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Outline of Notes

1) Pearson’s Correlation: 3) Inferences with Correlations:
@ Population vs. sample @ Hypothesis testing (p = 0)
@ Important properties @ Hypothesis testing (p # 0)
@ Sampling distribution @ GPA Example

2) Correlation and Regression: 4) Geometrical Interpretations:
@ Simple linear regression @ Sum-of-squares
@ Reinterpreting correlation @ Correlation coefficient
@ Connecting the two @ Part and partial correlations
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Pearson’s Correlation

Pearson’s Correlation
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Pearson’s Correlation Population versus Sample

Pearson’s Correlation Coefficient: Population

Pearson’s product-moment correlation coefficient is defined as

_ BIX = px)(Y — py)]
VEIX = uxPIVEI(Y — py)?]

where
@ oxy is the population covariance between X and Y
@ 0% is the population variance of X
@ % is the population variance of Y
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Pearson’s Correlation Coefficient: Sample

Given a sample of observations (x;, y;) fori € {1,...,n}, Pearson’s
product-moment correlation coefficient is defined as

Ny, — —2
Y sesy

S =X —¥)
\/Zi:1(Xi \/Z/ (Vi —¥)?

where

@ Sy = w is sample covariance between x; and y;

° 3)2( S (xi— )

L is sample variance of x;

2 _ YLai=y)? i
@ 5) = == is sample variance of y;
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Pearson’s Correlation Important Properties

Properties of Pearson’s Correlation

pxy measures linear dependence between X and Y
@ Not about prediction. .. just a measure of linear dependence
@ CORRELATION = CAUSATION

pxy is bounded: —1 < pxy <1
@ pxy = —1 implies perfect negative linear relationship
@ pxy = 1 implies perfect positive linear relationship
@ pxy = 0 implies no linear relationship

pxy 1S independent of the units of measurement of X and Y
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Pearson’s Correlation Important Properties

Properties of Pearson’s Correlation (continued)

Magnitude of pxy is unaffected by linear transformations
@ Supposethat W=aX+b and Z=cY +d
@ If sign(a) = sign(c), then pwz = pxy
@ If sign(a) # sign(c), then pwz = —pxy

Sample correlation ryy is sensitive to outliers

pxy can be affected by moderator variables
@ Need to think about possible moderator variables
@ Can have different patterns of correlation in different subgroups
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Pearson’s Correlation Important Properties

Visualization of Pearson’s Correlation

Plots of x; versus y; for different ry, values:
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From http://en.wikipedia.org/wiki/File:Correlation_examples2.svg
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Pearson’s Correlation Important Properties

Visualization of Pearson’s Correlation (continued)

Plots of x; versus y; for two groups of observations:

Z=0

X X

From Practical Regression and Anova using R, Faraway (2002)
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Example #1: Pizza Data

The owner of Momma Leona’s Pizza restaurant chain believes that if a
restaurant is located near a college campus, then there is a linear
relationship between sales and the size of the student population.
Suppose data were collected from a sample of 10 Momma Leona’s
Pizza restaurants located near college campuses.

Population (10003):x\ 2 6 8 8 12 16 20 20 22 26
Sales (§1000s): y | 58 105 88 118 117 137 157 169 149 202

We want to find the correlation between student population (x) and
quarterly pizza sales (y).

Nathaniel E. Helwig (U of Minnesota) Correlation and Geometry Updated 04-Jan-2017 : Slide 11



Pearson’s Correlation Important Properties

Example #1: Correlation Calculation

S (i—=X)(yi—¥)

Remember from the definition: * =
\/27:1 (Xi*)?)Z\/Z,L (vi—y)?

Remember from the SLR notes:

n n
D (xi—X)P=> xF—nx?

i=1 i=1

n n
=P =Yy —ny

i=1 i=1

n n

Y xi=X)yi—¥)=>_ Xy — nxy
i=1 i=1
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Pearson’s Correlation Important Properties

Example #1: Correlation Calculation (continued)

b% y X2 y? Xy
2 58 4 3364 116
6 105 36 11025 630
8
8

88 64 7744 704
118 64 13924 944
12 117 144 13689 1404
16 137 256 18769 2192

20 157 400 24649 3140 % 140 _ 14
20 169 400 28561 3380 10

22 149 484 22201 3278 - __1§997__130
26 202 676 40804 5252 Y= 10

S° 140 1300 2528 184730 21040
S, (x — X)? = 2528 — 10(14?) = 568

ST, (vi — y)? = 184730 — 10(130%) = 15730

S (xi — X)(yi — y) = 21040 — 10(14)(130) = 2840
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Pearson’s Correlation Important Properties

Example #1: Correlation Calculation (continued)

Using the results from the previous slides:

S (i = X)yi—¥)
V(6= 0230 (v - 7)?
2840

v568v15730
= 0.950123

=

Strong positive correlation: as the number of students (x) increases,
the quarterly pizza sales (y) increases linearly.
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Pearson’s Correlation Sampling Distribution

Sampling Distribution of r

Fisher (1929) derived the sampling distribution of Pearson’s r:

1

_ 1(n—1 —4) [©
f(r) = n-2 (1 — p2)2(n : (1 — r2)2(n )/ [cosh(z) — pr] ™"V dz
0

™

where
@ pis the true population correlation coefficient
@ nis the observed sample size

For a given p and n, we can simulate r using:

rsim<-function (rho,n) {
x=rnorm(n)
y=rho*x+rnorm(n, sd=sqrt (1-rho"2))
cor (x,Vy)

}
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Empirical Distribution with p =0

If p = 0 then f(r) is symmetric and approximately normal for large n:

n=10 n=30 n=60
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Pearson’s Correlation Sampling Distribution

Empirical Distribution with p = 0 (continued)

R code:

> set.seed(1234)

> rl0z=replicate (10000, rsim(rho=0,n=10))

r30z=replicate (10000, rsim(rho=0,n=30))
( ))

>

> r60z=replicate (10000, rsim(rho=0,n=60

> r90z=replicate (10000, rsim(rho=0,n=90))

> rl120z=replicate (10000, rsim(rho=0,n=120))

> r150z=replicate (10000, rsim(rho=0,n=150))

> par (mfrow=c (2, 3))

> hist (rl0z,main=expression (italic(n)«"="%x10))

> hist (r30z,main=expression(italic(n)«"="%x30))
> hist (r60z,main=expression (italic(n)«"="%x60))

> hist (r90z,main=expression (italic(n)*"="%x90))
> hist (rl20z,main=expression(italic(n)«"="%x120))
> hist (rl150z,main=expression(italic(n)«"="%x150))
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Empirical Distribution with p # 0

If p # 0 then f(r) is skewed in opposite direction of correlation sign:

n=100, r=0.1 n=100, r=0.5 n=100, r=0.9
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Empirical Distribution with p # 0 (continued)

R code:

> set.seed(1234)
> rlp=replicate (10000, rsim(rho=0.1,n=100))

(
> r5p=replicate (10000, rsim(rho=0.5,n=100))
> r9p=replicate (10000, rsim(rho=0.9,n=100))
> rln=replicate (10000, rsim(rho=-0.1,n=100))
> r5n=replicate (10000, rsim(rho=-0.5,n=100))
> r9n=replicate (10000, rsim(rho=-0.9,n=100))
> par (mfrow=c (2, 3)
> hist (rlp,main=expression(italic (n)*"="%x100+", "wxitalic(r)+"="%x0.1))
> hist (rS5p,main=expression(italic (n)*"="%x100«", "xitalic(r)*"="%x0.5))
> hist (r9p,main=expression(italic (n)*"="+x100«", "xitalic(r)*"="%x0.9))
> hist (rln,main=expression(italic(n)*"="%x100+", "xitalic(r)«"="%«-0.1))
> hist (r5n,main=expression(italic (n)*"="+x100+", "wxitalic(r)*"="%-0.5))
> hist (r9n,main=expression(italic (n)*"="%x100+", "xitalic(r)«"="%x-0.9))
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Correlation and Regression

Correlation and Regression
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Correlation and Regression Simple Linear Regression

Simple Linear Regression Model

The simple linear regression model has the form
Yi = bo + b1 X + €

forie{1,...,n} where
@ y; € Ris the real-valued response for the i-th observation
@ by € R is the regression intercept
@ by € R is the regression slope
@ x; € R is the predictor for the i-th observation

i . _
@ e ~ N(0,0?) is a Gaussian error term
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Ordinary Least Squares Solution

The ordinary least squares (OLS) problem is
n

. 2
min i — by — by X;
bo,br €R < (yl 0 1 /)

and the OLS solution has the form
by =y — by x

by = S (X —X) (i —¥)
> (xi = X)?

where X = (1/m) 0, x and 7 = (1/m) X0,
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Correlation and Regression Reinterpreting Correlation

Revisiting Sample Correlation ry,

Note that we can rewrite the sample correlation coefficient as

ZI_ (XI _ yl y)

\/Z/ 1 Xl \/ZI 1 yl )
1
= n—1 ZZX:'Z}/:'
i=1

where
Xi—

o ZX,‘ — T W|th SX

Z; 1(xi— X)?

n—1

I

— VY with s2 — Zim(i=¥)?
@ 2z, = 7 * with 5 = ==0—=—
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Revisiting Sample Correlation r,, (continued)

Note that z,, and z,, are standardized to have mean 0 and variance 1.
@ z,, and z,, are Z-scores

Thus, the sample correlation coefficient

1 n
Iy = n—_1 ;ZXIZYI

is the sample covariance of the standardized scores of X and Y.
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Correlation and Regression Connecting Correlation and Regression

Connecting ry, to OLS Solution

First convert x; and y; into Z-scores:

X=X Yi—y
Zx; = Sy Zy, sy
Next suppose we want to predict z,, from z,,.
Now plug in the Z-scores to the OLS solution:
b =z, - b\Pz, =0
b(z ZI 1(ZXI )(Zy, ) — rxy

Smi(2x — 2x)?

- - 1 n 5 1 n
because zy =2y =0and 715 Y1 (2 — Z)? = 73 D1 25 =1
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Connecting Correlation and Regression
Connecting ry, to OLS Solution (continued)

Thus, we have that Z,, = ry, 2y, is the fitted value for i-th observation.

In general, the relationship between ry, and by is:

b1 = 7
Sx

_ [ Sv \ Sy
SxSy ) Sx
Sy

= erSX

which implies that ry, = by g.
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Connecting r,, to SSR

Remembgr from thg SLR notes that y; = Bo + 51 Xi=y+ 51 (x; — X)

because by = y — b1 X

Plugging §; = y + by (x; — X) into the definition of SSR produces
SSR=S1,(5i — 7)? = S04 B2(x; — %)2

Now plugging in by = f, < to R? defintion produces

_SSR _ 1L Bi(x — %)

R2
SST (n— 1)3}2,
2
> <?xy%) (% — X)? >
g = I’
(n—1)s2 4
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Correlation and Regression Connecting Correlation and Regression

Example #1: Connecting 7, to by

From the SLR notes, remember that:

o

n .y .V

= Zi:1(:(’ X)(}f’ ; Y) = 2840/568 = 5
> it (Xi = X)

bo =y — byXx = 130 — 5(14) = 60

And from the previous correlation calculations, remember that:

5 S =X —¥) 2840
= = —0.950123
\/ > (X — )?)2\/ S (yi— ) V568V15730

~

_ _ 5_V/568
Note that 0.950123 = 7 = by & SW 0.950123
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Inferences with Correlations

Inferences with Correlations
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Inferences with Correlations Hypothesis Testing (p = 0)

Testing for Non-Zero Correlation
In most cases we want to test if there is a linear relationship:

Ho: pxy =0
Hy: pxy #0

If (X, Y) follow a bivariate normal distribution with p = 0 and if
{(xi, ¥i)}iL; are independent samples then

so we reject Hy if | T*| > t"/‘?) where (0/22) is critical ,_» value such
that P(T > £*/2)) = a/2
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Inferences with Correlations Hypothesis Testing (p # 0)

Fisher z-Transformation

If p = 0, then we can use Fisher’s z-transformation:
2 \1-r

If (X, Y) follow a bivariate normal distribution and if {(x;, y;)}7_; are
independent samples then z is approximately normal with

=i (12

B 1
n-3

V(2)

where p is the true population correlation coefficient.
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Inferences with Correlations Hypothesis Testing (p # 0)

Testing for Arbitrary Correlation

In some cases we want to test if there is a particular correlation:

Ho : pxy = po
Hi : pxy # po

In this case, we use Fisher’s z-transformation; first define the

standardized variable Z* = [z —1in <1+§8>} vVn=3

We reject Hy if [Z*| > Z, /2 where Z, , is critical Z value such that
P(Z>2Z,) =«a/2
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Confidence Intervals for ry,

To form a Cl around ry, we use Fisher’s z-transformation to form a Cl
on the transformed scale:

Zj:Za/g/\/n—S

Then we need to transform z limits back to r:

e
e+
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Inferences with Correlations Hypothesis Testing (p # 0)

Example #1: Correlation Inference Questions

Returning to Momma Leona’s Pizza example, suppose we want to. . .

(a) Test if there is a significant linear relationship between student
population (x) and quarterly pizza sales (y), i.e., test Hy : pxy =0
versus H; : pxy # 0. Use a = .05 significance level.

(b) Test Hy : pxy = 0.8 versus Hy : pxy # 0.8. Use a = .05 level.
(b) Test Hy : pxy = 0.8 versus Hy : pxy > 0.8. Use a = .05 level.
(d) Make a 90% Cl for pxy.
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Inferences with Correlations Hypothesis Testing (p # 0)

Example #1: Answer 1a

Question: Test Hp : pxy = 0 versus H; : pxy # 0. Use o = .05.

The needed t test statistic is

nyvn—2  0.950123./8

_ — 8.616749
\/1 — 2 /1-0.9501232
Xy

T =

which follows a fg distribution.

The critical £ values are t%%° = —2.306004 and t{*"*) = 2.306004,
So our decision is

t97%) — 2306004 < 8.616749 = T* — Reject Hy
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Example #1: Answer 1b

Question: Test Hy : pxy = 0.8 versus H; : pxy # 0.8. Use o = .05.

First form the z-transformed variable

147 1.950123

which is approximately normal with mean and variance

_ T+po) _ 18) _
E(z) = 05In (1 _po> —0.5In (0'2> — 1.098612
1

V(@)= —— =1/7

under the null hypothesis Hp : pxy = 0.8.
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Inferences with Correlations Hypothesis Testing (p # 0)

Example #1: Answer 1b (continued)

Question: Test Hy : pxy = 0.8 versus H; : pxy # 0.8. Use o = .05.

Now form the standardized variable

5o Z—2 _1833043-1.098612 _ ..o
V(2) 1/V7

which is approximately N(0, 1) under Hp : pxy = 0.8.

The critical Z values are Zgo5 = —1.959964 and Zg75 = 1.959964, so
our decision is

Zg75 = 1.959964 > 1.943122 = Z* — Retain Ho
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Inferences with Correlations Hypothesis Testing (p # 0)

Example #1: Answer 1c

Question: Test Hp : pxy = 0.8 versus H; : pxy > 0.8. Use a = .05.

We have the same transformed variable z = 1.833043 with
E(z) = 1.098612 and V(z) = 1/7; results in the same

z—2zy 1.833043 —1.098612

Z = V(2) 1V7

=1.943122

which is approximately N(0, 1) under Hyp : pxy = 0.8

The critical Z value is Zg5 = 1.644854, so our decision is

Zgs = 1.644854 < 1.943122 = Z* — Reject Hy
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Example #1: Answer 1d

Question: Make a 90% Cl for pxy.

First form the z-transformed variable

147 1.950123

which is approximately normal with variance V(z) = 1/7.

The critical Z value is Zg5 = 1.644854, so the 90% Cl is given by
Z+ Zg51/V(Z) = 1.833043 £ 1.644854/1/7 = [1.211347; 2.45474]

and converting the z limits back to the correlation scale produces

E2(1.211347) _ 4 o2(2.45474) _ {
g2(1.211347) | 1 ' g2(2.45474) 1

= [0.8370831; 0.9853554|
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Inferences with Correlations GPA Example

Data Overview

This example uses the GPA data set that we examined before.
@ From http://onlinestatbook.com/2/regression/intro.html

Y: student’s university grade point average.

X: student’s high school grade point average.

Have data from n = 105 different students.
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Inferences with Correlations GPA Example

Correlation Calculation

Calculate Pearson’s correlation with cor function:

> X=gpaShigh_ GPA
> Y=gpaS$Suniv_GPA
> cor(X,Y)

[1] 0.7795631

Calculate Pearson’s correlation with cov and sd functions:

> cov(X,Y)/ (sd(X)*sd(Y))
[1] 0.7795631
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Correlation Calculation (continued)

Calculate Pearson’s correlation manually:

> mux=mean (X)
> muy=mean (Y)

> cxy=sum( (X-mux) * (Y-muy) )
> sx=sqrt (sum( (X-mux) *2))
> sy=sqrt (sum( (Y-muy) *2))
> cxy/ (Sx*sYy)
[1] 0.7795631
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Testing for Non-Zero Correlation

To test Hy : pxy = 0 versus Hy : pxy # 0 use the cor. test function:
> cor.test (X,Y)

Pearson’s product-moment correlation

data: X and Y
t = 12.632, df 103, p-value < 2.2e-16
alternative hypothesis:

true correlation is not equal to 0
95 percent confidence interval:
0.6911690 0.8449761
sample estimates:
cor

0.7795631
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Inferences with Correlations GPA Example

Testing for Non-Zero Correlation (continued)

Note that we can get the same results manually using

> gpacr=cor (X,Y)

> tstar=gpacr*sqgrt (length (X)-2) /sqgrt (1-gpacr”2)
> tstar

[1] 12.63197

> 2x (l-pt (tstar,103))

[1]1 O

> z=log( (l+gpacr)/ (1l-gpacr)) /2
> z

[1] 1.044256

> zlo=z-gnorm(.975) /sqrt (102)

> zhi=z+gnorm(.975) /sqgrt (102)

> c(zlo,zhi)

[1] 0.8501905 1.2383212

> rlo=(exp(2+xzlo)-1)/ (exp(2+zlo)+1)
> rhi=(exp(2%zhi)-1)/ (exp(2+zhi)+1)
> c(rlo, rhi)

[1] 0.6911690 0.8449761

Nathaniel E. Helwig (U of Minnesota) Correlation and Geometry Updated 04-Jan-2017 : Slide 44



Testing for Arbitrary Correlation

To test Hy : pxy = 0.7 versus Hy : pxy # 0.7 define fisherz function
fisherz=function(r,n, rho0=0) {

z=log ((l+r)/(l-r)) /2

z0=1log ((1+rho0)/ (1-rho0)) /2

zstar=(z-z0) xsqgrt (n-3)

pval=2x (l-pnorm(abs (zstar)))

list (z=z,pval=pval)
}

and then use

> fisherz (cor (X,Y),105,rho0=0.7)
Sz
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Inferences with Correlations GPA Example

Testing for Arbitrary Correlation (continued)

Note that we could also test Hy : pxy = 0.7 versus H; : pxy # 0.7
using the output from the cor.test function.

Output 95% CI from cor . test function is [0.6911690, 0.8449761],
which contains the null hypothesis value of pxy = 0.7.

So, we retain the null hypothesis at the o = .05 level.
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Geometrical Interpretations

Geometrical Interpretations
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Geometry of Sum-of-Squares

J is an n x 1 vector of ones
Let aJ denote a constant vector

Letz = (z,...,z,) denote any
n-dimensional vector

(o] aJ J=(1,1,...,1)
possible models

Figure 8. A simple statistical model. _ n . 2 2 .
SS =" 1(z — @) = ||e||? with
Bryant, P. (1984). Geometry, statistics, probability: Variations e—=2zZ-— aJ

on a common theme. The American Statistician, 38, 38—48.
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Geometrical Interpretations Sum-of-Squares Geometry

Geometry of Sum-of-Squares Total

J is an n x 1 vector of ones
e n~'JJ' is projection matrix
e=(z,-%,...,2,-2)

Letz = (z,...,zy) denote any
n-dimensional vector

0 R (2)=(z,2,...,2) J

Figure 9. Derivation of the sample mean.

Let Py(z) = n~'JJ’z = zJ denote
Bryant, P. (1984). Geometry, statistics, probability: Variations the prOjeCtion Of Zz OntO J

on a common theme. The American Statistician, 38, 38—48.

Note: z— P,(z) is orthogonal to J
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Geometrical Interpretations Correlation Coefficient Geometry

Geometry of Pearson’s Correlation

Lety = {y;}]_, and P,(y) = yJ
denote the projection of y onto J.

Correlation is cosine of angle
betweeny — P,(y) and z — Py(z):

° ’ r = cos()
Figure 10. The simple correlation coefficient. ,
» T _ (Y=Puy))(z = Py(2))
Bryant, P. (1984). Geometry, statistics, probability: Variations Hy — PJ (y) H HZ — PJ(Z) H

on a common theme. The American Statistician, 38, 38—48.
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Geometrical Interpretations Part and Partial Correlation

Part (Semipartial) Correlation

Given predictors Xi, Xo and response Y, the part (or semipartial)
correlation of Y and Xj, controlling for X5, can be written as

yx, — I'vx, X, X,

I'y(x,-Xo) =
(X1-X2) 1_r)2(1X2

Note that ry(x,.x,) is the correlation between Y and (X; — )A(1), where
X1 =40+ 41 X2 and (%9,41) are OLS coefficients predicting X; from Xs.
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Partial Correlation

Given predictors Xj, Xo and response Y, the partial correlation of Y
and X, controlling for X5, can be written as

yx, — I'vx X X, Iv(xXp)

TYxiXe = 2 2 2
\/1 - rvxz\/1 — X, \/1 — 'y,

Note that ryy,.x, is the correlation between (Y — ¥*) and (X; — X;),
where Y* = &g + /1 X and Xi = 4 + 91 Xo.

Note that rgy » > r,z}(x1 x,) With equality holding only when réx, = 0.
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Geometrical Interpretations Part and Partial Correlation

Part and Partial Correlation in R

We can define our own part and partial correlation function.
pcor=function(x,vy, z,type=c ("partial", "part")) {
rxXy=cor (x,Vy)
rxz=cor (x, z)
ryz=cor(y, z)
pc=(rxy-ryz+rxz) /sqrt (1-rxz"2)
if(typelll=="partial") {pc=pc/sqgrt (1-ryz"2)}
joJe!

Note: pcor calculates partial (or part) correlation between x and v,
controlling for z; for part correlation, effect of z is removed from x.
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