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Balanced Two-Way ANOVA

Balanced Two-Way ANOVA
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Two-Way ANOVA Model (cell means form)

The Two-Way Analysis of Variance (ANOVA) model has the form

Yik = Hjk + €k

foric{1,....,nx},je{1,...,a},and k c {1,...,b} where
@ yjik € R is real-valued response for i-th subject in factor cell (j, k)
@ 1 € Ris real-valued population mean for factor cell (j, k)

i . .
@ ejx ~ N(0,02) is a Gaussian error term

® ny is number of subjects in cell (j,k) and n= "2, S0 nj
(note: nyx = n.,Vj, k in balanced two-way ANOVA)
@ aand b are number of levels for first and second factors

Implies that Yijk g N(/ij, 02).
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Model Form & Assumptions
Two-Way ANOVA Model (effect coding)

Using effect coding, the mean for factor cell (j, k) has the form
pik = ke + o + Br + (aB)

forje{1,...,a}and k € {1,..., b} where
@ . is overall population mean
@ «; is main effect of first factor such that 3°7 ; o = 0

@ [k is main effect of second factor such that 2221 Bk =0
@ (ap)j is interaction effect such that Zf:1 (aB)jx = 0Vk and
Sh_i(@B) =0V

Set (af)jx = 0V, k to fit an additive model.
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Two-Way ANOVA Model (matrix form)

In matrix form, the two-way ANOVA model is y = Xb + e where

X1 Xya—1) At ZAb—1) X121 0 X(a—1)21 X1121(b—1) * " X1(a—1)Z1(b—1)

X2t v Xoa—1) 221t Z(b—1) X21Z21 - Xp(a—1)Z21 c X21Z2(b—1) "t X2(a—1)22(b—1)
X — 1 X3t -X3a—1) 231" Z3(b—1) X31Z31 - X3(a—1)Za1 s X3123(b—1) * * " X3(a—1)Z3(b—1)
1 Xnt - Xpa—1)  Znt - Znb—1)  Xn1Znt * - Xn(a—1)Znt s Xn1Zn(b—1) * * * Xn(a—1)Zn(b—1)

b= (b o gy By Bp—1 (@B)11 -+ (@B)a—1yr - (@Blip—1) - (@B)a—1)b-1))’

where Xhas 1+ (a—1)+(b—1)+(a—1)(b— 1) = ab columns

1 if i-th observation is in j-th level of first factor

@ x; = ¢ —1 ifi-th observation is in a-th level of first factor
0 otherwise
1 if i-th observation is in k-th level of second factor

@ zyx =< —1 if i-th observation is in b-th level of second factor
0 otherwise

@ /€ {1,...,n} and additional subscripts on y and e are dropped

Implies that y ~ N(Xb, o21,).
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Two-Way ANOVA Model (assumptions)

The fundamental assumptions of the two-way ANOVA model are:
@ Xxj, zik and y; are observed random variables (known constants)

i . _
@ e ~ N(0,5?) is an unobserved random variable
© 1k are unknown constants

ind
Q (vilxj. zik) ~ N(uj, 02)
note: homogeneity of variance

Interpretation of 1% depends on model form
@ Additive:  px = p+ aj+ Bk
@ Interaction: pj = p + aj + Bi + (B)jk
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Balanced Two-Way ANOVA Least-Squares Estimation

Ordinary Least-Squares

We want to find the effect estimates (i.e., i, 4;, 5k, and (a3);c terms)
that minimize the ordinary least squares criterion

Njk

SSE = ZZZ Yik — 1 — aj — Bk — (aﬁ)/k)

k=1 j=1 i=1

If N = n,Vj, k the Ieast—squares estimates have the form
ﬂ: Zk1Z/1Z/1YIk
& = (bT DIARD D yijk) —A=y. -y

b= (o S ) — =T -
(= (o

n E/1ylk)_ _a/ Bk:}_/fk_}_//‘_yk"'}_/”

which implies that yjx = yj for all (i, , k).
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Fitted Values and Residuals

Form of fitted values depends on fit model:
o Additive: jfix =¥ +Vk— Y.
@ Interaction: ,&jk = }_/jk

Residuals have the form

8ik = Yik — fjk

where form of /i depends on fit model (additive versus interaction).
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ANOVA Sums-of-Squares

In balanced two-way ANOVA model with interaction:
© SST =33 Y& Xl (v —y.)?  df = abn. —1
® SSR=n, 30 X0 (Vi — 7.)2 df = ab — 1
® SSE =0 2 X (Vik — yx)?  df =abn, — ab

In balanced two-way ANOVA model with no interaction:
® SST =3 S, S (Vi — ¥-)? df = abn, — 1
® SSR=n. Y0 0 ([F + 7k — V.1 — 7.)2 df =a+b—2

® SSE =30 3L X ik — [ + Yok — 7.)?
df =abn,—(a+b—-1)
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Balanced Two-Way ANOVA Basic Inference

Partitioning the Variance

From MLR notes we know that SST = SSR + SSE.

If nix = n.Vj, k can partition SSR = SSA + SSB + SSAB where

° SSA:bn*Zf:1 &}? df =a—1
@ SSB=an. Y P_, 32 df =b—1
® SSAB=n.Y Py 2 (aB) df = (a—1)(b—1)

Implies that SSR = SSA + SSB for additive model (if nx = n.V/, k).
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Extended ANOVA Table and F Tests

We typically organlze the SS information into an ANOVA table:

Source df MS F p-value
SSR n P, Sy (y,-k —y.)? ab — 1 MSR  F* p*
SSA bn 24 (5. — 7..)? a—1 MSA Fx P
SSB an, Y0 (.4 —y..)? b—1 MSB Fr Jo
SSAB ne b SR Gk~ Tk +7 2 (@a—1)(b—1) MSAB Fj,  pi,
SSE zgﬂ S S ik — Vi) ab(n. —1) MSE
SST D k-1 Z}a 1 27*1(}% -y.)? abn, —1
— SSR SSA 558 SSAB SSE
MSR = S5 MSA = S5, MSB = 558, MSAB = -SSA8, MSE = ;55
F* = M8 ~ Fap—1,ab(n.—1) and P = P(Fap—1,ab(n, —1) > F*),
F; = Mg‘g ~ Fa—1,ab(n, —1) and p; = P(Faf1,ab(n*71) > F3),
Fp = Mss

= ueE ~ Fo—1,ab(n,—1)y and pf = P(Fp_1 ap(n,—1) > F5),
Fio =Yg ~ Fla-n)(b-1),ab(n.—1) and Pl = P(Fla1)o—1),ab(n, —1) > Fip),

Nathaniel E. Helwig (U of Minnesota) Factorial & Unbalanced Analysis of Variance Updated 04-Jan-2017 : Slide 13



ANOVA Table F Tests

F* and p*-value are testing Hy : aj = ¢ = (aB)j = 0 V/, k versus

Hy:(F,ke{1,....a} x{1,...,b})(oj = Bk = (afp)jx = O is false)
@ Equivalent to Hp : pjx = p Vj, k versus Hy : not all u are equal

F; statistic and p3-value are testing Hp : ; = 0 Vj versus
Hy:(Fe{1,...,a})(o #0)
@ Testing main effect of first factor

F; statistic and pj-value are testing Hy : Bx = 0 Vk versus
H1 : (Elk € {177b})(ﬁk #0)
@ Testing main effect of second factor

F, statistic and p}, -value are testing Hy : (o) = 0 Vj, k versus
H1 : (El.hk € {1,...,3} X {17ab})((a/8)jk 7é 0)
@ Testing interaction effect
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Balanced Two-Way ANOVA Hypertension Example (Part 1)

Hypertension Example: Data Description

Hypertension example from Maxwell & Delany (2003).

Total of n = 72 subjects participate in hypertension experiment.
@ Factor A: drug type (a= 3 levels: X, Y, 2)
@ Factor B: diet type (b = 2 levels: yes, no)

Randomly assign njy = 12 subjects to each treatment cell:
@ Note there are (ab) = (3)(2) = 6 treatment cells
@ Observations are independent within and between cells
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Balanced Two-Way ANOVA Hypertension Example (Part 1)

Hypertension Example: Descriptive Statistics

Sum of blood pressure for each treatment cell (2,731 Yik):

Diet
Drug No(k=1) Yes(k=2)| Total
X(G=1) 2136 2052 4188
Y(j=2) 2424 2154 4578
Z(j=23) 2388 2130 4518
Total 6948 6336 13284

Sum-of-squares of blood pressure for each treatment cell ( Z, 1 yUk)

Diet
Drug No(k=1) Yes(k=2) Total
X@=1) 382368 352518 | 734886
Y({=2) 491008 388898 | 879906
Z(j=3) 478238 380462 | 858700
Total 1351614 1121878 | 2473492
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Hypertension Example: OLS Estimation (by hand)

Least-squares estimates are cell means: jix = yx and

fi= abn >k 1 o X Vi = ¥ = 153t = 1845

& =(bn*zk By 1y,1k>—ﬁ=y1.—y.—4;ff—1845— 10
o :(bL*Z“Z,1y,2k)—ﬂ:y2.—y_‘"25?—1845 6.25
:<b17*zk12,1y/3k)—,a:}73.—}7—4218—1845 3.75
b= (o S Sl )~ A =7 7. = %55 - 1845 -85
:<;mzj1zl1y,,2>_ﬁ:y2—y_6226—1845——85
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Hypertension Example: OLS Estimation (by hand)

Continuing from the previous slide. ..

(@B)11 =y11 — 11 —
(OéAﬂ)m =Yi2—%. —
(aAﬁ)m =Yo1 — Yo —
(aB)22 = Voo — Jo. —
(aB)a1 = Va1 — V3. —

(aB)32 = Va2 — V3. —

Nathaniel E. Helwig (U of Minnesota)
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Balanced Two-Way ANOVA Hypertension Example (Part 1)

Hypertension Example: Enter Data (in R)

> bp = scan("/Users/Nate/Desktop/hypertension.dat")

Read 72 items

> diet = factor (rep(rep(c

> drug = factor (rep(rep(c "X"

> biof = factor (rep(c("present",
> hyper = data.frame (bp=bp,

> hyper[l 20,1

lrug

iel E. Helwig (U of Minnesota)

,"yes"),each=6),6))
"y","z"),each=12),2))

"absent"),each=36))

diet=diet, drug=drug, biof=biof
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Hypertension Example: OLS Estimation (in R)

Effect coding for drug and diet:

> contrasts (hyper$drug) <- contr.sum(3)
> contrasts (hyper$drug)

1 1
contrasts (hyper$diet) <- contr.sum(2)
contrasts (hyper$diet)

VOV N X

> mymod = lm(bp ~ drug x diet, data=hyper
summary (mymod) # I deleted some output

v

befficients:
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Balanced Two-Way ANOVA Hypertension Example (Part 1)

Hypertension Example: Sums-of-Squares (by hand 1)

.. . b a
Defining n =3 )4 > i1 nj, the relevant sums-of-squares are
ny _ ny n; 2
SST = 22:1 E,‘a:1 Zi/:k1 Vi — y.)% = 25:1 Eja:1 Zi/:k1 y/yz'k - 15 (Z£:1 Z}?ﬂ Zf/:k1 Yifk)
= 2473492 — %(13284)2 = 22594
K 2
b a Nk = \2 b a Njk ( i 1y’/“>
SSE =3 y_1 20701 205 ik — i)™ = 2k—1 20701 200 y//k Zk 1 Z/ R —
= 2473492 — [21362 + 20522 1 24242 1 2154% 1 23882 + 21302} /12 = 12814

SSR = SST — SSE = 22594 — 12814 = 9780
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Hypertension Example: Sums-of-Squares (by hand 2)
The sums-of-squares for the main and interaction effects are given by

SSA=bn. S°2 (7). — 7% = bn. 0, 62
= (2)(12) [(710)2 +6.252 + 3.752] — 3675

SSB = an. S0y (Vk — )2 = an. YRy B2
= (3)(12) [(—8.5)2 + 8.52] = 5202

SSAB = n. S0 S8 (Vi — i — ok + 72 = ne p_y 2 (aB)
=12 [(-5)2 + 5% + 2757 + (~2.75)? + 2.25 + (—2.25)*| = 903
and since ng = n, = 12 Vj, k, we have

SSR = SSA + SSB + SSAB
9780 = 3675 + 5202 + 903
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Hypertension Example: ANOVA Table (by hand)

Putting things together in ANOVA table:

Source SS df MS F  p-value

SSR 9780 5 1956.0 10.07 < .0001
SSA 3675 2 18375 9.46 0.0002
SSB 5202 1 5202.0 26.79 < .0001
SSAB 903 2 4515 233 0.1057

SSE 12814 66 1942

SST 22594 71
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Hypertension Example: ANOVA Table (in R)

> anova (mymod)
Analysis of Variance Table

Response

m
drug 2 36 * ok K
diet 1 52 % K
drug:diet 2 9(
Residuals 66 128
Signif. codes: 0 ‘xxx’ 0.001 ‘xx" 0.01 ‘%’ 0.05 *.” 0.1 7’
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Balanced Two-Way ANOVA Multiple Comparisons

Multiple Comparisons Overview

Still have multiple comparison problem:
@ Overall test is not very informative
@ Can examine effect estimates for group differences
@ Need follow-up tests to examine linear combinations of means

Still can use the same tools as before:
@ Bonferroni
@ Tukey (Tukey-Kramer)
@ Scheffé
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Two-Way ANOVA Linear Combinations

Assuming interaction model, we now have
T _ b a = (7(T\ _ 220 a 2
L=2 k12721 CikYik and V(L) = 6 > k=1 2_j=1 Cik/ Nix

where cj are the coefficients and 42 is the MSE.

Assuming the additive model, we have
o= > G and V(La) =62 S c/n
Zb = 22:1 CkJ_/-k and \A/(Zb) = 52 22:1 c,%/nk

where ¢; and ¢, are main effect coefficients, 42 is the MSE, and
b a . .
nj. = k=1 Nik and n, = 37 4 nyc are the marginal sample sizes.
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Balanced Two-Way ANOVA Multiple Comparisons

Two-Way Multiple Comparisons in Practice

For interaction model, you follow-up on fix = yjx
@ Bonferroni for any f tests (independent or not)
@ Tukey (Tukey-Kramer) for all pairwise comparisons
@ Scheffé for all possible contrasts

For additive model, you follow-up on fi; = y;. and jix = y.«
@ Bonferroni for any f tests (independent or not)
@ Tukey (Tukey-Kramer) for all pairwise comparisons
@ Scheffé for all possible contrasts

For additive model, Tukey and Scheffé control FWER for each main
effect family separately.
@ Use Bonferroni in combination with Tukey/Scheffé to control
FWER for both families simultaneously
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Balanced Two-Way ANOVA Hypertension Example (Part 2)

Hypertension Example: Interaction (by hand)
All ab(ab — 1)/2 = 15 possible pairwise comparisons of fij:
L=yx -y and  V(L)=194.2(2/12) = 32.36667

and we know that Y20 Qab,abn.—ab> SO 100(1 — a))% Cl is given by

V(L

~ 1 (a) A A
Lifqababn*—ab V(L)

(@) . s .
where Qg p, _ ap iS critical value from studentized range.

For example, 95% CI for po1 — 111 is given by:
N A (05) [it,07
(N21 - H11) + qe 66) V(L)

2424 2136 1
12 12

5

(4.150851)v/32.36667 = [7.303829; 40.69617]

%\

Nathaniel E. Helwig (U of Minnesota) Factorial & Unbalanced Analysis of Variance Updated 04-Jan-2017 : Slide 28



Balanced Two-Way ANOVA Hypertension Example (Part 2)

Hypertension Example: Interaction (in R)

All ab(ab — 1)/2 = 15 possible pairwise comparisons of fij:
> mymod = aov(bp ~ drug * diet,

data=hyper)
> TukeyHSD (mymod, "drug:diet™")

1key multiple comparisons of means

~onfidence

s family-wics
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Hypertension Example (Part 2)
Hypertension Example: Additive (by hand A part 1)

All a(a — 1)/2 = 3 possible pairwise comparisons of /i;:

A 4578 4188

A 451 41

Z—X: Lazz%—%zsz
A 4518 4578

Z—Y: La3:W—W:—25

and the variance is given by
V(La) = 6% 7 c2/n;. = (201.7206)(2/24) = 16.81005

A2 _ _SSE+SSAB __ 12814+903 _
where 6° = abn,—(arb-1) = 68 = 201.7206
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Hypertension Example (Part 2)
Hypertension Example: Additive (by hand A part 2)

Note f(L )) Qa,abn. —(a+b—1): S0 100(1 — )% Cl is given by
Ly
L+ gl vl
g fqa abn, —(a+b—1) ( a,-)
where q(o‘) is critical value from studentized range.

a,abn.—(a+b—1)

The 95% CI for all three pairwise comparisons is given by

L. + }qsgg)\/V([&):m.zsi \%(3.388576)\/16.8100 — [6.426037; 26.07396]

1

Lo, + qug? V(L) =13.75+ 5(3.388576)\/16.81005 = [3.926037; 23.57396]
Lo + ifq3 ¥ V(Lay) = —25+ %(3.388576)\/16.81005 = [-12.32396; 7.323963]
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Hypertension Example (Part 2)
Hypertension Example: Additive (by hand B part 1)

All b(b —1)/2 = 1 possible pairwise comparison of fi:

A 4
yes —no: Lb:% %:—17

and the variance is given by

V(Lp) = 623P_, 2/nk = (201.7206)(2/36) = 11.2067

A2 _ _SSE+SSAB __ 128144903 _
where 6° = abn. —(ath-T) = 68 =201.7206
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Balanced Two-Way ANOVA Hypertension Example (Part 2)

Hypertension Example: Additive (by hand B part 2)

Note Y& V(Ly) ~ Qb,abn,—(a+b—1)» S0 100(1 — )% Cl is given by

V(L)
b \/E b,abn,—(a+b—1)V ( b)

where ql(y?éa)bn*f(aerq) is critical value from studentized range.

The 95% CI for pairwise comparison is given by

Ly + }qg ®I V(L) =17+ %(2.822019)\/11.2067
= [-23.68011; —10.31989]
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Hypertension Example: Additive (in R)

All a(a—1)/2 = 3 possible pairwise comparisons of fi;:

> mymod = aov(bp ~ drug + diet, data=hyper)
> TukeyHSD (mymod, "drug")
1key multiple

omparisons of means

95% family

it: aov(formula = bp ~ drug + diet,

All b(b —1)/2 = 1 possible pairwise comparison of fix:
> mymod = aov(bp ~ drug + diet, data=hyper)
> TukeyHSD (mymod, "diet"™)

Tukey multiple comparisons c

5% family-wise confidence leve
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Balanced Three-Way ANOVA

Balanced Three-Way ANOVA
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Three-Way ANOVA Model (cell means form)

The Three-Way Analysis of Variance (ANOVA) model has the form

Yiikt = Kjki + ikl

foric{1,....ni},je{1,....a}, ke {1,...,b}, 1€ {1,...,c}, where
@ yjin € Ris response for i-th subject in factor cell (j, k, /)
@ 1y € R is population mean for factor cell (J, k, /)
@ e~ N(0,02) is a Gaussian error term

@ njy is number of subjects in cell (j, k, /)
(note: ny = n.Vj, k, I in balanced three-way ANOVA)
/

@ (a, b, c) is number of factor levels for Factors (A, B, C)

Implies that yj g N(pjui; 02).
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Balanced Three-Way ANOVA Model Form and Estimation

OLS Estimation (cell means form)

Similar to balanced two-way ANOVA, we want to minimize

b a N
ZZZZ(Y!W M/k/

I=1 k=1 j=1 i=1

which is equivalent to minimizing 3", (v — ) for all j, k, I

Taking the derivative of SSEjy = 27’:“1 (Vi — wi)?, we see that

dSSEj, il
7:—25 ikl -+ 2Nk L
g 2 Yijki ikl ki

n; -
and setting to zero and solving gives iy = 2 Vi = Vi

kN
Niki
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Model Form and Estimation
Three-Way ANOVA Model (effect coding)

The three-way ANOVA with all interactions assumes that

ik = B+ o+ Bx + v+ (aB)jk + (av)j + (BY)k + (@B

forje {1,...,a}, ke {1,...,b},and /€ {1,...,c} where

@ . is overall population mean
«;j is main effect of first factor such that Zf:1 aj=0
B is main effect of second factor such that >°2_, 84 = 0
7 is main effect of third factor such that >°F_ ;v =0
(aB)jx is A+ B interaction effect such that Z/‘f":1 (aB)jx = 0Vk and 22:1 (aB)x =0V
(a)ji is A+ C interaction effect such that Z}L (ay)y=0Vland 37 ((ay)y=0Vj
(B7)w is B+ C interaction effect such that >°2_, (8v)x = 0 v/ and 3¢, (87)k = 0 Vk
(aBv)jxi is A x B+ C interaction effect such that Z}L (aBy)jw = 0Vk,land
Sk-1(B)in = 0),/ and 34 (aBr)ja = 0 V], k
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Balanced Three-Way ANOVA Model Form and Estimation

OLS Estimation (effect coding)

The OLS estimates of the various effects are given by

=Y.
6= - 3.
Bk = Yk — ¥
A=Y= Y-

(Ofﬂ)jk =Yk — Y. — Yk + Y.
()it = Vi = Yjoo = Yot + ¥
(B = Voaa — Yok — Vet + ¥

(aBY)i = Vit — [t + & + Br + 31+ (@B)jk + (&)1 + (7))

Nathaniel E. Helwig (U of Minnesota) Factorial & Unbalanced Analysis of Variance
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Balanced Three-Way ANOVA Model Form and Estimation

Fitted Values and Residuals

Form of fitted values depends on fit model:

e Additive: Pjg = i+ &+ Bk + 4
@ All2-way Int:  Qjy =+ & + B+ A + (ofﬁ)/k + (ay)j + (B
@ 3-way Int: Rjki = Yiki

Residuals have the form
8kl = Vi — fi

where form of /i, depends on fit model (additive versus interaction).
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ANOVA Sums-of-Squares

Defining N = abcn,, the three-way ANOVA sums-of-squares are:
© SST =30 Y T Sy — 702 df=N—1
® SSR=n. 304 30y S (Fpa — 7 )2 df = abc — 1
® SSE =37 S h X X (Vi — Y)?  df = N —abc

SSR =SS5+ SSg+ SS¢ + SSag + SSac + SSgc + SSasc

® SSp=ben. Y7 4z df =a—1

@ SSg=acn. Y p_, 2 df =b—1

@ SSc=abn. > 7 4? df =c—1

® SSus=cn.Yp_ L (aB)3 df = (a—1)(b—1)
® SSac =bn. Y[ 7 ()] df =(a—1)(c—1)
@ SSgc=an. X% P ()3 df = (b—1)(c—1)
® SSagc = N Y.y Z£:1 Zf:1 (043’)’),2/(/

df=(a-1)(b—1)(c—1)
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Balanced Three-Way ANOVA Basic Inference

Memory Example: Data Description (revisited)
Hypertension example from Maxwell & Delany (2003).

Total of N = 72 subjects participate in hypertension experiment.
@ Factor A: drug type (a = 3 levels: X, Y, 2)
@ Factor B: diet type (b = 2 levels: yes, no)
@ Factor C: biof type (c = 2 levels: present, absent)

Randomly assign ny, = 6 subjects to each treatment cell:
@ Note there are (abc) = (3)(2)(2) = 12 treatment cells
@ Observations are independent within and between cells
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: Look at Data

> bp = scan("/Users/Nate/Desktop/hypertension.dat")
Read 72 items

diet = factor (rep(rep(c("no","yes"),each=6),6)
drug = factor (rep(rep(c("X","Y","Z"),each=12),2))
biof = factor (rep(c("present","absent"),each=36))

hyper = data.frame (bp=bp, diet=diet, drug=drug, biof=biof)
contrasts (hyper$drug) <- contr.sum(3)
contrasts (hyper$diet) <- contr.sum(2)
contrasts (hyper$biof) <- contr.sum(2)
hyper[1:15,]
bp diet rug

VVVVVVVYV
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: All Interactions

> mymod = lm(bp ~ drug x diet » biof, data=hyper)
> anova (mymod)
Analysis of Variance Table

Response: bp

Df Sum Sg Mean Sqgq F value
drug 2 3675 1837.5 11.7287 * kK
diet 1 5202 5202.0 33.2043 * ok *
biof 1 2048 2048.0 13.0723 * ok *
drug:diet 2 903 451.5 2.8819
drug:biof 2 259 129.5 0.8266
diet: 1 32 32.0 0.2043

2 1075 537.5 3.4309 X

60 9400 156.7
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: All 2-Way Interactions

> mymod = lm(bp ~ drug * diet + drug * biof + diet * biof, data=hyper)
> anova (mymod)
Analysis of Variance Table

Response: bp
Df Sum

drug 2 3675 * % Kk

diet 1 5202 8 * kX

biof ] 2048 2048.0 12.1218 0.000919 #*x*x

drug:diet 2 903 451.5 2.6724 O

drug:biof 2 259 129.5 0.7665 0

diet:biof 1 32 32.0 0.1894 0.

Residuals 62 10475 169.0

Signif. codes: 0 ‘xxx’" 0.00 ‘xx7 0.01 Y’ 0.05 *." 0.1 Y’ 1
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Hypertension Example: Additive Model

> mymod =

> anova (mymod)

Analysis

Response:

drug
diet
biof
Residuals

Signif.

Nathaniel E. Helwig (U of Minnesota)

Im(bp ~ drug + diet + biof,

of

"iance

Table

data=hyper)

Mean Sqg F value Pr (>F)
837.5 10.550 0.0001039
5202.0 29.868 7.346e-07
2048.0 11.759 0.0010403
174.2

x*x" 0.00 Y%7 0.01 Yx" O

*

* *

.05

Factorial & Unbalanced Analysis of Variance

*

*

0.1 v 1
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: Interaction Plot

If you choose the three-way interaction model, you could visualize the
interaction using an interaction plot.

Biofeedback Absent Biofeedback Present

—— DietNo —— DietNo
-- Diet Yes

-- Diet Yes

Mean BP
190 200 210
| | ]
Mean BP
190 200 210
| | ]

180
1
180
1

170
L
170
L

T T 1 T T 1
X Y z X Y z

Drug Drug
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: Interaction Plot (R code)

vhat=tapply (hyperS$Sbp, list (hyper$drug, hypers$diet, hypers$biof) ,mean)
par (mfrow=c (1,2))
mytitles=c ("Biofeedback Absent","Biofeedback Present")
for(k in 1:2){
plot(1:3,vhat[,1,k],ylim=c(165,215),xlab="Drug",
ylab="Mean BP",main=mytitles[k], axes=FALSE, type="1")
lines(1:3,vhat[,2,k],1lty=2)
legend ("topleft",c("Diet No","Diet Yes"),lty=1:2,bty="n")
axis(l,at=1:3,labels=c("X","Yy","z"))
axis (2)
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Balanced Three-Way ANOVA Basic Inference

Hypertension Example: Multiple Comparisons

Assuming we chose the additive model, we would perform follow-up
tests on the marginal means.

@ Factor A: jig =i+ &;=};.
@ Factor B: [ip, =i+ Bk = V.
@ FactorC: fic =4+ =Y.

If we chose three-way interaction model, we would perform follow-up
tests on the individual cell means.

fijt = fi + &5 + B + A1+ (@B)jk + ()i + (B + (aB)ju
= Y
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Hypertension Example: Multiple Comparisons

> mymod = aov(bp ~ drug + diet + biof, data=hyper)

> TukeyHSD (mymod, "drug") # I deleted some output
ikey multiple comparisons of means

> TukeyHSD (mymod, "diet")
Tukey mult c
>% family-wise confidence level

“omparisons

> TukeyHSD (mymod, "biof")
1 multi e C
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Unbalanced ANOVA Models

Unbalanced ANOVA Models
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Unbalanced ANOVA: Model Form

Unbalanced ANOVA has same model form as balanced, but unequal
sample sizes in each cell.

e 1-way: n; # ny for some j,j’
@ 2-way: ny # njy for some (jk), (j'k')
@ 3-way: Nik % Njrjr for some (jk/), (jlklll)

In the previous slides, we assumed ny = n,Vj, k (two-way ANOVA) or
N = n.Vj, k, I (three-way ANOVA), which made life easy.

@ Effects were orthogonal in balanced design
@ Parameter estimates had simple relation to cell/marginal means
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Unbalanced ANOVA: Implications

Main consequence for two-way (and higher-way) unbalanced design:
@ Non-orthogonal SS (e.g., SSR # SSA + SSB + SSAB)
@ Design is less efficient (larger variances of parameter estimates)

Unbalanced design also affects our estimation and follow-up tests
@ Parameter estimates require matrix inversion: b = (X'X)~'X'y
@ Need to do follow-up tests on least-squares means
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Unbalanced ANOVA: Testing Effects

MS?

Because of non-orthogonality, cannot test effects using F = 73¢.

Instead we use the General Linear Model (GLM) F test statistic:

. _ SSEp - SSEr _ SSE
-~ dfg—dff T dfe
~ F(atq—dfe dfe)

where
@ SSEpg is sum-of-squares error for reduced model
@ SSEr is sum-of-squares error for full model
@ dfg is error degrees of freedom for reduced model
@ dfr is error degrees of freedom for full model
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Unbalanced ANOVA: Testing Example

Consider two-way ANOVA and all 7 possible models

Yik = 1+ aj + Br + (af)jx + €
Yik =k + o + Bk + 8jk

Yik = i+ o+ (afB)jk + ej

Yik = 1+ B + (aB)jx + €ijk

Yik = 1+ aj + 8jjic

Yik = 1+ Bk + ik

Yik = 1+ €

w

(¢

A~ N N N~~~
(*2) L
~— — — ~— ~— ~— ~—

\,
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Unbalanced ANOVA: Testing Example (continued)

To test effect, use F test comparing full and reduced models.

To test each effect there are multiple choices we could use for full and
reduced models:

o A: F=1and R=4 or F=2and R=6 or F=5and R=7
o B: F=1and R=3 or F=2and R=5 or F=6 and R=7
o AB: F=1and R=2 or F=3 and R=5 or F=4 and R=6
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Types of Sum-of-Squares

Type | SS
@ Amount of additional variation explained by the model when a term is added to the model
(aka sequential sum-of-squares).
@ Intwo-way ANOVA, type | SS would compare:
(a) Main Effect A: F=5 and R=7
(b) Main Effect B: F=2 and R=5
(c) Interaction Effect: F=1 and R=2
Type Il SS
@ Amount of variation a term adds to the model when all other terms are included except
terms that “contain” the effect being tested (e.g., (a3)x contains a; and S).
@ Intwo-way ANOVA, type Il SS would compare:
(a) Main Effect A: F=2 and R=6
(b) Main Effect B: F=2 and R=5
(c) Interaction Effect: F=1 and R=2
Type Il SS
@ Amount of variation a term adds to the model when all other terms are included, which is
sometimes called partial sum-of-squares.
@ Intwo-way ANOVA, type Il SS would compare:
(a) Main Effect A: F=1 and R=4
(b) Main Effect B: F=1 and R=3
(c) Interaction Effect: F=1 and R=2
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Types of Sum-of-Squares (in R)

When fitting multi-way ANOVAs, anova function gives Type | SS.

@ Order matters in unbalanced design!

@ bp = drug + diet produces different Type | SS tests than
bp = diet + drug if design is unbalanced

Use Anova function in car package for Type Il and Type Il SS.
@ Function performs Type Il SS tests by default
@ Use type=3 option for Type Ill SS tests
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Hypertension Example: Type |

> mymod =
> anova (mymod)
Analys

Response: bp
drug

diet

biof

drug:diet
drug:biof
diet:biof
drug:diet:biof
Residuals

codes:

Signif.

w)]
O N R NDNDRE RPN

&

iance

Table

Sum Sg Mean
3 .6 186
5] 3 511
2087.2 208

879.5 43

280.5 140

24.2 24
055.8 527
9389.2 159
kok ok 001

Nathaniel E. Helwig (U of Minnesota)

Factorial & Unbalanced Analysis of Variance

> W J W O
N W o .Q

[oe]

N W

[lNe]

Im(bp ~ drug * diet = biof,

F value
11.7306 5
32.1311 4.
13.1154 0.
2.7633 0.
0.8813 0.
0.1522 0
3.3172 0

data=hyper([1:71,1)
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Hypertension Example: Type Il

> library (car)
> Anova (mymod, type=2)
Anova Table (Type II tests)

Response: bp

Sum Sq Df >F)
drug 3704.1 2 5 JLP*TB * kK
diet 4975.9 1 6.085e-07 *xx*
biof 2061.8 1 0.0006541 *x*x
drug:diet 872.5 2 0.0727049
drug:biof 277.7 2 0.4231893
diet:biof 24.2 1 0.6978384
drug:diet:biof 1055.8 2 0.0431275 =
Residuals 9389.2 59
Signif. codes 0 Yxxx’” 0.001 “xx” 0.01 ‘&' 05 *.v 0.1 "1
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Hypertension Example: Type I

> library (car)
> Anova (mymod, type=3)
Anova Table (Type III tests)

Response: bp

Sum Sg Df F value Pr (>F)
(Interce 241202 1 15156.7271 < 2.2e-16 **x*
drug 2 11.5784 5.730e-05 xxx*
diet 05 1 31.7754 5.132e-07 *%%
biof 2052 1 12.8967 0.0006713 xxx*
drug:diet 882 2 2.7705 0.0707910
drug:biof 268 2 0.8434 0.4353639
diet:biof 27 1 692 0.6822873
drug:diet:biof 2 172 0.0431275 =«
Residuals 59
Signif. codes: 0 ‘xxx’ 0.001 ‘xx’ 0.01 ‘%’ 0.05 ‘.” 0.1 7

Nathaniel E. Helwig (U of Minnesota) Factorial & Unbalanced Analysis of Variance Updated 04-Jan-2017 :

Slide 61



Appendix

Appendix
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Ordinary Least-Squares (proof for )

Expanding the first summation produces

SSE = ZZ Zyuk—z(u+a/+ﬁk+(aﬁ ,k)Zy,k-i-n* 14 o + B+ (aB)i)?

k=1 j=1 Li=1

Taking the derivative with respect to 1 we have

dSSE
- = Zk 1 Z] 1 [ 2 Z,n; Yijk + 2N, 41 + 2I‘I*(Oz/' + Bk + (O‘B)jk)]

= 2 (SR X8 S ik ) + 2abn,p

and settlng to zero and solving for w gives

:abn*ZK 12, F o Yik =Y
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Appendix

Ordinary Least-Squares (proof for «;)

Taking the derivative with respect to «; we have

dSSE
doy N

=2 (Z£:1 > Yijk) + 2bn,aj + 2bn,p

S [F2 2 yik + 20 + 20, (1 + Br + (aB)j)]

and setting to zero, using /i for 1, and solving for o; gives
A b * Iy 1/ \/
Qj = bLn*(Zk:1 S YiK) — =Y. — ¥
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Ordinary Least-Squares (proof for Sx)

Taking the derivative with respect to gx we have

dSSE
dB. Z/ 1 [ 2%, Yik + 2Bk + 2n.(p + o + (Oéﬂ)jk)]

=2 (Z,L > Yijk> + 2an, Bk + 2an.p

and settlng to zero, using fi for 1, and solving for 5, gives
/Bk_an*(Z/ 12/ 1yljk) N yk_y
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 Aependx |
Ordinary Least-Squares (proof for (af)x)

Taking the derivative with respect to () we have

dSSE s
:—ZE jik + 20N, k +2n(p + oj +
d(aﬂ)jk 2- Yiik (aﬁ)/k (u Q; Bk)

and setting to zero, using (fi, &, Bk) for (M, Qj, Bk) and solving for
(apB)jk gives (aﬁ)/k = ,T*(Z/ 1 Vi) — b — & — Bk = Yk =Y. =Yk +y.
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Partitioning the Variance (proof part 1)

To prove SSR = SSA + SSB + SSAB when ny = n,Vj, k, note that
Yik =V = WYk = Vi) + Yk = + Yk =¥+ F =¥ ) + (Ve = )

Now if we square both sides we have
Wik = 7.7 = Wik =7 )° + G = 5 + Pk =712+ 5 — 7. + (k= 72)
+ 2k — Vi) Ak — - + Ve = V- D+ 7 = ¥.) + (Vk — ¥}
+ 20k — W + ¥k =¥ DI = ¥.) + (Vk — ¥)]
+2(y = ¥ )Yk — V)

2

Now if we apply the triple summation we have SST
Njk

b a
SST=3"3"> "y — 7.)2

k=1 j=1 i=1
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Partitioning the Variance (proof part 2)
First, note that we have
SSE =30 i Sy S (Vi — )
SSAB =Y 0 >0 S (i — [ + Yok — 71)°
SSA=3 0 XL k5 -7
SSB=3 4 S S (k)
so we need to prove that the crossproduct terms are orthogonal.

To prove that the first crossproduct term sums to zero, define

(aB)k = Vik — ¥ + Yk — ¥-1) + (). — ¥.) + (V. — ¥.) and note that

St S0 S 20y — T (@B = 25—y Sy (0B)ie S ik — i)
=2 Zk:1 Zj:1 (aB)k(0) =0

because we are summing mean-centered variable.
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Appendix

Partitioning the Variance (proof part 3)

ToAprove that the second crossproduct term sums to zero, note that
(aB)ix = Vik — W + Yok = V1), & = (¥ — ¥.), and B = (V.k — ¥..), SO

S py S S 2(aB)(G) + Bie) = 2 p—1 S0 np(B)(&; + Br)

Now assuming that nx = n.Vj, k

b S m(aB)dy = n. Y4 & (SR (aB)k) = n. Y4 4(0) = 0
Skt S (B = 1 S8y B (S a(@B)i) = n YRy Be(0) = 0
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Appendix

Partitioning the Variance (proof part 4)

To prove that the third crossproduct term sums to zero, note that

St A S 2(F = )k — V) = 25y S8 M
and if ny = n,Vj, k we have that
2 s St MikdyBi = 2n, >k PORRTED
=2n, S0 Be (S8 &)
=2n, Y01 Bk(0) = 0

which completes the proof.
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