Stat 8111 Final Exam December ’16

Eleven students took the exam, the scores were 92, 78, 4 in the 50’s, 1 in the 40’s, 1 in the 30’s
and 3 in the 20’s.

1. i) Let X1, Xs,..., X, be iid each Bernoulli(¢) where § € © = [0,1]. What is the a complete
sufficient statistic for #. What real valued functions () have unbiased estimators? For such a (0)
what is its best unbiased estimator?

ii) Suppose now n = 3 and © = {0,1/2,1}. What is the a complete sufficient statistic for this
problem? Justify your answer. What real valued functions v(#) have unbiased estimators? For
such a y(#) what is its best unbiased estimator?

2. Let X be a discrete random variable taking on values in the set of non-negative integers.
Suppose the probability functions fy for 0 < 6 < 1 have the form

fo(z) =0°h(O)A\(z) for z=0,1,...
Let 0 < 6y < 1 be given and consider testing
H:0<0y against K :60 >0,
Let dy be the decision we accept H and d; the decision we accept K. Let the loss function satisfy

L(dy,0) =0 for 6 <6,
=0—-6, for 6>80,

L(dy,0) =0 for 6>6,
=6,—0 for 0 <6,

If g is a prior density for # and f, the corresponding marginal probability function for X. Show
that a Bayes test is given by

Ax) fo(x+1)
Mz + 1) fy(z)

=dy otherwise

dy(x) =dy  when > 0y

3. Let 0 < a < b < oo be fixed real numbers. Consider a decision problem where D = [a, b] is
the space of possible decisions and © = [a, ] is the space of possible parameter values. For some
fixed A > 0 consider the loss function

2 d.,
L0.d) = 5 ) — 1+ M0 - )
i) Show that L(6,6) = 0 and that for each fixed 6 L(6,-) is strictly convex in d.
ii) If g is a prior density for 6 find the no data Bayes estimator for g.

4. Suppose X is a discrete random variable taking on values 2, 3, 4, .... For 6 € ©, a subset of
real numbers, let fy(-) be a probability function for X. Assume that f(z|f) > 0 for all = and all 6.
Assume that this family has the monotone likelihood ratio (MLR) property in T'(X) = X.

Let Y = W(X) where

Wi(j) =17 if j is odd
=7+ 1 ifjiseven



Show that the family of distributions for Y has the MLR property in T(Y) =Y

5. Let X be a random variable with a family of possible distributions indexed by the real
parameter #. Consider testing H : § < 0 against K : 0 > 0. Let ¢ be a test and Fy¢p(X) its power
function. Let g be a prior density for 6. Let

P, (type i error of ¢) = /qub(X)g(Q) do
P, (type ii error of ¢) = /(1 — Eyp(X))g(0) db

Let 0 < o < 1 be fixed. We say that a test is prior most powerful (PMP) at level « if

subject to Py (type ¢ error of ¢) < « it minimizes P,(type i¢ error of ¢)

i) Find the form of the PMP level « test.
ii) Suppose the prior g belongs to a class of possible prior densities, say G. We say that a test is
uniformly prior most powerful (UPMP) for the family G if

subject to P,(type i error of ¢) < aforallg e G

it minimizes P,(type 7 error of ¢) uniformly for g € G

For the rest of the problem assume that X is a normal random variable with mean # and variance
one. For each g € G let ¢, be the PMP level « test found in part i). Find the form of this test.
Show that if there exists a g* € GG such that

¢g+(x) = inf ¢,(z) for all x.
geG
then ¢g+ is a UPMP level « test.

iii) Now suppose G is the family of normal distributions with a known variance, 0% but unknown
mean i € [a,b] where —oo < a < b < oo are specified real numbers. Show that the ¢4« of part ii)
must exist.

iv) Show that the ¢4« of part ii) must exist when p belongs to the set of real numbers.



Answers

Li)T(X,...,X,) =>", X, is complete sufficient. Since Eyd(T’) is a polynomial in 6 of degree

< n and
T—-1)---(T—k+1)

nn—1)---(n—k+1)
every such polynomial will have a best unbiased estimator.
ii) Let

Ey( ) = 0"

T(Z)’Jl,l’g,l'g) =0 if Zl’z =0
=15 if inzlorZ

Note for 6 € {0,1/2,1}
Py(T =0)=(1-0)
Py(T'=1.5)=30(1—0)
Py(T=3)=6
so by factorization theorem 7' is sufficient. Easy to check that 7" is complete. Ey_od(7") = 0 implies
that §(0) = 0. In the same way Ep—10(7T") = 0 implies that 6(3) = 0. So
FEo—1/20(T) = (1/8)0(0) + (3/4)d(1.5) + (1/8)d(3) =0

implies that §(1.5) = 0 and so 7" is complete.
If g is an arbitrary real valued function of 6 then its best unbiased estimator is 6(0) = ¢(0),
d(3) = ¢(3) and

4
0(1.5) = 519(1/2) — (0)/8 — g(1)/8]
2. For the no data problem we have

E,L(dy, 0) = / (0 0,)9(60) 0
)

= /1 0g(0)do — 0, P,(0 > b))

o
In the same way

Oo
E,L(d:,0) = 0,P,(0 < ) — / 8g(0) b
0

Then easy to check that E,L(d;,0) < E,L(dy,6) when fol 0g(6)do > 6
Since

f,() = (@) / 6°(0)9(0) d6

we have

[ B o
_ Nz) f(x + 1)
Mz +1) fy(x)

3



3. The first part of part i) is trivial for the second part we just need to differentiate the loss
function twice to see that it is convex and that its minimum value occurs when 6 = d. When taking
the derivative it is enough to consider the function

dM1

and we see that

and the results follow.
ii) Now for a fixed d we have

/@ L(6, d)g(0) 6 — ﬁ{d“lﬁ?(l/@*) ~ (At 1)d £ AE(0))

Now differentiating and setting it equal to zero we find the minimizing d is given by
d = (B(1/6)"

4. Let ay, by, as,bs be positive real numbers with (b;/a1) < (by/ay) then

ﬁ<b1+b2<b_2

ap — aptax " a
To prove the first inequality note that

b by + b b b
: < L0 <:>a1bl+a2b1<a1b1+a1b2(:>a2b1<a1b2<:>—1§—2

ar a1+ as ay as

and the second is proved in the same way.
Let g(y|@) be the probability function for Y. Let y; < y2 be positive even integers and let 6; < 65

then we have

1102) + f(y1 + 1]62)
y1]01) + f(y + 1|61)

g(yilf)  fly
(
(y1 + 1]6s)
(
(

9(y1161)

IN

\\\xx

y1 + 1(601)
Yo |92)

Y1
Y2

IN

6,)
02) + f(y2 + 1]0)
)

)

IN

[ =

(1]
(2
(y2101) +
_ 9(y2|0s

~ g(yalth)

J(y2 + 1]61)

Note the first and third inequality follow from the above remark and the second inequality from
the MLR property.



5. 1) Note

P, (type i error of ¢) = P,(6 <0) / () fo4() dz
P, (type ii error of ¢) = P,(6 > 0) /(1 — (X)) f1qdx

where fy, and f; , denote the conditional densities of X given # < 0 and ¢ > 0. So the NP Lemma
tells us to reject A when f; ; > kfy 4 for some constant k.
ii) Consider tests of the form

¢°(x) =1whenz >c¢ and ¢°(z)=0whenz <c

The power function of such a test Eyp¢°(X) is a strictly increasing function of 6. Clearly every ¢,
must be a ¢¢ for some choice of ¢, say ¢(g). Note by assumption ¢(g*) < ¢(g) for every other g in
G. So for 6 >0

Py(type II error of ¢g«) < Py(type II error of ¢,)

and hence
P,(type it error of ¢g+) < P,(type ii error of ¢,)

iii) For the prior g corresponding to u let ¢, be the PMP level a test. Then clearly c(u) is a
continuous function of p so it must achieve its minimum on a compact set.
iv) This follows since
I o i
Jim cu) = —co = lim c(u)
The first equality is true since P,(6 < 0) goes to 0 as p approaches oco. To prove the second it
is enough to show that for any real number a we have that P,(X > a and § < 0) goes to 0 as u
approaches —oo. But this follows since the marginal distribution of X is normal with mean p and
variance 1 + o2



