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19 Let Np(u, X) be a p-dimensional normal distribution. Testing 3 equal to a given matrix AQ Klndly
20 or (u,X) equal to a given pair through the likelihood ratio test (LRT) is a classical check the edit
21 problem in the multivariate analysis. When the population dimension p is fixed, it is .
22 known that the LRT statistics go to x2-distributions. When p is large, simulation shows
23 that the approximations are far from accurate. For the two LRT statistics, in the high-
24 dimensional cases, we obtain their central limit theorems under a big class of alternative
25 hypotheses. In particular, the alternative hypotheses are not local ones. We do not need
26 the assumption that p and n are proportional to each other. The condition n—1 > p — oo
27 suffices in our results.
28 Keywords: Likelihood ratio test; alternative hypothesis; central limit theorem; high-
29 dimensional data; multivariate normal distribution; multivariate Gamma function.
30 Mathematics Subject Classification 2010: 62H15, 62H10

31 1. Introduction

32 Traditional likelihood ratio tests (LRT) have been used very popularly in statistics,
33 see, for example, [11],[6],[1] for book-length treatments. With the appearance of big
34 data in recent years many statistical methods have to be modified to adjust the
35 new structure of data. In the area of high-dimensional tests on multivariate normal
36 distributions, there are some recent works to test mean vectors and covariance
37 matrices, see, for example, [T3HI5L [10] [T6] 2] 5] [7, [, []].

38 In this paper, we will focus on two high-dimensional LRT problems. Let
39 X1,...,X, beiid. RP-valued random variables with normal distribution N,(u, %),
40 where ¢ € RP is the mean vector and 3 is the covariance matrix. We are interesting
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in the following tests:
Hy:X =1, versus H, : ¥ #1, (1.1)
with p unspecified, and
Ho:p=0 and ¥ =1, versus H, : 4 #0 or ¥ #1I,. (1.2)

The test () is equivalent to a seemingly more general test that ¥ is any given
matrix. The test in ([2)) is essentially the same one as testing that (u, X) is equal
to any given pair. More details are given later. For large classes of alternative tests,
as p is large, we prove that the LRT statistics satisfy the central limit theorems
(CLTs) with explicit means and covariance matrices. It is interesting to see that the
alternatives are not needed to be local ones. They contain wide classes of covariance
matrices in the first test and mean vectors and covariance matrices in the second
test.

To make our presentation clear, we discuss the two tests in two different sections.
Remarks are given afterwards.

1.1. Testing specified value for covariance matrix

Consider the test Hy : ¥ = Xy where X is a known and non-singular matrix
and p is unspecified. Set y; = 231/2&, for v = 1,2,...,n. Then yq,...,y, are
ii.d. random vectors with distribution Ny(f,I,), where i = 20*1/2% So this test is
equivalent to (LI)).

Let

1 n n
X=—>» x; and A=) (x; —X)(x; —X)". (1.3)
n
i=1 i=1

Evidently, A is a p X p matrix. Define

o\ (-Dp/2
N < ) e—tr(A)/2 . ‘A|(n—1)/2' (14)
n—1

The quantity A’ is a modified version of LRT statistic. The advantage is that the
rejection region {Af < ¢,} is unbiased; See, for example, [I1, p. 357]. The Wilks
phenomenon is known for A%: under Hy from (), for fixed dimension p,

—2log A converges weakly to x?(f) (1.5)

with f = p(p+1)/2 asn — oo. See, for example, Theorem 8.4.9] plus the Slutsky
lemma. A limiting chi-square distribution is also obtained under the alternative
hypothesis; see, for example, [11], Theorem 8.4.10].

It is seen from Fig.[T] that the approximation (I5]) is far from accurate as p is
large. In fact, mathematically the y2-approximation is no longer true as p — oc.
We will prove that it satisfies a CLT under the null hypothesis and the alternative
hypothesis as well. Let us first introduce some notation before the statement of
the CLT.
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A study of two high-dimensional likelihood ratio tests

For a p x p non-negative definite matrix 3 with eigenvalues A; > --- > X, > 0.
Let ||| = A1 be the spectral norm, |2z = (327, A?)!/2 be the Frobenius norm
and |X| be the determinant of 3. The symbol 3 > 0 indicates that 3 is a positive
definite matrix.

In the paper, when there is no confusion, we sometimes write p for p, and X
for 3,,, which is a p X p matrix. This enables our formulas to appear short.

Theorem 1. Recall AY in (LA). Assumen > p, +1 for n > 3 and limy, o pn =
oo. If X, is non-singular for each n and sup,>3{||Z.[|} < oo, then (logA;, —
tn)/(noy) — N(0,1) in distribution as n — oo, where

= 1) = 2p = 3)10g (1= L0 ) 4 00— 1) (oB/4] - (B

fin

1 p p 1
2_ _L1|_P __p A 2
In =7 [n—l +log<1 n—l)} * 2n tr((Bn 1)

and p denotes p,, for brevity.

Theorem [ is proved through a combination of tools from [J, [§]. Note that the
alternatives in Theorem [l are not local alternatives (3,, has to be very close to I),
this seems a surprise. More importantly, the theorem allows us to evaluate the test
with more options of alternatives.

Now, by taking X, = I in Theorem [[lwe immediately obtain the following result.

Corollary 1. Let x1,...,X, be i.i.d. random vectors with normal distribution
Nyp(p, X). Assume that Hy in (LX) holds. Suppose that n > p,+1 for alln > 3 and
limy, o0 pr, = 00. Then (log A% — fin.0)/(nom0) converges in distribution to N(0,1)
as n — 0o, where

fin,0 = —%(n— 1) |:2p—|— (2n—2p—3)10g<1 __? )]

n—1
1Ll p P
2 = | 4log1- -
.0 2[n—1+0g< n—1

and p denotes p, for brevitly.

Assuming Hy in (1), Zheng et al. obtain a CLT for A} under the assump-
tion lim,, s %" =y € (0,1) and that x1,...,X, is a random sample not necessarily
from a Gaussian distribution. In terms of population distributions, their result is
more general than Corollary [I] because we study a normal population. In terms of
the restriction on dimension p, Corollary [I] is more general, in particular, the corol-
lary includes the case y = 0 and the case y = 1. Our emphasis is Theorem [I], which
is true under both the null and the alternative hypotheses.

We run a simulation in Sec.[2 to discuss the sizes and powers of the tests based
on the x?-approximation (LX) and the CLT from Corollary [ The discussions are
presented in the same section.
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H. Chen & T. Jiang

For the LRT in (L)), the LRT rejection region based on A¥ is R = {A} < ¢}
for some value of ¢. Then, according to Corollary [II the asymptotic size-a test
is given by R = {logA} < co} with ¢4 = pno + 10, 0@ (), where ®(z) =
(2m)= 12 [T e~"/2 dt. By Theorem/[I], the power function for the test is

Co — Hn
nonp

82, = Plloghy < co| B~ o(©ln) w0 ()
where p,, and o, are as in Theorem [[] In particular,

lim B(S,) —1 if lim SCn) ZlogEal=p

n—oo n—oo O'n

0. (1.7)

Now, let us investigate a special alternative H,. Let 0 < C7 < Cs < 1 be two
constants such that C; < % < (s for all n > 3. Suppose a, =1+ C—T;) > 0, where
P < ¢y < Aypforalln >3 and A > 0is a constant not depending on n.
Assuming ¥, = a,I,. Then

1 if lim |e,| = oo;
— 00

lim B(%,) = " (1.8)
nee « if lim ¢, =0.

The second statement says that H, is almost Hy if a, is close to 1 enough, and
hence the power is almost the type I error. In other words, we obtain the cut-off
point such that the power goes to 1 or not around this point. The statements (1)
and (LX) will be verified in Sec. B4

1.2. Testing specified values for mean vector and covariance
matriz

Recall the notation used in the previous section: xi,...,x, are i.i.d. RP-valued
random vectors from a normal distribution N,(u, %), where p € RP is the mean
vector and 3 is the p x p covariance matrix. Consider the hypothesis test:

Hy:p=po and ¥ = 3 versus H, : Hy is not true,

where pg is a specified vector in RP and X is a specified p X p non-singular matrix.
By applying the transformation X; = 3, 1/2 (xi — po), the above test is equivalent
to the simpler one in (CZ).

Let X be the sample mean and A be the normalized covariance matrix as defined
in (C3). Assume n > p. Then the LRT statistic for Hy in (IC2) is given by

M= (9)"" A2 - expd “Lira) - Luwm) (1.9)
= expy —5tr 5 XX) ¢ .

The test based on A, is unbiased; see e.g. [T, Theorem 8.5.1]. The condition that
n > pis required to ensure that A,, is non-degenerate. For a large class of alternative
hypothesis, we obtain the following CLT.

1750016-4
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A study of two high-dimensional likelihood ratio tests

1 Theorem 2. Assumen > p, +1 for n > 3 and lim, oo pp, = 00. Let A, be as
2 in (L3) and x1 ~ Np(u, 3y,) with 3, > 0 and sup{|| X, |;n > 3} < co. Set

1 D
W= —=|n@n—2p—3)log(1- L) 12
i 4{n(n p— 3) og( n—1>+ p]

1 1
+ 5 [log] S| — tr(En)] ~ 5““#“2;

1 p P 1 1
2 _ = _ . _T1)\2 (]
o= g [—n — +log<1 1 1)] + 3 tr[(Z, —I1)%] + n(,u o)
3 and p denotes p,, for brevity. Then (logA,, — pn)/(noy,) — N(0,1) in distribution

provided one of the following holds: (a) ||p|| = o((p®/n)/?); (b) |21 = o(p).

~

5 Here is a warning of the notation: p is the mean vector from the normal pop-
6 ulation Np(p, X,,), but u, € R is the asymptotic mean of the test statistic log A,,.
7 This should be clear from the context now and later.
8 Since x +log(1—z) < 0 for all z € (0,1) and p/Xp > 0 due to the fact that 3 is
9 non-negative definite, we know o,, > 0. By taking ¥ =TI and x = 0 in Theorem [
10 we obtain [§, Theorem 5], which studies the asymptotic distribution of A,, under H.
1 The assumption in Theorem Bl can be easily satisfied. Given sup{||X,|;n >
12 3} < oo, the CLT holds if (a) ||u|| is not very large but 3, is arbitrary or (b) the
13 smallest eigenvalue of 3,, is not very close to zero but p is arbitrary. In particular,
14 Theorem B holds if all of the eigenvalues of 3, lie in [a,b] for any n > 3, where
15 0 < a < b < oo are constants not depending on n.
16 As elaborated above, the alternative hypothesis in Theorem Blis not a local one
17 (1 has to be very close to 0 and X has to be very close to I). Our CLT of the LRT
18 statistic holds for a big class of (u, 3).
19 Now we give the power of the LRT in ([Z). Take 4 =0 € R” and ¥,, =1, in
20 the expressions of p,, and o, from Theorem[2, we get
1 P
Hno = —— [n(2n —2p—13) log<1 - —) +2(n+ 1)4 ;
4 n—1
0270 = —% [% —|—log<1 - %)}

21 By Theorem 2] the asymptotic size-« test is given by R = {log A, < ¢} with ¢, =
2 fin,0 + 10 0@ (a), where ®(z) = (2m)~1/2 [* e~*"/2dt. Based upon Theorem [
23 the asymptotic power function in terms of p and 3, is given by

B, Bp) = P(log AL < ¢o | 1, Bn) ~ @ (Can;“"), peERP, 2, >0, (1.10)
24 where p,, and o, are as in Theorem ] This implies that

t1(2,) — log|S,| - 2
lim A, 2a) — 1 if lim TEn) ZloalEal ol _

n—oo n—oo O'n

(1.11)
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Let us look into a special alternative H,. Let 0 < C; < C5 < 1 be two constants such

that C7 < % < Cs for all n > 3. Suppose a, = 1+ f/% > 0, where —/p < ¢;, < A\/]B

for all n > 3 and A > 0 is a constant not depending on n. Assuming %, = a,I,.
Then

Lt lim Jea] = o0 and [lufl = O(/5);
lim f(u, ) = e (1.12)
e a if lim ¢, =0 and [ju| = o(1).

The second statement says that H, is almost Hy if a,, is close to 1 enough and || ||
is close to 0 enough. The power is then almost the type I error. On the other hand,
if 3, is far enough from I,, and ||| is not too large, the power goes to 1.

The statements (LII) and (LI2) will be verified in Sec. B4l

Last we make some remarks.

(1) The CLTs of six LRT statistics under null hypotheses are obtained by [, &].
In this paper, we have worked on two of them under alternative hypotheses.
We expect that similar CLTs for other test statistics also hold, however, the
technical tools will be different. An understanding of the zonal polynomials
(a special case of Jack polynomials) and hypergeometric functions of matrix
arguments will be likely needed.

(2) The study of the powers of hypothesis testing problems for fixed population
dimensions is very rich. In comparison, there are not so many in the high-
dimensional testing problems. This is because the mathematics becomes more
involved when both dimension p and sample size n are large. This paper provides
such type of results in the high-dimensional setting. Among other results in this
direction, Onatski et al. investigate the powers of sphericity tests.

(3) In this paper, we investigate two hypothesis tests by using the method of LRT.
Assuming that a random sample also comes from a normal population, Srivas-
tava [16] studies a couple of statistical tests. In particular, for Hy from (L))
the author obtains a CLT for a different test statistic. The theorem allows the
case p > n.

(4) Based on our main results, some optimal hypothesis tests can be carried out.
This is because our theories give CLTs under big classes of alternative hypothe-
ses. One can refer to, for example, [4] for a general strategy.

Finally, we describe the organization of the rest of the paper. A simulation study
is given in Sec. Blto discuss the sizes and powers of the tests. The proof of Theorem[I]
is presented in Sec.[3.2] and the proof of Theorem P]is arranged in Sec. B3] Some
facts are verified in Sec. 3.4]

2. Simulation Study: Sizes and Powers

In this section, we study the sizes and powers of the tests based on the clas-
sical x?-test in (LH) and the CLT in Theorem M The notation |z] stands for

1750016-6
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Table 1. Size and power of LRT from Theorem [ and (L3).

Size under Hj Power under H,
CLT X2 approx. CLT X2 approx.
n =100,p =5 0.0808 0.0592 0.7142 0.6656
n = 100,p = 30 0.0565 0.5573 0.9152 0.9987
n = 100,p = 60 0.0546 1.0000 0.8482 1.0000
n = 100,p = 90 0.0497 1.0000 0.6073 1.0000

Note: The sizes (alpha errors) are estimated based on 10,000 simulations from N, (0,1,).
The powers are estimated under the alternative hypothesis that X = diag(1.44,...,
1.44,1,...,1), where the number of 1.44 on the diagonal is equal to |p/2].

the integer part of x > 0. Looking at Table [l and Fig. [, we make a discussion
as follows.

Table [T gives the performance of the CLT in Corollary [[] and the classical y-
approximation on A¥ as in (L3). The chi-square test is better but the CLT is also
reasonable as p is small. When p grows, the CLT surpasses the chi-square test
and performs very well. This phenomenon can also been visualized from Fig. [}
the histograms and their limiting y2-curves go in opposite directions and become
farther as p becomes larger. In contrast, the CLT fits the histogram almost perfectly.

3. Proofs

To prove the main results, we prepare some technical tools in Sec. Bl The proofs
of Theorems [l and B are presented in Secs. and B3, respectively. Finally, we
verify some basic facts in Sec. B4

3.1. Some tools

Let I'(2) be the Gamma function defined on the complex plane C. Define

T,(z) := gPP=1)/4 ﬁ r (z — %(i — 1)) (3.1)
i=1

for complex number z with Re(z) > 1(p — 1); see [T1], p. 62]. The machineries in

the derivations of our CLTs are the following on I'p(2).

Lemma 3.1 ([9, Lemma 5.4]). Let I'y(2) be as in BI). Let n > p = p, and
o = (—log(1 — 2))1/2. Assume 2 — y € (0,1] and s = s, = O(1/ry,) and t =t,, =
O(1/ry) as n — oo. Then

Fp<g +t>

——< = p(t —s)(logn — 1 —log2)
T3 +)

log

as n — o0.

1750016-7
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A study of two high-dimensional likelihood ratio tests

When £ — 0, the analogue of Lemma [31]is the following.

Lemma 3.2 ([8, Proposition 5.1]). Let {p = p, € Nyn > 1}, {m = m,, € N;
n > 1} and {t, € R;n > 1} satisfy that (i) p, — oo and p, = o(n); (ii) there exists
€ € (0,1) such that € < my/n < e for large n; (iii) t = t,, = O(n/p). Then, as

n — 00,
m—1
') —— +1¢
(1)
m—1
(= —
(")
a, = —|2p+ m—p—§ log(1— P ;
2 m—1
4 p
= | log(1- —— )|
o= i os(1 - )|
(1) = m—l_’_t1 m—1+t m—l1 m—1
Tn(l) =P B) og B) B) og 5 .

3.2. Proof of Theorem [Il

log = ant + Bnt® + Y (t) + o(1),

where

The methodology of our proof is the analysis of the moment generating function
(m.g.f.) of log A¥. We will show that it converges to N (0, 1). To do so, we first need
to get the exact expression of its m.g.f., which is essentially the moment of A.

Lemma 3.3 ([11}, Theorem 8.4.7]). Let A be given at (LA). Then
I q(1+h)
% pah/2 |E|qh/2 P\ o
q T+ As[aC <q)
N

Bl = (
2
for all h > pq;l—l, where g =n — 1.

The proof of Theorem [ consists of two steps. The first one is to prove a special
case of the theorem with 3, = I. We then prove the general situation afterwards.

Lemma 3.4. Theorem [ holds if ,, = 1.
Proof. We need to show

_ IOg A;{z — Hn
B no,

I converges to N(0,1) (3.2)

in distribution as n — oco. Equivalently, it suffices to prove that for any subsequence
{nx}, there is a further subsequence {ny,} such that Jny., converges to N(0,1) in
distribution as j — co. Now, noticing p,/n € [0,1] for all n, for any subsequence
ny, take a further subsequence ny,; such that py, /nk; — y € [0,1]. So, without loss

1750016-9
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of generality, we only need to show (B:2) under the condition that lim, ... pp/n =
y€0,1].

Case 1: y € (0,1]. First, since log(1 — z) < —z for all < 1, we know o2 > 0 for
all n > p+ 1. Now, by assumption, it is easy to see

1 .
2 _§[y + log(l - y)} if RS (07 1)7

lim o}, =

n—oo

o0, ify:].7

which is always positive. Consequently,
0o := inf{o,;n >3} > 0.

To finish the proof, according to the method of the m.g.f. (see e.g. [3l p. 408]), it
suffices to show that

log A} — un
Eexp{Ms} — s /2 (3.3)

noy,

as n — oo for all s such that |s| < dp/2. Or equivalently,

2

log B[(A3)'] = pint — (3.4)

as n — 0o, where t = t,, 1= >~

Now fix |s| < &o/2. Then, by the definition of do, we have ¢ > —1 > =1 1 for
all n > 3. Set ¢ =n — 1. Take ¥ =1, in Lemma[33 to see that

2) — Mlog(l + 1) + log

t
log E[(A*)] = 228 (1 £ 10g 2
og E[(A})"] 5 +ogq 5

Let rqy = (—log(1 — %))1/2- Evidently, |3qt| < l32=| = O(ry") as n — oo. From
Lemma [Tl we see

R (q<12+ t)) pat (

log—— =7 -2
g (4 5
P\ 2

as n — o0o. Now, expand u(t) := (1 4 t)log(1l +t) at 0 by the Taylor expansion to
obtain

242 1\ qt
—1+log%)+r§ [QT_ (p—q+§) %] +o(1)

~SH+Dlog(1+1) = - (t + g + O(t3))
2
- —% <t+ %) +o(1)

1750016-10
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1 since t = O(n~1). This together with the above two formulas implies that

. 12 212 1\ qt
log E[(A%)t] = —% <t + 5) 42 {qT - (p —q+ 5) %} +o(1)

= b} +ﬂnt+0(1)

2 as n — oo. This gives (B:4)).
3 Case 2: y = 0. Similar to Case 1, to prove the theorem, it is enough to show that
1 A* - Mn mn - 2
Eexp{Ms} — exp <_ﬁ> E[(A%)7om] — 5/
noy, noy,
4 as n — oo for all s € [~1,1]. Again, set t = >~ and ¢ = n — 1. Then the above is
5 equivalent to
2
log E[(A3)1] — pt — 5 (3.5)
6 as n — oo for all s € [~1,1]. Evidently, 0, ~ - and hence ¢ ~ 2?75 > % —lasn
7 is sufficiently large. Using Lemma B3 again, we get that
T (q(l + t))
t 2 1+t b 2
log E[(A%)!] = PIE (4 log — | — pa(l+4) log(1 +t) +log ——————%.
S g
Tyl =
2
8 Write "(12—+t) =1y %t. By the fact %t = O(n/p) we get from Lemma B2 that

FP<Q(12H))
(3)

2
t t
log = an% + Bn (%) + v (t) + 0o(1),

9 where

LS
Il
|
| — |
|‘
+
5}
OS]
A/~
[
|
3
s
—
~_
| I

(n—1)(1+1¢) (n—1)14+¢t) n—-1, n-1
p{ 2 log 2 2 }

1750016-11
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Observe that

T t) = p(”; Dt 1og 2 Ly p(”; Y1 4 ) log(1 +1).

Joining all of the above assertions it is not difficult to check that

. 1 1 Bug?t? 52
log E[(A})] = —Zq(—2an —2p)t + 5 g T o(1) = pnt + 5+ o(1)

as n — oo since 3, = 202 and t = —-. This leads to (B3). O

non "

To finish the proof of Theorem [I, we need a couple of technical results.

Lemma 3.5. Let p satisfy that 1 < p <n—1 for all n > 3. Let o, > 0 be such
that 02 = —1[-2= +1log(1 — -£5)]. Then, o,, > £ L= for alln > 3 and

— 2n-—1
. p—1 1
:= inf 1- ne > —.
o 523{71( n—l)a}_4
Proof. First, sincelog(1—z) = —> ,—, % for z < 1. We know log(1—x) < —x—g—z

for z € [0,1). This implies that o,, > 3 —£<. Hence,

. p—1 p—1
> — — .
26 71Lr>1f3 {(n 1) (1 1) 1}

> inf {x <1 Ut )}
n>3,1<x<n—-2 n—1

The function f(r) := x(1 — -%5) defined on [1,n — 2] has to take its minimum
at either 1, n — 2 or its stable point 251 € [I,n — 2]. Thus, mini<,<p—2 f(z) =

min{f(1), f(n — 2), f(251)} = 1 — —L5. This says that

1 1 1
60> —-inf {1— =-.
2 n>3 n—1 4

The proof is complete. O

The following lemma is a key part in the derivation of the CLTs of the LRT
statistics under alternative hypotheses on covariance matrices.

Lemma 3.6. Let 3 be a p X p non-negative definite matriz. Write

p (1+1)/2
°g<(11 - fQ) = Lo~ (D)t + {212+ D (2 - 17

Then, |D| < 4||Z] +5 as |t] < 2| +3)7L.

Proof. Let Ai,..., )\, be the eigenvalues of 3. Then

Q+op T2 14 & t
| = S log (14 —— (N —1) ). .
Og<|l+t§3| 5 2 tos( 1+ (- D) (36)

i=1

1750016-12
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Write log(1 + z) =  — 2% + 23 - ¢(x) for |z| < 1. Then, by Taylor’s expansion,

e(x) = Y[~ 1>% s, e(e)] < 3550 olf — sk for all o] < 1

So sup|, <12 |€()| < 1. Observe maxi<i<p |55 (A — 1)] < %(HEH +1) < 3 if
1

[t] < (2]|%] + 3)~*. Consequently,

t t 1 ¢2
log(1+ —— (N —1) ) = —— (A= 1) — =——— (A = 124 3\, — 1)2C;
Og<+1+t( 0 T ) 2u+wﬂ )7+ )°C

for 1 <i < p, where

satisfies that maxi<i<p |Ci| < (|B]| + 1)(1 — [t))™* < 4(| ]| + 1) as [t| < 3, which
is true if [t| < (2||Z| + 3)~!. In the rest of the proof, we always assume [t| <
(2|%]| +3)~!. Then

- 2
;log (1 + %H(/\z — 1)) = 1 —tl—t[tr(z) - p] - %(1 —tl—t)2 tr[(z _ 1)2}

+tr[(Z -1)?] - C,
where |C| < 4(||X|| + 1). This and 36) imply

(141t)/2 2
°g<(11 . %) = - u(®l+ (B - 17+ P (S - 12 O

with |C'] < |C|. Let 1+t =14 n(t). Then |n(t )\ = ﬁ 2[t| as |t| < %, which is
guaranteed by the restriction [t| < (2|2 + 3)~!. Hence,

1 ¢?
41+t

21 2 n(
tr[(E—I) ]— Ztr[(E—I) }+T

and the absolute value of the last term is bounded by [t tr[(X — I)?] as [t| < 1.
Thus,

(1+t)/2
10g<(11—:—tt§)3|> = 5[]7 - tr(z)]t + itr[(E — 1)2]t2 4¢3 tr[(z _ 1)2] o

with [C”| < |C’| 4+ 4. Our desired conclusion follows by noting |C”'| < 4||X|| + 5.
O

Proof of Theorem [l First, set

wpz—im—n[%+@n—% 3ﬂ%<L“JL>}

1
1 D

2 _ = [

o= [_1 +1og(1 1)]

1750016-13
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and
1
Hn,1 = 5(” —1) - (p+1log|X| —tr(X));
o, = L (2 - 1)?).
i 2n
Then,

Hn = fin,0 + Hn1 and U?L = U?L,O + 03,1 (3.7)
for all n > 3. We need to prove

_logA; — g

T " converges to N(0,1) (3.8)

noy,

in distribution as n — oco. Equivalently, it is enough to show that for any sub-
sequence {ng}, there is a further subsequence {ny,} such that Jnkj converges to
N(0,1) in distribution as j — oco. Now, noticing o7 ,/o2 € [0, 1] by D) and
pn/n € [0,1] for all n > 3, for any subsequence ny, take a further subsequence ny;
such that pp, /ny, —y € [0,1] and Ony, ,o/ankj — yo € [0,1]. So, without loss of
generality, we only need to show (B.8) under the condition that

lim 20 — yo €[0,1] and lim P _ y € [0,1]. (3.9)

n—oo Oy n—oo N

Step 1. To prove ([3.8)), similar to the argument in (B.3]), it is enough to show that
there exists 7 > 0 such that

Eexp{ws} L, o5

noy,

as n — oo for all s such that
[s| <, (3.10)

or equivalently,

2

log B(A7)'] = jint — (3.11)

as n — o0, where t = t,, 1= —~—.

Fix s with |s| < 1/4. By the second conclusion of Lemma B3,

S

noy,

< <1-P=1
T dnopo n—1

Let A}, 5 be a random variable of the distribution of A, under Hy in ([LT)). Taking
3 =1 in Lemma[33] we are able to write

E[(A})] = E[(A},0)'] - M, (3.12)

1750016-14
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where

) r q(1+1¢)
2 pat/2 1 P
Bl(8;,0)) = (£) e — ot
’ q (1 +t)pq( +t)/ r q
P\ 5 (3.13)
M — |E|qt/2 (1+t)p Q(1+t)/2
" I+ t3|
and ¢ = n — 1. From Lemma B3 and (37), we know no,, > no, o > p/2. Then
|t| = ﬂ < l
non, P

for all n > 3 by (@I0). With assumption A := sup,>3{[|Z.[} < oo, we see |¢] -
(2| Xl + 3) < 1 as n is sufficiently large. Apply Lemma[38 to have
1 t P Q(1+t)/2
o0 g

I+ tX| = _§[tr(2) —plt + %tr[(g _ 1)

+ D, - (nt?) - tr[(Z — 1)

as n — oo with |D,| < 4A + 5. For t = —-_ by the definition of o2, we have

—tr[(Z-1)?] <2 (3.14)

for n > 3. It follows that

2|s|? - 1

t? (T —1)? <
nlt|” - tr[( )]_mn

by Lemma B8 These together with (812) and (B13) imply that

log E[(A;)'] = log E[(A}5)'] + 5 (p — tx(3) + log| 2}t

iS]

+ 2 tr[(Z -1)%] -2 + 0(1) (3.15)

RIS

as n — OQ.

Step 2. We now analyze log E[(A}, o)']. By LemmaB4 (log Ay, 0 — pin,0)/(n0n0) —
N(0,1) as n — oo. Hence, by (39),
lo A;kL — Hn 1 An — Hn n
8 8no— H D — 08 An0 7 H ’0-u5—>syo-N(O,1) (3.16)

noy, Non,0 On

in distribution as n — oo for all s € R. Further, by ([B3), Eexp{s(logA;, , —

tno)/(non0)} — e**/2 as n — oo for all s with |s| < &, where 6y > 0 is a constant.
Use the fact 0,9 < 0, for all n and the Holder inequality to obtain

9n,0
log A¥ o — tin log AZ o — n on
Eexp{—g n0 " H ’Os} < [Eexp{—g 0T H ’OSH < 0

non Non,0

1750016-15
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1 for each |s| < g and n > 3, and the last term has limit e¥05°/2 35 1 — o0o0. This
2 says that
log A* o — tin 2
supE[exp{MsH < o0
n>3 nop
3 for each |s| < dp/2. Therefore, {exp(bg/\i’+’ms);n > 3} is uniformly integrable
4 for each |s| < dp/2. This fact together with (BI6) concludes that
log A% o — tin 242
lim logEexp{—g no — # ’Os} = log BeswoNO.D _ 290,
n—00 noy 2
5 Or equivalently,
s2y2
log BI(A7, )] — pinot = 20+ o(1) (3.17)
6 as n — oo for all |s] < §y/2.
7 Step 3. Evidently, from (B1) and (3.14),
2 n—1 2] _ 2 1 2 L 2
Opot oz tr[(Z = 1)7] =0,0+ o (X -1)7] — Iz tr[(Z = 1))
=a2(1+o(1)). (3.18)
8 Further, it is easy to read that
q
Hn = HUn,0 + §(p - tr(z) + 10g|2|)
9 This together with (IH), (BI7) and the notation ¢ = n — 1 implies
5242
g B0 = (senat + =42 ) + $0p ~ t(2)
+1log|Z|)t + %tr[(z — D22 +0(1)
2,2
1
= it + 0 (= 1) [(Z =D 2 + (1),
10 Recalling ([B29), the above is equal to
1020 5, n—1 -
HUnt + 5@8 + An2 -tr[(E —I) ] . E +O(1)
s? 9 n—1 9
= Ut + E : {0'”’0 + W -tr[(E - I) ]} +O(1)
2
= pt 54 o(1)
2
1 as n — oo for all [s| < 2 A 2, where the last identity comes from (FIF). This
12 gives (B10). m|
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3.3. Proof of Theorem
The following lemma is needed.

Lemma 3.7 ([11} Theorems 8.5.3]). Assumen > p. Let A,, be as in (L9). Then

n(l+t)—1
npt/2 I'p - 9 |E|nt/2

2
t f— —_
En) = < n ) n—1 I+ tx[n(+0)/2
T ——

. exp{—%ntu'[l —t(=t+ tI)_l]u}
for any t > £ —1.
The next result reveals a detail of the exponent appearing in Lemma B7]
Lemma 3.8. Let u € RP and X be a p X p positive definite matriz. Write
= tET ) = [lul® = (W) t+y - 2.
Then, |y| < 2|2 [Plull* as t] < (2[2])~"
Proof. Without loss of generality, we assume p # 0. Let O be an orthogonal matrix

such that ¥ = O’diag(\;;1 < i < p)O, where A1,..., A, are the eigenvalues of X.
Set Z =Ou = (z1,...,%p) . Then

p'3p =7 diag(\i;1 < i < p)Z = zp:/\izzz;
=t (3.19)
I-t(Z' +¢I)"! = O diag <1+Ait;1 <i< p) 0.
Hence, by (319)
P 2’2
pI =t D) = z; : +1)\it.

2

Write H% =1—a+n(x). Then |n(z)| = 155 < 22 for |z] < 7. Now,

p 22 p
d 22—t
2 T~ 2
i=1 =1 7

p

p
Nzl Y n(it)z]
=1 i=1
= [|ull® = (' Sp) + ea(t),

where €,(t) := Y.7_, n(\it)z2. Notice maxi<i<p |Ai| = | Z| and Y7_, 22 = ||ul>.
We then obtain

p p

len(t)] < 262> N2 <2222 27 = 2Bl

i=1 i=1
for all ¢ such that |\;t] < % for all 1 < ¢ < p, which is equivalent to that |t|] <
@=n-" m
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We are now ready to prove Theorem Pl The main idea is studying the m.g.f. of
the LRT statistic as before. Lemmas and are new elements relative to the
technical parts appeared in [9, [§].

Proof of Theorem Define

1
Fn0 = —7 {n(Qn —2p—13) log<1 - %) +2(n+ l)p],
o2 :—1 P + log 1- 2 >0
m0 2\n—1 n—1 ’
and
1 1 2
pna = gn- (p— () + log|E]) — gnflul%,
021 = o el(E 1% + ~ (1 Sp).
™ 2n n
Then,
M = /JJ'n’O + ,un,l and O-’?L - 0'270 + U?L,l (320)
for all n. We need to show
1 An - Mn
Qn = 08 2n T Hn converges to N(0,1) (3.21)
no,

in distribution as n — oco. By the same argument as in the corresponding part from
the proof of Theorem [II, without loss of generality, it suffices to prove (3.21]) under
the condition that

lim 220 — 4o €0,1] and lim 2% =y € 0,1]. (3.22)

n—oo Op n—oo n
To prove (B21), similar to the argument as in (83), it only needs to show
Eexp{ws} L, 52
noy,

as n — oo for all s such that

1
< -, 3.23
sl < 5 (3.23)
or equivalently,
2
log E[(An)"] — pint — 5 (3.24)
as n — oo, where t =t,, := 2~ Trivially, 1 — B=12P> 2(7;;’”1) = %( — %) By

(320) and Lemma[3.5]
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for all n > 3. Thus, for any |s| < £, we see |t| = nlj‘n <1- 2 Hence, t > £ —1.
Now, fix s satistying (B23]). From Lemma B7] we are able to write

E(AL) = E(Al) - Ay - Bn, (3.25)
where

Ao = Aplp=o,z=1;
|E|nt/2

An = TESIEGRE

(1+ t)np(1+t)/2;

1
B, = exp{—§ntu’[1 —t(= 4 tI)‘l]u}.
We next study the three terms one by one.

Step 1. The analysis of E(A! ;) in (B25). This is the tth moment of A, under
the null hypothesis, which is investigated by [§]. By Theorem 5 from the paper,
(log Ao — pin,0)/(nomo) — N(0,1) as n — oo. Reviewing the proof of [8, Theo-
rem 5], by the same argument as obtaining (B.I7), we get

s°yo

log E(AL o) = fin,ot + — + o(1) (3.26)

as n — OQ.

Step 2. The analysis of A, in ([3.25). By the first conclusion of Lemma B |¢| <

Mlnﬂ — 0 as n — oo. With assumption A := sup,>3{[|Z.[[} < oo, we see [t] -

(2||Z]| + 3) < 1 as n is sufficiently large. From Lemma B.G we get

log Ay = = (p — tr(Z) + log|S|)t + %u«[(z — 1?12+ D, - (nt?) - (S — 1)2]

2
as n — oo with |D,| < 44 +5. For ¢ = 2~ by the definition of o2, we have
—L tr[(% — I)?] < 2 for n > 3. It follows that
2[s]3 1

nlt]? - tr[(Z - 1)) <

by the first conclusion of Lemma 33 Therefore,

log Ap = = (p — tr(2) + log|S|)t + %tr[(E ~1)%]- 12+ o(1) (3.27)

2

as n — OQ.

Step 3. The analysis of By, in (32H). Denote 7, = —log B, = snty/[I — (%71 +
tI)~1)p. By Lemma 38|

=S D) =l = (WSt -t
with |y] < 2A42||u||? for all [t] < (2A)~!. Therefore,

2 /E
S “”;‘” - “(“2 Wy e ), (3.28)

1750016-19



Page Proof

November 14, 2017 8:30 WSPC/S2010-3263 RMTA 1750016

10
11
12

13

14

H. Chen & T. Jiang

where €, (t) = invt3. Easily,

2

2 2,3 2 || ]
(8 < nO?pll < €+ s

(3.29)

as n is sufficiently large since ¢ = ——. Now we estimate this term in two cases.
n

Case (a): ||u|| = o((p®/n)'/?). In this situation, we have from ([B:29),

(0 <o () = ot

n3o3

since noy, > p/2 by the first conclusion of Lemma [3:5]
Case (b): |2, ]| = o(p). Notice that

N 1]
H N_ mll’l”u” - HE,]_”a

where Ap i, is the smallest eigenvalue of 3. From (3:29)

02 2 202 2 202 E_l
e < S P 2e? P 20?=

no, nos p  WEp p

which is of the order o(1), where we use the fact no2 > u/3yu in the second inequality
by the definition of o,,. Review ([328]). In both cases, we get

2 /
3
n”g” t+ n(.uz 'u)t2+0(1)

as n — oo. This combing with (325)-([B.27) concludes

log B, = -7, = —

log E[(A,)'] = (umot + %) + (50— tr(D) + log S|t + T (2 -1 - )

2 /
+ (_ng t+ “(M;]M)tz) +0(1)

2 (o2, 1 1 o 11
= fnt + 5 <—2+ = gy ulE-D7+ o7 —(W'Ep) | +o(1)

On On

s202,+ 02 52
= pint + =0 4 0(1) = ppt + = + 0(1)
2 2 2
as n — 00, where the second equality comes from ([F20), (322) and the notation

t = —2—; the third identity follows from the second assertion of (B20). This leads

noyn’

to (B:24). O

3.4. Verifications of (LX), (LR), (LII) and (@TI2)

In this section we will verify these four statements.
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Verifications of (I.7)) and ([.8)). Recall

fino = —%(n —1) [2p+ (2n—2p — 3)10g<1 _ L)]

1
11 »p D

2 _ = [

o2y = 2[_1+1g(1 1)]

Then
— [ _ Hno + 10w 02 7 (a) — pin
noy, noy,
. —1 tr(Z,) - log || —
— o 70(1)_1(06) 4 n . I'( ) Og' | p (330)
on 2n on
Notice that
On,0 -1
sup [—=& 1(a)| < |07 ()] (3.31)
n>3 On

for any non-singular matrix X,,. So (IL7) follows. Further, let 0 < C; < Cs < 1 be
two constants such that C; < % < O for all n > 3. Take X,, = al, for any a > 0.
Trivially

tr(X,) —log|X,| —p = (a —loga — 1)p; (3.32)
Li_p P P
2 _ _ - _ — . (a—1)2 .
o 5 [n—l_HOg(l n—l)}+2n (a—1) (3.33)
Then
0 < liminf o,, <limsupo, < co (3.34)

uniformly for all a € (0,C3], where C3 > 0 is a constant not depending on n. Let
a, =1+ C—\/’% > 0, where —/p < ¢, < A\/]B for all n > 3 and some constant A > 0
not depending on n. Let us prove ().
Assume lim,, o, ¢, = 0. Then lim,, o, a,, = 1. Consequently,
n - 1 2
lim 0, =0,0 and tr(X,)—log|3,|—p~ {an—1)p

n— 00 2

from ([B32) and ([E33). We also use the fact x — logx — 1 ~
This, (330) and (34) conclude that lim, . <22t = ¢«
assertion in (L) from (6.

By using the fact that x — 1 —loga > 0 for all 0 < 2 # 1 and that x — 1 —logx ~
3@ —1)* as  — 1, we have

—~0  (3.35)

(x—1)2asz — 1.

1
2
). We get the second

rz—1—logx
in .
O<e<A+lz#l  (z —1)2
Therefore, from (3:32),

> 0.

an —loga, —1

tr(X,) —log|X,| —p= N CRSEa -c

— 00 (3.36)
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provided lim,, . |¢,| = 0co. This together with (B:30), (B:31) and (3:34]) yields that
faln — 00, The first assertion in (L) then follows from (L.G). O

Verifications of (I.11]) and (I:12). Review

1 p
no=—=|n(2n—2p—3)log(1— —— ) +2 Lp|;
[n,0 Jﬂ(n p—3) og( n_1>+ (n+ )p]

Then

< |7 (a)] (3.37)

g
sup
n>3| On

for any non-singular matrix ¥,, and

Ca — Hn o Hn,0 + no’n,O(I)il(a) — Hn

nop Non
O'n70 1 1
= =07 (a) + 5 [tr(Bn) —log|Ba| — p+ [|ul®]. (3.38)
on 20,
Consequently, the assertion (LII) follows from (LI0) and (B37). Next we
show (LI2).

Suppose 0 < C7 < Cs < 1 be two constants such that C7 < % < Cy for all
n > 3. Take X,, = al, for any a > 0. Trivially

tr(25) — log S| —p + |ull* = (a —loga — 1)p + ||ul|*; (3.39)

1 p P P a
2 L ) 2 2
o =3 [—1—1—1 g(l—n 1)} +2n (a—1) +n||u|| . (3.40)
Evidently,

0 < liminf o, <limsupo, < oo (3.41)

n—00 n— oo

uniformly for all a and g such that a € (0,Cs] and sup,,>3 +||ul|* < oo, where
C3 > 0 is a constant not depending on n. By (3:39),

tr(2,) —log[Sn| —p + [ull* > (a —loga —1)p. (3.42)

Let a, = 1+ % > 0, where —/p < ¢, < Ay/p for all n > 3 and some constant

A > 0 not depending on n. We discuss the two cases in ([LI2)) next.
Assume lim,, .o ¢,, = 0 and ||u]] = o(1). Then lim,, .o a,, = 1 and

lim 0, = 0,0 and tr(X,) —log|Z,| —p+ ||u)*> =0

n—oo
from (339), (B40) and the second assertion of (B35). By (B3R) and B.41l), this
implies “eZke — ®~!(a). Hence, the second limit in (TIZ) is yielded. To obtain
the first limit in (CT2), since —/p < ¢, < Ay/p, we know sup,,~3 a,, < oo. Further,
SUp,>3 7 L)ipu||? < coif ||p]| = O(y/p)- To show the first conclusion in (CI2), by (1),
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B4l and [3:42), it is enough to check (a, — loga, — 1)p — oo. This is assured
by (3:30]) under the condition lim,, . |c,| = co. O
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