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We consider a testing problem for cross-sectional independence for high-
dimensional panel data, where the number of cross-sectional units is poten-
tially much larger than the number of observations. The cross-sectional inde-
pendence is described through linear regression models. We study three tests
named the sum, the max and the max-sum tests, where the latter two are new.
The sum test is initially proposed by Breusch and Pagan (1980). We design
the max and sum tests for sparse and nonsparse correlation coefficients of
random errors between the linear regression models, respectively. And the
max-sum test is devised to compromise both situations on the correlation co-
efficients. Indeed, our simulation shows that the max-sum test outperforms
the previous two tests. This makes the max-sum test very useful in practice
where sparsity or not for a set of numbers is usually vague. Toward the the-
oretical analysis of the three tests, we have settled two conjectures regarding
the sum of squares of sample correlation coefficients asked by Pesaran (2004
and 2008). In addition, we establish the asymptotic theory for maxima of
sample correlation coefficients appeared in the linear regression model for
panel data, which is also the first successful attempt to our knowledge. To
study the max-sum test, we create a novel method to show asymptotic in-
dependence between maxima and sums of dependent random variables. We
expect the method itself is useful for other problems of this nature. Finally,
an extensive simulation study as well as a case study are carried out. They
demonstrate advantages of our proposed methods in terms of both empirical
powers and robustness for correlation coefficients of residuals regardless of
sparsity or not.

1. Introduction. In this paper, we will study the cross-sectional independence for the
following linear regression model for panel data

yit = x′
itβi + εit(1)

for i = 1, . . . ,N and t = 1, . . . , T , where i represents households, individuals, firms, etc., and
t represents time. In the literature of panel data, the index i stands for sections. For each sec-
tion i, the corresponding model is a standard multiple linear regression model, where yit ∈R

is the dependent variable and xit ∈ R
p is the regressor with slope parameter βi ∈ R

p . The
first coordinate of xit is one if there is an intercept in the linear regression model (1). The
value of βi may vary across i. In (1), we assume {εit ;1 ≤ t ≤ T } are independent and iden-
tically distributed (i.i.d.) for each section i. However, the random errors may be correlated
across sections, that is, {εit ; 1 ≤ i ≤ N} can be dependent for some t . Such dependence is
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referred to as cross-sectional dependence. The objective of this paper is to test cross-sectional
independence under high-dimensional cases by using a few of new methods. Before stating
our results, we will introduce some background next.

In statistics and econometrics, panel data or longitudinal data are multidimensional data
involving measurements over time, which contain observations of various phenomena over
multiple time periods for the same unit, for instance, a household or a firm. In the study of
panel data models, the cross-sectional independence is an important concept, described as the
interaction between cross-sectional units, which could arise from the behavioral interaction
between units.

Stephan [38] argues that “in dealing with social data, we know that by virtue of their very
social character, persons, groups and their characteristics are interrelated and not indepen-
dent.” However, to make theoretical study easier, experts assume cross-sectional indepen-
dence in various model setups [18, 30]. If data across individuals are dependent, inferences
under the assumption of cross-sectional independence would be inaccurate and misleading;
see [18, 31] and the literature therein. To this end, testing the existence of cross-sectional
independence is an important task, which has attracted more attention in recent years; see,
for instance, [11, 29, 31, 32, 34]. For testing cross-sectional independence for other models,
see an incomplete list of references [3, 15, 16, 28].

Perhaps the most widely known test for cross-sectional independence is the Lagrange Mul-
tiplier (LM) statistic proposed by Breusch and Pagan [4] in 1980 (Google records 6956 ci-
tations currently). Their test statistic is the sum of squares of sample correlation coefficients
between the residuals from the ordinary least square (OLS). Precisely, for each i, let β̂i be
the standard estimator of βi in the linear regression for observations {(yit , xit ); t = 1, . . . , T }
and the quantity ε̂it = yit − x′

it β̂i denotes the residual. For each i, j = 1, . . . ,N , define the
sample correlation ρ̂ij by

ρ̂ij =
∑T

t=1 ε̂it ε̂j t√∑T
t=1 ε̂2

it

∑T
t=1 ε̂2

j t

.(2)

We use notation ρij to represent the population correlation coefficient between εit and εj t .
Breusch and Pagan [4] propose the Lagrange multiplier test statistic defined by

SN := ∑
1≤i<j≤N

T ρ̂2
ij .(3)

To get the rejection region, we need to figure out the limiting distribution of SN as N goes
to infinity. Under the null hypothesis that there is no cross-sectional dependence, that is,
{εit ; 1 ≤ i ≤ N,1 ≤ t ≤ T } from (1) are independent, the asymptotic distribution of SN is
understood when the cross-sectional dimension N is fixed and the time dimension T goes
to infinity. In fact, assuming that εit ’s are normally distributed, Breusch and Pagan [4] show
that, for fixed N ,

SN → χ2(d)(4)

in distribution as T → ∞, where d = N(N − 1)/2. If N is relatively large, the above chi-
square approximation is not accurate [30]. A natural amendment is approximating χ2(d) by
the standard normal distribution: (χ2(d) − d)/

√
2d goes to the standard normal distribution

as N goes to infinity. However, as both N and T are very large, taking limit by sending
T → ∞ followed by sending N → ∞ is not legitimate mathematically, and the approxi-
mation may not be accurate statistically (our Remark 4 shows such an example). For this
consideration, Pesaran [30] and Pesaran et al. [33] provide two versions of normalization of
SN and conjecture that both versions satisfy the central limit theorem (CLT); some of the in-
sights why the CLTs hold can be seen, for example, from [32, 34]. In this paper, we prove the



1126 FENG, JIANG, LIU AND XIONG

two conjectures in Theorems 1 and 2. This enables us to conduct the test for cross-sectional
independence through SN in (3). In the future, when SN is used to be a test statistic, we call
it the sum test.

On the other hand, when the correlation matrix of random errors is sparse, that is, most
of these correlation coefficients are zero, experts in recent years realize that a better test than
sum statistics is the maximum of sample correlation coefficients. This is confirmed in, for
example, [8]; see also [6, 7, 9, 21]. With this philosophy in mind, to test the cross-sectional
independence when the population correlation coefficients ρij are sparse, that is, most of
{ρij ;1 ≤ i < j ≤ N} are zero, we propose statistic

LN := max
1≤i<j≤N

|ρ̂ij |,(5)

where ρ̂ij is defined as in (2). Later, when LN is used to be a test statistic, we refer to it as
the max test. Its limiting distribution is obtained as both N and T go to infinity under various
moment conditions (Theorems 3, 4 and 5). The corresponding rejection region based on the
test statistic LN is given after Theorem 5.

In practice, it is hard to tell or differentiate if a set of numbers is sparse. We then combine
the sum test SN and the max test LN to propose another test CN , which is the minimum of the
p-values corresponding to the tests based on SN and LN . We prove in Theorem 6 that, under
normalization, SN and LN are asymptotically independent as both N and T go to infinity.
Hence, the limiting distribution of CN is identified. In further discussions, when CN is used
to be a test statistic, we name it the max-sum test. From simulation, we see this test, taking
care of both sparsity and nonsparsity cases, is better than the sum and max tests. The tool of
deriving asymptotic independence between the sum and the maximum of random variables
is new to our knowledge. It seems a universal method to handle asymptotic independence
between random variables of this nature.

To sum up, to test cross-sectional independence for high-dimensional panel data models,
in this paper we study three kinds of tests, that is, the sum, the max and the max-sum tests. To
carry out the test, we have solved two open problems about the CLTs for the sum of squares
of residuals; the limiting distributions of the maxima of residuals are systematically studied;
a novel method of studying asymptotic independence is created to develop part of the above
theory successfully.

The rest of the paper is organized as follows. In Section 2, we introduce three cross-
sectional independence tests for panel data models, and then investigate their theoretical
properties in Section 3. The simulation studies of the proposed tests in comparison with
some existing methods are demonstrated in Section 4. The concluding remarks are summa-
rized at Section 5. In Section 6, we sketch the proofs of main theorems. An application, some
additional simulation results and the details of the proofs are provided in the Supplemen-
tary Material of “Max-sum tests for cross-sectional independence of high-dimensional panel
data.”

2. The proposed tests.

2.1. Problem description. Recall model (1) that yit = x′
itβi + εit for i = 1, . . . ,N and

t = 1, . . . , T , where i indexes the cross-sectional units and t indexes the observations. In
this model, yit ∈ R is the dependent variable, and xit ∈ R

p is the nonrandom, exogenous
regressor with slope parameter βi ∈ R

p that are allowed to vary across i. The random errors
{εit ; 1 ≤ t ≤ T } are i.i.d. real-valued for each section i. However, across sections the random
errors may be dependent, namely, {εit ; 1 ≤ i ≤ N} are possibly correlated for some t . Such
dependence is called cross-sectional dependence. Set

xi = (xi1, . . . , xiT )′, yi = (yi1, . . . , yiT )′, εi = (εi1, . . . , εiT )′(6)
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for i = 1,2, . . . ,N . Then xi is a T × p matrix; both yi and εi are T -dimensional vectors.
Throughout the paper, we assume that the T entries of εi are i.i.d. with mean zero for each i.
Recalling (1), the cross-sectional independence is the same as saying that

H0 : ε1, ε2, . . . , εN are independent random vectors.(7)

In general, although sometimes we assume ε1 has the normal distribution, we do not need the
exact distribution of ε1 but rather its moments.

2.2. Test statistics. First, we list some notation used in the rest of the paper. Recalling
(6), for each i = 1, . . . ,N , let

β̂i = (
x′
ixi

)−1x′
iyi , Pi = IT − xi

(
x′
ixi

)−1x′
i ,(8)

where IT is the T × T identity matrix and Pi is a T × T projection matrix with P2
i = Pi

and the rank of Pi is T − p. For each i, j = 1, . . . ,N , let ρ̂ij denote the sample correlation
coefficient computed by the Ordinary Least Squares (OLS) residuals (ε̂i1, . . . , ε̂iT )T and
(ε̂j1, . . . , ε̂jT )T where ε̂it = yit − x′

it β̂i for each i and t . Under model (1), note that

(ε̂i1, . . . , ε̂iT )T = Piεi

for each i. Thus, by (2),

ρ̂ij =
∑T

t=1 ε̂it ε̂j t√∑T
t=1 ε̂2

it

√∑T
t=1 ε̂2

j t

= ε′
iPiPjεj

‖Piεi‖ · ‖Pjεj‖ .(9)

In this paper, to test the null hypothesis (7), we will study three types of tests. For brevity,
we call these tests the sum, the max, the max-sum, respectively,

sum: SN = ∑
1≤i<j≤N

T ρ̂2
ij ,(10)

max: LN = max
1≤i<j≤N

|ρ̂ij |,(11)

max-sum: CN = min{PLN
,PSN

},(12)

where

PLN
= 1 − F

(
T L2

N − 4 logN + log logN
)
,

PSN
= 1 − �

(
SN − μN

N

)
,(13)

μN = T

(T − p)2

∑
1≤i<j≤N

tr(PiPj ).

Here, F(y) = exp(−e−y/2/
√

8π) is the extreme-value distribution function of type I, also
called the Gumbel distribution in literature, and �(y) is the distribution function of N(0,1).
Note that CN is the minimum of the two p-values corresponding to the tests by using SN and
LN .

For the sum test in (10), we will establish that, under H0 in (7), (SN − μN)/N converges
weakly to the standard normal distribution when both N and T go to infinity with a certain
restriction (Theorem 1); hence, a level-α test will be performed through rejecting H0 when
(SN − μN)/N is larger than the 1 − α quantile zα = �−1(1 − α) of the standard normal
distribution.
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For the max test in (11), under H0, we will establish that T L2
N − 4 logN + log logN

has an asymptotic extreme-value distribution as both N and T go to infinity (Theorems 3,
4 and 5). We do not impose normality assumptions but rather moment conditions. Recall
F(y) is defined below (13). A level-α test will then be performed by rejecting H0 when
T L2

N − 4 logN + log logN is larger than the 1 − α quantile

qα = − log(8π) − 2 log log(1 − α)−1(14)

of F(y). Furthermore, for the max-sum test in (12), its asymptotic distribution under H0
is constructed based on the asymptotic independence between (SN − μN)/N and T L2

N −
4 logN + log logN as both N and T go to infinity (Theorem 6 and Corollary 1). So a level-α
test will be performed through rejecting H0 when CN < 1 − √

1 − α.

2.3. Contributions. In this paper, for the panel data model (1) we study the cross-
sectional independence. The asymptotic distributions of three test statistics based on residuals
are established. As application, three hypothesis tests are accomplished. A real data analysis
by using our results is provided. We will now further elaborate below.

In the theoretical part, we have solved two open problems on the sum of squares of resid-
uals conjectured by economists ([30, 33]; see also [32, 34]). We have developed an extreme-
value theory for the maximum of residuals. Moreover, a new method is established to show
the sum and the maximum are asymptotically independent. Notice there are not many similar
results in literature; see close references [20, 40]. Our method, being different from earlier
literature, supplies a general and novel tool for showing asymptotic independence between
sums of and maxima of random variables.

In application, we propose three tests on the cross-sectional independence for high-
dimensional panel data: the sum, the max and the max-sum tests. The max test is the first
high-dimensional one for cross-sectional independence in panel data models, which is good
for sparse correlation coefficients ρij while existing test statistics of sum types tend to fail.
The sum test is useful for nonsparse correlation coefficients, which is clearly demonstrated
by simulation in, for example, [30, 32–34]. We are able to derive the limiting distribution of
the sums in this paper.

Furthermore, the max-sum test is constructed based on the asymptotic independence be-
tween the max and the sum statistics aforementioned. This introduces a state-of-the-art
method for studying cross-sectional independence for high-dimensional panel data. The ad-
vantage is that the test works well for both sparse and nonsparse correlation coefficients ρij .
Comparing the pros and cons of the max and the sum tests, the max-sum test definitely over-
comes both disadvantages. Our simulations reveal this fact clearly; see Figure 1 and its inter-
pretation at the last part of Section 4.2. The max-sum test is particularly useful considering it
is hard to quantify or determine practically whether most of {ρ̂ij ; 1 ≤ i ≤ N, 1 ≤ t ≤ T } are
close to zero or not.

3. Theoretical results. We now present the main theoretical results based on the three
types of tests in the order of the sum, the max and the max-sum tests. Their proofs are very
involved, so we will provide sketches only in Section 6. All technical details will be given
in the Supplementary Material of “Max-sum tests for cross-sectional independence of high-
dimensional panel data.”

3.1. The limiting distribution for the sum test. Recall that the sum test described in (12)
is a classical one for testing cross-sectional independence in panel data models. However, the
asymptotic theory has not been established yet. Pesaran from [30, 33] conjectures that SN

satisfies the CLT. Some insights on this aspect are given, for example, in [34] and [32]. In



MAX-SUM TEST FOR CROSS-SECTIONAL INDEPENDENCE 1129

the following, we will present our solution to the problem as well as another one in which
the details are given below. The following assumption will be needed throughout the paper.
Recall a random variable V is said to be continuous if P(V = v) = 0 for every v ∈ R.

Assume εi = (εi1, . . . , εiT )′, i = 1,2, . . . ,N,are independent T -dimensional

random vectors, and εi1, . . . , εiT are i.i.d. continuous random variables(15)

with Eεi1 = 0 and Var(εi1) = σ 2
i > 0 for each i.

If the T entries of εi are i.i.d. continuous random variables, by using a conditional argument,
we then trivially have P(a′εi = 0) = 0 for any a ∈ R

T \{0}. This implies that P(Mεi = 0) =
0 for any l × T matrix M 	= 0 and l ≥ 1. So ρ̂ij in (9) is well-defined if T > p because
rank(Pi ) = T − p; see the explanation below (8).

Now we present our solutions to Pesaran’s conjectures from [30, 33] as follows. For math-
ematical rigor, we assume the parameter T depends on N . The notation Nk(μ,�) stands for
the k-dimensional multivariate normal distribution with mean vector μ and covariance matrix
�. Although the linear regression model in (1) requires p ≥ 1, that is, there are at least one
regressors, the following theorem applies to the case that

p = 0 and Pi = IT for each i;(16)

see (8).

THEOREM 1. Assume p ≥ 0 is fixed and T/
√

N → ∞ as N → ∞. Let assumption (15)
hold with εi ∼ NT (0, σ 2

i I) for each i. Let SN be as in (10) and μN be as in (13), respectively.
Then (SN − μN)/N converges to N(0,1) in distribution as N → ∞.

From the assumption, it is allowed that the number of cross-sectional units N is much
larger than the number of observations T , for example, N is of order T 3/2. We apply the
framework of the Lindeberg–Feller martingale CLT to study SN . Although the method is
simple and is easy to follow, the technical steps are very involved due to the complex nature
of the sample correlation coefficients ρ̂ij in (9). Many computations focus on the conditional
means, variances and higher moments.

Considering a possible better convergence rate than the CLT given in Theorem 1, [33]
revises the statistic SN and proposes a new one as follows:

QN =
√

2

N(N − 1)

N−1∑
i=1

N∑
j=i+1

(T − p)ρ̂2
ij − μNij

vNij

,(17)

where

μNij = 1

T − p
tr(PiPj ),(18)

v2
Nij = a1N · [

tr(PiPj )
]2 + 2a2N · tr

[
(PiPj )

2]
,(19)

a1N = a2N − 1

(T − p)2 ,(20)

a2N = 3 ·
[

(T − p − 8)(T − p + 2) + 24

(T − p + 2)(T − p − 2)(T − p − 4)

]2
.(21)

Pesaran et al. [33] conjecture that QN also satisfies the CLT. We confirm it in the next theo-
rem.
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FIG. 1. Empirical power curves of tests vary with n. The number n characterizes the degree of sparsity of
correlation coefficients. The larger n is, the lower the sparsity is.

THEOREM 2. Assume the setting in Theorem 1. Then QN converges to N(0,1) in distri-
bution as N → ∞.

Our simulation in Figure 1 shows that the effects of the two approximations in Theorems
1 and 2 are too close to be distinguishable. Theorem 1 allows us to perform a level-α test by
rejecting the null hypothesis from (7) when (SN − μN)/N is larger than the 1 − α quantile
zα = �−1(1 − α) of N(0,1). Theorem 2 establishes the CLT of QN under the same null
hypothesis. This provides a theoretical guarantee for QN that has been used in econometrics;
see, for example, [11, 29, 31].

Now we make some comments.

REMARK 1. Take p = 0 in Theorem 1. From (16), Pi = IT for all 1 ≤ i ≤ N , and hence
tr(PiPj ) = T . Theorem 1 says that, assuming T/

√
N → ∞,

SN

N
− 1

2
N → N

(
−1

2
,1

)
(22)

in distribution as N → ∞. This is the trivial case that no linear regression is involved. And

ρ̂ij = ε′
iεj

‖εi‖·‖εj‖ from (9), where εi and εj are independent Gaussian vectors with distributions

NT (0, σ 2
i I) and NT (0, σ 2

j I), respectively.
Suppose N/T → γ ∈ (0,∞). Rewrite (22) by using the Slutsky lemma to see

∑
1≤i<j≤N

ρ̂2
ij − N(N − 1)

2T
→ N

(
0, γ 2)

(23)

as N → ∞. This recovers the result by Schott [36]. A quick reminder is that our assumption
“T/

√
N → ∞” is less stringent than “N/T → γ ∈ (0,∞).” To further understand Schott’s

work, assume V ∼ Nd(μ,�) and a random sample of size n is given. Under the assumption
d/n → c > 0, Schott [36] studies the null hypothesis that the d-entries of V are independent,
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that is, � is diagonal. Comparing this with model (1), his model corresponds to (16). His
result is stated in (23). Jiang [22] investigates the same testing problem through the likelihood
ratio test and obtains the CLT for a big class of alternative hypothesis. However, neither
derivations of the above two CLTs help the proofs of Theorems 1 and 2 in this paper.

The scenario in the following remark is not practical. We consider it purely for mathemat-
ical purposes. They serve for further discussions.

REMARK 2. Assume x1 = · · · = xN . Then P1 = · · · = PN and tr(PiPj ) = tr(P1) = T −
p. Hence,

μN = T

T − p
· N(N − 1)

2
= N ·

[
T N

2(T − p)
− 1

2
+ o(1)

]
.

Theorem 1 says that SN

N
− T N

2(T −p)
→ N(−1

2 ,1) in distribution as N → ∞. In particular, if
N
T

→ c ∈ (0,∞), then T N
2(T −p)

= N
2 + 1

2cp + o(1). Hence,

SN

N
− 1

2
N → N

(
cp − 1

2
,1

)
.(24)

A point for this extreme example is that, as these xi are highly correlated, the CLT in (24)
is indeed different from the trivial CLT in (22). Interestingly, the next example is completely
different from this one.

REMARK 3. Assume T = Np. In this case, N
T

= 1
p

. Construct

x1 = (Ip,0p×(T −p))
′, x2 = (0p×p, Ip,0p×(T −2p))

′, . . . ,xN = (0p×(T −p), Ip)′.

They are T × p matrices. Then x′
ixi = Ip for each 1 ≤ i ≤ N , and hence, if we regard

xi (x′
ixi )

−1x′
i as an N × N matrix with each entry being a block of p × p matrix, and the

only nonzero entry is the (i, i)-entry Ip . Then xi (x′
ixi )

−1x′
i · xj (x′

j xj )
−1x′

j = 0T ×T for i 	= j .
It follows from the definition of Pi in (8) that tr(PiPj ) = T − 2p. Thus,

μN = N(N − 1)

2
· T (T − 2p)

(T − p)2 = N ·
[
N − 1

2
+ o(1)

]

by the assumption T = Np. Then SN

N
− 1

2N → N(−1
2 ,1) in distribution as N → ∞. The

essence for this example demonstrates that the projection matrices Pi are orthogonal to each
other contrary to the highly correlated case in Remark 2. We see the CLT here is more like
the one in the trivial case from Remark 1 but is different from that in Remark 2.

REMARK 4. Recall (4) that SN → χ2(d) as T → ∞ while N is fixed, where d =
1
2N(N − 1). By using the approximation (χ2(d) − d)/

√
2d → N(0,1) as d → ∞, we see

that, if taking limit above were legitimate, we would have (SN − 1
2N(N −1))/

√
N(N − 1) →

N(0,1). By the Slutsky lemma, this entails SN

N
− 1

2N → N(−1
2 ,1) in distribution. It is inter-

esting to see this weak convergence in Remarks 1 and 3, but not in Remark 2. In fact, for big
data with the feature that two or more parameters are large, to study a statistic of interest, it is
not always valid to send parameters to infinity one by one; see such examples in, for instance,
[23, 24, 41].
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3.2. The limiting distribution for the max test. Recall model (1) and notation in (8). As
in Section 3.1, we assume that xix′

i is invertible for each 1 ≤ i ≤ N and the quantity T

depends on N . From (9) and assumption (15), we know {ρ̂ij : 1 ≤ i, j ≤ N} are invariant of
σ 2

1 , . . . , σ 2
N , so we are able to assume, without loss of generality, σ1 = · · · = σN ≡ 1. Recall

ε11 in assumption (15) and LN in (11). As explained in (16), we will also consider the case
p = 0. The main results in this section are presented as follows.

THEOREM 3. Assume p ≥ 0 is fixed and limN→∞ T/N = c ∈ (0,∞). Let ε1, . . . , εN be
i.i.d. and assumption (15) hold with E|ε11|τ < ∞ for some τ > 8. Then, as N → ∞, T L2

N −
4 logN + log logN converges weakly to the distribution function F(y) = exp(−e−y/2/

√
8π),

y ∈ R.

THEOREM 4. Assume p ≥ 0 is fixed and logN = o(T 1/5) as N → ∞. Let ε1, . . . , εN be
i.i.d. and assumption (15) hold with Eeω|ε11| < ∞ for some ω > 0. Then, as N → ∞, T L2

N −
4 logN + log logN converges weakly to the distribution function F(y) = exp(−e−y/2/

√
8π),

y ∈ R.

We say ξ is a sub-Gaussian random variable if there exists σ > 0 such that Eetξ ≤ eσ 2t2/2

for all t ∈ R. By the Markov inequality, we have P(|ξ | ≥ x) ≤ 2e−x2/(2σ 2) for all x > 0.
As a consequence, Eeθξ2

< ∞ for all θ < 1
2σ 2 . Obviously, bounded random variables and

Gaussian random variables are all sub-Gaussian random variables.

THEOREM 5. Assume p ≥ 0 is fixed and logN = o(T 1/3) as N → ∞. Let ε1, . . . , εN

be i.i.d. and assumption (15) hold with ε11 being a sub-Gaussian random variable. Then, as
N → ∞, T L2

N − 4 logN + log logN converges weakly to the distribution function F(y) =
exp(−e−y/2/

√
8π), y ∈ R.

The strategy of the proofs of Theorems 3–5 is to approximate LN = max1≤i<j≤N |ρ̂ij | for
any p ≥ 0 by LN for the case p = 0, in which the limiting behavior is understood in [5]. We
have to show the difference between the two versions of LN is negligible.

Theorems 3–5 indicate that we get the same asymptotic distribution of the max statistic
T L2

N − 4 logN + log logN under different moment assumptions. This allows us to have
a flexibility to work on different pairs of (N,T ). Under null hypothesis (7) and the as-
sumptions imposed in the above three theorems, we conclude that a level-α test by reject-
ing the null hypothesis when T L2

N − 4 logN + log logN is larger than the 1 − α quantile
qα = − log(8π) − 2 log log(1 − α)−1 of F(y).

3.3. The limiting distribution for the max-sum test. Look at the accounts before the state-
ment of Theorem 1. We have the following conclusion on asymptotic independence.

THEOREM 6. Let SN , LN and μN be as in (10), (11) and (13), respectively. Under
the same assumptions as in Theorem 1, we have that (SN − μN)/N and T L2

N − 4 logN +
log logN are asymptotically independent as N → ∞.

Now we make a comment on Theorem 6. By employing a new trick, we prove the asymp-
totic independence between the maximum and the sum of random variables in Theorem 6.
This method is expected to be used in many of such type of problems. In fact, there are few
literature to prove asymptotic independence between sums of and maxima of random vari-
ables. Some close references are [19, 20, 25, 40]. The method here is new. It gives a novel
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TABLE 1
Conditions and conclusions on N and T in all theorems

Theorems Conditions Conclusions

Theorem 1 T/
√

N → ∞ CLT
Theorem 2 T/

√
N → ∞ CLT

Theorem 3 T/N → c Extreme-value Distribution
Theorem 4 logN = o(T 1/5) Extreme-value Distribution
Theorem 5 logN = o(T 1/3) Extreme-value Distribution
Theorem 6 T/

√
N → ∞ Asymptotic Independence

tool to establish asymptotic independence between sums of and maxima of random variables.
The inclusion-exclusion principle is used twice for this tool; see the details in Section 6.

An immediate application is given below. By Theorems 1 and 5, we know

1

N
(SN − μN) → N(0,1) weakly;(25)

T L2
N − 4 logN + log logN → F(y) = exp

(−e−y/2/
√

8π
)

weakly.(26)

Recall that �(x) is the distribution function of N(0,1). Trivially, both F(y) and �(x) are
continuous functions. Set PSN

= 1 − �{(SN − μN)/N} and PLN
= 1 − F(T L2

N − 4 logN +
log logN). By Theorem 6, (25) and (26), we see that PLN

and PSN
are asymptotically inde-

pendent and each limit is U [0,1], the uniform distribution over [0,1]. So the following holds
easily.

COROLLARY 1. Set CN = min{PSN
,PLN

}. Assume the setting in Theorem 6. Then CN

converges to W := min{U,V } in distribution as N → ∞, where U and V are i.i.d. random
variables with distribution U [0,1]. The distribution function of W is given by G(w) = 2w −
w2 for w ∈ [0,1].

According to Corollary 1, the proposed max-sum test in (12) allows us to perform a level-α
test by rejecting the null hypothesis (7) if CN < 1 − √

1 − α.
Various conditions and conclusions on different regimes of N and T are presented in

Theorems 1–6. For comparison and clarity, we summarize those in Table 1.

4. Simulation studies. We now conduct simulations to compare the finite sample per-
formance of the tests studied in this paper and two other tests in literature. The tests we have
worked in this paper are based on SN , LN , CN , QN in (10), (11), (12), (17), respectively.
Notice QN here is the same as the notation LMadj from [33]. Another one is based on CD
from [30] defined by

CD =
√

2T

N(N − 1)

∑
1≤i<j≤N

ρ̂ij .(27)

In [13], Fan et al. propose a so-called power enhancement method for the mixed effect model:
yit = α + x′

itβ + μi + εit for 1 ≤ i ≤ N and 1 ≤ t ≤ T . The performance of the power is
improved under sparse alternatives. This model is different from our model (1). In fact, the
slopes of their linear regression model are common, whereas our model (1) allows different
slopes. We now borrow their power enhancement strategy and apply it to our model, instead
of pursing a theory, we will make simulation only to compare the corresponding power with
the power of our statistic CN in (12).
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Let ρ̂ij , SN , μN be as in Theorem 1. Mimic (5.1) and (5.2) from [13], we propose our
version of “power enhancement” statistic ES for model (1):

ES = 1

N
(SN − μN) + √

N
∑

(i,j)∈Ŝ

T ρ̂2
ij ,(28)

where Ŝ = {(i, j);T ρ̂2
ij > δN,T ,1 ≤ i < j ≤ N}, δN,T = 4 logN − log logN + q(N logT )−1

and qα is defined in (14). Here, “ES” is simply a notation instead of a mathemati-
cal expectation of “S.” Recall LN in (11). By Theorem 5, P(Ŝ = ∅|H0) = P(T L2

N −
4 logN + log logN ≤ q(N logT )−1) → 0. Here, in fact, we will also see P(Ŝ = ∅|H0) → 0
if “(N logT )−1” is replaced by any other positive sequence of numbers converging to zero.
We choose (N logT )−1 because the simulation performs better. So, under the same as-
sumption of Theorem 1, we still have ES → N(0,1) in distribution under the null hypoth-
esis. Thus, we reject the null hypothesis if ES > zα . Note that we do not use the thresh-
olding value (log logT )2 logN as used in [13] because max1≤i<j≤N T ρ̂2

ij has the order
of 4 logN under the null hypothesis; if we choose the same way we have to make sure
(log logT )2 logN ≥ 4 logN and this holds as T ≥ ee2 ≈ 1618, which may not be practical
since 1618 is a large number.

In the following, we will explain our simulation designs and findings.

4.1. Simulation designs. We consider the data generating process used in [33], which is
specified as yit = αi + ∑p

l=2 xlitβli + εit for i = 1, . . . ,N and t = 1, . . . , T . Comparing the
notation in model (1), we have xit = (1, x2it , . . . , xpit )

T ∈ R
p and βi = (αi, β2i , . . . , βpi) ∈

R
p .
Now we independently generate αi ∼ N(0,1) and βli ∼ N(1,0.04). The covariates are

generated by xlit = 0.6xlit−1 + vlit for i = 1, . . . ,N , t = −50,−49, . . . , T and l = 2, . . . , p

with xli,−51 = 0, where vlit ∼ N(0, ζ 2
li/(1 − 0.62)) and ζ 2

li ∼ χ2
6 /6. In this case, ζ 2

li’s are
independently sampled first, then vlit ’s are independently generated by conditioning on the
values of ζ 2

li .
Now we generate εit ’s under null hypothesis (7). Let εit = σiwit , where wit ’s are gen-

erated from four different distributions: (i) N(0,1); (ii) t6/
√

6/4; (iii) (χ2
5 − 5)/

√
10; (iv)

(0.9N(0,1) + 0.1N(0,4))/
√

1.3. Here, td is the t-distribution of degree of freedom d , χ2
d is

the chi-square distribution of degree of freedom d and (1−κ)N(μ1, σ
2
1 )+κN(μ2

2, σ
2
2 ) is the

mixture normal distribution with probability density function (1−κ)φμ1,σ
2
1
(x)+κφμ2,σ

2
2
(x).

Here, φμ,σ 2(x) is the probability density function of N(μ,σ 2). The normalization in (ii),
(iii) and (iv) is such that each new random variable has mean zero and variance one. Let
σ 2

i ∼ p
2 χ2

2 , as in the dynamic setup of [33].
We turn to produce data under the alternative hypothesis. Let ηt := (η1t , . . . , ηNt )

′
be generated from the above four different distributions under the null hypothesis. Set
ε.t = (ε1t , . . . , εNt )

′ = �1/2ηt . Please differentiate the notation ε.t here and εi in (6).
We consider the following two cases of the covariance matrix � = D1/2RD1/2 with D =
diag{σ 2

1 , . . . , σ 2
N }.

(1) Nonsparse case. Randomly select a subset A ⊂ {1, . . . ,N} with cardinality N0.5. Let
R = (ρij )N×N be a symmetric matrix with ρij = 1 if i = j . For i < j , define ρij = 0 if i /∈ A

or j /∈ A, and ρij has the uniform distribution over (
√

3 logN/T ,
√

5 logN/T ) if i, j ∈ A.
(2) Sparse case. Randomly select a subset A ⊂ {1, . . . ,N} with cardinality N0.3. Let

R = (ρij )N×N be a symmetric matrix with ρij = 1 if i = j . For i < j , define ρij = 0 if i /∈ A

or j /∈ A, and ρij has the uniform distribution over (
√

8 logN/T ,
√

10 logN/T ) if i ∈ A and
j ∈ A.
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To ensure that the covariance matrix � = D1/2RD1/2 is positive definite, we replace the
correlation matrix R with R+λIN , where λ := |λmin(R)|+0.05 and λmin(R) is the minimum
eigenvalue of R. Then we consider two choices of the sample size T = 50,100 and three
choices of N = 50,100,200.

4.2. Simulation results. We now present simulation results on the tests of SN , LN , CN ,
QN , CD, ES in (10), (11), (12), (17), (27), (28), respectively. All the conclusions are based
on 1000 replications. The empirical sizes and powers of these tests in nonsparse and sparse
cases of correlation coefficients ρij are summarized in Tables 2 to 4. The power curves are
plotted in Figure 1. We next analyze them in detail.

Table 2 indicates that all methods have empirical sizes not much larger than 5%. Here, the
max test LN and the max-sum test CN tend to have smaller empirical sizes than the remaining
ones, especially as T is relatively small. This is not very surprising because it is common for
maximum methods designed for raw data models; see, for example, [27].

Tables 3 and 4 show the information of empirical powers in both nonsparse and sparse
cases of correlation coefficients ρij . Review the sum test SN and the sum-based test QN

are originally proposed in [4] and [33], respectively. The two are well studied in this paper.
Tables 3 and 4 show that SN and QN perform best in nonsparse cases in terms of empirical
powers, but very poorly in sparse cases. On the contrary, the proposed max test LN performs
the best in sparse cases, but very poorly in dense cases. Interestingly, it can be seen from
Figure 1 that the empirical power performance of our proposed max-sum test CN is always
very close to the optimal one among all of the tests, regardless of the local alternative being
sparse or not. This shows a very appealing property for the test CN , which utilizes the tests
for correlation coefficients ρij being both sparse and nonsparse. In fact, it is hard to tell in
reality if a set of numbers are sparse or not.

Figure 1 shows the changes of the powers of all the tests as the degree of sparsity changes.
Now we explain the procedure to generate the empirical power curves in Figure 1. In fact,
the horizonal direction in the plot is n, the degree of sparsity to be defined; the vertical direc-
tion represents powers. Specifically, the simulation is designed as follows. Recall the general
simulation design in Section 4.1. We take T = 50, N = 200, p = 2, n = 2, . . . ,16; wit are
generated from normal distributions; a subset A ⊂ {1, . . . ,N} is randomly selected with car-
dinality n; R = (ρij )1≤i,j≤N , where ρij = 1 if i = j ; for i 	= j , set ρij = 0 if i /∈ A or j /∈ A,

and ρij has the uniform distribution over (
√

8(logn)−1 logN/T ,
√

10(logn)−1 logN/T ) if
i ∈ A and j ∈ A. So a larger n means a lower level of sparsity.

Figure 1 indicates that the empirical power of the max-sum test CN is always very close
to the maximum power of all tests for all n. By contrast, the empirical power curves of other
methods are monotone, that is, the empirical powers of both SN and QN generally increase
with the decrease of sparsity. On the contrary, the empirical power of the max test increases
with the increase of sparsity. So every test excluding the max-sum test CN and ES, favors
either the sparse case or the nonsparse case, not both cases simultaneously. As for ES and
CN , their performances are similar when n ≤ 5 or n ≥ 10. However, CN outperforms ES as
5 < n < 10.

5. Concluding remarks. In this paper, we study three tests: the sum, the max and the
max-sum tests, where the latter two are brand-new. Two conjectures on the sum test have
been settled. An innovative method to show asymptotic independence between the maximum
and the sum of squares of a given set of random variables is established. Now we make some
comments:

1. Under the Gaussian assumption, we obtain the CLTs for SN in Theorems 1 and 2.
However, the Gaussian assumption is not needed in the study on the maxima of sample cor-
relations in Theorems 3, 4 and 5. One question is whether the Gaussian assumption can be
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TABLE 2
Empirical sizes (%) of tests

p 2 3 4

T N 50 100 200 50 100 200 50 100 200

Normal distribution
50 QN 6.0 5.8 4.3 4.9 6.3 7.0 5.3 5.5 6.7

CD 6.0 5.5 5.3 4.6 4.6 5.1 4.8 5.5 5.9
LN 1.1 0.7 0.3 1.2 0.5 0.2 1.5 0.1 0.4
SN 5.9 5.7 4.1 4.8 5.7 5.8 5.2 5.5 5.3
CN 2.8 2.2 1.6 2.9 3.2 2.7 2.7 2.7 3.8
ES 6.4 5.8 5.4 4.8 4.7 6.1 6.1 6.0 7.7

100 QN 4.2 3.5 5.6 4.8 5.3 5.8 5.9 4.4 6.9
CD 4.9 4.3 5.3 5.2 5.6 4.8 6.4 4.2 5.0
LN 2.6 2.0 1.3 2.3 1.5 1.0 1.9 1.6 2.0
SN 4.1 3.4 5.6 4.5 5.0 5.2 6.2 3.8 6.5
CN 3.4 2.8 3.0 3.7 3.1 3.5 4.2 2.5 4.5
ES 6.1 4.9 5.2 5.8 5.2 6.2 4.7 5.2 4.0

t6-distribution
50 QN 5.2 5.9 5.8 5.0 6.9 5.9 6.7 6.1 7.9

CD 4.5 5.0 5.4 4.6 4.3 4.4 4.9 4.2 3.8
LN 1.4 2.5 1.4 1.6 1.3 0.8 2.3 1.4 1.1
SN 4.6 5.4 5.2 4.7 6.8 5.4 5.8 5.6 6.0
CN 3.7 4.8 4.2 3.2 4.1 3.1 4.2 4.0 4.2
ES 5.0 6.5 5.2 6.4 7.2 6.6 5.4 5.3 8.3

100 QN 6.5 6.1 5.3 6.8 5.8 4.6 7.0 6.4 5.0
CD 5.9 5.7 5.0 5.4 6.3 6.4 5.9 6.3 6.0
LN 3.5 4.0 4.3 3.7 4.0 3.9 3.9 4.7 3.2
SN 5.9 5.8 4.8 6.5 5.9 4.8 6.7 6.3 5.0
CN 4.8 5.4 4.4 4.7 4.9 4.1 5.7 5.7 4.1
ES 7.0 5.6 7.6 6.3 4.5 5.8 4.8 6.5 6.1

χ2
5 -distribution

50 QN 5.8 5.5 6.4 6.8 4.7 6.5 7.5 5.1 7.3
CD 3.9 4.8 4.1 6.1 3.9 4.6 5.3 4.4 4.2
LN 2.2 1.9 1.8 2.6 2.1 1.0 3.1 2.2 1.3
SN 5.3 5.3 6.1 6.6 3.7 5.4 6.6 4.4 6.1
CN 3.6 4.2 3.5 4.3 3.1 3.9 3.9 3.4 3.7
ES 5.0 5.6 6.9 5.9 6.2 7.7 5.8 4.7 8.5

100 QN 5.7 5.8 4.5 5.0 5.7 5.8 6.2 5.8 5.1
CD 5.0 5.3 5.0 4.0 4.7 4.7 4.1 5.9 5.0
LN 5.1 3.9 5.8 6.3 4.6 5.4 4.8 6.6 5.7
SN 5.4 5.7 4.2 4.9 5.6 5.7 5.9 5.2 5.3
CN 5.1 5.8 5.2 4.9 5.3 5.1 5.1 5.3 5.5
ES 6.9 6.8 5.8 6.3 6.5 5.7 4.9 6.3 6.8

Mixture normal distribution
50 QN 5.7 4.2 6.4 4.6 4.7 7.7 6.4 6.3 7.4

CD 4.5 5.9 5.8 6.1 6.6 5.3 4.2 5.1 5.7
LN 2.0 0.6 0.2 1.8 1.1 0.1 1.7 1.1 0.3
SN 5.1 4.4 5.2 4.3 4.2 6.1 6.1 5.0 5.2
CN 3.9 2.7 3.6 3.6 2.1 3.5 3.8 3.4 3.1
ES 5.5 5.8 5.3 5.1 6.6 7.8 7.0 6.3 8.5

100 QN 4.4 5.1 5.0 6.8 5.9 5.0 6.2 4.7 6.6
CD 5.4 5.6 5.1 3.8 4.5 5.3 4.3 3.5 4.7
LN 3.3 2.5 1.4 2.8 3.0 2.3 3.0 2.4 2.0
SN 4.2 5.0 4.4 6.4 5.6 4.9 5.9 4.8 6.2
CN 3.0 3.2 2.9 5.1 4.0 3.6 4.5 4.4 3.6
ES 4.1 6.6 5.3 5.8 5.6 4.8 5.0 5.6 5.4
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TABLE 3
Empirical powers (%) of tests in nonsparse cases of correlation coefficients

p 2 3 4

T N 50 100 200 50 100 200 50 100 200

Normal distribution
50 QN 84.7 96.5 99.9 80.1 97.2 99.9 75.9 95.1 99.3

CD 34.9 50.2 62.8 38.1 49.7 63.2 36.2 50.3 59.9
LN 53.4 77.1 91.9 44.9 74.5 97.8 40.7 65.2 92.6
SN 84.0 96.3 100 80.2 97.0 99.9 75.8 95.2 99.6
CN 80.1 95.5 99.7 75.9 96.3 99.6 72.3 93.6 99.5
ES 79.6 96.9 99.7 82.3 97.1 99.9 77.6 94.0 99.6

100 QN 76.6 92.7 98.5 75.0 88.9 98.1 76.9 89.8 97.2
CD 33.9 43.6 54.3 32.7 42.4 51.8 33.4 38.7 52.1
LN 52.9 72.0 90.9 45.7 66.6 90.2 54.7 65.8 86.4
SN 76.1 92.7 98.3 74.7 88.6 98.2 76.4 89.5 97.3
CN 74.3 92.1 98.3 70.9 88.5 98.5 76.5 90.1 97.2
ES 78.6 90.9 97.6 71.6 88.0 96.6 75.7 90.0 98.4

t6-distribution
50 QN 83.4 96.9 99.9 82.8 94.8 99.9 83.3 94.2 98.9

CD 39.1 52.8 61.1 40.6 48.9 63.0 37.9 44.9 59.6
LN 57.9 80.6 97.6 58.1 76.1 94.5 56.9 70.3 89.9
SN 82.7 96.6 100 82.3 94.3 99.8 83.2 94.0 98.8
CN 81.0 95.7 99.9 81.2 93.4 99.8 80.5 92.8 98.4
ES 85.7 96.9 100 80.5 96.8 99.4 81.0 96.3 99.3

100 QN 75.2 92.8 96.7 76.3 87.4 98.3 72.6 88.4 97.3
CD 31.6 46.3 49.0 32.7 43.6 53.3 30.8 43.1 52.0
LN 55.0 77.6 83.7 51.5 67.0 90.0 50.8 69.9 88.4
SN 74.4 92.6 96.6 75.5 87.0 98.3 72.3 88.0 97.5
CN 74.5 92.5 95.7 73.6 87.4 98.0 71.5 86.6 97.8
ES 75.7 94.3 98.8 77.7 91.8 97.8 71.8 91.7 98.6

χ2
5 -distribution

50 QN 86.3 97.4 98.9 84.4 95.9 99.9 77.0 94.4 99.5
CD 39.2 51.6 60.7 38.1 53.2 61.5 36.2 47.7 61.2
LN 62.3 84.1 95.2 59.3 82.3 96.7 46.2 71.1 96.5
SN 86.0 97.4 99.3 84.2 95.7 99.9 76.9 94.5 99.5
CN 85.4 97.1 98.9 82.9 96.0 99.7 73.0 93.7 99.7
ES 87.7 97.1 99.9 84.7 97.4 99.7 71.8 92.3 99.2

100 QN 77.8 86.9 97.2 77.1 86.9 97.0 70.9 90.0 95.2
CD 34.8 40.5 50.2 34.9 41.7 52.2 31.8 43.1 49.9
LN 56.5 69.6 91.1 57.7 71.7 88.2 49.2 75.8 86.7
SN 77.2 86.9 97.3 76.4 86.8 97.0 70.3 89.9 95.5
CN 75.6 86.6 97.4 77.2 86.8 98.0 70.2 90.7 96.6
ES 75.8 93.1 98.2 76.1 93.1 99.1 74.1 89.5 97.7

Mixture normal distribution
50 QN 82.3 97.9 99.7 83.4 97.3 99.1 82.1 94.7 99.8

CD 35.4 52.0 63.0 38.7 52.8 58.1 34.0 51.9 60.8
LN 49.9 81.2 97.1 49.6 80.3 92.5 45.6 71.3 95.0
SN 81.5 97.8 99.7 83.0 97.3 99.5 81.3 94.3 99.7
CN 79.2 96.5 99.9 80.0 96.9 99.1 77.6 93.5 99.7
ES 86.4 98.1 100 77.8 96.1 99.6 78.4 93.3 99.8

100 QN 78.6 91.6 97.3 75.8 92.7 98.0 76.0 90.9 98.4
CD 36.4 41.8 52.6 34.6 43.0 50.9 35.8 43.3 53.9
LN 54.6 72.6 87.2 55.1 71.3 88.1 50.3 68.6 90.3
SN 77.9 91.4 97.3 75.5 92.4 98.1 75.4 90.5 98.3
CN 76.5 90.7 97.1 76.0 90.6 97.9 74.3 89.9 98.0
ES 74.9 92.8 98.0 78.4 93.0 97.6 78.9 90.5 96.2
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TABLE 4
Empirical powers (%) of tests in sparse cases of correlation coefficients

p 2 3 4

T N 50 100 200 50 100 200 50 100 200

Normal distribution
50 QN 44.1 20.0 33.4 36.9 26.3 28.3 34.6 24.3 27.7

CD 10.4 6.70 7.00 8.00 7.50 8.00 8.90 6.60 7.50
LN 99.7 99.8 100 98.7 100 100 96.0 100 100
SN 43.0 19.1 31.7 36.0 26.1 28.7 33.8 23.7 25.6
CN 99.6 99.0 100 97.8 100 100 93.2 99.9 100
ES 93.4 98.1 100 93.2 99.5 100 87.8 79.8 100

100 QN 23.1 16.5 19.2 26.2 13.3 20.3 29.6 14.6 20.4
CD 7.70 6.80 5.00 9.40 5.80 6.30 7.10 5.60 7.20
LN 75.5 87.9 98.3 79.3 76.8 99.5 80.5 79.9 98.4
SN 22.8 16.3 19.3 25.6 13.1 19.8 28.9 14.2 19.9
CN 70.4 84.3 97.4 74.3 69.9 99.0 75.9 74.6 98.0
ES 51.1 76.1 84.3 57.7 63.3 89.6 61.0 63.7 89.5

t6-distribution
50 QN 41.8 19.2 29.9 32.2 26.4 30.1 31.0 23.7 27.6

CD 9.00 8.00 8.00 9.10 6.10 7.70 8.90 9.50 7.20
LN 96.9 98.7 100 93.5 99.9 100 92.7 100 100
SN 39.7 18.5 28.1 32.3 24.9 28.8 30.0 22.9 25.9
CN 95.3 97.4 100 91.3 99.7 100 90.8 100 100
ES 84.8 91.1 100 85.3 99.5 100 87.7 99.3 99.9

100 QN 26.8 18.9 21.7 23.7 14.7 20.8 27.6 14.8 19.4
CD 8.00 6.10 6.90 7.00 6.30 5.90 7.80 5.50 5.30
LN 80.5 89.9 96.5 74.2 84.8 98.7 80.8 83.8 96.9
SN 25.5 18.3 21.2 23.0 14.6 20.9 27.3 14.7 18.5
CN 76.1 85.1 94.7 68.3 80.4 97.6 77.7 79.7 95.8
ES 59.5 62.4 91.9 61.1 65.9 89.1 53.7 67.2 86.1

χ2
5 -distribution

50 QN 37.0 25.0 29.8 35.8 24.2 28.7 34.5 21.0 27.1
CD 9.60 6.80 8.50 6.70 7.40 8.70 10.3 6.00 7.60
LN 98.7 99.8 100 95.0 99.8 100 90.7 97.1 100
SN 36.9 24.2 29.3 35.1 24.4 27.3 34.0 20.0 25.5
CN 97.5 99.6 100 93.4 99.8 100 87.7 95.9 100
ES 85.2 100 100 81.0 83.6 100 73.1 99.9 100

100 QN 28.3 17.3 21.2 27.3 14.6 22.1 26.1 16.9 20.9
CD 9.50 5.60 6.80 7.50 4.90 5.50 7.00 4.70 7.70
LN 80.3 89.0 98.8 73.6 85.5 98.2 78.8 82.6 96.4
SN 27.5 16.9 20.7 26.4 14.3 21.7 25.8 16.3 20.4
CN 75.4 83.3 97.9 69.5 81.2 97.6 73.3 76.1 93.9
ES 56.0 67.7 90.6 62.4 60.9 92.3 63.9 65.9 89.4

Mixture normal distribution
50 QN 39.1 26.0 29.2 33.6 25.5 29.9 34.5 20.1 28.2

CD 9.2 7.2 6.7 7.8 5.7 7.1 9.5 6.5 4.8
LN 97.2 100 100 94.3 100 100 96.6 96.7 100
SN 37.9 25.4 28.9 32.5 24.3 28.4 32.9 20.7 26.3
CN 95.7 100 100 91.5 100 100 95.7 94.4 100
ES 92.6 99.8 100 88.3 93.9 100 88.5 96.6 100

100 QN 24.7 17.5 15.9 26.9 15.6 22.5 26.8 15.8 21.0
CD 7.6 5.4 6.1 8.0 7.1 5.7 7.9 5.3 6.9
LN 77.8 87.7 96.1 80.1 85.9 97.5 76.2 85.1 98.4
SN 23.6 16.9 15.8 26.4 15.3 22.8 25.4 15.9 20.2
CN 74.1 83.2 93.4 74.9 82.8 95.6 71.6 81.6 97.6
ES 67.9 60.6 87.2 57.9 52.3 89.1 51.4 53.7 92.3
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removed from Theorems 1 and 2. One of our main technology is Lemma 1 that is based on the
normality assumption. For other distributions such as sub-Gaussian distribution, a distribution
with higher order moment conditions, or generalized elliptical distributions, the martingale
CLT may still work. The challenge will be reduced to the calculation of moments needed in
the framework of the Lindeberg–Feller CLT. Our proofs rely on the framework in Lemma 1
where the normal assumption is essential. Another question is about the restriction between
N and T in Theorems 1 and 2. Can the assumption “T/

√
N → ∞” be relaxed? What is the

behavior of SN for other regimes of N and T ?
2. The linear regression in (1) is one of many panel data models; see, for example, the

book length treatment in [1, 17, 32, 39], among others. Some of other models can be studied
similarly for the properties we have pursued in this paper. We leave them as a future work to
our authors.

3. A new way is established to show the asymptotic independence between the sum of and
the maximum of a set of random variables. The detail of the method is elaborated in Section 6.
We expect this method will also work for other random variables of similar dependence
structure.

4. For the sum SN = ∑
1≤i<j≤N T ρ̂2

ij , Theorem 1 states that the CLT of SN involves with
projection matrices Pi defined via data; see (8). However, interestingly enough, as shown in
Theorems 3, 4 and 5, the behavior of the maximum LN = max1≤i<j≤N |ρ̂ij | does not depend
on Pi . Only parameters N and T participate in the limiting process.

5. In all of the theorems in this paper, we assume p is fixed. In fact, the estimates including
the variances and the moments appeared in the whole proofs are explicit. Through an overall
check, we see that all of the theorems still hold if p → ∞ slowly enough.

6. As seen in Section 4.2, a simulation study is carried out for tests based on SN , LN ,
CN , QN , CD, ES in (10), (11), (12), (17), (27), (28), respectively. It shows that the max-sum
test is always very close to the maximum power of all tests for both sparse and nonsparse
correlation coefficients ρij . By contrast, the empirical power curves of other methods favor
only one of the two types of residuals. In fact, in practice, it is hard to differentiate if a set of
numbers is sparse or not. This implies the max-sum test is also desirable for other statistical
models if three things are known: the CLT holds for the sum of a set of random variables; the
maximum of these random variables is the Gumbel distribution asymptotically; the sum and
the maximum are asymptotically independent.

7. In our main theorems, we assume errors εit follow normal distributions. This assumption
can be checked by standard tools such as the “normal probability plot” and the Shapiro–Wilk
test [37]. Another assumption in our main results is that errors are serially uncorrelated as
stated in (15). We refer to [10] and [26] for checking if errors are serially correlated or not.

8. In practice, the serial correlation may appear in panel data models. In this case, the
above existing tests will encounter size distortions as shown in [2]. The additional simulation
results in the Supplementary Material of “Max-sum tests for cross-sectional independence
of high-dimensional panel data” also demonstrate it. So how to construct the sum-type and
max-type tests for the cross-sectional independence in large panel data model with serial
correlations deserves some further studies.

9. In this paper, we investigate the cross-sectional independence based on the assumption
that errors εit are heteroscedastic but not serially correlated. Notice many panel models in
literature intend to study general temporal dependence structures through either weak exo-
geneity (e.g., [34, 35]) or temporal dependence in the residuals εit (e.g., [1]). It would be
interesting to explore the analogue of the current work in both settings. For the “temporal
dependence” setting, the reference [2] considers the CD-test defined in (27) by assuming εit

are serially correlated. This seems to suggest that Theorems 1 and 2 are extendable to the
temporal dependence in the residual εit . However, the extreme-value statistic LN defined in
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(11) needs further examination to see if its limiting distribution can be derived. Once this
step is completed, the derivation of asymptotic independence between SN and LN would be
accessible. Hence, our test CN may still be conducted.

10. An application of testing cross-sectional independence of the errors in Fama–French
three-factor model [12] will be presented in the Supplementary Material of “Max-sum tests
for cross-sectional independence of high-dimensional panel data” [14].

6. Proof. We will provide sketches of a tool and a method here. The details of all proofs
are presented in the Supplementary Material of “Max-sum tests for cross-sectional indepen-
dence of high-dimensional panel data.”

Recall Pi and εi = (εi1, . . . , εiT )′ ∈ R
T in (8). Let Sm−1 represent the unit sphere in R

m.
The following lemma is the cornerstone for all computations of moments and conditional
moments of ρ̂ij defined in (9). It reduces ρ̂ij to a very simple form, which has an independent
interest. Recall (6)–(9).

LEMMA 1. Set m = T − p. Let Oi be a T × T orthogonal matrix such that

Pi = Oi

(
Im 0
0 0

)
O′

i , 1 ≤ i ≤ N.(29)

Write Oi = (Ui ,Vi), where Ui is a T × m submatrix. Let {εij ; 1 ≤ i ≤ N,1 ≤ j ≤ T }
be independent random variables with εij ∼ N(0, σ 2

i ), σi > 0, for all i and j . Then

( P1ε1‖P1ε1‖ , . . . , PN εN‖PN εN‖) and (U1s1, . . . ,UN sN) have the same distribution, where s1, . . . , sN

are i.i.d. and each has Uniform(Sm−1).

As a consequence, {ρ̂ij ;1 ≤ i < j ≤ N} has the same distribution as that of {s′
iU

′
iUj sj ,1 ≤

i < j ≤ N}. Next, we give the outline of the proof of Theorem 6, which illustrates a method
to show asymptotic independence.

Sketch of the proof of Theorem 6. Let SN , LN and μN be as in (10), (11) and (13),
respectively. Recall the framework (8)–(11) and ρ̂ij in (9). Assume (15) holds with εi ∼
NT (0, σ 2

i I) for each i. Then ei := εi‖εi‖ , 1 ≤ i ≤ N are i.i.d. uniformly distributed over the T -

dimensional unit sphere ST −1. For fixed y ∈ R, set lN = T −1/2 · (4 logN − log logN +y)1/2.
Step 1. Define L̃N = max1≤i<j≤N |e′

iej |. We first show that, to prove the conclusion, it is
enough to prove that T L̃2

N − 4 logN + log logN and (SN − μN)/N are asymptotically inde-
pendent. The benefit of this step is that {e′

iej ; 1 ≤ i < j ≤ N} have much simpler structure
than ρ̂ij .

Step 2. We need to show, for any x and y,

lim
N→∞P

(
1

N
(SN − μN) ≤ x, L̃N > lN

)
= �(x) · [

1 − F(y)
]

(30)

where �(x) is the cdf of N(0,1) and F(y) is the Gumbel distribution. Define

�N = {
(i, j); 1 ≤ i < j ≤ N

};
AN =

{
1

N
(SN − μN) ≤ x

}
and BI = {∣∣e′

iej

∣∣ > lN
}

for any I = (i, j) ∈ �N . Write

P

(
1

N
(SN − μN) ≤ x, L̃N > lN

)
= P

( ⋃
I∈�N

ANBI

)
.
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By the inclusion-exclusion principle, we have, for any m ≥ 1,

P

( ⋃
I∈�N

ANBI

)
≈ ∑

I1∈�N

P (ANBI1) − ∑
I1<I2∈�N

P (ANBI1BI2) + · · ·

+ (−1)m+1
∑

I1<I2<···<Im∈�N

P (ANBI1BI2 · · ·BIm),

where “≈” throughout the proof represents that the difference of both sides of “≈” converges
to zero.

Step 3. We claim P(ANBI1BI2 · · ·BIm) ≈ P(AN) · P(BI1BI2 · · ·BIm). Then
P(

⋃
I∈�N

ANBI ) ≈ P(AN) · P(
⋃

I∈�N
BI ) ≈ P(AN) · P(L̃N > lN) by the inclusion-

exclusion principle again. Then (30) follows from Theorems 1 that P(AN) → �(x) and
the fact P(L̃N > lN) → 1 − F(y).

Now we give the idea to prove the claim that

P(ANBI1BI2 · · ·BIm) ≈ P(AN) · P(BI1BI2 · · ·BIm).(31)

Recall the definition of AN , BI and SN from (3). Write SN = S′
N + δN such that S′

N is
independent of BI1, . . . ,BIm and δN is sufficiently small. Then P(ANBI1BI2 · · ·BIm) is equal
to

P

({
1

N

(
S′

N + δN − μN

) ≤ x

}
BI1BI2 · · ·BIm

)

= P

({
1

N

(
S′

N − μ′
N

) ≤ x + δ′
N

}
BI1BI2 · · ·BIm

)
+ δ′′

N

where μ′
N is the mean of S′

N , and δ′
N and δ′′

N are sufficiently small numbers. By independence,
the last display is identical to

P

(
1

N

(
S′

N − μ′
N

) ≤ x + δ′
N

)
· P(BI1BI2 · · ·BIm) + δ′′

N.(32)

Argue that P( 1
N

(S′
N − μ′

N) ≤ x + δ′
N) and P( 1

N
(SN − μN) ≤ x) are close enough, then (32)

is equal to P(AN) ·P(BI1BI2 · · ·BIm)+ δ′′′
N . This leads to (31). In the whole process, we have

to make sure that the sum of the errors of δ′′′
N is negligible. �
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