diagonal matrices whose eigenvalues have probability density
functions for all 8 > 0 for the Hermite and the Laguerre ensembles,
respectively. In particular, the density functions are the same as

those for 8 =1, 2. Subsequent work can be found in, e.g., [19-25].
A recent work of Lippert [26] constructs special matrices (similar
to the fashion Dumitriu and Edelman [18] used) which general-
ize the Jacobi ensembles for 8 =1,2,4 to those for any 8 > 0;
Killip and Nenciu [27] propose certain matrix models for the cir-
cular ensembles. One can see [28] and literatures therein for some
similar considerations of the circular ensembles. As mentioned in
Remark 2, the proof of our main results rely on the symmetry of
the entries of the Haar-invariant matrices from the classical com-
pact groups. Generalizations of (1.6) for any 8 > 0 can be possibly
worked out by using the constructions of the entries of the special
matrices proposed in the above literature.

On the other hand, though (1.4) is known to hold for any g > 0
(see, e.g., [5]), similar to the discussion on the generalization of
(1.6) above, it would be interesting to see another derivation of
(1.4) by using the construction in [27].

2. Proof of the main result

To prove Theorem 1, we need some background about the Haar
measures on the classical compact groups.

Let R and C denote the sets of real and complex numbers,
respectively. Write H = {a = a1 + ayi + a3j + a4k; aq1,az,a3 and
a4 € R} to denote the set of real quaternions, where i? = j? =
k?=—1and ij=k, jk=i, ki=j. For a=aj + azi +asj + ask € H,
the conjugate of a is a* = ay — axi — asj — ask, and the absolute
value of a is |a| = Va*a = Vaa* = (a} + a3 + a3 + a3)!/2. Given an
n x m matrix A = (apq) with apg € R, C or H, the conjugate of A
is the m x n matrix A* = (a;‘p). Recall

0) ={A=(apgnxn: A*A=1I; and apg €R
forall 1< p,q<n};
U@m) ={A=(apgnxn: A*A=1I; and apg €C
for all 1< p,q <n};
Sp(n) = {A = (@pg)nxn: A*A=1I and apq € H
for all 1< p,q<n}. (2.1)

They are in order called orthogonal, unitary and symplectic
(quaternionic unitary) groups, see p. 111 and p. 113 from [29], or
p. 90 and p. 92 from [30]. These groups are all compact.

We will need several lemmas to prove the main result. The first
one is about a understanding of the Haar measure on group Sp(n).
The lemma is based on the Gram-Schmidt procedure on indepen-
dent and identically distributed (i.i.d.) normal random vectors. This
method is used to study the entries of matrices which generate the
Haar measures on O (n) and U(n), and then is applied for investi-
gating the properties of eigenvalues of Jacobi matrices, see [14,31,
32]. There are other ways to generate Haar measures on the clas-
sical compact groups, see e.g., Mezzadri [33].

In the next, one will see some phrases such as “u is the nor-
malized Haar measure on Sp(n)”, it means that w is an Haar mea-
sure on Sp(n) and w(Sp(n)) =1.

Lemma 2.1. Let A, = (v1,V2,...,Vy) be an n x n random matrix
whose probability distribution is the normalized Haar measure on O (n)
(B=1),Um) (B=2) orSp(n) (8 =4). Then vy has the same proba-
bility distribution as that of

. 1
() —Xu,.o, Xa)' for p=1;
1 Xn I
.. 1 . .
(i) —5 (X1 +iX12, ..., Xn1 +1Xm2)T  for g =2;

X2
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1 . .
(iii) 7()(11 +iX12 + jX13 + kX4, ...,

n

Xn1 +iXn2 + jXn3 +an4)T for p =4,
where X,q, 1 < p <n, 1< q <4, areindependent N (0, 1)-distributed

random variables and || X2 ||? = Y i<p<n1<q<p Xpgfor =1,20r4.
Proof. The first two cases are well known, see, e.g., [31]. Now we
prove case (iii).

Let Y = (Ypq) = (Y1,Y2,...,Yy) be an n x n matrix, where the
Yi's are n x 1 column vectors. Now, assume that Y4's are indepen-
dent and identically distributed (i.i.d.) with the same distribution
as that of X171 +iX12 + jXi3 + kX14. Recall the Gram-Schmidt or-
thogonalization procedures for Y;'s in the real and complex cases.
For the quaternion case, set

w
wi=Y; and e1:—l;
w1l
p—1
w,=Y —Ze -(ezYp) and e, = Yo for2<p<n (2.2)
p p q q'p p wpll Spsn, .
q=1

where ||w;|? = wiw; for all i. The positions of e; and e,’;YIJ in
the product eg - (ez; Yp) is vital since the quaternions are not com-
mutative. It is understood as the product of an n x 1 matrix and
a 1 x 1 matrix. Using the property (AB)* = B*A*, one obtains
that e’;eq = w;eq/nwp =0 for any 1 <q < p <n. Thus, I'(Y) :=
(e1,€2,...,en) € Sp(n). Now, take S € Sp(n), define Y = SY, and
?p, wp and é, accordingly. First, we see that &; = Sej. Given
2 < p <n, suppose é; = Seq for all 1 <q < p — 1. Now, using the
fact S*S =SS* =1 to have that

p—1
Wp=Y,— > & (&V,)
q=1
p—1
= SYp — Z(Seq) . ((Seq)*(SYp)) = SWp.
q=1

Thus, &, = Sep. By induction, we know that I"(SY) =S - I'(Y) for
any S € Sp(n). Since all the entries of Y are i.i.d., by the invariance,
we know that SY and Y have the same probability distribution,
see, e.g. [34] or Theorem 1 from [35]. Therefore, I'(Y) and S- I'(Y)
have the same distribution for any S € Sp(n). Note that Sp(n) is
compact, the left and right Haar measures are the same (up to a
positive scaler), thus I'(Y) generates the normalized Haar measure
on Sp(n). The desired conclusion follows from (2.2). O

Suppose S is an Haar-invariant orthogonal, unitary or symplec-
tic random matrix from O (n), U(n) or Sp(n), respectively. We will
use the following properties of S from time to time in our proofs:
Exchanging any two rows or two columns of S,

the new matrix has the same distribution as that of S; (2.3)

The distributions of S and ST are identical. (2.4)

Lemma 2.2. Let ryxp = (fij)nxn be as in (1.2). Set ojj = |rjj| for 1 <
i,j <n,and Wy = tr(r; . ,Tnxn). Under the conditions of Theorem 1,
we have that

Var(Wy) =n?Var(o3) + 2n(n* —n) Cov(o 3, 02)
+ (n* - n)2 Cov(od,05)

for g =1,2and 4.

i 2
Proof. Write Wy =31 j<, 0jj- Then

Var(Wn)=Cov( Z 05, Z 05)

1<ijg<n I<i j<n

= Z Covau,au —I—Z Z Covo,],o)

1<i,j<n i=1 1< j#k<n

n
+Z Z Cov(ajzi,o,fi)

i=1 1< j#k<n

+ > ) Cov(oh.o).

1<i#k<n 1< jAI<n

By (2.3) and (2.4), the first term above is equal to n? Var(c3); both
the second and third are identical to n(n? —n)Cov(c3,0%); the
last term is (n? —n)? Cov(0d,04). O

Lemma 2.3. Let the conditions in Theorem 1 hold. Recall N = m + n.
Then the following holds for 8 =1, 2 and 4:

(i) Vvar(od)=

(ii) Cov(o]z1 , 0222) =

—(N—1)-Cov(of, 03,);
—1/(N—1)-Cov(oy, 04).

Proof. Since Zl 104 =1, we have from (2.3) that
O:Var<Zo};> =N -Var(o) + N(N = 1) - Cov(0j, 04) = 0.
o (i) follows. Now, by the fact Z, 102 =1 and by (2.3) again,
N N
0= Cov(Z Uizl, 20122)
i=1 i=1
=N- Cov(alzl, 0122) +N(N=1) ~Cov(0121,0222). (2.5)

By (2.4), we know that Cov(crlz] , (7]22)
is obtained. O

= Cov(o}, 04), assertion (ii)

Recall notation 2m — 1)!!=2m - 1)2m —3)---
integer m > 1, and (—1)!! =1 by convention.

3.1 for any

Lemma 2.4. Suppose n > 2 and Z1, Z3, ..., Zy are i.i.d. random vari-
ables with Zy ~ N(0, 1). Define Ui = Z2/(Z2 + -+ Z2) for 1 <i <.
Letay, ..., an be non-negative integers and a = Y |_; a;. Then

n T, @a; — D!

E(U;“U;ZU;I ): m.
i=1

Proof. It is known that (Ui, U;,...,U,—1) follows the Dirichlet

distribution whose parameters are all equal to 1/2, that is, their

joint density function is

-1/2
rn/2) _ip 71/2

f(ul,uz,-n,unfl):”li/z)n% Zuz

for u; > 0 and Z 1u] 1, see, e.g., Chapter 49 from [36]. Then

E(UD U - Ug)

_ I'(n/2) a—(1/2)  an1—(1/2)
[ . u] . un_1
r/2m

n—1 an—(1/2)
x(l—Zui) duq -
i=1

-dup_q
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_ /2 " T+ (1/2)
S rajn @+ (n/2)

since the integral is the reciprocal of the normalizing constant of a
Dirichlet distribution with parameters a;+1/2 (j=1,...,n). Now,
using the fact that I"(x + 1) = xI"(x) for x > 0 to obtain

oo t)=oore e )30

nn+2)---(n+2@-— 1))F<n>
Substituting a =a; and n =1 in the above formula, we have that

24 2

n 1 ra/2m &
[1 r<a,~ + 5) = z—ag(zaj — .

]

The lemma is proved. O

Lemma 2.5. Let Z1, Z>, ... be a sequence of i.i.d. random variables with
Z1 ~ N(0,1). Then

2 2 52 2
cOv<Zl+"'+Zﬁ Zﬁ+1+"'+zzﬂ>:_ 2 (2.6)
Z%+"'+Z§l Z%+...+Z§l 2(Bl+2)
for B =1,2 and 4 and any integer [ > 2.
Proof. By Lemma 2.4,
72 1 7272 1
1 =— and 172 (2.7)

E——1—— = E =
224 +22 k (Z3+-+22?2  kk+2)

for all k > 2. Then, by the bilinear property of covariance, the left-
hand side of (2.6) is identical to

2 2
2 Zl ZZ
prcovl 22 72 72 72

272 2 2
:ﬂziE 2125 _(E Zi > }
(Z} 4+ Z5)? 2+ + 7

_ ﬁ2<; _ ;)
U \BIBL+2) (B2

The conclusion follows. O

Proof of Theorem 1. Since the length of each row and that of each
column of S in (1.2) is one, we have that

tr(ry nnxn) + tr(tr mtnxm) =n  and

tr (5 mtnxm) + ([ mimxm) = m.

Thus, Var(tr(t*t)) = Var(tr(r*r)) = Var(tr(¥*7)), where t = tyxm, I =
Tnxn and 7 = Fymxm. Now, reviewing (1.2), by using (2.4), we know
that

S — Tnxn fnxm and Fmxm fmxn (2.8)
tmxn Tmxm thxm  Tnxn ’
have the same distribution. Thus, without loss of generality, as-
sume that n <m. As in Lemma 2.2, let W, = tr(r*r). It suffices to
prove that
2’3—1m2n2
(N=1)N2(N +28-1)

Var(W,) =

for p=1,2 and 4. Recalling that r = (r;;) and oj; = |rj;|, by Lem-
ma 2.1 and (2.3),

B 2 2 2
2 2 2 2 Y2 Xitgi L
(011,031), (011,07) and (Z;\;;,;le Z{v,glzg)
1= 1 1= 1

are identical in distribution, where {Z;; i=1,2,...} is a sequence
of i.i.d. N(0O, 1)-distributed random variables. By Lemma 2.5,

2

TNBNTD) 29)

Cov(of. 05) =
This together with Lemmas 2.2 and 2.3 yields that

B n%(n —1)>2

Var(W,) = <—(N—1)n2+2n2(n—1) N1

)COV(Ulzls 0221)

. 2((1\1—1)2—2(n—1)(N—1)+(n—1)2)
- N-1

X Cov(oﬁ, 0221)
(N —n)?
=—n? N1 Cov(od,0%)
_ 2m2n?
T (N—1N2(BN+2)’

The proof is complete. O
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