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Abstract: The term “small area” or “small domain” is commonly used to denote a

small geographical area that has a small subpopulation of people within a large area.

Small area estimation is an important area in survey sampling because of the growing

demand for better statistical inference on small areas in public or private surveys. In

small area estimation problems focus has been put on how to borrow strength across

areas in order to develop a reliable estimator when auxiliary information is in hand.

Some traditional methods for small area problems such as empirical best linear un-

biased prediction borrow strength through linear models that provide links to related

areas, which may not be appropriate for some survey data. In this article, we pro-

pose a stepwise Bayes approach which borrows strength through an objective posterior

distribution. This approach results in a generalized constrained Dirichlet posterior

estimator when auxiliary information is available for small areas. The objective pos-

terior distribution is based only on the assumption of exchangeability across related

areas and does not make any explicit model assumptions. The form of our posterior

distribution allows us to assign a weight to each member of the sample. These weights

can then be used in a straight forward fashion to make inferences about the small

area means. Theoretically, the stepwise Bayes character of the posterior allows one to

prove the admissibility of the point estimators suggesting that inferential procedures

based on this approach will tend to have good frequentist properties. Numerically, we

demonstrate in simulations that the proposed stepwise Bayes approach has substantial

strengths comparing to traditional methods.

Keywords: sample survey; small area estimation; noninformative Bayes.



1 Introduction

In the context of sample survey, the term “small area” is commonly used to denote a small

subpopulation (area or domain), such as a specific age-sex-race group of people within a

larger population. Sample sizes for small areas are typically small because the overall sam-

ple size in a survey is usually determined to provide specific accuracy at a much higher level

of aggregation than that of a small area. An estimator of a domain characteristic is called di-

rect if it is based only on domain-specific sample data. Direct estimators typically have good

design properties: they are unbiased and can provide valid confidence intervals without any

statistical model. “Model assisted” direct estimators, which make use of “working” models,

are also design based, aiming at making the inference “robust” to possible model misspec-

ification. However in some applications, direct estimators are likely to yield unacceptably

large standard errors due to the unduly small size of the sample in the area.

To improve an estimate for a small area one can often use an “indirect” estimator that

“borrows strength” by including sample observations from similar small areas and thus in-

creasing the “effective” sample size. These values are brought into the estimation process

through a model that provides a link to the related areas through the use of supplementary

information such as administrative data or data from an earlier census. A common approach

is to use the best linear unbiased predictor or an estimated version which is often called an

empirical best linear unbiased predictor (EBLUP). Most of these models require parametric

and distributional assumptions as well as linearity assumptions, which are not always satis-

fied in practice. Another problem with these estimators is that because they tend to shrink

to a common mean the sum of their estimated totals of all the small areas will not equal the

estimated total for the entire area based on the whole sample. Estimators which do have

this property are said to fulfill the benchmarking property. Good introductions to this area

along with reviews of the literature can be found in Rao (2003) and Jiang and Lahiri (2006).

Much like the model-based perspective, Bayesian sampling theory emphasizes the predic-

tion of unsampled units. In the standard Bayesian approach a prior distribution is postulated
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for the unknown population and given a sample inferences, are based on the posterior distri-

bution of the unobserved units in the population given the observed ones. A recent example

of this approach to small area estimation can be found in You and Zhou (2011).

In the stepwise Bayesian approach, given a sample, any inference made about the un-

known members of the population is still based on a posterior distribution but the underlying

model assumptions are much weaker than in a true Bayesian approach. This is because the

collection of all possible posteriors (over all possible samples) is not based on a single prior

distribution but comes from a whole family of prior distributions. In the situation where

one’s prior beliefs about the units in the population are roughly exchangeable many of the

standard estimators can be given such a stepwise Bayesian interpretation. Moreover this al-

lows one to demonstrate the admissibility of the resulting estimators. Details can be found in

Ghosh and Meeden (1997). When prior information about population means and quantiles

of auxiliary variables is available Lazar et al. (2008) constructed stepwise Bayes posteri-

ors which incorporated the information. These posteriors yielded good estimators and only

used the kinds of information that are typically needed in the model based approach. But

since they are not based on any model they are more robust than model based estimators.

However they can be less efficient than a good model based estimator when the assumed

underlying model is true or nearly true. Here we will show that the stepwise Bayes approach

can be extended to small area estimation. This is a generalization of Meeden (2003) which

considered a simple case of the situation discussed here. Our approach borrows strength

through constructing objective stepwise Bayes posteriors which are constrained to put posi-

tive probability only on simulated small areas which satisfy the constraints specified by the

prior information contained in the auxiliary variables. In addition one can incorporate the

constraint that ensures that the resulting estimators have the benchmarking property.

In the next section we explain our basic approach and then in section 3 consider a simple

example to demonstrate how it can be used in practice. In Section 4 we explain in more

detail how we incorporate prior information about auxiliary variables into our approach.

2



Section 5 includes general guidance for choosing hyperparameter ε. In Section 6we present

several simulation studies where we compare our approach to standard methods. Section 7

contains some concluding remarks and the appendix outlines a proof of the admissibility of

our estimators.

2 The Basic Approach

Before outlining the basic idea underlying our approach to small area estimation we need

to introduce some notation. To that end suppose our population has M small areas. The

jth small area consists of Nj units labeled 1, 2, · · · , Nj for j = 1, · · · ,M . For each unit

l = 1, · · · , Nj in small area j let yjl be the unknown value of the characteristic of interest.

Thus, yj = (yj1, · · · , yjNj
) is the unknown vector of the characteristic of interest that is

attached to the jth small area. In addition we assume that attached to each unit in the

population there is an auxiliary variable, say xjl, for the lth unit in the jth small area. Both

the characteristic of interest and the auxiliary variable can be either continues or categorical.

For units in a sample we learn both their x and y values. In addition we will usually assume

that the small area population means of x are known. In other cases we will assume only that

the population mean of x is known. We initiate our discussion in this section and Section 3

with a single auxiliary variable. However, more than one auxiliary variable can be handled

as we describe in Section 4.

In the stepwise Bayes approach one may assume, without loss of generality, that given

any sample the only possible values for the remaining unsampled members in the population

are those that have appeared in the sample. For a simple random sample of size n let

1 ≤ k ≤ n denote the k unique values that appear in the sample. We denote these pairs of

(yjl, xjl) values by bi = (biy, bix) for i = 1, · · · , k. Given a sample we now describe a possible

probability model for how the small areas were formed based on the bi’s.

For j = 1, · · · ,M let λj = (λj1, · · · , λjk), where λji denotes the probability that a unit
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in the jth small area is assigned the pair bi. Let ε > 0 be given, then our model assumes

that λ1, · · · , λM
iid∼ Dirchlet(ε, · · · , ε︸ ︷︷ ︸

k

), and P ((yjl, xjl) = bi|λj) = λji. This structure reflects

the belief that the units are similar across the small areas.

Suppose a random sample of size n from the population yielded nj units from the jth

small area. Let nji denote the number in the sample from the jth small area that had

bi = (biy, bix) as their value. Then under the above model the posterior distributions for

the λj’s are independent and within the jth small area the posterior distribution of λj is

Dirichlet(nj1 + ε, · · · , njk + ε). Note that for the jth small area nji > 0 only when bi is

observed in the jth small area sample. Otherwise it is 0.

Suppose we are interested in estimating the jth small area population mean, µj =∑Nj

l=1 yjl/Nj. Then under squared loss the estimator of µj is a posterior expectation and

it is given by
k∑
i=1

biy
nji + ε

nj + kε
=

nj
nj + kε

ȳj +
kε

nj + kε
b̄y (1)

where ȳj is the mean of the y values for the units in the sample from the jth small area and

b̄y is the average of all the biy values. So the estimator is a convex combination of the sample

mean from the jth small area and the average of all the distinct y values that appeared in

the sample. The value of ε controls the amount of shrinkage to b̄y. As ε ↘ 0 the estimate

converges to ȳj.

Despite the fact that the support of our posterior was chosen after we observed the sample

the estimator in equation (1) does have the form of a standard Bayesian estimator. It borrows

strength from outside a given small area in a way that requires no model assumptions. To

make our approach more efficient we next note how information about the auxiliary variable

can be incorporated into this estimator.

Suppose that the jth small area mean of the auxiliary variable, say µjx is known. This is

a very common situation. In such a case one should restrict the posterior distribution of λj

to reflect this information. That is the Dirichlet(nj1 + ε, · · · , njk + ε) distribution should
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be restricted to the sub-polytope of the simplex defined by

k∑
i=1

bixλji = µjx (2)

We will call this the constrained Dirichlet posterior and denote it by CDP. Now we can no

longer write an explicit expression for the posterior expectation of µj under the constrained

distribution defined by equation (2) but we can find it approximately using Markov Chain

methods. We will generate simulated copies of a small area by drawing dependent samples

from the CDP. If λ̃j is such a draw then our simulated copy of the small area will contain

Njλ̃ji copies of bi and we can find its mean. Then by taking many such draws and averaging

the resulting means we can find the estimator approximately.

If we let wji = NjE(λji) where the expectation of λji is taken under the CDP distribution

we can write the estimate for the jth small area mean as

δε =
k∑
i=1

wjibiy = b̄wy

As we just noted the wji’s can be found approximately through simulation where wji is the

average number of times that the unit bi appears in a simulated copy of the jth small area.

Note each small area has its own posterior. These posteriors are similar because they are

based on the same set of bi’s but they vary since within small area j the posterior depends

on the value of µjx and on the nji’s from the sample. In the next section we will consider a

simple example to show how this might work in practice.

3 A Simple Example

We begin by constructing a population with four small areas. The small area sizes were

generated by taking a random sample of size four from a Poisson distribution with 100 as

its expectation. To generate the values of the auxiliary variable we first took a random

sample of size four from a normal population with mean 150 and a standard deviation of

two. For j = 1, . . . , 4 let θjx denote this value for the jth small area. Next within the jth
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small area the xjl’s were a random sample from a normal population with mean θjx and a

standard deviation of one. Finally the distribution of yjl given xjl was normal with mean

2xjl and a standard deviation of one and these distributions for the yjl’s were independent.

Summary statistics for the resulting population are given in Table 1. For future reference

we will denote this population as Population 1.

From this population we took 500 stratified random samples of size 5 from each small

area. We calculated the usual direct estimator, i.e. the sample mean, and found its absolute

error. We did the same for the restricted stepwise Bayes estimator taking ε = 1. The results,

averaged over the 500 samples, are given in Table 2. In this example x and y are highly

correlated so the stepwise Bayes estimators perform much better than the direct estimators.

Since in this example the population was generated from normal distributions each sample

contained 20 unique pairs of bi’s, five from each small area. If, given a sample, we had used

the unconstrained Dirichlet(nj1 + 1, · · · , njk + 1) distribution to generate complete copies

of the jth small area, then observations within the small area would have been given twice

the weight to those from outside the small area. This follows since under this distribution

E(λji) = (nji + 1)/(nj + k). When using the CDP to simulate complete copies of the small

area the amount of weight given, on the average, can only be found by simulation. But what

is clear is that, in this example, the restriction allows the stepwise Bayes estimator to draw

upon information from all the units in the sample to produce a better estimator of each small

area mean. As is typical with shrinkage type empirical Bayes estimators our estimator does

a better job with estimating the small area means in the middle than with the extremes.

Later, we will consider several other examples where we compare our estimator, not only

to the direct estimator, but to standard competitors that also incorporate the knowledge

of the µjx’s. But before that we describe in a bit more detail how to implement this new

approach.
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4 Information as Constraints

In many problems we have some extra information involving auxiliary variables for each

small area. Prior information involving auxiliary variables can be placed into two categories:

(1) knowledge of population totals, or means, of characteristics that are observed on the

elements of the sample but not on all elements of the population, and (2) knowledge of

characteristics for every element in the population. In terms of small area estimation, the

knowledge of first type is generally referred to as area-specific auxiliary information while the

second type of knowledge is generally referred to as element-specific auxiliary information.

For the most part we will assume that we have area-specific auxiliary information. In the

simple example in the previous section that is what we did by assuming that the small area

means of the auxiliary variable were known. More generally we will assume that we have a

collection, say R, of auxiliary variables for which all their small area means are known.

Then attached to each unit in the population there is a vector of length R + 1 which

we denote by (yjl, xj1l, · · · , xjRl) where xjrl is the value of the rth auxiliary variable for the

lth unit in the jth small area. Given a sample let bi = (biy, bix1 , · · · , bixR) for i = 1, · · · , k

denote the k distinct units that appear in the sample. Just as before nji is the number of

times that bi appeared in the sample from the jth small area. Let µjxr denote the known

mean of the rth auxiliary variable in the jth small area. Let ε > 0 be fixed. Then for a given

sample and in a given small area inference about its small area mean will be based upon the

Dirichlet(nj1 + ε, · · · , njk + ε) distribution restricted to the subset of the simplex satisfying

k∑
i=1

bixrλji = µjxr for r = 1, · · · , R (3)

This assumes that the constraints are consistent so that the set of λj’s which satisfies the

above equations is non-empty. Note that the lefthand side of the previous equation depends

on the observed sample data. Under the most common sampling designs there can be a very

small probability of observing samples for which the set of λji’s which satisfy equation(3) is

empty. But when that is not the case, just as in the simple example, we use Markov chain
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methods to sample from the CDP and compute our estimate approximately. Recall that we

did this separately for each small area where the nji’s vary from small area to small area.

Actually all the simulations can be done simultaneously using the following observation.

Let

λ = (λ1, · · · , λM) = (λ11, · · · , λ1k, · · · · · · , λM1, · · · , λMk) (4)

and assume it belongs to the M × k Cartesian product of the unit interval. Then on this

set the constraints that the elements of each of the λj’s must sum to one and all the small

area mean constraints for the auxiliary variables can be expressed in a natural way. The

posterior of interest is just the product of all the individual Dirichlet distributions. It is not

necessarily more computationally efficient to do it this way since the Markov chain is living

in a much bigger space and it could take much longer to mix properly. In some cases however

we will need to compute our estimate in this way.

Suppose, for example, there is an auxiliary variable for which one only knows its overall

population mean, say µxr , instead of all its individual small area means. To incorporate

this information into the problem we will need to run the simulation simultaneously over

all the small areas. In the bigger space this type of information can be expressed with the

constraint
M∑
j=1

{ k∑
i=1

bixrλji
Nj

N

}
= µxr (5)

where N =
∑M

j=1Nj. Working in this larger space also allows one to incorporated a con-

straint that guarantees that the resulting estimators have the benchmarking property. This

constraint would be expressed as

M∑
j=1

Nj

{ k∑
i=1

biyλji

}
=

M∑
j=1

Nj ȳj. (6)
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5 Choice of ε

We have derived in (2) that the posterior estimator of the population mean for jth small

area is
k∑
i=1

biy
nji + ε

nj + kε
. This indicates that our estimator for the jth population mean is a

weighted sum of the observed y values from all related small areas, where the weights are

determined by the prior and the observed data. From this, we can see that the positiveness

of ε guarantees that our estimator of a small area mean will depend on all values that have

appeared in the samples even if a biy was not observed in the sample of this particular small

area due to the deficiency of small sample size, in that the weight λ̂ji = ε/(nj+kε) > 0. For a

fixed ε, if the unit bi did not appear in both samples of two small areas, then its contribution

to the estimator of the area mean is less for the small area with larger sample size than it is

for the small area with smaller sample size. This adjustment makes sense since a sample of

larger size usually gives us more accurate information about a population than a sample of

smaller size.

As ε increases, the prior distribution assumes that more similarity is shared across dif-

ferent small areas. On the other hand, as ε approaches zero the resulting posterior will

share little information between small areas. When the hyperparameter ε in the prior is

very large, these weights are close to the constant, 1/k, which does not depend on j very

much. As a result all the observed distinct values in the pooled sample contribute to the

estimator equally no matter which area the values came from, which means that we assume

more similarity across small areas for larger values of ε. When ε −→ 0, λ̂ji −→ nji/nj for

jth small area, so the estimator of the small area mean does not depend on the samples from

other small areas at all. In practice, it would be appropriate to divide the small areas into

a couple of groups to ensure that all the small areas within each group are similar in nature

and may share the same ε. This also helps to overcome a computational drawback of the

method. The proposed stepwise Bayes approach suffers the curves of high-dimensionality,

in the sense that the dimension of Metropolis-Hastings sampling space can be dramatically

enlarged by the total number of distinct pairs in observations. An instant solution to this to
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group the small areas and then run the algorithm separately for each group, within which

the small areas are similar in nature. When the small areas are grouped, the value of ε can

vary across groups according to prior knowledge.

In Section 6, we provide more guidance on the choice of ε with numerical examples with

preference on choosing ε = 1. Note that the proposed stepwise Bayes approach is based on

the posterior distribution Dirichlet(nj1 + ε, · · · , njk+ ε) distribution. If nji for some i which

indicates out-of-sample small areas, the approach is still valid due to positive ε.

6 Simulation Studies

In this section we construct several populations and compare the behavior of estimators

based on our approach to that of standard estimators. Before proceeding we will briefly

summarize how we computed our estimators.

Each of our estimates is the posterior expectation of a linear function of a Dirichlet

distribution which is constrained or restricted to a lower dimensional polytope lying within

the simplex. Since it is not known how to generate a random sample from such a distribution

we will use Markov chain methods to generate dependent draws from the distribution which

yield a sequence of means whose average converges to value of the estimate as the number of

increases. We use the hit and run algorithm, a version of the Metropolis-Hastings algorithm

to generate our sample.

It begins by fixing an interior point within the polytope. The next step is to select at

random a line which passes through the fixed point. Next a point is selected at random from

the part of the selected line which lies within the polytope. Then the ratio of the value of

the Dirichlet density at the new point to the original is found and is used to decide whether

or not to move to the new point. In either case this process is repeated using the selected

point of the previous case as the starting point of the next step. This is known as the hit and

run algorithm and is discussed in Smith (1984), Chen and Schmeiser (1993) and Chen and
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Schmeiser (1996). When sampling from a constrained Dirichlet distribution it is discussed

in more detail in Lazar et al. (2008).

In practice one would rarely observe a sample which was not consistent with the prior

information contained in the constraints. If that did happen one could collect more data or

perhaps remove some of the constraints. In our simulations there was always a very small

probability that we could generate a sample that was not consistent with the constraints.

To keep things simple we just ignored such a sample and selected another. So, in all our

simulations we will be using simple random sampling subject to satisfying the constraints.

We will denote this by constrained simple random sampling.

Qu (2012) also provides an additional simulation example based upon the data collected

in the Behavioral Risk Factor Surveillance System (BRFSS) project of the Centers for Disease

Control and Prevention.

6.1 Population 1 again

For our first example we return to Population 1 which was described in section 3, In Table 3

we compared our estimator with ε = 1 to the direct estimator over 500 random samples each

of size 5 (nj = 5) from each small area. In addition to these two estimators we also computed

the separate regression estimator separate ratio estimator, combined ratio estimator, and the

EBLUP estimator. The separate regression estimator is a linear regression point estimator

with constant column vector and x1 as covariates restricted to each small area. A robust

variance estimator (Royall, 1978) was used to construct the confidence interval. The separate

ratio estimator is derived by assuming a ratio model between x and y restricted to each small

area. The EBLUP estimators for small areas were computed using both area level model

and unit level model (Rao, 2003). Estimates of the regression coefficients were obtained

using generalized least square techniques, while the estimates of the random effects were

computed using their empirical best linear unbiased predictor. A plug-in estimate of the

variance of the sampling error was used. Details can be found in Rubio and Salvati (2007).
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For each estimator we found its average absolute error and compute its corresponding 95%

interval estimate and checked its frequency of coverage. When computing the CDP estimate

we generated Markov chains of length 8,000,000 and the estimate was computed using the

last 7,200,000 points after discarding the first 800,000 sampled values as “burn in”. And,

95% credible intervals for the CDP method was obtained in the following way. We picked

every 2000th point in the Markov chain after the burn-in period which yielded 3600 points.

For each such point or simulated parameter vector λ̃, we calculated its small area population

mean. Then the 2.5% quantile and 97.5% quantile of these 3600 estimates were chosen to

be the endpoints of a 95% credible interval. The results are given in Table 3.

We see overall that the CDP yields the best point estimators but its 95% credible intervals

are way to short. In most situations a user desires some measure of error along with a point

estimator. In the Bayesian framework this is usually based on the posterior variance. We see

in this example with the very small sample sizes that the CDP under estimates the error or

variability associated with its point estimate. To help overcome this problem we introduce

a related posterior distribution which is based on the wji’s which arise from the CDP.

Recall that on the average, µji = wji/Nj is the proportion of a simulated population

that takes on the value bi under the CDP. Let τ > o be some fixed constant and on the k

dimensional simplex consider the Dirichlet(τµj1, · · · , τµjk) distribution. Then it is easy to

check that under this distribution

E
( k∑
i=1

biyλji

)
=

k∑
i=1

µjibiy = b̄wy (7)

and

V
( k∑
i=1

biyλji

)
=

1

τ + 1

k∑
i=1

µji(biy − b̄wy)2 =
1

τ + 1
σ2
wy (8)

We will call a member of this family of distributions a weighted Dirichlet posterior (WDP).

Note a WDP is a looser version of the CPP. Under the CPP every complete copy of the

population will satisfy the constraints; however, under a WDP, only the average of all the

simulated populations will satisfy the constraints. The WDP is discussed in more detail in
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Strief (2007) and Strief and Meeden (2012). There it is suggested to simulate from the WDP

to find approximate 0.95 credible intervals. They note that choosing τ equal to the sample

size will often yield approximate 95% frequentist confidence intervals. Here we will usually

use τ = k the number of distinct units in the sample.

We did this for the 500 samples used in Table 3 and found that the average length of the

0.95 credible intervals for the four small areas were 3.95, 6.02, 3.92 and 6.18 with frequency

of coverages 0.986, 1.0, 0.968 and 1.0. This is much better although they are a bit too long

especially for the two non extreme small area means.

6.2 Population 2

Our second population was generated using a model that was very similar to the one used to

generate Population 1. Here however the the standard deviation of the xjl’s around θjx was

2 instead of 1 and the conditional distribution of yjl given xjl while still normal with mean

2xjl had a standard deviation of
√
xjl. This resulted in a population with a much smaller

correlation between the two variables. Summary statistics are given in Table 4.

As with Population 1 we took 500 random samples where 5 observations were taken from

each of the four small areas. The same 4 estimators were computed (for the CDP we used

ε = 1 as before) and the results are given in Table 5. The results are similar to those for

Population 1. Overall the CDP is the best point estimator even though its intervals are

clearly too short. Again we computed the WDP intervals. Their average length for the 4

small areas was 11.35, 11.59, 11.54 and 10.58 with frequency of coverage equal to 0.83, 0.92,

0.83 and 0.75. This is better but the WDP intervals are still too short.

It is natural to wonder how the choice of ε affects the behavior of the CDP estimator. As

we saw in section 2, when discussing the unconstrained Dirichlet distributions, the value of ε

controls how much is borrowed from similar small areas when estimating a particular small

area mean. As ε increases what is borrowed plays a larger and larger role in the estimator.

To see what happens with the CDP estimator we repeated the simulation using 6 different
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choices for ε. They were 0.1, 0.5, 1, 5, 15 and 50. Simulation results are given in Table

6. In all cases for all the small areas all the CDP estimators were approximately unbiased.

For ε = 0.1 the average of the four small area absolute errors was 8.47 and for ε = 0.5

this average value was 8.44. For ε = 1 it was 3.16 which was very close to the value for

the remaining 3 choices. In fact the behaviors of the CDP estimators for the four largest

choices were essentially identical. In other words, once ε ≥ 1 the actual value does not

seem to matter much. This is somewhat surprising given the earlier discussion about the

unconstrained Dirichlet distributions. But it seems to indicate that one can use constraints

to incorporate information about the population in a robust way.

To better understand this lack of independence of our estimator on the value of ε once it

increases past a certain point assume, for the moment, that we do not have any constraints

on the auxiliary variables. Then for the jth small area the posterior distribution of λj =

(λj1, · · · , λj,20) is Dirichlet with parameters (nj,1+ε, · · · , nj,20+ε) and where we are assuming

that the small areas are independent of each other. In this case the posterior expectation

of each proportion λji, E(λji|y), is equal to (nji + ε)/(5 + 20ε). Thus for large ε, this

expectation does not depend on j very much. To verify this we ran another simulation

with ε = 50 and just used the unconstrained Dirichlet posterior to compute estimates of the

small area means. The results are given in the last four rows of Table 6. We see that the

average value of the estimates for each small area is 299.5 which is very close to the true

population mean of 299.6. When estimating the mean of some small area a large value of

ε presumes that sampling units not from that small area should be given almost as much

weight as the ones drawn from the small area. This means that we believe that there exists

strong similarities between the small areas. However, with our CDP the actual posterior also

depends on known constraints. These constraints vary across small areas and they adjust

the unconstrained Dirichlet posteriors to reflect this additional information. So even though

ε, to some extent, controls how much foreign strength should be borrowed we see that the

constraints determine how this strength is allocated. Hence, the influence of the constraints
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seem to be dominant in our approach once ε is sufficiently large.

6.3 Population 3

Next we will consider a population where the relationship between y and the auxiliary

variable is quadratic rather than linear. The population size of the 4 small areas was a

random sample from a Poisson distribution with mean 1,000. Within the jth small area the

xjl’s were a random sample from a gamma distribution with shape parameter αj and scale

parameter one. The αj’s were a random sample from a normal population with a mean of

4 and a standard deviation of 1/2. For each small area, the units of interest are generated

through the following model:

yjl = 20 + 12 ∗ xjl − 1.5 ∗ (xjl − 5)2 + εjl, where εjl ∼ N(0, σ = 0.5)

The population information for this population, Population 3, is summarized in Table 7.

We assumed that the population mean of the auxiliary variable is known for each small

area. 500 random samples each of size 20, where 5 (nj = 5) were generated from each small

area. As before we computed the direct estimator, the EBLUP estimator and the WDP with

ε = 1. In addition we computed two regression estimators one assuming a linear relationship

and a second assuming a quadratic relationship. The second estimator assumes that both

the first and second moments of the auxiliary variable is known for each small area. The

results are given in Table 8 where regression1 and regression2 denote the two regression

estimators. As to be expected regression2 is the clear winner. The WDP does much better

than all the others however. Because of the large correlation between the variables it is

able to extract information using the constraint on the auxiliary variable without needing to

make any model assumption about the relationship between the two. This is in contrast to

the EBLUP which preforms poorly because its underlying model assumptions are violated

in this case. Interval estimates based on the WDP and the correct regression model are both

too long although the regression intervals are better.

15



6.4 Population 4

Next we will consider a population with 3 small areas and where we have two auxiliary

variables. Each unit in the jth small area is generated by the following model:

yjl = xj1l + 10 ∗ xj2l + 100 + εjl (9)

where xj1l ∼ Gamma(αj, 1) for α1 = 5, α2 = 7, α3 = 9, xj2l ∼ Binomial(1, pj) for p1 =

0.60, p2 = 0.72, p3 = 0.75 and εjl ∼ N(0, σ = 7).

The population information for this population, Population 4, is summarized in Table 9.

A total of 500 random samples of size 5 were drawn from each small area. We computed the

direct, the regression, EBLUP and WDP estimators all of which assumed that the small area

population means of the the first auxiliary variable, x1, were known. We also computed a

second version of the WDP estimator which assumed in addition that the overall population

mean of x2 was also known. The simulation results are summarized in Table 10. Again

we see that the WDP point estimators perform the best and that adding the additional

information from knowing the overall population mean of x2 adds to the efficiency of the

WDP estimator.

So far we have only considered examples where the small area sample sizes are extremely

small. We have done this to emphasize that the fact that our approach seems to yield

improved point estimators even for these very small sample sizes. To see what might happen

for somewhat larger sample sizes we did one more simulation study using population 4. In

this case 500 random samples of size 20 were randomly drawn from each of the three small

areas. We also assumed that the population mean of x1 is known for each small area. The

simulation results are summarized in Table 11. Clearly, our stepwise Bayesian procedures

yields the best overall performance. Our interval estimates are much shorter than the others

and yield the best coverage rates.
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6.5 Population 5

For our final example we are interested in demonstrating how benchmarking can be incor-

porated into our estimators. We consider an example with two small areas. The small area

sizes were generated by taking a random sample of size two from a Poisson distribution with

100 as its expectation. To generate the values of the auxiliary variable we first took a random

sample of size two from a normal population with mean 150 and a standard deviation of two.

For j = 1, 2 let θjx denote this value for the jth small area. Next within the jth small area

the xjl’s were a random sample from a normal population with mean θjx and a standard

deviation of two. Finally the distribution of yjl given xjl was normal with mean 10+3xjl and

a standard deviation of five and these distributions for the yjl’s were independent. Summary

statistics for the resulting population are given in Table 12.

From this population we took 500 stratified random samples of size 12 from each small

area. We calculated the usual direct estimator, i.e. the sample mean, the regression estimator

and the restricted stepwise Bayes estimators with ε = 1 where we assumed that the the

population mean of x was known for each small area. We also calculated a second version

of our estimator where we added the benchmarking constraint of equation 6. That is, we

required that every pair of simulated copies of the two small areas must yield an estimate of

the population total which agrees with the usual unbiased estimator of the population total.

This last estimator requires us to simulate simultaneously copies of the two small areas.

The results, averaged over the 500 samples, are given in Table 13. We can see that the

restricted stepwise estimator without the benchmarking constraint performs the best and

that adding the benchmarking requirement comes at the cost to efficiency. This example

also suggests that in some problems, before the sample is taken, one could match up pairs of

similar small areas. If the matched pairs were indeed similar then our approach could yield

improved estimates.
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6.6 Population 6

The overall sample size in some national surveys are usually determined to provide specific

accuracy at nation-level or state-level of aggregation. The sample size is typically small for

a county-level study, which identifies counties as small areas. In the survey, face-to-face

interviews provide a great deal of individual auxiliary information. In addition, a previous

census sometimes provides useful county-level auxiliary information. Most survey questions

are yes or no questions, thus binary variables are frequently used in such data sets. For

example, we are interested in county-level estimates of the percentage of women age 40 or

over who have had a mammogram in the past 2 years. We let the variable of interest y = 1,

if a women in the county have had a mammogram, otherwise y = 0. It is quite possible to

find counties where either all the sampled women have had a mammogram or none of them

have had one. This is likely to happen when the sample size in a county is small or when the

true percentage of women having had mammogram is close to either 1 or 0. In this case, the

direct estimator of the true proportion of women who have had a mammogram in the county

is either 0 or 1 based only on the local data, which is not realistic. If the direct estimator is

not reliable, then the other indirect estimators relying on the direct estimator in their model

become problematic. This stimulates us to find an indirect estimator which does not rely

on the direct estimator and which uses some information from similar counties to construct

reasonable estimators. Our approach can construct such estimators.

In this section we assume that we have 4 small areas and that the elements of each small

area are associated with the elements of m categorical auxiliary variables. For simplicity, we

consider m = 2, but the same theory applies to more than two categorical variables. The

population size for each small area is Nj, Nj ∼ Poisson(λ = 250), j = 1, 2, 3, 4.

In small area j, the lth unit is either 0 or 1. The units of small areas are generated with

the following probability model

P (yjl = 1|xjl1, xjl2) =
exp (0.5 + 2xjl1 − 4xjl2 + νj)

1 + exp (0.5 + 2xjl1 − 4xjl2 + νj)
(10)
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where xjl1 ∼ Bernoulli(1/3), xjl2 ∼ Bernoulli(1/5) and νj ∼ N(0, σ = 0.3) for j in

{1, · · · , 4} and l in {1, · · · , Nj}.

We are interested in estimating the population mean of y for each small area, i.e. the

true percentage of y = 1. For each small area we take 500 random samples. The sample

size has three choices nj = 3, nj = 10 and nj = 30 for j = 1, · · · , 4. For each sample

we compute the sample mean(direct estimator) and the GCDP-WDP estimator given that

the means of the auxiliary variables are known. The hyper parameter ε is chosen to be 1.

We should note that the situation for a categorical population is different than that of a

population with continuous variables. For a continuous population, say for the simulated

populations in section 5.1, the dimension of the parameter space Λ of the GCDP approach

is 80 when nj = 5 and M = 4 since the number of distinct units in the sample will always

be 20, i.e. k = 20. When nj gets larger and M is fixed, then k gets larger as well. This

means that the dimension of Λ gets larger too. However, for a categorical population, the

dimension of parameter space Λ behaves differently. For a fixed M , say M = 4, the number

of distinct vectors (yjl, x
1
jl, x

1
jl) in the sample is at most 8 if all three variables are binary,

so the dimension of Λ is at most 32 no matter how large the sample sizes are. It could be

much less than 32 if nj is very small, but it will not be greater than 32. In this categorical

situation, we are able to consider more small areas and larger sample sizes without increasing

the dimension of parameter space dramatically.

Table 14 summarizes the statistics of the simulated population of model (10). The

WDP estimator beats the direct estimator in terms of AEMSE for all three choices of the

sample size. When the sample size is as small as 3, the sample mean (direct estimator)

produced very large absolute errors compared with WDP estimator. The coverage rate of its

confidence interval is very low. With the increasing of sample size the performance of two

point estimators are getting closer while the direct estimator has better interval estimates

for the larger sample size.
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6.7 Population 7

In this section we are interested in testing the performance of our Bayes estimator for a

larger number of small areas. Assume that we have 30 small areas and that the elements of

each small area are associated with one categorical auxiliary variables. The population size

for each small area is Nj, Nj ∼ Poisson(λ = 1000), j = 1, · · · , 30. In small area j, the lth

unit is either 0 or 1. The units of small areas are generated with the following probability

model

P (yjl = 1|xjl) =
exp {1− 2xjl + νjxjl}

1 + exp {1− 2xjl + νjxjl}
(11)

where xjl ∼ Bernoulli(2/3) and νj ∼ N(0, σ = 0.5) for j in {1, · · · , 30} and l in {1, · · · , Nj}.

Again, we are interested in estimating the population mean of y for each small area, i.e. the

true percentage of y = 1. For each small area we take 500 random samples. For each sample

we compute the sample mean (Direct estimator) and the GCDP-WDP estimator given that

the means of the auxiliary variables are known. ε is chosen to be 1. Similar to the situation of

Population 6, the number of distinct paired units in the joint sample is at most 4 since both

y and x are binary, so the dimension of parameter space for the Bayes estimator is at most

4 no matter how large the sample sizes are. Such property of our Bayes estimator allows

us to consider more small areas and larger sample sizes without increasing the dimension of

parameter space dramatically.

Table 17 summarizes the statistics of the simulated population 7. The sample mean

(direct estimator) produced very large absolute errors compared with WDP estimator. The

coverage rate of its interval is lower than the nominal level 95% for most small areas. The

average of Average Empirical Mean Square Errors(AEMSE) of Direct estimator is 0.0235.

The average of AEMSE of the WDP estimator is 0.0103. The WDP estimator beats the

direct estimator in terms of AEMSE when a moderate number of small areas are considered.
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7 Concluding Remarks

For most of our simulations we have considered very small sample sizes, to emphasize that

our approach will yield good small area point estimates even for quite small samples. We

have seen however that our approximate 0.95 credible intervals behave poorly for these very

small sample sizes. But we have also seen that once the sample sizes get larger than 10 or

so the performance of our WDP intervals tends to be much better. Examples in Strief and

Meeden (2012) suggests that this should be true more generally and that once the sample

sizes increase above 10 or 15 intervals based on the WDP should have decent frequentist

properties.

For making inferences, both indirect and model-based methods often assume that direct

estimators are available. These methods will become problematic when the direct estima-

tors are unreliable. Here we have proposed a noninformative stepwise Bayes approach to

joint small area estimation, which is able to utilize various kinds of auxiliary information

(including area-specific, element-specific and across-area information) without assuming a

linear relationship between variables. The stepwise Bayesian characteristic ensures that our

estimators are admissible. Simulations showed that this estimator outperforms common

alternatives when the sample size is small.

Appendix: Proof of Admissibility

We now outline the argument that shows that the estimators proposed in this paper are

formally stepwise Bayes and hence admissible. In these arguments the trick is to show that

the estimator of interest is Bayes against a sequence of priors. The proof for our case is a

mild generalization of the one used in Lazar et al. (2008). The main difference is that here

the unknown parameter is a collection of probability vectors or distributions (one for each

small area) rather that a single unknown probability distribution as was true in the earlier

case.
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Dealing with constraints, when proving admissibility for finite populations, introduces

some technical issues which are difficult to handle. For this reason, we will assume that we

are sampling from an infinite population when proving admissibility. For small area problems

where the sample size is very small compared to the total size of the small area this is not an

unreasonable assumption. We will also assume that the sampling plan is constrained simple

random sampling as described in section 6.

Recall that there are M small areas and attached to each unit in the population there

is a vector of length R + 1 which we denote by (yjl, xj1l, · · · , xjRl) where xjrl is the value

of the rth auxiliary variable for the lth unit in the jth small area. We assume that in

the entire population there are just k possible values (or vectors) which we denote by bi =

(biy, bix1 , · · · , bixR) for i = 1, · · · , k. This collection of bi’s is assumed to be fixed and known a

priori. Let λj = (λj1, · · · , λjk) where λji is the proportion of the population in the jth small

area that have the value bi. We assume that the prior information is a collection of mean

constraints for the small area means or the population mean for a set of auxiliary variables

which can be expressed by

Aλ = c

where λ is defined in equation (4), A is a Mk by w matrix and c is a vector of length w

where w is the number of constraints. Then the parameter space for our problem is

P = {λ : Aλ = c, for j = 1, · · · ,M,
k∑
i=1

λji = 1, andλji ≥ 0, ∀i}

Now P is a convex polytope of dimension, say d. A partition of P can be found in the

following way. Let Ft denote the set of faces of P of dimension t for t = 0, 1, · · · , d. If int(Ft)

is the set of interiors of faces of dimension t then {F0, int(F1), · · · , int(Fd)} is a partition of

P . (Note Fd = P .)

The admissibility argument proceeds in stages. In the first stage we consider the vertices

or the zero dimension faces. The order that the vertices are considered within the stage does

not matter. The second stage considers all one dimensional faces and again the order within
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the stage does not matter. Next we consider all two dimensional faces and so on until priors

have been put on every face. It remains to describe the priors used at each stage.

For the first stage each prior just puts mass one on one of vertices. Next we consider a

face at a later stage in the argument. We denote this face by G. But before going on we

need some more notation.

For a sample of size nj from the jth small area let zj = (zj1, · · · , zjk) where zji is the

number of times that bi appeared in the sample. Since we are assuming an infinite population

the distribution of zj given λj is multinomial(nj, λj) which we will denote by fj(zj | λj). If

we let z = (z1, · · · , zM) and λ = (λ1, · · · , λM) then for a given λ

f(z | λ) =
M∏
j=1

fj(zj | λj)

is the probability function for our small area problem.

Let

ZG = {z : f(z | λ) > 0 for some λ ∈ G}

Now some members of ZG could have received positive probability for a λ which belongs to

G′ for some face G′ considered at an earlier stage in the argument. Let Z∗G denote ZG with

all such points removed. For λ ∈ G let

qG(λ) =
∑
z∈Z∗

G

f(z | λ)

which is strictly greater than zero. So for λ ∈ G the probability function for the restricted

problem at this stage is

fG(z | λ) = f(z | λ)/qG(λ) for z ∈ Z∗G

For a fixed ε > 0 let πε denote the Dirichlet(ε, · · · , ε) distribution defined on the k-

dimension simplex. Let Λ denote a subset of the simplex which is a lower dimensional

polytope. Then πε can be restricted in the natural way to yield a probability density over

Λ. Since Λ has zero probability under πε we mean this in the non-measure-theoretic sense

were πε is renomoralized to integrate to one in this lower dimensional space. We denote
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this density by πε,Λ. In the trivial case where Λ is just one point we take this to be the

distribution which puts probability one on the point.

As the final bit of notation for j = 1, . . . ,M we let

G(j) = {λj : λj = λ′j for some λ′ ∈ G}

Then our prior distribution on the face G, say πG, is defined by

πG(λ) ∝ qG(λ)
M∏
j=1

πε,G(j)(λj)

One can now check that given a sample z ∈ Z∗G the posterior expectation of a small area

mean is just our estimator. From this it follows that this estimator is admissible under

squared error loss. More details can be found in Lazar et al. (2008).
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Table 1: Population statistics of the small areas for Population 1

Small Area Nj µjy varj(y) µjx varj(x) ρj(y, x)
1 105 309.3 4.40 154.6 0.76 0.90
2 107 296.0 4.91 148.0 0.83 0.89
3 98 287.7 4.32 143.8 0.79 0.86
4 95 299.8 4.74 149.9 0.96 0.88

Total 405 298.3 65.6 149.2 16.0 0.99

Table 2: The average value and average error for the direct and stepwise Bayes estimators
for the population in Population 1.

Small Direct Bayes (CDP)
Area Ave value Ave of absolute error Ave value Ave of absolute error

1 309.4 0.73 309.4 0.42
2 295.9 0.72 296.0 0.20
3 287.6 0.68 287.6 0.49
4 299.8 0.77 299.8 0.21
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Table 3: Comparing estimators of the small area means for Population 1

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

Direct
1 309.4 0.73 307.7 3.43 0.89
2 295.9 0.72 294.1 3.60 0.88
3 287.6 0.68 285.9 3.43 0.92
4 299.8 0.77 298.1 3.55 0.88

Regression
1 309.3 0.37 308.5 1.59 0.86
2 295.9 0.42 295.0 1.70 0.81
3 287.7 0.40 286.8 1.71 0.84
4 299.9 0.45 299.1 1.60 0.78

Separate Ratio
1 309.3 0.33 308.22 2.25 0.94
2 295.9 0.35 294.69 2.44 0.96
3 287.7 0.36 286.47 2.45 0.96
4 299.9 0.39 298.71 2.30 0.95

Combined Ratio
1 309.5 0.65 308.42 2.25 0.78
2 296.1 0.67 294.87 2.44 0.85
3 287.7 0.60 286.52 2.45 0.86
4 299.9 0.68 298.80 2.30 0.79

EBLUP area-level
1 309.5 0.66 307.4 4.14 0.96
2 296.1 0.47 294.4 3.27 0.96
3 287.6 0.61 285.6 4.06 0.98
4 299.8 0.48 298.2 3.24 0.95

EBLUP unit-level
1 309.4 0.30 308.44 1.85 0.98
2 296.0 0.24 295.15 1.66 0.98
3 287.7 0.29 286.75 1.81 0.98
4 299.8 0.25 298.95 1.69 0.98

CDP (ε = 1)
1 309.4 0.42 309.2 0.55 0.39
2 296.0 0.20 295.6 0.75 0.84
3 287.6 0.49 287.4 0.57 0.36
4 299.8 0.21 299.4 0.72 0.81
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Table 4: Population statistics of the small areas for Population 2

Small Area Nj µjy varj(y) µjx varj(x) ρj(y, x)
1 104 302.5 181.9 151.1 3.3 0.39
2 103 297.3 223.0 149.4 5.0 0.28
3 87 302.0 180.7 151.2 3.1 0.19
4 97 296.8 149.4 147.6 4.7 0.30

Total 391 299.6 190.0 149.8 6.2 0.33

Table 5: Comparing estimators of the small area means for Population 2

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

Direct
1 302.2 4.99 291.4 21.6 0.89
2 296.1 5.61 284.1 24.0 0.83
3 301.9 4.67 291.2 21.4 0.90
4 296.8 4.41 286.8 20.1 0.89

Regression
1 302.1 5.09 292.3 19.6 0.82
2 296.6 6.00 285.3 22.4 0.76
3 302.2 5.21 292.2 20.1 0.82
4 297.2 5.07 287.5 19.3 0.82

EBLUP
1 301.7 3.90 290.6 22.2 0.94
2 297.6 3.58 287.8 19.6 0.92
3 301.4 3.67 290.0 22.8 0.95
4 295.9 4.43 282.8 26.2 0.95

CDP (ε = 1)
1 301.8 3.20 296.9 9.8 0.76
2 298.2 2.67 293.6 9.5 0.84
3 301.7 3.13 296.8 9.9 0.75
4 295.5 3.61 291.4 8.4 0.65

WDP (ε = 1)
1 301.8 3.20 296.1 11.35 0.83
2 298.2 2.68 292.4 11.59 0.92
3 301.7 3.14 296.0 11.34 0.83
4 295.5 3.60 290.3 10.58 0.75
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Table 6: Comparing estimators of the small area means with different hyperparameters for
Population 2

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

WDP (ε = 0.1)
1 300.7 9.00 296.9 7.76 0.26
2 297.7 7.82 293.4 8.57 0.28
3 300.8 8.97 296.9 7.73 0.24
4 294.3 8.07 290.4 7.85 0.31

WDP (ε = 0.5)
1 300.7 8.98 296.8 7.84 0.26
2 297.7 7.79 293.4 8.65 0.29
3 300.8 8.95 296.9 7.81 0.25
4 294.3 8.04 290.4 7.93 0.32

WDP (ε = 1)
1 301.8 3.20 296.1 11.35 0.83
2 298.2 2.68 292.4 11.59 0.92
3 301.7 3.14 296.0 11.34 0.83
4 295.5 3.60 290.3 10.58 0.75

WDP (ε = 5)
1 301.7 3.24 296.0 11.45 0.83
2 298.5 2.55 292.8 11.50 0.92
3 301.7 3.20 296.0 11.43 0.84
4 295.2 3.90 289.9 10.70 0.70

WDP (ε = 15)
1 301.6 3.28 295.9 11.45 0.83
2 298.6 2.55 292.9 11.48 0.92
3 301.7 3.23 296.0 11.44 0.83
4 295.1 3.98 289.8 10.72 0.70

WDP (ε = 50)
1 301.6 3.30 295.9 11.45 0.82
2 298.6 2.55 292.9 11.47 0.92
3 301.7 3.24 296.0 11.44 0.83
4 295.1 4.01 289.8 10.73 0.70

WDP (ε = 50) with no constraints
1 299.5 3.54 293.8 11.38 0.78
2 299.5 3.02 293.8 11.39 0.88
3 299.5 3.18 293.8 11.38 0.82
4 299.5 3.29 293.8 11.38 0.83
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Table 7: Population statistics of the small areas for Population 3

Small Area Nj µjy varj(y) µjx varj(x) ρj(y, x)
1 1035 63.5 643.4 4.26 4.55 0.89
2 985 61.8 640.8 4.08 3.86 0.91
3 963 54.2 724.1 3.56 3.61 0.95
4 990 71.9 566.1 4.88 4.43 0.92

Total 3973 62.9 681.7 4.20 4.34 0.92

Table 8: Comparing estimators of the small area means for Population 3

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

Direct
1 63.8 8.93 42.9 41.9 0.89
2 62.0 8.98 40.8 42.3 0.85
3 54.4 9.53 31.6 45.7 0.87
4 72.4 7.85 52.5 39.7 0.88

Regression 1
1 66.5 4.46 61.6 9.9 0.50
2 64.2 3.79 59.6 9.2 0.52
3 56.3 3.27 52.3 8.0 0.55
4 74.3 4.05 69.3 8.0 0.58

Regression 2
1 63.5 0.75 53.3 20.4 0.99
2 62.1 0.79 52.8 18.6 0.99
3 54.2 0.69 46.4 15.7 1.00
4 71.8 0.65 62.2 19.2 0.99

EBLUP
1 64.8 6.04 45.1 39.3 0.92
2 62.4 6.08 42.4 40.1 0.94
3 54.9 9.05 30.6 48.9 0.93
4 73.2 7.92 48.3 49.9 0.96

WDP(ε = 1)
1 64.2 1.91 53.5 21.4 1.00
2 61.9 1.58 51.2 21.5 1.00
3 54.5 1.35 43.6 21.9 1.00
4 71.4 2.19 60.9 21.1 0.99
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Table 9: Population statistics of simulated small areas for Population 4

Small Area Nj µjy varj(y) µjx1 varj(x1) µjx2 varj(x2) ρj(y, x1) ρj(y, x2)
1 300 111.4 80.3 4.80 4.61 0.64 0.23 0.21 0.57
2 300 114.3 81.3 6.94 6.22 0.71 0.21 0.23 0.56
3 300 116.4 86.6 8.94 8.57 0.70 0.21 0.46 0.48

Total 900 114.0 86.8 6.90 9.31 0.68 0.22 0.38 0.54

Table 10: Comparing estimators of the small area means for population 4 for nj = 5

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

Direct
1 111.6 3.13 104.3 14.6 0.89
2 114.6 3.27 107.3 14.6 0.86
3 116.6 3.33 108.7 15.9 0.89

Regression
1 111.3 3.72 104.3 14.0 0.80
2 114.1 3.71 107.3 13.7 0.80
3 116.6 3.43 109.7 14.0 0.82

EBLUP
1 111.7 3.12 101.7 20.0 0.97
2 114.4 2.25 106.2 16.5 0.96
3 116.7 3.19 106.8 20.0 0.96

WDP (ε = 1)
1 112.2 2.74 108.2 8.0 0.76
2 114.3 1.89 110.0 8.6 0.91
3 116.7 2.35 112.4 8.5 0.82

WDP with additional information for x2

1 112.3 2.56 108.4 8.0 0.78
2 114.3 1.80 110.0 8.5 0.93
3 116.7 2.25 112.4 8.5 0.85
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Table 11: Comparing estimators of the small area means for population 4 for nj = 20

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

Direct
1 111.38 1.69 107.62 7.53 0.91
2 114.27 1.55 110.54 7.47 0.94
3 116.55 1.68 112.67 7.77 0.93

Regression
1 111.37 1.64 107.56 7.61 0.91
2 114.21 1.59 110.47 7.48 0.93
3 116.51 1.50 112.97 7.08 0.93

EBLUP
1 111.44 1.58 105.81 11.27 0.99
2 114.18 1.05 109.24 9.89 1.00
3 116.60 1.55 111.03 11.15 0.99

WDP (ε = 1)
1 111.94 1.42 109.72 4.43 0.90
2 114.16 0.99 111.87 4.57 0.97
3 116.78 1.23 114.38 4.81 0.94

Table 12: Population statistics of the small areas for Population 5

Small Area Nj µjy varj(y) µjx varj(x) ρj(y, x)
1 87 459.72 68.56 150.05 4.73 0.81
2 98 463.59 47.47 151.22 3.36 0.72

Total 185 461.77 60.80 150.67 4.33 0.79
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Table 13: Comparing estimators of the small area means for population 5 for nj = 12

Small Point estimate 95% Confidence or credible intervals

Area Ave.
of estimate

Ave.
of absolute error

Ave.
of lower bound

Ave.
of length

Freq.
of coverage

direct
1 459.59 1.76 455.34 8.50 0.91
2 463.50 1.63 459.90 7.20 0.91

regression
1 459.74 1.06 457.06 5.35 0.92
2 463.59 1.16 460.92 5.35 0.91

EBLUP
1 459.59 1.76 452.64 13.90 1.00
2 463.50 1.63 456.44 14.13 1.00

WDP (ε = 1)with no benchmarking constraint
1 459.79 0.82 456.72 6.13 0.99
2 463.36 0.88 460.53 5.65 0.97

WDP (ε = 1)with benchmarking constraint
1 459.77 1.18 456.74 6.06 0.95
2 463.34 1.31 460.57 5.56 0.88

Small Area Nj µY µ1
X µ2

X

1 257 0.576 0.237 0.331
2 256 0.535 0.184 0.312
3 230 0.670 0.217 0.348
4 245 0.490 0.220 0.359

Total 988 0.566 0.337 0.215

Table 14: Population statistics of simulated small areas for Model 5
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Small Method Point estimate 95% Confidence or credible intervals

Area Ave. of
estimate

Ave. of
abs. error

Ave. of
lower bound

Ave. of
length

Freq. of
coverage

nj = 3
1 Direct 0.557 0.234 0.064 0.987 0.760
2 0.512 0.255 0.038 0.948 0.730
3 0.645 0.191 0.188 0.914 0.704
4 0.499 0.257 0.027 0.945 0.728
1 WDP 0.541 0.092 0.140 0.801 0.990
2 0.526 0.102 0.126 0.798 0.994
3 (ε = 1) 0.573 0.116 0.174 0.797 0.984
4 0.521 0.099 0.121 0.801 0.990

nj = 10
1 Direct 0.568 0.116 0.266 0.605 0.966
2 0.532 0.125 0.229 0.605 0.874
3 0.667 0.117 0.385 0.565 0.898
4 0.493 0.122 0.190 0.605 0.888
1 WDP 0.546 0.080 0.177 0.739 1.000
2 0.513 0.084 0.142 0.740 1.000
3 (ε = 1) 0.605 0.087 0.242 0.727 1.000
4 0.495 0.080 0.124 0.741 1.000

nj = 30
1 Direct 0.575 0.066 0.409 0.333 0.934
2 0.531 0.064 0.362 0.337 0.944
3 0.666 0.061 0.508 0.315 0.954
4 0.497 0.068 0.329 0.336 0.950
1 WDP 0.564 0.050 0.220 0.689 1.000
2 0.523 0.049 0.176 0.694 1.000
3 (ε = 1) 0.634 0.053 0.300 0.669 1.000
4 0.493 0.052 0.146 0.694 1.000

Table 15: Results from simulations for Model 5

Sample size nj Ave. AEMSE of Direct Ave. AEMSE of GCDP-WDP

nj = 3 0.082 0.017
nj = 10 0.023 0.010
nj = 30 0.007 0.004

Table 16: Average of AEMSE for Population 6 when nj = 3, nj = 10 and nj = 30.
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Small Area Nj µY µ1
X

1 992 0.40 0.66
2 954 0.39 0.69
3 1023 0.36 0.69
4 927 0.47 0.67
5 990 0.44 0.66
6 978 0.35 0.64
7 982 0.45 0.64
8 954 0.40 0.67
9 987 0.42 0.68
10 1047 0.42 0.67
11 1031 0.37 0.66
12 1029 0.37 0.69
13 999 0.39 0.65
14 987 0.40 0.66
15 1015 0.48 0.65
16 979 0.60 0.66
17 995 0.45 0.66
18 945 0.42 0.65
19 1053 0.36 0.67
20 1011 0.43 0.68
21 1038 0.37 0.66
22 984 0.36 0.67
23 1008 0.42 0.66
24 1023 0.39 0.68
25 988 0.42 0.68
26 1004 0.48 0.68
27 1064 0.39 0.69
28 1014 0.45 0.68
29 979 0.55 0.66
30 975 0.39 0.68

Total 29955 0.42 0.67

Table 17: Population statistics of simulated small areas for Model 5
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Direct Estimator WDP (ε = 1)
Small Point estimate 95% Confidence or credible intervals Point estimate 95% Confidence or credible intervals

Area Ave. of
estimate

Ave. of
abs. error

Ave. of
lower bound

Ave. of
length

Freq. of
coverage

Ave. of
estimate

Ave. of
abs. error

Ave. of
lower bound

Ave. of
length

Freq. of
coverage

1 0.40 0.12 0.10 0.60 0.914 0.42 0.08 -0.01 0.85 0.998
2 0.39 0.12 0.09 0.60 0.920 0.40 0.07 -0.02 0.84 1.000
3 0.37 0.13 0.08 0.59 0.898 0.38 0.08 -0.03 0.84 1.000
4 0.47 0.13 0.16 0.62 0.900 0.46 0.09 0.04 0.85 1.000
5 0.44 0.12 0.13 0.61 0.956 0.44 0.08 0.01 0.85 1.000
6 0.35 0.13 0.06 0.57 0.864 0.37 0.07 -0.04 0.83 0.998
7 0.44 0.13 0.14 0.61 0.956 0.45 0.08 0.02 0.85 1.000
8 0.42 0.12 0.12 0.60 0.886 0.42 0.08 -0.00 0.85 1.000
9 0.42 0.13 0.12 0.60 0.944 0.42 0.08 0.00 0.85 1.000
10 0.43 0.12 0.13 0.61 0.954 0.44 0.08 0.01 0.85 1.000
11 0.36 0.12 0.07 0.59 0.926 0.39 0.07 -0.03 0.84 1.000
12 0.36 0.13 0.07 0.58 0.868 0.38 0.08 -0.03 0.83 0.998
13 0.39 0.12 0.10 0.60 0.894 0.41 0.08 -0.01 0.84 1.000
14 0.40 0.12 0.10 0.60 0.902 0.41 0.08 -0.01 0.84 1.000
15 0.48 0.12 0.17 0.62 0.894 0.48 0.08 0.05 0.86 0.998
16 0.60 0.12 0.30 0.60 0.890 0.56 0.10 0.14 0.85 0.996
17 0.46 0.13 0.15 0.61 0.948 0.46 0.08 0.03 0.85 1.000
18 0.43 0.13 0.12 0.61 0.948 0.43 0.08 0.01 0.85 0.998
19 0.37 0.12 0.07 0.59 0.910 0.38 0.07 -0.03 0.84 1.000
20 0.43 0.12 0.13 0.61 0.960 0.44 0.08 0.01 0.85 1.000
21 0.37 0.12 0.07 0.59 0.916 0.39 0.08 -0.03 0.84 1.000
22 0.36 0.12 0.06 0.59 0.922 0.38 0.06 -0.04 0.84 0.998
23 0.43 0.12 0.13 0.61 0.954 0.43 0.08 0.01 0.85 1.000
24 0.38 0.12 0.09 0.59 0.902 0.40 0.08 -0.02 0.84 1.000
25 0.42 0.13 0.12 0.61 0.948 0.43 0.09 0.01 0.85 1.000
26 0.47 0.13 0.17 0.61 0.898 0.47 0.09 0.04 0.85 0.998
27 0.40 0.12 0.10 0.60 0.916 0.40 0.08 -0.02 0.84 1.000
28 0.44 0.13 0.14 0.61 0.952 0.44 0.09 0.02 0.85 1.000
29 0.55 0.13 0.25 0.61 0.946 0.52 0.09 0.10 0.85 0.998
30 0.39 0.12 0.09 0.60 0.914 0.41 0.08 -0.01 0.84 0.998

Table 18: Results from simulations for Population 7
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